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Abstract 

Electrification is an increasing trend among vehicle systems such as aircrafts, heavy 

machinery, and civilian transportation. Battery electric vehicles (BEVs) are one such development 

that use a battery pack to generate electrical energy used to propel the vehicle and power its 

auxiliaries. However, the battery pack also generates thermal energy as a byproduct which affects 

the electrical performance of the battery pack. The inherent coupling between electrical and 

thermal performance creates a challenge in design and control of these complex systems. 

Furthermore, phase-out of common refrigerants drives interest in CO2 refrigerant, an 

environmentally friendly and safe alternative. However, these vapor compression systems operate 

transcritical, thus requiring novel control techniques. This thesis develops a framework for 

architecture and control design of BEV subsystems. The foundation of this process is the 

development of multi-domain models.  

Models for the transcritical vapor compression system and the vehicle cabin are derived 

from a first principles analysis. A model for a battery pack is derived from an equivalent circuit 

electrical model and a conservation of energy thermal model. All of the models capture dynamic, 

nonlinear behaviors important for control development and understanding of coupling between 

variables. Additionally, the models are scalable and able to be parameterized in order to represent 

many variations of system architectures. 

An air-cooled cabin and air-cooled battery pack configuration is demonstrated in open-

loop and closed-loop simulations. For closed loop simulation, a model predictive controller (MPC) 

is compared to baseline decentralized, proportional-integral controllers. The model predictive 

control makes control decisions based on the minimization of a cost function that weights the 

regulation of specific variables (such as temperature of the battery pack and cabin) and power 

consumption of the actuators. It will be shown that the MPC, in the face of disturbances, is able to 

maintain outputs within their bounds while consuming less energy than baseline controllers.  
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Chapter 1 Introduction 

This thesis investigates the impact of multi-domain modeling of battery electric vehicle 

(BEV) thermal and electrical systems on architecture and control design to improve vehicle 

performance. Electrification of vehicle systems is an increasing trend and traditional design 

approaches are no longer suitable for achieving vehicle performance and battery longevity 

requirements. Traditional approaches design electrical systems first and then sequentially a 

thermal management system. This sequential approach results in mismanaged thermal behavior, 

thereby causing inefficiencies and failure of systems. Therefore, it is important to integrate the 

electrical and thermal system design to understand the coupling between the two domains and to 

develop robust controllers for thermal management. This thesis will explore how multiple 

subsystems of a BEV can be modeled with compatible frameworks such that they can be simulated 

together to capture the dominant system dynamics. Additionally, the performance of a 

decentralized control approach for thermal management of two significant loads in a BEV is 

compared to a centralized model predictive control (MPC) approach. It will be shown that the 

MPC controller can achieve thermal regulation with respect to disturbances, while also consuming 

less power. 

1.1 Motivation  

Green-house gas emissions have been shown to impact climate, ecosystems and society in 

many ways including more severe weather patterns, increased ocean acidity, and changes in crop 

growing seasons [1]. The Center for Climate and Energy Solutions provided that in 2008 the 

transportation sector contributed 27% of US greenhouse gas emissions (90% of which is CO2). 

Light-, medium- and heavy-duty vehicles are the largest contributor to these emissions, generating 

78% of the total transportation sectorsô CO2 emissions [2]. The U.S. Environmental Protection 
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Agency regulations are requiring multi-phase improvements in vehicle fuel economy in order to 

reduce fossil fuel consumption, reduce green-house gas emissions and reduce fuel prices [3]. This 

has resulted in the transition from internal combustion engine vehicles to hybrid electric vehicles 

and to battery electric vehicles. Furthermore, many governments are incentivizing battery electric 

vehicles more than hybrids with tax waivers, subsidies, rebates, etc. to further push for zero-

emission vehicles [4].  Due to these governmental regulations and incentives, the battery electric 

vehicle market has been growing faster than the hybrid electric vehicle market, as supported by 

Figure 1.2. In fact, the battery electric vehicle car stock is increasing at an increasing rate in the 

U.S. and globally. This thesis will focus on battery electric vehicles because they are foreseen to 

dominate the electric vehicle market. 

Additionally, refrigerants used in vapor compression cycles for air conditioning and 

thermal management contribute to greenhouse gas emissions. Hydrofluorocarbon R134a is a 

common vehicle refrigerant, but has high global warming potential (GWP). GWP is a relative 

measure of the amount of heat trapped by a gas in the atmosphere, compared to carbon dioxide. 

Since the concentration of different gases decay at different rates, the measure of GWP is in terms 

of time span (commonly a 100-year time span is considered). R134a has a GWP of 1430 (factor 

by which it is more harmful than CO2) over 100 years. By 2021, R134a will  not be permitted in 

newly produced vehicles in the U.S. [5]. CO2 refrigerant (R744) is a strong candidate because its 

global warming potential is 1 (by definition) and it is safe, natural, economic and sustainable. 

  

Figure 1.1 Portion of US green-house gas emissions generated by the transportation sector 

and the portion within that percentage that is generated by light-, medium, and heavy-duty 

vehicles 
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Figure 1.2 Battery electric vehicle and plug-in hybri d electric vehicle stock for 2010-2016 

[4]. © OECD/IEA 2017 Global EV Outlook 2017, IEA Publishing, License: www.iea.org/t&c 

1.1.1 BEV Range Challenges and Opportunities 

Battery electric vehicle range (distance between charging) is an important performance 

metric for market acceptability. The range is impacted by two major factors: 1) the battery 

capacity, which limits its capable range, and 2) power consumption of auxiliaries. Battery 

chemistry and size constraints (i.e. dimensional and weight constraints) are examples of factors 

that limit the battery capacity. However, another significant variable that influences the available 

capacity is the operating temperature, which will be further described in the next section. 

Additionally, the available capacity for propulsion is reduced by the power consumption of 

auxiliary units. The heating, ventilation and air conditioning (HVAC) unit has the potential to 

consume the most and have a significant impact on range.  

 



4 

1.1.1.1 Battery Operating Temperature Range 

 

Figure 1.3 Effects of operating temperature on battery power limit during discharge of Li-

Ion battery. Adapted from [6].  

The performance and life of a battery pack is dependent on operating temperature. Figure 

1.3 shows that the power limit of the battery during discharge is maximized between 15-35 C. 

Below this temperature range, the battery exhibits sluggish electro-chemistry due to the increase 

in internal resistance of each cell. The increase in internal resistance limits the battery power 

capability. Additionally, above 35 C, the battery experiences degradation that significantly affects 

the life of the battery. [6] compared battery power loss with respect to climate and showed that 

Phoenix (average temperature: 24 C), experiences approximately 50% power loss over 15 years, 

in contrast with Minneapolis (average temperature: 8 C) which experiences ~30% power loss over 

the same period. These temperature effects on capacity determine the frequency in which the user 

has to recharge their battery and replace their battery pack.  

The main ageing mechanisms below 25 C are due to Lithium plating, when metallic 

Li thium forms on the negative electrode. Above 25 C, the dominant ageing mechanism is reactions 

between the electrode and electrolyte, leading to the formation of solid electrolyte interphase (SEI) 

layers, and dissolution from the cathodes [7]. References [7], [8] provide more detail about 

temperature dependent ageing mechanisms. From this evidence, it is clear that thermal 

management of the battery pack is essential in electric vehicles.  
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1.1.1.2 Power Consumption of Heating and Cooling 

The HVAC unit consumes 1-5 kW of power, relative to traction motors that require 20-47 

kW [9]. Furthermore, urban driving often entails frequent periods of idle in which the 

heating/cooling may be running continuously and discharging the battery even when the traction 

motor is not drawing current. Reference [10] investigated energy consumption with consideration 

to topography, infrastructure, traffic and climate and found that topography and climate have the 

greatest impact on energy consumption. Energy efficient HVAC systems would benefit the range 

of BEVs.  

1.1.2 CO2 Refrigerant Challenges and Opportunities 

Due to the low critical temperature of CO2 and high critical pressure, the vapor 

compression system will operate transcritical and at high pressures. The evaporator pressures are 

typically between 4-6,000 kPa and gas cooler pressure between 9-12,000 kPa. These pressures are 

5-10 times greater than the operating pressure of an R134a system [11]. Therefore, the same 

components for an R134a system cannot be used for a CO2 system because they are not designed 

to withstand that high pressure. However, CO2 has comparatively greater volumetric refrigeration 

capacity, which provides the benefit of smaller VCS components. Although CO2 refrigerant does 

not have the benefit of being a ódrop-inô refrigerant for existing R134a systems, the system 

components will be more compact, thus using less space in the vehicle. 

Table 1.1 R-134a and R-744 refrigerant properties [11] 

 R-134a R-744 (CO2) 

GWP (-) 1430 1 (by definition) 

Critical Pressure (MPa) 4.07  7.38 

Critical Temperature (C) 101.1 31.1 

Refrigeration Capacity (kJ/m3) 2868 22545 

CO2 refrigerant has demonstrated comparable performance to traditional R134a systems. 

Tests carried out for a compact VCS using R134a and CO2, providing the same cooling capacity, 

showed that the CO2 system had better coefficient of performance (cycle efficiency) by 40% at 

ambient temperatures below 40 C. Above 40 C, the coefficient of performance (COP) was 10% 

below the R134a baseline [12]. Additionally, the properties of CO2 make it suitable for high 
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capacity heat pump operation [13][14], which would be more energy efficient than electric heaters 

[15]. Compared to traditional refrigerants, CO2 is an alternative that provides the opportunity for 

a smaller VCS, with high performance cooling and heating, and low global warming potential. 

1.2 Transcritical  Vapor Compression System 

Due to the thermodynamic properties of CO2 (R744), a vapor compression system (VCS) 

using this refrigerant will often operate above the critical temperature and pressure of the fluid and 

therefore is considered a transcritical VCS. In a subcritical VCS there are four standard 

components: the evaporator, condenser, compressor and expansion device. The low pressure, low 

temperature fluid absorbs heat from the secondary fluid (air) of the cooled space, and then the 

compressor elevates the fluid to a high pressure and high temperature. Through the condenser, heat 

is rejected to the ambient air and then the pressure is reduced through the expansion device. In 

transcritical systems, the condenser is referred to as a gas cooler because the fluid through the heat 

exchanger is single-phase supercritical fluid. CO2 cycles often operate transcritical because the 

critical temperature of CO2 is 31.1 C (87.98 F). In a cooling cycle, the heat is rejected to the 

ambient air, which can easily exceed this critical temperature. Figure 1.4 shows a comparison of 

the subcritical cycle of R134a and the transcritical cycle of CO2 with the four standard components. 

An internal heat exchanger is typically used for the CO2 cycle to improve the coefficient 

of performance (COP), or efficiency, while maintaining safer operating conditions including a 

lower heat rejection pressure and superheated fluid entering the compressor [16]. The internal heat 

exchanger allows the refrigerant exiting the gas cooler and evaporator to exchange energy (Figure 

1.5 and Figure 1.6). The COP improves because the refrigerant from the gas cooler is further 

cooled before the pressure is reduced through the expansion device, thereby increasing the cooling 

output of the evaporator. 
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Figure 1.4 P-h diagrams of R134a subcritical vapor compression cycle and CO2 

transcritical vapor compression cycle, each with  standard four components. 

 

Figure 1.5 P-h diagram of CO2 transcritical vapor compression cycle with internal heat 

exchanger. 
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Figure 1.6 Diagram of a CO2 transcritical vapor compression system components 

1.2.1 Modeling 

Extensive modeling efforts for subcritical systems are available in the literature [17]. The 

same approaches used for modeling subcritical components can also be used for transcritical cycles 

as detailed by Rasmussen et al. in [18]. However, Rasmussen uses a single control volume for the 

gas cooler and the internal heat exchanger, assuming lumped parameters for the entirety of the heat 

exchanger. This work improves upon this approach and discretizes the gas cooler and internal heat 

exchanger to achieve higher fidelity models. Additionally, the models of Rasmussen were 

validated for a relatively small range of inputs and outputs, whereas this work will study a larger 

range of inputs for control purposes. 

1.2.2 Control  

This section highlights the contributions of the available literature regarding control of CO2 

vapor compression systems. It has been reported that it is imperative to control the high side 

pressure because it has the most significant impact on the COP [19]ï[24]. Reference [19] suggests 

a controller on only the high side pressure based on a correlation between optimum high side 

pressure and gas cooler outlet temperature. Reference [21] suggests a more detailed optimal high 

side pressure correlation that is a function of the gas cooler outlet temperature, the evaporator 

pressure and compressor efficiency. Both [19] and [21] recommend simultaneous control of the 
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compressor speed and expansion valve aperture to achieve cooling load requirements and operate 

at the optimal heat rejection pressure.  The results from [19] also suggests that increasing the 

evaporator air flow rate results in an increase of cooling capacity and COP, while compressor work 

remains almost constant.  

Similarly, [24] suggests that their exists an optimal combination of EEV opening and 

compressor speed to achieve the optimal gas cooler pressure and COP.  Reference [23] 

experimented with controlling the gas cooler pressure by regulating system charge, gas cooler fan 

speed and EEV opening. Of the controlled variables, it was found that the normalized charge had 

the greatest influence on the COP, followed by outdoor fan speed, and then the EEV opening.  

Behr published the improvements they made in their control structure for a CO2 system 

from first to second generation [25]. In the first generation (Figure 1.7), a variable displacement 

compressor is controlled to regulate the evaporator temperature via low side pressure and an 

electronic expansion valve regulates the high side pressure for COP. The first generation controller 

required three temperature sensors, two pressure sensors, and an electronic expansion valve. To 

reduce complexity and cost, Behr developed a second generation controller (Figure 1.8). In 

contrast, it utilizes two temperature sensors, one pressure sensor and a cheaper fixed orifice tube 

with bypass. The compressor regulates the evaporator temperature via the high side pressure 

(instead of the low side pressure in the first generation) and there is no COP control. The fixed 

orifice tube with bypass passively controls the high side pressure. Behr found the second 

generation control approach to provide good evaporator temperature reference tracking.    

Reference [20] compared the performance of an adapted Behr first generation controller 

with their version of a simplified controller. The simplified configuration uses a two-stage orifice 

expansion valve that operates passively based on the pressure difference across the valve. The test 

controller uses one SISO loop to regulate the evaporator temperature by controlling the 

compressor. The COP is improved by use of the evaporator temperature set point, which is 

determined by a supervisory controller (Figure 1.9). However, it was found that with use of the 

controllable valve, the cycle COP was up to 15% better than with the passive valve.  

Many of the works discussed have provided valuable suggestions of variables and actuators 

to control based on open-loop behavior, but have not extended these results in closed-loop. 

References [25] and [20] proposed controller structures but do not offer much transparency in the 

underlying formulations. Additionally, they do not include control of the evaporator fan, a third 
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controllable actuator. This thesis intends to propose a few control strategies that control each of 

the available actuators: compressor, valve and evaporator fan.  Details of each controllerôs 

structure and formulation will be provided, along with an assessment of performance tradeoffs.  

 

Figure 1.7 Behr first generation CO2 vapor compression system control. Adapted from 

[25]. 
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Figure 1.8 Behr second generation CO2 vapor compression system control. Adapted from 

[25]. 

 

Figure 1.9 Control  for transcritical VCS using two-stage orifice tube and supervisory 

controller for evaporator temperature set point to optimize cooling and COP. Adapted 

from [20]. 
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1.3 Objectives 

The objective of this research is to improve the range of battery electric vehicles. To 

achieve this goal, this work aims to: 1) develop a modeling framework for cooling architecture 

and control design, and 2) develop advanced controllers to manage thermal constraints of the 

battery pack and cabin while minimizing power consumption.  

Integrate-able models are developed for a CO2 transcritical vapor compression system, 

battery pack and cabin. The models are modular and scalable, allowing for design of various 

system architectures by dragging and dropping components into a graphical user environment. 

Furthermore, models capture electrical and thermal behavior in order to analyze the coupling of 

the systems and develop robust controllers.  

Controllers are designed to manage the cabin and battery pack thermal loads 

simultaneously and minimize power consumption. This will improve the range of BEVs by 

maintaining the battery in the optimal temperature range and reducing power consumption of the 

cooling system. Baseline controllers using decoupled control loops are compared to a more 

advanced model predictive control method.  

1.4 Organization of Thesis 

The remainder of this thesis is organized as follows. Chapter 2 presents the mathematical 

modeling of the battery electric vehicle subsystems and open-loop responses of each subsystem. 

Chapter 3 demonstrates the capabilities to parameterize and combine subsystems to create a variety 

of system designs. Open-loop simulation results are provided for an air-cooled cabin, air-cooled 

battery pack system and an air-cooled cabin, liquid-cooled battery pack system. Chapter 4 

introduces decentralized baseline controllers for cabin and battery pack temperature regulation. 

Chapter 5 provides the introduction to model predictive control and its implementation on the air-

cooled cabin, air-cooled battery pack system. It also includes the process for system identification 

of linear models for the subsystems. The chapter demonstrates the benefits of MPC through 

illustrative simulation case studies. Chapter 6 presents conclusions and areas for future work.  
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Chapter 2 System Modeling 

This section details the dynamic modeling for each subsystem: 1) transcritical vapor 

compression system, 2) battery pack, and 3) cabin. The models are developed to be modular and 

scalable for ease of system architecture design. Open-loop behavior of each subsystem is 

provided for model verification. The reader should note that the models have not been validated 

with physical data. As such, the results presented throughout the thesis should be considered for 

their qualitative input. Due to the modeling approaches used, it is expected that the models 

capture the dominant behaviors. However, determining system specific results would necessitate 

extensive subsystem and system validation. This validation work falls within the next steps as 

described in Chapter 6.  

2.1 Transcriti cal Vapor Compression System 

The models included in this work can be found in the Thermosys Toolbox [26] that was 

developed by the University of Illinois at Urbana-Champaign (UIUC) and CU Aerospace. Each 

component (heat exchanger, compressor, etc.) is modeled individually, but each is modular and 

able to be connected with other components to create various VCS configurations. This modeling 

framework consists of flow devices and pressure devices. Flow devices include compressors and 

valves; they receive a pressure signal from the upstream and downstream component (typically a 

heat exchanger) and transmit a mass flow rate signal to those adjacent components. The pressure 

devices include heat exchangers; they receive a mass flowrate signal from the upstream and 

downstream component (typically a compressor, pump or valve) and transmit a pressure signal to 

those adjacent components. In this section, the modeling approaches for transcritical VCS 

components are described. The dynamics of the actuating components, i.e. compressor and 

expansion valve are fast in comparison to the dynamics of the heat exchangers; therefore, these 

components are modeled with algebraic relationships, whereas the heat exchangers are modeled 

dynamically with governing differential equations [18].  
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2.1.1 Compressor 

A variable speed, fixed displacement compressor is modeled with pressure inputs from 

adjacent components. The model outputs a refrigerant mass flow rate and enthalpy. User defined 

volumetric and isentropic efficiency maps that are a function of compressor speed and pressure 

ratio account for losses.  

 

 vm Vw rh=  (2.1) 

 
( ),

1
1static

out out isen in k

k

h h h h
h
è ø= + -ê ú

 (2.2) 

A first order filter on the enthalpy improves the accuracy of the enthalpy due to the large thermal 

capacitance of the compressor shell that is unaccounted for otherwise [27]. 
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where t is determined experimentally or estimated.  

2.1.2 Electronic expansion valve 

An electronic expansion valve (EEV) model is developed based on a correlation fit to 

Bernoulliôs equations with an expansion factor [28].   

 ,2D in s inm c AY P Xr=
 (2.4) 

where Dc  is the mass flow coefficient determined empirically, Y  an expansion factor, and X  the 

pressure differential ratio. The expansion factor accounts for changes in density as the fluid moves 

through the expansion device [29] and the pressure differential ratio accounts for flow patterns. 
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where crPD  is the pressure differential that corresponds to the critical mass flow rate (flow is 

choked). The mass flow coefficient was determined empirically by [28] to be 
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2.1.3 Heat Exchangers 

Heat exchangers are modeled using conservation equations and simplifying assumptions 

[18], [27], [30]: 

1. The refrigerant flows through a long, thin, uniform horizontal tube 

2. Refrigerant flows only in the longitudinal direction 

3. Axial conduction is negligible 

4. Momentum change and viscous friction in the refrigerant are negligible (the heat exchanger 

is isobaric)  

As a result, conservation of refrigerant mass, refrigerant energy and wall energy can be applied to 

each control volume of the heat exchanger, Equations 2.8-2.10 respectively. 
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There are two common methods in the literature to discretize heat exchangers into distinct control 

volumes: moving boundary (MB) and finite volume (FV) lumped parameter methods. The moving 

boundary method can decrease computational cost while maintaining high accuracy in multi-phase 

heat exchangers, such as evaporators and condensers, because the heat exchanger can be divided 

into control volumes based on the number of fluid phases present in the heat exchanger at each 

time step. The length of each control volume changes with time and average properties are used 

for each volume. However, for single-phase heat exchangers, such as the gas cooler and internal 

heat exchanger, the MB method would result in only one volume with lumped parameters. This 

would be very inaccurate in the case of supercritical fluid because the pressure and temperature 
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are independent properties. For example, the temperature of the refrigerant will have a large 

gradient over the length of a gas cooler compared to a condenser that is operating completely 

within two-phase, where the temperature is at saturation across the length. Therefore, the FV 

approach is preferred for single-phase heat exchangers. For these reasons, the evaporator and 

liquid-to-liquid heat exchanger models use the MB approach and the gas cooler and internal heat 

exchanger use the FV approach. The general approach is to convert the partial differential 

equations (PDEs) of (2.8-2.10) to ordinary differential equations (ODEs) by integrating over the 

length of each control volume.  

 

Figure 2.1 Heat exchanger tube discretization for (a) finite volume approach, (b) moving 

boundary approach [30] 

2.1.3.1 Moving Boundary Approach 

With use of the moving boundary approach, the length of control volumes are states. In 

order to integrate over changing lengths, Leibnizôs rule (2.11), rearranged in (2.12), provides the 

formulation for the integral of a PDE with time dependent limits. This is applied to the PDEs (2.8-

2.10). 
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To fully describe the heat exchanger requires the wall temperature of each fluid region, two 

refrigerant properties for each region (pressure of the heat exchanger, assumed constant, is one of 

the two properties of the refrigerant for each region), and the length of each region (although one 

region can be determined algebraically). If a superheat or subcooled region exists, the refrigerant 

property states chosen are pressure and enthalpy. If a two-phase region exists, the refrigerant 

property states chosen are the pressure and mean void fraction. Mean void fraction provides a 

simplifying estimation of the ratio of vapor to liquid in the two-phase region in order to determine 

lumped parameters for that volume [27], [30]. Given all three fluid regions are considered, then 

there exists 9 states: ,1 ,2 ,3 1 2r w w w SC TP SHP T T T h hz z gè øê ú and 3 1 21z z z= - -. To 

implement this approach requires switching logic to determine which phases are present in the heat 

exchanger and use the correct set of equations. This will be described in more detail in the 

evaporator modeling section.  

2.1.3.1.1 Evaporator 

In the case of an evaporative heat exchanger, it is assumed to operate in three modes: 

entirely two-phase, entirely superheated, or two-phase and superheated fluid. This results in 6 

states ,1 ,2 1r w w TP SHP T T hz gè øê ú and 2 11z z= -  .  

Table 2.1 Evaporator states for three modes of operation 

 TP+SH TP SH 

Evaporator 

,1 ,2 1r w w TP SHP T T hz gè øê ú  

2 11z z= -  

1 ,1 2 ,2w w wT T Tz z= +   

,1r w TPP T gè øê ú  

1 1z=   

,1w wT T=   

,2r w SHP T hè øê ú 

2 1z=  

,2w wT T=  

Mode 1: 2 Zones 

This section will derive the equations for 2 zone operation of the evaporator based on the 

conservation equations (2.8-2.10). First, each equation is integrated spatially over the length of 

each zone. 

Conservation of Refrigerant Mass  
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Conservation of Refrigerant Energy  
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Conservation of Wall Energy  
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Then Equation 2.12 is applied to the first term of Equations 2.13-2.18. 

Conservation of Refrigerant Mass  
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Conservation of Refrigerant Energy  
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Conservation of Wall Energy  
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Recall, that for each volume we are assuming lumped parameters and that at the boundary,

1
vL

r r=  and
1

vL
h h=  , the density and enthalpy of saturated vapor. Integrating and using the 

product rule on the first term of Equations 2.19-2.24 results in Equations 2.25-2.30. Note that 

1 2totalL L L= +  and 
( )

1 20totald L

dt
L L= = + i.e. 1 2L L=- . 

Conservation of Refrigerant Mass  
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Conservation of Refrigerant Energy  
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Conservation of Wall Energy  
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Lastly, Equations 2.25-2.30 are normalized by the total length of the heat exchanger, 1

1total

L

L
z= . 
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Conservation of Refrigerant Mass  
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Conservation of Refrigerant Energy 
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Conservation of Wall Energy 
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Next, we will use Equation 2.31 (or 2.32) to solve for TP SHm -  and substitute into 2.32 (or 2.31), 

2.33 and 2.34. This is because the intermediate mass flow rate is something that we canôt measure 

on a physical system and it is challenging to calculate.  

It is also important to simplify the equations to be in terms of the states that we desire (and 

could measure on a physical system). Refer back to Table 2.1 for the chosen states. Therefore, in 

the superheated equations, the density derivative will be re-written in terms of pressure and 

enthalpy (Equation 2.37).  
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1 1 1 1

1h P

d d d dhdP

dt dP dt dh dt

r r r
= +

  (2.37) 
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And in the two phase zone the density and enthalpy derivatives, defined from mean void fraction 

(Equations 2.38-2.39), will be re-written in terms of pressure and mean void fraction (Equations 

2.40-2.41). 

 2 (1 )v fr gr g r= + -
  (2.38) 
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With these substitutions, the six Equations 2.31-2.36 becomes the 5 Equations (2.42-2.46) (one 

less equation because of solving for the intermediate mass flow rate). 
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To provide the sixth equation to solve for all of the states, we define a dynamic mean void fraction 

state with the use of an error minimization equation, Equation 2.47, where k  is chosen so that this 

dynamic is much faster than the other dynamics of the system. The dynamic mean void fraction is 

tracking the instantaneous mean void fraction. Mean void fraction and its equations are described 

in further detail in [27]. 
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Finally, the air outlet temperature from the evaporator is calculated using the NTU-method. The 

NTU (Equation 2.48) is used to calculate the heat transferred from the heat exchanger wall to the 

air (Equation 2.49), and then the outlet air temperature is calculated by Equation 2.50. 
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Similarly, state equations can be derived for the other two modes of operation, only two-phase or 

only superheat. These derivations are simpler because there are no intermediate mass flowrates; 

therefore, the three equations are used to solve for the three state variables. Furthermore, this 

approach can be extended to other multi-phase heat exchangers, such as a two-fluid plate 

evaporator (liquid-to-liquid heat exchanger). 

2.1.3.2 Finite Volume Approach 

The finite volume (FV) approach discretizes the heat exchanger into n  equivalent sized 

volumes. Similar to the moving boundary approach, each volume considers conservation of 

refrigerant mass, conservation of refrigerant energy and conservation of wall energy. The steps for 

the FV approach are [30]: 
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1. Discretize the heat exchanger into n  equal sized volumes, each with an average thermodynamic 

state at time t  (Figure 2.1) 

2. Integrate over the length of each n  volume 

3. Choose independent state variables and reduce the conservation equations 

Each control volume assumes lumped parameters and an average state. Because the control 

volumes are not based on fluid phase, a volume can include two phases, but it will take on an 

average state that lies within one phase or the other. Consequently, computational issues can arise 

due to discontinuity of the heat transfer coefficient between fluid phases if a control volume is 

switching back and forth between phases. The discontinuity results from the use of different heat 

transfer correlations for each fluid phase. To remedy the issue, a 4th order look-up table is generated 

for heat transfer coefficients for a range of mass flow rates, pressures, inlet enthalpies, and enthalpy 

differences and then a smoothing function is applied to remove the discontinuity (Figures 2.2-2.3).  

 

Figure 2.2 Original and modified evaporator heat transfer coefficient profile for CO2 

refrigerant P=3900 kPa, m=.01 kg/s and HD = 20 kJ/kg   



24 

 

Figure 2.3 Evaporator heat transfer coefficient smoothed profile for a range of enthalpy 

and mass flow rate values, P=3900 kPa andHD =20 kJ/kg 

2.1.3.2.1 Internal Heat Exchanger 

This section will discuss how the finite volume (FV) approach can be applied for the 

internal heat exchanger. The internal heat exchanger operates in counter-flow. Furthermore, it is 

assumed the high pressure side is supercritical single phase fluid and that the low pressure side can 

be two-phase fluid, superheated fluid or both. The conservation of refrigerant mass and energy 

equations can be applied to the high-pressure and low-pressure fluid flows separately. First, the 

conservation equations (2.8-2.10) are integrated over the length of the control volume. Since the 

control volume lengths are not changing with time, the integration is simpler.  
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Conservation of Refrigerant Energy 
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Conservation of Refrigerant Mass 
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Note: csA xD  is the volume of the control volume, cvV , and x pD * is the surface area of the 

refrigerant tube, ,s cvA .  Choosing pressure and enthalpy as state variables the equations for each 

control volume are as follows: 

Conservation of Refrigerant Energy 
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Conservation of Refrigerant Mass 
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Finally, conservation of wall energy is considered with heat transfer from each fluid flow. There 

is no secondary fluid (i.e. air) for an internal heat exchanger since each refrigerant side is 

exchanging energy with the wall. 

Conservation of Wall Energy 
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Note: csA xr D is the mass of wall for that control volume. Equation 2.59 is simplified to 2.60. 

 ( ) ( ) ( ), , , , , , , , , , , , ,,p w i surf cv r LP i r LP i w i surf cv r HP i r HP i w iw cv
mc T A T T A T Ta a= - + -

  (2.60) 

In order to extend this to multiple volumes, the intermediate mass flow rates become part of the 

state vector. With n  volumes there will be 5 2n+  states that can be solved with three generalized 

equations: 
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A first order filter is placed upon the mass flow rate states to improve numerical robustness and 

speed of simulation.  

 ( )
1 statdm

m m
dt t
= -

 (2.64) 

2.1.3.2.2 Gas Cooler 

The derivation of the gas cooler is very similar to that of the internal heat exchanger, except 

that instead of two refrigerant fluid sides, there is only one refrigerant flow and the secondary fluid 

is air. The gas cooler refrigerant is assumed to always be supercritical fluid. The gas cooler 

conservation of refrigerant mass and energy are the same as the internal heat exchanger (Equations 

2.14-2.15). The conservation of wall energy is modified to include the heat transfer from the air 

resulting in Equation 2.65.  

 ( ) ( ) ( ), , , , , , ,,p w i surf cv r i r i w i surf cv a a w iw cv
mc T A T T A T Ta a= - + -

 (2.65) 

The equations describing the heat transfer to the air were previously described with Equations 

2.48-2.50. 

2.1.4 System Performance 

To build an entire vapor compression cycle in simulation, each component model is 

connected and refrigerant states are passed between adjacent components. The system behavior is 

verified by applying step inputs and step disturbances to the system.  

First, the impact of increasing the compressor speed and valve opening (Figure 2.4) are 

verified. Dynamic outputs of interest are the pressures (evaporator and gas cooler), evaporator air 

outlet temperature, and cooling capacity. Compressor speed and valve opening are controllable 

inputs that directly impact the VCS pressures and the mass flow rate of the refrigerant through the 

cycle. The evaporator pressure and refrigerant flowrate both impact the evaporator air outlet 
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temperature and cooling capacity. Evaporator pressure and refrigerant saturation temperature 

increase and decrease jointly. If the evaporator pressure and saturation temperature increase, then 

there is a smaller temperature differential between the air inlet temperature and the refrigerant 

temperature, thus having a decreasing effect on the cooling capacity. Additionally, increased 

refrigerant flowrate will increase cooling capacity and decreased flowrate will decrease cooling 

capacity. The results of the step change in compressor speed and valve opening are shown in Figure 

2.5. When the valve is opened, the evaporator pressure increases (negative impact on cooling 

capacity), and simultaneously the refrigerant flow rate increases (positive impact on cooling 

capacity). In this case, the cooling capacity experiences a net increase. Next, the compressor speed 

increases, which increases the pressure ratio of the system, thereby decreasing the evaporator 

pressure (positive impact on cooling capacity) while increasing the refrigerant mass flow rate 

(positive impact on cooling capacity). As expected, the cooling capacity increases significantly 

and the evaporator air outlet temperature decreases. These results match the open- loop behavior 

of simulation results of [31] and experimental data from [32]. 

Second, the impact of increasing a disturbance is verified. The gas cooler inlet air 

temperature is stepped (Figure 2.6) and the dynamic responses of the pressure, evaporator air outlet 

temperature and cooling capacity are observed in Figure 2.7. The increase in gas cooler inlet air 

temperature shifts the pressures of the evaporator and gas cooler pressure in the positive direction. 

The increase in evaporator temperature has a negative impact on cooling capacity as previously 

discussed. Since there is no change in the refrigerant mass flow rate or flowrate of air across the 

evaporator, the net impact is a reduction in cooling capacity and increased evaporator air outlet 

temperature. The simulation results of the impact of the gas cooler inlet air temperature are 

supported by experimental data in [19]. 
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Figure 2.4 Step inputs to compressor and valve for open-loop verification of transcritical 

VCS 

 

 

Figure 2.5 Selected VCS outputsô dynamic responses to step inputs of Figure 2.4 
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Figure 2.6 Step disturbance of gas cooler inlet air temperature for open-loop verification of 

transcritical VCS 

 

Figure 2.7 Selected VCS outputsô dynamic responses to step disturbances of Figure 2.6 

2.2 Battery Pack Modeling  

The goal of this section is to develop a battery pack model that captures both electrical and 

thermal behavior for use in control design. Electrochemical and equivalent circuit are the main 
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methods for modeling cell electrical behavior and there are tradeoffs between complexity and 

computational load. Electrochemical (first principle) models represent transport, kinetic and 

thermodynamic phenomena with a set of nonlinear partial differential equations [33]. These 

models provide accuracy, but often contain a large set of unknown parameters and are 

computationally heavy. As noted by [34], this makes them unsuitable for control applications. 

Equivalent circuit models use a network of voltage sources, resistors and capacitors to describe the 

cell behavior. The dual-polarization (DP) model has shown to be an accurate equivalent circuit 

model and identified parameters are available for an A123 26650 LiFePO4 cell [34]. [35] found 

that the parameters are dependent on both state of charge and temperature of the cell. Likewise, 

heat generation is dependent on the electrical state. Therefore, it is necessary to have a thermal 

model coupled with the electrical model (Figure 2.8). 

 

Figure 2.8 Coupling between cell electrical and thermal models. Q: heat generation, T: cell 

mean temperature. Adapted from [34] 

 Local heat generation within the cell is dependent on activation, concentration and ohmic 

losses resulting in a complex expression [36]. A simplified form, that neglects ohmic losses, can 

represent the local heat generation and be coupled with the DP electrical model.  
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2.2.1 Electrical Model 

The dual polarization equivalent circuit is shown in Figure 2.9. It consists of an open-circuit 

voltage source, internal resistance and two RC pairs. One RC pair represents a fast polarization 

dynamic and the other represents a slow polarization dynamic.  

 

Figure 2.9 Dual polarization equivalent circuit with ground capacitance. Reprinted from 

[37] 

In order to allow the cell model to be electrically modular the output voltage of the cell is 

made to be a state governed by Equation 2.66. The ground capacitanceGC  is assumed to be very 

small (orders of magnitude smaller than the fastest system dynamic) so that it does not interfere 

with the other system dynamics. The input current is derived from Kirchoffôs Voltage Law applied 

to Figure 2.9 (Equation 2.67). The state of charge (SOC) is defined as the cumulative current drawn 

from the battery relative to the battery capacity. Therefore, the time derivative is represented by 

Equation 2.68. The voltage dynamic of the RC pairs is governed by Equations 2.69-2.70 derived 

from Kirchoffôs Current Law.   
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The inputs to the system are the input voltage and demanded current and the states are the RC-pair 

voltages, the output voltage, and state of charge (Equations 2.71-2.72).  
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2.2.2 Thermal Model 

The cell is modeled as a 2nd order system with core and surface temperature states. The 

core generates heat and then heat is transferred to the cell surface by conduction. Additionally, 

cell-to-cell conduction and convection to a cooling fluid is included in the thermal circuit (Figure 

2.10). The cell internal heat generation, dependent on electrical current and voltages, is described 

by Equation 2.73, which characterizes joule heating, energy dissipation from electrode over 

potentials, and entropic heating. Conservation of energy is analyzed for the temperature states of 

the cell and described by Equations 2.74-2.76.  
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Figure 2.10 Thermal model for n  cells. Reprinted from [37] 

2.2.3 Model Reduction 

The cell model derived in the previous two sections has 7 states. A battery pack large 

enough for a battery electric vehicle would require thousands of cells resulting in a model with an 

excessively large number of states. To reduce the number of states, a module model is developed 

that includes the following assumptions: 

1. The cells have the same initial conditions 

2. There exists no thermal gradients in the module (lumped temperature) 

The number of cells in series and parallel, sN  and 
pN  respectively, are additional parameters 

defined for the module model. The output voltage dynamic is based on the total current through 

the module as seen in Figure 2.11 and described by Equation 2.77. The cell dynamics governing 

the state of charge, RC voltages, and heat generation is based on the current flowing through each 

cell described by Equation 2.78. 

Electrical Current through Module 
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Electrical Current through each Row 
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Figure 2.11 Representation of electrical circuit of a battery module 

Lastly, the equation for the convective heat transfer from the module to the cooling fluid is scaled 

to account for the number of cells (2.79).  
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2.2.4 System Performance  

The model verification for the battery is done in two steps: 1) verification of state behavior 

with free convection, and 2) verification of state behavior with forced convection. To verify the 

model captures the dynamic behavior of the battery temperature and voltage, a battery module, 

was discharged at different rates in simulation and compared to available data in literature. The 

simulated battery module consists of a matrix of 30 cells in parallel and 14 cells in series. As 

mentioned in the modeling description, it is assumed that each cell is thermally and electrically 

uniform. Each cell has a nominal voltage of 3.3 V and a capacity of 2.3 Ah, therefore, the module 

has a total capacity of about 70 Ah. The module is discharged at 0.5C, 1C, 3C, and 5C (35 A, 70 

A, 210 A, 350 A respectively)  to match the experiment conducted by [38]. The simulation is 

carried out until the depth of discharge is about 90% (state of charge is 10%). The average voltage 

of each cell is plotted in Figure 2.12 and the average temperature of each cell is plotted in Figure 

2.13. The data from the simulations closely matches the data of [38], in terms of curvature and 

magnitude.  However, it should be noted that [38] provides data for an Li[NiMnCo] O2 pouch cell, 

in contrast to the LiFePO4 cylindrical cell modeled in this thesis. Therefore, it is not expected that 
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the results will directly overlap. But, it is clear that the models developed in this work capture the 

same behavior of a physical battery. 

Next, the behavior of the battery module with forced convection is verified. Figure 2.14 

shows the cell surface and core temperature states, and cell voltage as a result of a step input to the 

battery fan speed (increase from 0% fan speed to 80%). As expected, the surface temperature 

responds faster to the increased cooling, and the core temperature cools on a slower time scale due 

to its larger thermal capacitance. Furthermore, the module voltage decreased as a result of the 

decreased average cell temperature when the cooling was applied. 

 

Figure 2.12 Battery module output voltage relative to discharge rate 
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Figure 2.13 Battery module output average temperature relative to discharge rate 


