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HYPOTHESIS TESTING WHEN A NUISANCE
PARAMETER IS IDENTIFIED ONLY UNDER
THE ALTERNATIVE HYPOTHESIS

Abstract

When a nuisance parameter is unidentified under the null hypothesis,
standard testing procedures can not be applied due to the singularity of
the information matrix. Probably best known examples are the problems
of unknown change points and the mixtures of distributions in econometrics

and statistics. Davies (1977, 1987) proposes a general solution to this type

of problems.

In this dissertation, we study three applications: tests for parameter con-
stancy, white noise against the autoregressive moving average [ARMA(1,1)]
alternative, and autoregressive conditional heteroskedasticity in mean (ARCH-
M) model. Davies’ procedure and the conventional Lagrange multiplier (LM)
test are applied, and find that Davies’ test outperforms the LM test. How-
ever, despite of its generality, Davies’ approach has several deficiencies to be

implemented for more general cases and it is quite expensive computationally.

For testing for parameter constancy, a joint LM test for autocorrelation
and heteroskedasticity is suggested as a simple alternative test to Davies
procedure. For testing white noise against ARMA(1,1), we implement a
more exact and simplified version of Davies approach. Monte Carlo results
indicate that both the joint LM test and the simplified version of Davies have

good finite sample power properties.
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Chapter 1

INTRODUCTION

1.1 Introduction

Suppose that f(y,0,4) is a probability density function of the random
variable Y where 0 is the parameter of interest, # € ® C RV, and ¢ is an
unknown parameter which lies in a set @ C R¥. Suppose that under the null
hypothesis of Hy: 8 = g, f(y,00, #) = f(y,00). Then the parameter ¢ is not
identified under the null hypothesis. In this case, the information matrix is

singular, and hence the standard test procedures break down.

The problem of unidentified nuisance parameter is surprisingly rather
pervasive in economic literature. Davies (1977) was the first to consider this
problem in the general context and proposed the test procedure where the
test statistics have the normal distribution at any fixed value of an uniden-
tified parameter. Davies (1987) extended his results to the case where the
test statistics foilow the chi-square and provided quick methods to approx-
imate the upper bound of the significance level. Davies’ test deserves more
attention since it is applicable to many testing problems. However the con-
tinuity conditions for the first and second derivatives of correlation are not

satisfied in such cases as threshold models (Chan and Tong, 1991), testing a



constancy of hazard rate (Mattews, Farewell and Pyke, 1985) and etc. Also,
the computational costs of Davies’ test is quite expensive since it is computed

by a grid search over the range of unidentified nuisance parameters.

Watson and Engle modified the Davies (1977)’ result and proposed an
approximated Davies (AD) test. Bera and Higgins (1992) applied Davies
(1987) test procedures in NARCH model and found Davies test procedure
has reasonable finite sample power properties. Hansen (1991) proposed a
generalized version of Davies (1987) which can be obtained under the gen-
eral conditions, allowing stochastic regressors, heteroskedasticity, and weak
dependence. He also suggested a simulation method based on empirical pro-
cess to get rid of the dependence of the null distribution on the covariance
function of chi-square process. Andrews and Ploberger (1992) developed
optimal tests based on a weighted average power criterion. Andrews, Lee
and Ploberger (1992) took an example from a change point problem in a
normal linear multiple regression model and applied Andrews-Ploberger op-
timal test. Andrews (1992) studied bracketing functional limit results and
provides sufficient conditions to obtain the asymptotic null distribution of
Andrews-Ploberger’s optimal tests. These Hansen and Andrews’ results may

be regarded as extensions or modifications of the work of Davies.

King and Shively (1991) proposed locally mean most powerful testing pro-
cedure and applied the procedure to testing for various stochastic coefficient
models. Chan (1990) and Chan and Tong (1991) studied a testing problem
for non-linear threshold models, developed a test based on the supremum of
the likelihood ratio statistics, and computed the significance probability by
implementing Ornstein-Uhlenbeck process. Jandhyala and MacNeill (1991)



developed a Bayesian-type test for change point problems which originate
from Chenoff and Zacks (1964).

1.2 Examples

In this section, we introduce examples of the unidentified nuisance pa-

rameter problem.

Suppose the hypotheses of our interest are

H020=0
Hy:0#0

and the nuisance parameter ¢ presents only under the alternative hypothesis.

In this situation, the distribution under the alternative hypothesis depend
on (6, ¢) while the null distribution does not depend on a nuisance parameter
¢. Hence standard methods to derive the test statistics are not directly

applicable.

Here we present some examples where a nuisance parameter is present
only under the alternative hypothesis. Throughout the most following exam-
ples, @ represents the parameter to be tested and ¢ is the parameter which

is not identified under the null hypothesis.

3



Example 1 (Mixtures of Distribution and Switching Regressions)

Consider the simplest one for the example. Suppose the hypotheses of

interest are

Hy : N(p,,df)

Hy @ (1-0)N(u o) +0N(p,¢)

Then the nuisance parameter ¢ is not identified under the null hypothesis.
Schmit (1982) worked on the basically same model and do not study the test-

ing problem of the nuisance parameter ¢ under the null. For more references,

see Bock (1984).

Example 2 (Non-nested Case)

Pesaran (1981) considered the non-nested model

Yo = 20 + 02,0 + €.

If 8 = 0, then the model becomes y; = ;8 + ¢;. Under the null hypothesis
of Hy: 8 =0, ¢ is not identified.

Example 3 (Test of Normality)



Bera and McKenzie (1986)

) = %/Z exp(itu;)explipt — |t|°{1 + %w(t,ﬁ)}]dt

where —co < u; < o0, j=I, ..., N, i=/—1, t is any real number, w(t,8)
is tan(%) if 6 # 1, and 2inft| if @ = 1. When § = 2 and ¢ = 0, the
distribution is normal. Bera and Mckenzie suggested to test if 8 is 2 for
testing normality of the distribution. Under the null hypothesis of the test
of normality (6 = 2), the parameter ¢ disappears, and in addition, the value

of 4 lies on the boundary of the parameter space.

Example 4 (Parameter Constancy Test).

It is rather unnatural to assume that parameters are constant over time.
Nicholls and Pagan (1985) showed how pervasive varying parameters are
in economic models. For a simplicity, let us limit our attention on varying

coefficient regression cases. A simple varying coefficient model can be written

as

Yo = T+ 2o+ uy
a(B)B: = 6(B)e
€ v WN(O, 0'3)



where t=1, ...,n and

() -~](2)-(¥ )]

Under some conditions,

b= L
E(ﬂt) =0

V(ﬂt) = ‘732"/)]?

= o1~ 49)

= 0/1-9)

where 2., = ¢¥?, and t=0,1,..., n. Then if § = 0, then it renders ¢

unidentifiable.

Watson and Engle (1985) considered a specific representation of the stochas-

tic coefficient model which the coefficient follows AR(1) process rather than
the general ARIMA process.

Y = TPite
(B - B) = (P - ,B) + uy

where €, ~ N(0,p), u; ~ N(0,0), ¢ and u, are independent, and |¢| < 1.

6



Then the coefficient from the model follows 8; ~ N(83,0/(1—¢?)). Therefore,
with @ = 0, ¢ can not be identified.

Example 5 (Common Roots).

Consider (1 — ¢B)y; = (1 — (¢ + 0) B)z; + €, where B is a lag operator.
If 6 =0, then ¢ is not identified.
Example 6 (Testing White Noise against ARMA(1,1)).

Suppose a model is

(1= (¢+0)B)y: = (1 — ¢Be;

If 6 = 0,the common root, ¢, is crossed out. Therefore, the series, y;, reduce
white noise and ¢ is not identified. (y; — y1-1 = €, — €1-1 , Y1 = &, ~ WN).
Andrew (1992, pp 8-9, and pp 15-16) discussed the same problem. Andrew
considered testing for autocorrelation in the errors of a regression model

against ARMA(1,1).

Example 7 (Testing for Unit Roots)

Consider a model as follows.



(ye — 1) = 0(ye-1 — 1) + €.

Rewrite the model as y; = u(1—6)+0y;—1 +€:. Then the mean of the process,
U, is not identified under the null hypothesis Ho : 6 = 1.

Example 8 (Mean Trend)

Consider the same model as in Example 7. Rewrite the above model as
yt = p(l — ¢) + dyi—1 + €. Suppose that we want to test whether y; = p
over all time period. Then the hypotheses will be Hp: y, = p for all t and
H,: y; # p. Then the autoregressive parameter, ¢, is not identified under

the null hypothesis.

Example 9 (Testing for a Liquidity Trap)

This example is from Konstas and Khouja (1969), and Breusch and Pagan
(1980, p 243).

Mi=4Y,+0(R,— ¢) " + &

where M, is money demand, Y; is income, and R; is the rate of interest. When
¢ is zero, there is no liquidity trap. Under the null hypothesis of Hp : 8 = 0,
¢, a parameter indicating a liquidity trap, is not identified. In addition, this

unidentifiable parameter,$, makes the equation nonlinear.

8



Example 10 (Additive Nonlinearity)

There are numerous examples of this. See Gallant (1977, 1987, p 139).

Consider

Y = g(z¢, @) + Oh(z4, ) + &

Then the nuisance parameter ¢ is unidentified under the null hypothesis of
Ho :0=0.

Example 11 (Functional Form 1). Refer Andrew and Ploberger (1992,
pp 4-5), Bierens (1990), and Hansen (1991).

Consider a nonlinear model

Yt = g(z, @) + 0h(2, 4) + &

To test if z, is the relevant explanatory variable, a null hypothesis of H; : § =
0 can be examined. But, the parameter, ¢, is not identified under the null.
The parameter could be a scalar or vector. When 2, is scalar, the nonlinear

function,h(z, ¢) can be the Box-Cox transformation (Z¢ —1)/¢.

When the explanatory variable, z;, is equal to z;, a test of the null hy-

pothesis of Hp : 8 = 0 is that of functional form of the nonlinear regression.



Neural network tests and consistent tests for the functional form belong to

this class.

Example 12 (Box-Cox Transformation and Nonlinear Autoregres-
sive Conditional Heteroskedastic (NARCH) Model)

The Box -Cox transformation has a wide range of applications. Suppose
that

w‘f—l

¢

y=a+b + €

Then the nuisance parameter ¢ is identified only under the alternative. As
Bera and Higgins (1992) pointed out, NARCH proposed by Higgins and Bera
(1992) belongs to this class. The NARCH model can be written as

€t|‘1)t—1 ~ N(Oa ht)
¢
he = [00(0-2)4’ + 01(6?_1 )¢ +...4 ep(eg—p)"s] Y

where h; is the conditional variance function, and ®,_;, denotes the infor-
mation set available at time t-1. From the above equation, we note that
when the null hypothesis Ho: 6, = 0, = ... = 0, = 0 is true, the nuisance

parameter, ¢, is not identified.

Example 13 (Neural Network) Kamstra (1990, p 4), Lee, White, and

10



Granger (1989, pp 5-6), and Hornik, Stinchcombe, and White (1989) consid-

ered the model

ve= F(enB)+ > 0blz0 63) + e

i=1

where (-) is the nonlinear function. #(-) can be the logistic function, ¥(z) =
(1 + e7*)"1. The neural network test for neglected nonlinearity is a testing
problem for the hypothesis 6;=0 for i=1, ... , p for particular choice of p and
¢. Under the null hypothesis Hp : 6; = 0, for j=1, ..., p, the functional form
is f(z:, B). However, under the null, the standard test is no longer valid due

to presence of unidentified nuisance parameter, ¢.
Example 14 (Functional Form 2)

Davies (1977) considered a model with the following density function.

p(a;0,9) = (2 — O)exp(—a) + Ogexp(—d)
where 1 < ¢ < co. Under the null hypothesis Hyp : 8§ = 0, ¢ is not identifiable.

Example 15 (Discrete Frequency)

Davies (1987). Let z,,...,z, be independent normal random variables

with constant known variance and the expectation

11



E(z;) = 015in(j¢) + 02 cos(j¢)

When at least one of #; and 0; is not zero, then there is a discrete frequency
component with unknown frequency, ¢. Under the null hypothesis Hy : 6, =

0, = 0 against H;: at least one 6; is nonzero, the frequency parameter, ¢, is

meaningless.

Example 16 (Mixture of Radioactive Elements)

Davies (1977) considered a model for a mixture of radioactive elements.

Suppose that z = (zy,...,2,) where 24 are independent Poisson random

variables with expectation given by
E(zx) = ) ajezp(—A;k) + Oexp(—ok)
i=1

Under the null hypothesis of the presence of decay term (8 = 0), the nuisance

parameter ¢ is not identified.

Example 17 (Simultaneous Regression Equations) (Durbin, 1954, p28).

Simultaneous regression equations can be the example.

y = fz+¢

12



T = ¢z+p

Then

y = 0(¢z+p)te
= 0¢z+0p+e

When 6 is zero, ¢ is not identifiable. Adaptive adjustment process in eco-

nomics will be a class of this case. See example 18.

Example 18 (Partial Adjustment and Adaptive Expectations)

Let us consider

Yy = a+0:c:‘+e¢ (1)

-3, = ¢z — z;_y)

where =} = E[z;|F;] and 0 < 8 < 1. The model can be written

Ay, = 0¢(z, — z3_,) + D

When § = 0, ¢ is not identified. In economics, we can find a numerous

examples with this type of data generating process. For instance, see Carlson

13



and Dunkelberg (1989, p 318). Geometric distribution lag model also belongs

to this class.
Y = 9Z¢j$:—j + €
i=o

¢ is unidentifiable when 0 is zero.

Example 19 (Heteroskedasticity)

Consider

Y = xt¢+ut, Uy ~ NID(0,0’?)
of = o’ezplf(z:9)]

Bickel (1978) proposed to use the following two specifications for the variance

term

o} = 0’1 +6(z.9))"
o} = o’explf(:9)]

When 8 = 0, ¢ is not identified.

The ARCH-M model may be a well known example for the problem in
economic literatures. The ARCH-M model, originally introduced by En-

14



gle, Lilien and Robins, specifies its conditional mean equation as an explicit

function of the conditional variance.

¥ = zf+hd+e
Ye|Fiei ~ N(zB8+ hio, h?)
P
h? 00 + Z 0,‘6?_;

=1

where z; is a k X 1 exogenous vector, ¢ is a scaler of ARCH-M parameter,
isa k x 1 vector, 8 = (8p,61,...,0,) and F,_, is an information set including

the past information and exogenous variables.

Consider a test of no ARCH effect against the ARCH effect in the ARCH-
M model.

Ho : 00=01=...=0p=0

H, : atleast one 8; >0 for any .

Then the ARCH-M parameter ¢ is not identified under the null.

Another well known example is testing for GARCH(1,1) and GARCH-
M models. This example is quite similar to testing problem for ARCH-M
conditional heteroskedasticity. Hansen (1991) discussed this problem.

Yo = B+ hid1+ e (2)

15



ye|Feer ~ N(ziB + hid, b))
h? a+ ¢2h?_1 + 96?_,-

where z; is a k x 1 exogenous vector, €1 = yi—1 — zj_;8 — $1hi—1 and
t=1, ..., N. Under the null hypothesis Hp : # = 0 (no ARCH effect), the risk
premium parameter ¢, and the GARCH(1,1) parameter ¢ are not identified.
Note that under null hypothesis, a nuisance parameter vector ¢ = (¢1, ¢2) is
not identified. Therefore, the limiting process is a random field which is far

less understood than a one-parameter random process.

Example 20 (Structural Change at Unknown Point)

Structural change is assumed to occur at the unknown time ¢ in the

model introduced by Quandt (1960).

¥t = Bz, + 1(t/n > ¢)0z, + €

where 1(-) is the indicator function. With 8 = 0, the time of structural
parameter ¢ is not identified. Hinkley (1969)’s two phase problem, Hawkins
(1980) and Worsley (1983) belonged to this class of problem. See Poirier
(1976) and Andrews (1989) more references.

Example 21 (Constant Hazard Rate)

In biological science, the hazard rate model is frequently used. Matthews

16



and Farewell (1982) considered the following model.

dexp(=At), if0<1t< ¢,

P6,8)={ greapl-A(g+ 6t - 4))], it > 4.

Under the null hypothesis Hyp : 8 = 1, the nuisance parameter indicating
an unknown change timing, 6, is not identified. In this model, the correlation
structure is not continuous with respect to §. Therefore the Davies’ proce-
dures can not be applicable. To deal with this type of discontinuity problem

in correlation structure, the Ornstein-Uhlenbeck process can be applied.

Example 22 (Threshold Models)

Threshold models introduced by Tong (1990) also have the same problem.

Consider the following self-exciting model.

¥ = B(B)ys + 1(y1-i < 9)0(B)y: + &

The threshold parameter ¢ can not be identified in the model under the null.
Chan (1990) and Chan and Tong (1991) considered the supremum of LR test
for this problem.

Example 23 (Markov Trend Model)

This example is from Hamilton (1989). For GNP growth rates, Hamilton
suggested the model

17



Ay, = p + pase + ue

where ¥(B)u; = €, € is iid N(0,0?), and s; is a dummy variable with 1 or

0. The transition probabilities for states are

P(St = llst_l = 1) =p
P(s; =0|s¢1 =0) = gq.

The Markov trend model reduces to the AR process under the null hypothesis

of Hy : pg = 0. Under the null, the transition probabilities p and q are not
identified.

1.3 Organization

The next chapter discusses the testing problem of regression coefficient
stability. We first study the effect of misspecification when a researcher dis-
regard the parameter variation and erroneously use the conventional Wald
test for testing linear restriction on the regression parameters. To test the
parameter constancy, Davies’ test is firstly considered as a general approach.
After glancing at the error structure of random coefficient model, we propose
a joint Lagrange multiplier (LM) test for the autocorrelation and the het-

eroskedasticity for a simple alternative test. Monte Carlo results show that

18



the joint LM test for autocorrelation and heteroskedasticity has good finite
sample properties. An empirical application for the dynamic hedge ratio is

finally presented to illustrate our test procedure.

In Chapter III, we study a test for white noise against autoregressive
moving average (ARMA) alternative. In practice, ARMA has been found
to be good time series data representation. However, theoretically, it is not
possible to derive an LM test for this problem. Using the results of Davies
(1987), we suggest a simplified test. Power and size of the suggested test are

compared with the conventional LM test through simulation study.

In Chapter IV, we consider the autoregressive conditional heteroskedas-
ticity in mean (ARCH-M) model. Testing ARCH effects in the ARCH-M
model has been an open question in econometrics. Here, we apply Davies’

test and evaluate its power properties through simulation.

Finally, Chapter V will provide summary of the results and some direc-

tions for future research.
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Chapter 11

TESTING FOR THE REGRESSION
COEFFICIENT STABILITY

2.1 Introduction

The constancy of regression coefficient is very restrictive and therefore,
it is natural for researchers to consider a random coefficient model as an
alternative. Recently a number of alternative models and tests have been
proposed. In this chapter we reconsider the testing regression stability with
Rosenberg (1973) model as the alternative hypothesis as discussed by Watson
and Engle (1985).

Rosenberg’s return to normalcy model has many interesting features. One
is that the random coefficient and the random walk model can be obtained
as the special cases. Bos and Newbold (1984) and Watson and Engle (1985)
applied the Rosenberg’s model to study the stability of the CAPM model.
Bera, Garcia and Roh (1992) estimated the dynamic hedge ratio in the fu-
tures market using this model. Another interesting feature of the Rosen-
berg’s model is the testing problem. Since the autoregressive parameter (a

nuisance parameter) is present only under the alternative hypothesis, the

20



standard asymptotic tests such as Lagrange multiplier (LM), Likelihood ra-
tio (LR) and Wald tests are not applicable. Davies (1977) considered the
general problem in which the nuisance parameter is unidentified under the
null hypothesis and proposed a procedure when the standard test follows a
normal distribution. Davies (1987) extended his results to the chi-square
distribution. Davies (1977, 1987)’ tests are computed by a grid search over
the range of a nuisance parameter and subsequently are quite expensive com-
putationally. Keeping this shortcoming in mind, we propose the joint LM
test for the autocorrelation and the heteroskedasticity as a simple alternative
test. Though the computational cost of the joint LM test is trivial compared
to the Davies’ tests, our Monte Carlo results indicate that the joint LM test

has good finite sample power properties.

Throughout this chapter, we follow Watson and Engle’s notation when-
ever possible. This chapter is organized as follows. Section 2 first introduces
the Rosenberg random coeflicient model. Then we explore the effects of ran-
dom coefficient on the Wald test designed for a fixed coefficient model. It is
shown that both the type I error and the power of the Wald test are affected.
Therefore, it suggests the a test for coefficient stability would be useful from
a practical point of view. The last part of section 2 formulates such a testing
problem. Section 3 reviews Davies (1977,1987)’ procedure. We also note
that our formulation of random coefficient model can be reformulated as
joint presence of heteroskedasticity and autocorrelation. As an indirect test
for regression coefficient stability, we present a simple LM test for the joint
hypotheses, homoskedasticity and serial independence. Section 4 investigates
the finite sample power properties of the tests through simulation. Section 5

presents an empirical example to demonstrate our procedure.
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2.2 The Model

Rosenberg’s (1973) return to normalcy model can be written as

Yy = Ty +ubite (3)

Be—B) = ¢(Be-1—B) + v (4)
-1<¢<1,

t = 1,2,...,N, where y, is a dependent variable, z, is a kx1 exogenous

vector with a kx1 unknown fixed coefficients 7. z; is an exogenous scalar
with a time varying coefficient f;. €; and v, are independent disturbances
with e ~ N(0,7Iy) and v ~ N(0,qIn). (B; — B) follows the stable first order
autoregressive process with a parameter ¢ in which 8; fluctuates around its
mean 3. When the autoregressive parameter ¢ is unity, 3 follows a random
walk, while the behavior of §; is same as Hildreth-Houck (1968) random

coefficients model when ¢ is zero.

2.2A Effect of Random Coefficient on the Standard
‘Wald test

Suppose that a researcher disregard the parameter variation and test the
hypothesis of Ho : HB = h in the fixed coefficient model y, = 2i8 + ¢ by

erroneously implementing the following conventional Wald type test:
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w = (HB = WHEY, 22 B (Hp - h)

&2

where for generality, we take z; as k£ X 1 matrix and rank(H)=s.

When the parameters are fixed, the distribution of this conventional Wald
test statistics is asymptotically a central x2 under Hy. We want to investigate
the properties of this test when parameters are indeed random as given in
equation (2). Using the results of Szroeter (1992), we found the upper and

lower bounds of rejection probability as discussed below.

Suppose that z;, 8; and ¢, are mutually independent. Then 62 and W are

asymptotically equivalent to respectively o2 and W,:

N
o = o4 1 =Ny 2z (3)
1-¢ t=1

-1

N -1
W. = o *d+ R+ GY [H (N“ 3 z,z;> H’] (d+R+G) (6)
t=1

where

N-Y*d=HB—h

N -1 /N
R= NV/g! (Z ztzg) (Z zm)
=1

t=1

N -1/ N
G=N'V?H (Z z,z;) (Z 22y(By — ﬂ))
t=1

t=1
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Therefore, c~-202W,, conditional on z; and §;, has a noncentral x? dis-
tribution with s degrees of freedom and noncentrality parameter § = B'B
where the unobservable random vector B is normally distributed conditional

on z; with

and
-1/2

V(B|z)=0"2 [H (}é z,z;) ) H’] H (é ztz§> )

(1_?—(152 i(ztzf)z) (é ztz;) B il [H (g zzz{> - H’]

t=1

-1/2

Note that the unconditional distribution of B is normal with a mean of p
and a variance of ). Szroeter used relationships between unconditional and
conditional multivariate normal distributions and derived the tight upper and
lower bounds which do not depend on the values of rank(2) and independence
of e. Following Szroeter’s results, upper and lower bounds for Pr{W, > Xz'a}

conditional on z are respectively

N -1 11
1-F, (a'zafxg,a |(1+ M) te~2d [H (N"1 > ztz;) H’} d) (7
t=1

and
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N N
1- Fm ((1 + /\)_10_203)(3,0, | U'_Zd, [H (N—l Z Z¢Z;) HI] d) (8)
t=1

where A is the largest characteristic root of (.

Assuming (N iy ztz{) G M in probability, then the above equa-
tions (5) and (6) become upper and lower bounds on the true unconditional
asymptotic significance probability of the test by which the hypothesis of
Ho : HB = h is rejected if @ > x2 .. These upper and lower bounds could be
too high or too low compared to the nominal significance level. Therefore,
if empirical researchers erroneously use the conventional Wald test, then the
null hypothesis of Hy : HB = h could be more frequently rejected or ac-
cepted. Note that when d = 0 in equations (5) and (6), the probability of
rejecting the null is too high. Therefore, it is important to test the hypothesis

of parameter variation.
2.2B Testing Problems

Let us express equations (1) and (2) as

¥y = Ty +aB+aB-B)+e (9)
= XtF+V¢ (10)
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where X, = [z} 2], T = [y B) and v, = z,(8; — B) + ;. Then we can simply

write equation (3) in the matrix form

Y = XT+v (11)

where X is a Nx (k+1) design matrix, I is a (k+1)x 1 fixed coefficient matrix
and v is a Nx 1 disturbance vector. Now the model becomes more like a
standard regression model with fixed coefficients and the disturbance vector

v~ N(0,z(1 — ¢?)"1qX(¢)z' + rIy) where z = diag(z, 22,. .., 2n) and

1 6 ¢ ... N 1]

é 1 ¢ ... ¢N-2
@)= . . .

¢N—1 ¢N—2 . . 1

From equation (2), B, is normally distributed with a mean of § and a

variance of (l—_qﬁ and B, a vector of (8, B2, .., Bn), follows
~Nlgl. -1
g (1, L) (12)

where 1 is a (N x 1) vector of 1.
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Therefore, the constancy of regression coeflicient can be examined by

testing q = 0 and the relevant test hypotheses are

Hy:q = 0
H:q >0

The hypotheses of interest for any t: Hy : 8, = Band Hy : B, # B
are equivalent to the hypotheses: Hy : ¢ = 0 and H; : ¢ > 0. As Watson
and Engle (1985), King and Shively (1991) and Hansen(1991) demonstrated
that, we can not test these new equivalent hypotheses by directly employing
the conventional asymptotic tests such as Wald, LR and LM because of the
presence of unidentified nuisance parameter ¢. When the null hypothesis,
q=0, is imposed, the nuisance parameter can take any value in the range of
autoregressive coefficient ¢. The surface of the likelihood function will be
flat over ¢ € (—1,1). As a result, the information matrix is singular under

Hj and the asymptotic null distribution can not be obtained.

2.3 Davies’ and LM Tests

Davies(1977) considered the problem with a normally distributed test
statistic. In addition, Davies(1987) simplified the previous results and ex-
tends to a chi-square case. Watson and Engle (1985) modified Davies(1977)

procedure and applied their approximated Davies test.
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2.3A Davies’ Tests

Davies considered the case where a nuisance parameter is unidentified
under the null hypothesis. In such case, the asymptotic null distribution
can not be obtained since the information matrix is singular. However, the
asymptotic distribution could be obtained easily by fixing the value of the
unidentified parameter arbitrarily. Suppose that the test statistics S(¢) fol-
lows a Gaussian distribution under the null hypothesis for any fixed value
of the unidentified parameter ¢. Davies (1977) suggested a test which re-
jects the null hypothesis for large values of S(¢). The test uses the Roy
(1953) union-intersection principle and is based on the significance probabil-
ity Pr(supy S(¢) > u), where u is a suitably chosen constant. The distri-
bution of the test statistic sup, S(#) is unknown. Davies (1987) extended
his results to the case where S(¢) follows the asymptotic chi-square distri-
bution rather than the Gaussian distribution, and provided an approximate
upper bound of the significance level. Essentially he proposed a simple pro-
cedure to determine the upper bounds of significance levels by providing

approximations of the total variation of S(¢) over the range of ¢ € & =

(¢: 6L < ¢ < dv).

1) When S(¢) follows the Gaussian process for any fixed ¢,

Pr(sup S(¢) > u) < Pr(Z < —u) + WEMZQ—) (13)
ped (87)2



where ¢; and ¢y are the lower and upper bounds for ¢, and

w

|, 105(6)/061d6 (14)
1S(81) = S(82)1+ IS(#2) — S(1)] +

1S(¢3) — S(2)] + ...

1S(80) - S(#a)]

2) When S(¢) is asymptotically x? distributed for any fixed ¢,

exp(—u/2)ulP~1)/2
2¢12T'(p/2)

Pr(sup S{¢) > u) < Pr(x*>u)+V (15)
€

where ¢; and ¢y are the lower and upper bounds for ¢, p is degrees of

freedom, ¢; denotes the i-th turning point of S(4) and

Vo= [ 195V%4)/0lde (16)
= |5Y2($1) — S2(L)| + 1SYX($2) — SYV2(1)| +
|SY/%(¢3) — SY*(g2)| + ...
15*%(¢u) — S*(8n)!-

Equation (12) and (14) are approximations of expected number of up-
crossings of u by S for ¢ € ®. We expect both to perform better than the
tests based only on the first terms in the right side of equation (11) and

(13), the standard normal and x? distribution function respectively, since
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the second terms in the right hand side of the equations are added to reflect
the variation of S(¢) over the range of ¢ under various different alternative

hypotheses.

Watson and Engle (1985) proposed an approximation to {sup, S(#) > u}.
The approximate Davies (AD) test suggested by Watson and Engle is based

on the following significance level:

Pr(AD >u) = 1-Pr[(S(é1) <u)N(S(é2) <u)N... (17
N (S(¢n) <u)]

where AD = maz{S(¢;) : ¢; € D,4; < ¢iy1}, and the distribution of S(¢;)
for any i is standard normal. Their suggested upper bound of the significance

probability is given by

Pr(AD > u) < Pr(S(¢y > u) + z:j Pr(S(¢) <u < S(din)).  (18)

For a given value of ¢, the standard LM statistic for testing q=0 in

equation (1) and (2) is given by [for details, see Watson and Engle (1985)]

S +52(¢)]2

sy = |2

where
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1 X, e )
S = - V4 —-—1 20
1 2; t 7 (
1 N t~1
S2(¢) = ;Zétztzﬁxzsd’t - (21)
t=2 =1
1 N N -1 1
S3(¢) = 5222‘4'2%22;2(6(! n— 2N Eztz) (22)
t=1 t=2 i=1

# = YN & /N,and ¢ indicates the OLS residuals from the regression y; =
z,7+ 28+ ¢;. Under general conditions, [S(#)]? is asymptotically distributed

as x? with one degree of freedom.

2.3B The Joint LM test

Since the Davies’ tests involve complex computations, it is difficult for
empirical researchers to implement these tests. As a result, it is desirable
to develop a easy and convenient test. As we noted in equation (9), the
Rosenberg model with a AR(1) coefficients is equivalent to the standard
regression model with constant coefficients and non-spherical disturbances
with heteroskedasticity and autocorrelation. The variance-covariance of v;

has the following forms

EW?}) = 1_¢2zl +r (23)

E(viv;) = 1_q¢2¢|"j|z,~zj (24)
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wherei=1,2,...,Nandi#j. Equation (21) represents the heteroskedastic-
ity while equation (22) reflects the autocorrelation. Furthermore, when ¢ is
assumed to be zero, the variance-covariance matrix of v is equal to gz2'+rly,
which has only the heteroskedasticity component. Therefore, the parameter
constancy might be examined by a joint test of the heteroskedasticity and the
autocorrelation. Following Bera and Mckenzie (1987), a joint LM statistic
(LMpy) is simply the sum of the LM statistic for heteroskedasticity (LMpy)

and the LM statistic for autocorrelation (LMj): i.e.,
LMy; = LMy + LM;.

Each component of LMy can be easily obtained by adopting the pro-
cedures in Breusch and Pagan (1980), and Breusch (1978) or Godfrey and
Wickens(1982) respectively. Applying these procedures,

LMy = %r’W(W’W)“W’r (25)

where W = (1,2) can be calculated as one-half of the explained sum of
squares from the OLS regression of (r = ;—?2 —1) on (1, z) or by regressing
the squared residuals & on (1,2),t = 1,2,...,N and then dividing the
variance of the predicted values by 262/N. é; denotes the OLS residual from

the regression

Y = Ty + 28 + €.



Assuming the disturbance term e follows AR(1) process, the LM statistic

for testing autocorrelation is given by

SN &1

— t=1 Cttt-1

LM;=N e ] .
t=1*“t

The LM is asymptotically equivalent to N R?, where R? can be obtained

from regressing é€; on €_;.
2.4 Monte Carlo Experiment

In this section, we examine and compare the finite sample performances
of the LMy and Davies’ statistics through an Monte Carlo experiment. In
the experiment, we use the same model and design as that of Watson and
Engle (1985), namely

Yo = a+zbi+e (26)
B:—B) = ¢(Be-1—B)+ue (27)
-l<¢<1

We set a=1 and =2, and generate z, from the first order AR process

2 = azi—1 + €, || < 1. To control the degree of heteroskedasticity and
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autocorrelation for our study, we choose ¢ = (0.0, 0.45, 0.5, 0.7, 0.8, 0.9) and
a = (0.0, 0.1, 0.4, 0.8, 0.9) respectively. We generate the disturbance term
¢ from N(0,1.0), u; from N(0,q) and e, from N(0,25).

The experiments are performed for the sample size of N=30 and 60, and
for each N we carry out 400 replications under the null hypothesis(i.e. q=0)
and 300 replications under the various alternative hypotheses ( ¢ > 0 ). To
study the size and power of statistics, we set q=(0.0, 0.1, 1.0) so that it

reflects the null and the close and remote distance alternatives.

One of the nice things of the model is that the range of the nuisance
parameter ¢ is restricted between -1 and 1. Therefore, finding the supremum
of S(¢) and the total variation of S'/2(¢;) and S(¢;) is relatively easier.
Since the nuisance parameter is bounded above and below, the checks for

local maxima can also be done quite easily.

We employ the grid search to find the supremum of S(¢) and the total
variation of $¥/%(¢;) and S(¢;) over |¢] < 1 for all i. The Davies and AD
tests are calculated for ¢ € [—0.95,0.95] with step length 0.05. The OLS
residuals é; from the regression with a fixed regression coefficient 3 are used
to compute S(¢) and LMy;. The p-value from each drawing is calculated
as described in Section III. If the nominal significance level is greater than
the calculated p-value, then we count it as a rejection. The size and power
of test are estimated by dividing the total frequency of rejection by the total

number of replications.

We present the significance of the LMy and Davies’ tests in Table 1 and

the power of all the statistics in Tables 2 and 3. Throughout the experiments,
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