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Abstract

This thesis is mainly concerned with the study of product of random stochastic matrices and
random weighted averaging dynamics. It will be shown that a generalization of a fundamental
result in the theory of ergodic Markov chains not only holds for inhomogeneous chains of
stochastic matrices, but also remains true for random stochastic matrices. To do this, the
concept of infinite flow property will be introduced for a deterministic chain of stochastic
matrices and it will be proven that it is necessary for ergodicity of any stochastic chain. This
result will further be extended to ergodic classes, through the development of the concept of
the infinite flow graph and ¢;-approximation technique.

For the converse implications, the product of stochastic matrices will be studied in the
more general setting of random adapted stochastic chains. Using a result of A. Kolmogorov,
it will be shown that any averaging dynamics admits infinitely many comparison functions
including a quadratic one. By identifying the decrease of the quadratic comparison function
along the trajectories of the dynamics, it will be proven that under general assumptions on a
random chain, the chain is infinite flow stable, i.e. the product of random stochastic matrices
is convergent almost surely and, also, the limiting matrices admit certain structures that can
be deduced from the infinite flow graph of the chain. It will be shown that a general class of
stochastic chains, the balanced chains with feedback property, satisfy the conditions of this
result.

Some implications of the developed results for products of independent random stochastic
matrices will be provided. Furthermore, it will be proven that under general conditions,
an independent random chain and its expected chain exhibit the same ergodic behavior.
It will be proven that an extension of a well-known result in the theory of homogeneous
Markov chains holds for a sequence of inhomogeneous stochastic matrices. Then, link-failure
models for averaging dynamics will be introduced and it will be shown that under general
conditions, link failure does not affect the limiting behavior of averaging dynamics. Then,
the application of the developed methods to the study of Hegselmann-Krause model will
be considered. Using the developed results, an upper bound O(m*) will be established for

the Hegselmann-Krause dynamics, which is an improvement to the previously known bound
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O(m?®). As a final application for the developed tools, an alternative proof for the second
Borel-Cantelli lemma will be provided.

Motivated by the infinite flow property, a stronger one, the absolute infinite flow property
will be introduced. It will be shown that this stronger property is in fact necessary for
ergodicity of any stochastic chain. Moreover, the equivalency of the absolute infinite flow
property with ergodicity of doubly stochastic chains will be proven. These results will be
driven by introduction and study of the rotational transformation of a stochastic chain.

Finally, motivated by the study of Markov chains over general state spaces, a framework
for the study of averaging dynamics over general state spaces will be proposed. Several
modes of ergodicity and consensus will be introduced and the relation between them will be
studied. It will be shown that a generalization of the infinite flow property remains necessary
for the weakest form of ergodicity over general state spaces. Inspired by the concept of an
absolute probability sequence for stochastic chains, an absolute probability sequence for a
chain of stochastic kernels will be introduced. Using an absolute probability sequence, a
family of comparison functions for the averaging dynamics, which contains a quadratic one,
will be introduced. Finally, an exact decrease rate of the quadratic comparison function

along any trajectory of the averaging dynamics will be quantified.
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Chapter 1

Introduction

In this thesis, we study infinite product of deterministic and random stochastic matrices.
This mathematical object is one of the main analytical tools that is frequently used in
various problems including: distributed computation, distributed optimization, distributed
estimation, and distributed coordination. In many of these problems, a common goal is
attempted to be achieved among a set of agents while there is no central coordination among
them. A common theme for solving those problems is to reach a form of agreement by
performing distributed averaging among the agents, which leads to an alternative way for the
study of product of (deterministic) stochastic matrices, i.e. the study of weighted averaging

dynamics. A weighted averaging dynamics is a dynamics of the form:
z(k+1) = A(k)x(k) for k > 0, (1.1)

where A(k) is a (row) stochastic matrix for any & > 0 and x(0) € R™ is arbitrary. Some

motivational applications for such a study are discussed in the sequel:

Distributed Optimization:

Consider a network of m agents such that each of them has a private convex
objective function f;(x) which is defined on R™ for some n > 1. Suppose that we

want to design an algorithm that solves the following optimization problem:

minimize: Z?ll fi(z)

. (1.2)
subject to: x € R".

The goal is to solve the problem (1.2) distributively over the network by limited
local coordination of agents’ actions. This problem has been studied in [1, 2, 3, 4,
5, 6] both in deterministic time-changing networks and random i.i.d. networks. A
generalization of the problem (1.2) is studied in [7] where each agent has a convex

constraint set C; C R™ and the goal is to solve the problem over the intersection



set (Nie, Ci.
Optimization problem (1.2) can be solved by using the following scheme: suppose

that at time k, agent i’s estimate of a solution to (1.2) (which is assumed to exist)
is 2'(k). Then, we set

m

2 (k+1) =Y ay(k)a? (k) — o' (k)d;(k). (1.3)
j=1

In Eq. (1.3), A(k) = {ai;(Kk)}ijepm is a doubly stochastic matrix. The chain
{A(k)} is assumed to possess certain properties. The variable o(k) is the stepsize
of the ith agent at time & which also satisfies certain conditions, and d;(k) is a
subgradient vector of the function f;(z) at a'(k).
If in Eq. (1.3), we have d;(k) = 0, i.e., fi(z) is constant for all i € [m], the
dynamics (1.3) reduces to the dynamics (1.1) which is the focal point of the
current study. Nevertheless, for the general case of non-trivial objective functions,

convergence analysis of the algorithm in Eq. (1.3) relies on the stability properties
of the dynamic system (1.1) driven by the chain {A(k)}.

Synchronization:

Consider a network with m processors. Each of the m processors can compute
its local time 7; using its own Central Processing Unit (CPU) clock. Ideally, after
the calibration, each processor’s local time should be equal to the Coordinated
Universal Time ¢t. However, due to the hardware imperfections of CPU clocks,
different processors, even if they share the same hardware architecture, might
have different time stamps for a certain event. A first order model to describe

such a drift is the following linear model:
Tl<t) = Clz't + bi,

where 7;(t) is the clock reading of the ith processor at time ¢, while a; and b; are
the ith processor’s clock skew and clock offset, respectively. Ideally, we should
have a; = 1 and b; = 0 for all i € {1,...,m}. However, this is not the case in
many real situations. In some applications, inaccurate and asynchronized time
readings might not cause any problem. However, in certain applications, such as
multiple target tracking scheme [8], time synchronization of different processors

is crucial.



Figure 1.1: At each time, every robot observes the positions of the robots at its r-distance.
In this configuration, robot 1 observes the positions of the robots 1 (itself), 3, and 4.

In [9, 10], a clock synchronization scheme has been proposed and developed based
on the convergence of dynamic system (1.1). A similar approach has been pro-
posed in [11] for clock synchronization in sensor networks. The main idea in those
works is to mix the clock readings 7;’s through the underlying network and align
each local time with a virtual universal clock 7,(t) = a,t + b,. The proposed
alignment schemes use the convergence properties of the dynamics (1.1) under
certain connectivity conditions on the underlying communication network of the

m Pprocessors.

Robotics:

Study of the dynamic system (1.1) has various applications in networks of robots,
especially when there is no central coordination among the robots. An example
of those applications is achieving rendezvous in a network of robots. To describe
the problem, consider a network of m robots. Suppose that the ith robot is
initially positioned at x;(0) € R?, where i € [m] and [m] = {1,...,m}. The goal
is to gather the robots at a common point, a rendezvous point. For rendezvous,

consider the following recursive algorithm:

(i) At time & > 0, robot ¢ € [m] measures or receives the positions of all
of the robots at a distance r, i.e., the positions of the robots in the set
Ni(k) = {j € [m] | [lzi(k) — 2;(F)[| <} (see Figure 1.1).

(ii) At time k& > 0, robot ¢ € [m] computes the average position of the neigh-
boring robots z;(k) = m > jei(w)| Ti(k), where IN; (k)| is the number of

elements in N;(k).



©
o
4]

Figure 1.2: The positions of the 4 robots in Figure 1.1 after one iteration of the
distributed rendezvous algorithm.

(iii) Robot ¢ moves to the point z;(k) before the communication time k + 1, i.e.,

One iteration of the above algorithm is illustrated in Figure 1.2. This algorithm
is motivated by the works in [12, 13] on modeling of social opinion dynamics
and it is known as Hegselmann-Krause model [14]. We study this model more

extensively in Chapter 5.

Observe that in the Hegselmann-Krause algorithm, the evolution of the position
vector z(k) = (x1(k),. .., zn(k))T follows the dynamics (1.1). In fact, rendezvous
resulting from the Hegselmann-Krause algorithm is equivalent to achieving con-

sensus in dynamics (1.1), a concept that will be introduced later in Chapter 2.

Theoretical Motivation:

One of the main motivations of this study is the desire to extend the following

well-known and widely used result for ergodic Markov chains.

Lemma 1.1. Let A be an irreducible and aperiodic matriz. Then AF converges

to a rank one matriz as k approaches infinity.

In Chapter 4 and Chapter 5, we prove a generalization of this result for not
only the product of time-varying stochastic matrices but also the product of
independent random stochastic matrices. We show that, in fact, many seemingly
different results in the field of consensus and distributed averaging are just special

cases of this general result.



1.1  Past Work

Unfortunately, the diversity and numerous publications in this area makes it almost impos-
sible to have an extensive and thorough literature review on this field. Here, we review
(relatively) few of the previous work on the study of product of random and deterministic
sequences of stochastic matrices by focusing mainly on the literature that shaped this thesis.

The study of forward product of an inhomogeneous chain of stochastic matrices is closely
related to the limiting behavior, especially ergodicity, of inhomogeneous Markov chains. One
of the earliest studies on the forward product of inhomogeneous chains of stochastic matrices
is the work of Hajnal in [15]. Motivated by a homogeneous Markov chain, Hajnal formulated
the concepts of ergodicity in weak and strong senses for inhomogeneous Markov chains, and
developed some sufficient conditions for both weak and strong ergodicity of such chains.
Using the properties of scrambling matrices that were introduced in [15], Wolfowitz [16] gave
a condition under which all the chains driven from a finite set of stochastic matrices are
strongly ergodic. In his elegant work [17], Shen gave geometric interpretations and provided
some generalizations of the results in [15] by considering vector norms other than || - ||,
which was originally used in [15] to measure the scrambleness of a matrix.

One of the notable works, which is used in some of the main results of this thesis is
the elegant manuscript of A. Kolmogorov [18]. There, he studied the behavior of a Markov
chain that is started in —oo. To study such Markov chains, he introduced the concept of an
absolute probability sequence for a chain of stochastic matrices and proved existence of such
a sequence for any Markov chain. This sequence and its existence will play a central role in
the development of this thesis.

The study of backward product of row-stochastic matrices, however, is motivated by
different applications all of which are in search of a form of a consensus among a set of
processors, individuals, or agents. DeGroot [19] studied such a product (for a homogeneous
chain) as a tool for reaching consensus on a distribution of a certain unknown parameter
among a set of agents. Later, Chatterjee and Seneta [20] provided a theoretical framework
for reaching consensus by studying the backward product of an inhomogeneous chain of
stochastic matrices. Motivated by the theory of inhomogeneous Markov chains, they de-
fined the concepts of weak and strong ergodicity in this context, and showed that these two
properties are equivalent. Furthermore, they developed the theory of coefficients for ergodic-
ity. Motivated by some distributed computational problems, in [2], Tsitsiklis and Bertsekas
studied such a product from the dynamical system point of view. In fact, they considered a
dynamics that accomodates an exogenous input as well as delays in the system. Through the

study of such dynamics, they gave more practical conditions for a chain to ensure ergodicity



and consensus. The work in [1, 2] had a great impact on the subsequent studies of dis-
tributed estimation and control problems. Another notable work in the area of distributed
averaging is [21]. There, a similar result as in [1, 2] for consensus and ergodicity under a
slightly more general condition was given. Also, other interesting questions such as existence
of a quadratic Lyapunov function for averaging dynamics were raised there. Non-existence
of quadratic Lyapunov functions for general averaging dynamics was verified numerically
there and was analytically proven in [22]. A notable work on the study of the convergence
and stability of averaging dynamics is [23], where a general condition for convergence and
stability of averaging dynamics is established. In [24, 25|, convergence rate and efficiency of
different averaging schemes are discussed and compared.

The common ground in the study of both forward and backward products of stochastic
matrices are the chains of doubly stochastic matrices. By transposing the matrices in such
a chain, forward products of matrices can be transformed into backward products of the
transposes of the original matrices. However, the transposition of a row-stochastic matrix is
not necessarily a row-stochastic matrix, unless the matrix is doubly stochastic. Therefore, in
the case of doubly stochastic matrices, any property of backward products can be naturally
translated into forward products.

The study of random product of stochastic matrices dates back to the early work in [26],
where the convergence of the product of i.i.d. random stochastic matrices was studied using
the algebraic and topological structures of the set of stochastic matrices. This work was
further extended in [27, 28, 29] by using results from ergodic theory of stationary processes
and their algebraic properties. In [30], the ergodicity and consensus of the product of i.i.d.
random stochastic matrices with almost sure diagonal entries were studied. The main result
in [30] can be concluded from the works in [27, 28], however, the approach used there was
quite different. Independently, the same problem was tackled in [31], where an exponential
convergence bound was established. The work in [30] was extended to ergodic stationary
processes in [32].

This thesis is also related to opinion dynamics in social networks [13, 12] and its gen-
eralizations as discussed in [33, 23, 34|, consensus over random networks [35], optimiza-
tion over random networks [4], and the consensus over a network with random link fail-
ures [36]. Related are also gossip and broadcast-gossip schemes giving rise to a random
consensus over a given connected bi-directional communication network [37, 38, 39, 40].
On a broader basis, this work is related to the literature on the consensus over networks
with noisy links [41, 42, 43, 44] and the deterministic consensus in decentralized systems
models [1, 45, 2, 46, 47, 21, 48, 24, 49], including the effects of quantization and delay
[50, 51, 52, 53, 54, 40].



1.2  Overview and Contributions

As already mentioned, this thesis is mainly devoted to the study of products of stochastic
matrices and its generalizations to random chains and general state spaces. Here, we provide
an overview and summarize the main contributions of the thesis.

In Chapter 3, we discuss the framework for studying a product of random stochastic
matrices and its corresponding dynamics driven by such matrices. We introduce the concept
of infinite flow property which is hidden in all the previously known results on ergodicity
of deterministic chains. We show that this property is in fact necessary for ergodicity of
any chain. Motivated by this result, we introduce the concept of infinite flow graph. By
introducing ¢1-approximation of stochastic chains, we show that the limiting behavior of a
product of stochastic matrices is closely related to the connectivity of the infinite flow graph
associated with such a chain.

In Chapter 4, we study the converse statements of the results developed in Chapter 3.
We first introduce the concept of infinite flow stability for a random chain. In our attempt
to specify classes of random chains that exhibit infinite flow stability, we first study a prop-
erty which has also been commonly assumed in various forms in the previous studies in
this field, i.e. the feedback property. We define different feedback properties and investi-
gate their relations with each other. Motivated by an absolute probability sequence for a
chain of stochastic matrices, we introduce the concept of absolute probability process for an
adapted random chain. We show that using an absolute probability process, one can define
infinitely many comparison functions for the corresponding adapted random chain including
a quadratic one. Using the quadratic comparison function, we show that any chain in a
certain class of adapted random chains with weak feedback property is infinite flow stable.
Then, we define a class of balanced chains that includes nearly all the previously known
ergodic chains. We show that any balanced chain with feedback property is in fact infinite
flow stable.

Then, in Chapter 5, we study some of the implications of the results in Chapter 3 and
Chapter 4 for products of independent random stochastic matrices. We show that, under
general conditions of balancedness and feedback property, the ergodic behavior of an in-
dependent random chain and its expected chain are equivalent. We also develop a rate of
convergence result for a class of independent random chains. Then, we visit the problem
of link-failure on random chains and develop a condition under which link failure does not
affect the limiting behavior of the chain. We also discuss the Hegselmann-Krause model for
opinion dynamics. We show how an application of the developed machinery results in an up-

per bound of O(m?) for the termination time of the Hegselmann-Krause model. Finally, we



present an alternative proof of the second Borel-Cantelli lemma using the developed results.

In Chapter 6, we extend the notion of infinite flow property to absolute infinite flow prop-
erty. We prove that this stronger property is also necessary for ergodicity of any stochastic
chain. We do this through the introduction of a rotational transformation of a stochas-
tic chain with respect to a permutation chain. Then, we show that limiting behavior of
a stochastic chain is invariant under rotational transformation. Using this result, we prove
that ergodicity of any doubly stochastic chain is equivalent to absolute infinite flow property.
Also, using the rotational transformation, we show that any products of doubly stochastic
matrices is essentially convergent, i.e. it is convergent up to a sequence of permutation. We
also develop a rate of convergence result for doubly stochastic chains based on the rate results
established in Chapter 5.

Finally, we extend the notion of averaging and product of stochastic matrices to general
measurable state spaces. There, we define several modes of ergodicity and extend the notion
of infinite flow property. We prove that in general state spaces, this property is necessary
for the weakest form of ergodicity. We define an absolute probability sequence for a chain
of stochastic kernels and we show that a chain of stochastic integral kernels with an abso-
lute probability sequence admits infinitely many comparison functions. We also derive the
decrease rate of the associated quadratic comparison function along the trajectories of any
dynamics driven by such chains.

The main contributions of this thesis include:

e Developing of new concepts, such as infinite flow property, infinite flow graph, feedback
properties, mutual ergodicity, infinite flow stability, absolute probability process, bal-
anced chains, absolute infinite flow property, and showing their relevance to the study

of product of random and deterministic stochastic matrices and averaging dynamics.

e Developing of new techniques, such as randomization technique, {1-approzimation, ro-
tational transformation, to study products of random and deterministic stochastic ma-

trices.

e Establishing the existence of infinitely many comparison functions for averaging dy-

namics including a quadratic one.

e Developing necessary and sufficient conditions for ergodicity of deterministic and ran-

dom stochastic chains.

e Extending a fundamental result for the study of irreducible and aperiodic homogeneous

Markov chains to inhomogeneous chains and random chains of stochastic matrices.



e Developing a unified approach for convergence rate analysis of the averaging and con-

sensus algorithms.

e Developing a new bound for the convergence time of the Hegselmann-Krause model

for opinion dynamics.

e Formulating and study of the averaging dynamics, ergodicity, and consensus over gen-

eral state spaces.

This thesis is based on the work presented in published and under-review papers, and tech-
nical reports [55, 56, 57, 58, 59, 60, 61, 62, 63].

1.3 Notation

The notation used in this thesis is aimed to be as intuitive as possible. One may skip this

section and refer back to it, if any notation is confusing.

1.3.1 Sets, Vectors and Matrices

We use R and Z to denote the sets of real numbers and integers, respectively. Furthermore,
we use R and Z™ to denote the sets of non-negative real numbers and non-negative integers,
respectively. We use R™*™ to denote the set of m x m real-valued matrices. We use [m] to
denote the set {1,...,m}. For a set S C [m], we let |S| be the cardinality of the set S.

We view all vectors as column vectors. For a vector x, we write x; to denote its ith entry,
and we write z > 0 (x > 0) to denote that all its entries are nonnegative (positive). We use
z” to denote the transpose of a vector x. We write ||z| to denote the standard Euclidean
vector norm i.e., |lz]| = /3, 27 and we write ||z]l, = (321, |7:/?)/? to denote the p-norm
of © where p € [1,00]. We use e; to denote the vector with the ith entry equal to 1 and all
other entries equal to 0, and we write e for the vector with all entries equal to 1.

For a given set C' and a subset S of C, we write S C C' to denote that S is a proper
subset of C. A proper and non-empty subset S of a set C' is said to be a nontrivial subset
of C. We write S to denote the complement of the set S C C,i.e. S={a € C|a g S} We
denote the power set of a set C, i.e. the set of all subsets of C, by Z(C).

We denote the identity matrix by I and the matrix with all entries equal to one by J.
For a matrix A, we use A;; or [A];; to denote its (7, 7)th entry, A; and A7 to denote its ith

row and jth column vectors, respectively, and AT to denote its transpose. We write || 4],



for the matrix p-norm induced by the vector p-norm, i.e.

[A]l, = max || Az,
z|lp=1
As for the vector 2-norm, we denote ||Ally by [|A]l.

A matrix A is row-stochastic when its entries are nonnegative and the sum of a row
entries is 1 for all rows. Since we deal exclusively with row-stochastic matrices, we refer
to such matrices simply as stochastic. We denote the set of m x m stochastic matrices by
Sm. A matrix A is doubly stochastic when both A and AT are stochastic. We often refer
to a matrix sequence as a chain. We say that a chain {A(k)} of matrices is static if it
does not depend on k, i.e. A(k) = A(0) for all £ > 0, otherwise we say that {A(k)} is an
inhomogeneous or time-varying chain. Similarly, we say that a sequence of vectors {m(k)} is
static if w(k) = 7(0) for all & > 0.

For a vector m € R™ and a scalar a € R, we write 7 > o (7 > «) if 1; > o (m; > «) for
all 7 € [m]. Similarly, for a matrix A € R™*™ we write A > a (A > «), if A;; > a (Ai; > «a)
for all 7, j € [m]. Finally, for a sequence of vectors {m(k)}, we write {m(k)} > « if 7(k) > «
for all £ > 0.

For an m x m matrix A, we use the following abbreviation:

> Ay = i i Ay

i<j i=1 j=it1
For a vector m = (my,...,m,)T € R™, we use diag(r) to denote the diagonal matrix
m 0 - 0
0 o
diag(m) =
Tm—1 0
0 T

Given a nonempty index set S C [m] and a matrix A, we write Ag to denote the following

i€S,jES i€S,jes

summation:

Note that Ag satisfies
As= > (A +45).

i€S,j€S

10



An m x m stochastic matrix P is a permutation matriz if it contains exactly one entry equal
to 1 in each row and each column. Given a permutation matrix P, we use P(S) to denote

the image of an index set S C [m] under the permutation P; specifically
P(S)={ie[m]| P; =1 for some j € S}.

We note that a set S C [m] and its image P(S) under a permutation P have the same
cardinality, i.e., |S| = | P(S)|. Furthermore, for any permutation matrix P and any nonempty

index set S C [m], the following relation holds:

Z €i:PZ€j.
)

i€P(S jeSs

We denote the set of m x m permutation matrices by &2,,. Since there are m! permutation
matrices of size m, we may assume that the set of permutation matrices is indexed by the
index set [m!], i.e., 2, = {P© | 1 <& < m!}. Also, we say that {P(k)} is a permutation
sequence if P(k) € &, for all k > 0. The sequence {I} is the permutation sequence { P(k)}

with P(k) = I for all k, and it is referred to as the trivial permutation sequence.

1.3.2  Probability Theory

Consider a probability space (€2, F,Pr(-)) where Q is a set (often referred to as the sample
space), F is a o-algebra on 2, and Pr(-) is a probability measure on (2, F). We refer to
members of F as events. We denote the Borel o-algebra on R by B.

We say that a property p holds almost surely if the set {w € | w does not satisfy p} is
an event and

Pr({w | w does not satisfy p}) = 0.

We use the abbreviation a.s. for almost surely. We denote the characteristic function of an
event £ by 1p, i.e. 1g(w) =1 for w € E and 1g(w) = 0, otherwise. We say that an event F
is a trivial event if Pr(E) = 0 or Pr(E) = 1, or in other words, it is equal to the empty set
or §2, almost surely.

We denote the expected value of a random variable u by E[u] and the conditional expec-
tation of u conditioned on a o-algebra F by E [u ] .7:"]

We say that x : € — R™ is a random vector if each coordinate function x; is a random
variable for all i € [m]. Likewise, we say that W : Q@ — R™ ™ is a random matrix if W;; is
a random variable for all 4, j € [m].

For a collection © of subsets of 2, we let 0(©) to be the smallest o-algebra containing
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©. For a random variable u, we let o(u) = c({u"!(B) | B € B}).

1.3.3 Graph Theory

We view an undirected graph G on m vertices as an ordered pair ([m],£) where £ is a subset
of {{i,j} | 4,7 € [m]}. We refer to [m] as the vertex set and we refer to £ as edge set of G.
If {i,7} € £, we say that j is a neighbor of i. We denote the set of all neighbors of i € [m)]
by N;(G) = {j € [m] | {i,j} € £}. We denote the set of all undirected graphs on the vertex
set [m] by G([m]).

A path between two vertices vy =i € [m] and v, = j € [m] in the graph G = ([m], ) is
an ordered sequence of vertices (vq,ve, ..., v,) such that {vs, v} € € forall £ € [p—1]. We
say that G is a connected graph if there is a path between any distinct vertices i,j € [m].
We say that S C [m] is a connected component if there is a path between any two vertices
1,7 € S and S is the maximal set with this property.

We view a directed graph G on m vertices as an ordered pair ([m], &) where €& C {(i, ) |
i,7 € [m]}. We say that j € [m] is a neighbor of 7 if (i, j) € £ and as in the case of undirected
graph, we denote the set of neighbors of ¢ in G = ([m], £) by N;(G). In this case, a directed
path between a vertex v; =4 € [m] and v, = j € [m] in G = ([m], £) is an ordered sequence
of vertices (v, v, ..., v,) such that (v, veyr) € € for all £ € [p — 1]. We say that a directed
graph G is strongly connected if there is a directed path between any two distinct vertices
i,j € [ml.

For an m x m non-negative matrix A, we say that G = ([m], ) is the graph induced by

the positive entries of A, or simply the graph induced by A if € = {(i,7) | 4;; > 0}.

1.3.4 Control Theory

Let f: X x ZT — X for some space X. Let ty > 0 be an arbitrary non-negative integer,
and let z(tg) € X. Let {z(k)} be defined by

o(k+1) = flz(k), k) for k>t (1.4)

We say that {x(k)} is a dynamics started with the initial condition (¢, z(to)), or alternatively
we say that {z(k)} is the trajectory of the dynamics (1.4) started at starting time to, > 0
and starting point z(ty) € X. We refer to k as the time variable. Throughout the thesis, all

the time variables are assumed to be non-negative integers.
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For the dynamics (1.4), we say that a point # € X is an equilibrium point if x = f(z, k)
for any k£ > 0.

We say that the dynamics (1.4) is asymptotically stable if limg_,o, z(k) exists for any
initial condition (tg, z(ty)) € ZT x X.

Suppose that X is a topological space. Then, we say that a function V : X — R*
is a Lyapunov function for the dynamics (1.4) if V(z) is a continuous function and also
V(z(k+1)) < V(x(k)) for any initial condition (tg, z(tg)) € Z* x X and any k > t.

We say that a function V' : X xZT — R* is a comparison function' for the dynamics (1.4)
if V(z, k) is a continuous function of z for any £ > 0 and also V(z(k+1),k+1) < V(x(k), k)
for any initial condition (¢, z(to)) € Z*T x X and any k > .

As it can be seen from the provided definitions, the only difference between a Lyapunov
function and a comparison function is that a Lyapunov function is a time-invariant function,

whereas a comparison function could be a time-varying function.

'Tt is often required that Lyapunov functions and comparison functions be positive for non-equilibrium
points. However, throughout this thesis we use Lyapunov functions and comparison functions in a loose
sense of non-negative functions.
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Chapter 2

Products of Stochastic Matrices and Averaging
Dynamics

In this chapter, we introduce and review some of the results on products of stochastic matrices
and averaging dynamics. Throughout this thesis, by a product of stochastic matrices, we
mean left product of stochastic matrices. More precisely, let {A(k)} be a stochastic chain.
By left product of stochastic matrices, we mean the product of the form A(k) - - - A(ty) where
k >ty > 0 and k often approaches to infinity.

Generally, there are two alternative viewpoints for product of stochastic matrices. The
first viewpoint is directly involved with the product itself. The second viewpoint is the
dynamic system viewpoint, which is based on the study of the dynamics driven by such a
product. In this section, we first discuss the two viewpoints and we show their equivalency.

Then, we will present some results that are used in the thesis.

2.1 Averaging Dynamics: Two Viewpoints

Here, we discuss two viewpoints for averaging dynamics and show their equivalency.

2.1.1 Left Product of Stochastic Matrices

The first viewpoint builds on the convergence properties of the left product of stochastic

matrices. Suppose that we have a sequence of stochastic matrices {A(k)}. Let
Ak :s)=Ak—1)--- A(s) for k > s >0,

and A(s :s) = I. Let us define the concepts of weak and strong ergodicity as appeared in
20].

Definition 2.1. (Ergodicity [20]) Let {A(k)} be a chain of stochastic matrices. We say
that {A(k)} is weakly ergodic if limy_oo(Aiy(k = to) — Aje(k = to)) = 0 for any to > 0 and
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We say that {A(k)} is strongly ergodic, if limy_,o A(k : to) = ev®(ty) for any ty > 0,

where v(ty) is a stochastic vector in R™.

In words, we say that {A(k)} is weakly ergodic if for any starting time ty > 0 the difference
between any two rows of the product A(k : to) goes to zero as k approaches infinity. Likewise,
we say that {A(k)} is strongly ergodic if for any starting time to > 0, the product A(k : ty)
approaches a stochastic matrix with identical rows, i.e. a rank one stochastic matrix.

Note that in the definition of strong ergodicity the requirement that v(ty) should be
stochastic is redundant. This follows directly from the fact that the ensemble of m x m

stochastic matrices is a closed set in R™*"™ which can be verified by noting that
Sm={AeR™™|A>0,Ae =e}. (2.1)

Thus, S,, is the intersection of two closed sets {A € R™™ | A > 0} and {A € R™™ |
Ae = e}, implying that S,, is a closed subset of R™*™. Hence, limy_,, A(k : to) = ev’ (ty)

automatically implies that v(¢y) is a stochastic vector.

Example 2.1. As a simple example for ergodicity, let {A(k)} be a chain of stochastic matri-

ces such that A(k) is equal to the rank one stochastic matriz %J for infinitely many indices

>k > -+ > ky > ky. Note that for any stochastic matriz A, we have A[=J] = =.J.
Also, we have [=J|A = LeeT A = e[LeT A]. Note that [LeT A is a stochastic vector, since

%GTAG = %eTe. Thus, for any to > 0, if t is large enough such that k, > to, then we have
1 1 5
A(l{) : to) = A(k : ]{It)A(kt : to) = EJA(]Q : to) = G[EG A(kt : to)],

for all k > k;. This implies that limy,_,o, A(k : to) = ev? (to) for any to > 0, where v(ty) =

%AT(kt s to)e. Thus such a chain is strongly ergodic.

Note that if limy_,oo A(k : to) = ev” (tg), then we have limy o0 (As;(k : to) — Agj(k : to)) =
vj(to) —vj(to) = 0. Thus, strong ergodicity implies weak ergodicity. In [20], it is proven that

the reverse implication also holds.
Theorem 2.1. (/20], Theorem 1) Weak ergodicity is equivalent to strong ergodicity.

Since weak and strong ergodicity are the same concepts, we simply refer to this property
as ergodicity. Thus, there are two equivalent viewpoints to ergodicity: the first viewpoint
is that the product A(k)--- A(ty) converges to a matrix with identical stochastic rows, or
alternatively, the difference between any two rows of the product A(k)--- A(ty) converges to
zero as k goes infinity, for any choice of starting time ¢,. This is the viewpoint to ergodicity

and averaging based on the left product of stochastic matrices.
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Another related concept that is based on the limiting behavior of the product of stochastic

matrices is consensus as defined below.

Definition 2.2. (Consensus) We say that a chain {A(k)} admits consensus if limy_, A(k :

0) = evT for some stochastic vector v € R™.

The reason that such property is called consensus will be clear once we discuss the
averaging dynamics from the dynamic system viewpoint.

Note that a chain {A(k)} is ergodic if and only if {A(k)}r>¢, admits consensus for any
to > 0. Thus ergodicity highly depends on the future (tale) of the chain {A(k)}. However,

this may not be the case for consensus as seen from the following example.

Example 2.2. Consider the chain {A(k)} defined by A(0) = £J and A(k) = I for k > 1.
Then, for any k > 0, we have A(k : 0) = LJ implying that {A(k)} admits consensus.
However, note that for any starting time ty > 1, and any k > to, we have A(k : ty) = I

implying that {A(k)} is not ergodic.

Although consensus may not be dependent on the future and, in general, it does not

imply ergodicity but under a certain condition the reverse holds.

Lemma 2.1. Let {A(k)} be a chain of stochastic matrices and suppose that A(k) is invertible
for any k > 0. Then, {A(k)} admits consensus if and only if {A(k)} is ergodic.

Proof. Note that if A(k) is invertible for any & > 0, then for any ¢ty > 0, the limit
limy oo A(k : to) exists if and only if limg_,., A(k : 0) exists. This follows from the fact
that for k > to, we have A(k : ty) = A(k : 0) A~ (¢y : 0).

Now, if {A(k)} admits consensus, then limy_,. A(k : 0) is a rank one matrix. Therefore,
for any to > 0, the matrix [limy_o, A(k : t9)]A(to : 0) is a rank one matrix and since A(ty : 0)
is a full-rank matrix, it implies that limy_,., A(k : %9) is a rank one matrix. But this holds
for any t, > 0, implying that {A(k)} is ergodic. The reverse implication follows by the
definition of ergodicity and consensus. Q.E.D.

2.1.2 Dynamic System Viewpoint

Here, we discuss the dynamic system viewpoint to the averaging dynamics and we show that
it is equivalent to the previously discussed viewpoint.

Let {A(k)} be a chain of stochastic matrices. Let ¢y > 0 and let x(ty) € R™ be arbitrary.
Let us define:

ok +1) = A(k)z(k),  for k > t. (2.2)
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We say that {z(k)} is a dynamics driven by {A(k)}. We also say that t, > 0 is the starting
time and x(ty) € R™ is the starting point of the dynamics. We refer to (tg, x(to)) € ZT x R™
as an initial condition for the dynamics.

A side remark about dynamics (2.2) is that the chain {A(k)} may depend on the his-
tory of {z(k)}, i.e. A(k) may be some function of the time &k and the history of the dy-
namics z(tg),...,x(k). In this case, we extract the process {B(k)} by letting B(k) =
A(k,x(to), ..., z(k)) and study the dynamics (2.2) for the chain { B(k)} with arbitrary initial
condition.

Also, note that any point in the set
C={Xe|AeR},

which is the line passing through the all-one vector e, is an equilibrium point for the dynam-
ics (2.2). We refer to this line as the consensus subspace.

Now, consider a starting time ¢, > 0 and a starting point z(ty) € R™, and consider the
corresponding dynamics {x(k)} driven by a stochastic chain {A(k)}. At each time k > o,
we have z;(k + 1) = 37" | Ayj(k)z;(k). But A;(k) is a stochastic vector and hence, z;(k + 1)
is simply a weighted average of the scalars {xi(k),...,z,(k)}. Thus, the m coordinates
of the vector z(k + 1) are nothing but m weighted averages of the coordinates of x(k).
This motivates the name weighted averaging dynamics for the dynamics. Based on this
observation, an intuitive way of describing dynamics (2.2) is to consider the set [m] as a
set of m agents and let x;(tg) € R to be a scalar representing the initial opinion of the ith
agent about an issue. Then, at each time k > t;, agents share their opinions and agent ¢’s
opinion will evolve by averaging the observed opinions at time k. Although such a model
of opinion dynamics among a set of agents is hypothetical, we refer to this interpretation of
the dynamics (2.2) as the opinion dynamics viewpoint to dynamics (2.2).

For any dynamics {x(k)} and any k > t;, we have x(k) = A(k : to)x(tp). Therefore, if
{A(k)} is an ergodic chain (as defined in Definition 2.1), for any initial condition (to, z(to)) €

7T x R™, we have:

kh_)ngo z(k) = klgxolo Ak : to)z(to) = ev” (to)z(to) = c(to)e,
where ¢(tg) = v*(to)z(to) is a constant depending on the initial condition. Thus, if {A(k)}
is an ergodic chain, then for any initial condition (¢g,z(ty)) € Z* x R™, any dynam-
ics {x(k)} will converge to some point in the consensus subspace C. This implies that
limg o0 (@i(k) — 2;(k)) = 0 for any 4, j € [m] and any initial condition (to, z(tg)) € Z* x R™.

In fact, the reverse implication also holds.
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Theorem 2.2. A stochastic chain {A(k)} is ergodic if and only if limy_, (x;(k) — z;(k)) =0
for every initial condition (to,z(tg)) € Zt x R™ and all i,j € [m].

Furthermore, for ergodicity, it suffices that limg_,o (z;(k) — z;(k)) = 0 for any starting
time to > 0 and z(ty) = e, for all £ € [m].

Proof. The fact that the ergodicity of {A(k)} implies limy_,o (2;(k) — z;(k)) = 0 for any
initial condition (to,z(tp)) € Z* x R™ and all i,j € [m] follows from the above discussion.
For the converse implication, suppose that limy_, (z;(k) — z;(k)) = 0 for all ,4,j € [m],
and every starting time ¢, > 0 and any starting point x(ty) = e, where ¢ € [m]. For such
a starting time, we have z(k) = A(k : to)e, = A%k : ty) and hence, z;(k) = Au(k : to)
and z;(k) = Aje(k : t9). Therefore, limy_, (2;(k) — z;(k)) = 0 for x(ty) = e, if and only if
limy oo (Aie(k < to) — Aje(k = tp)) = 0. Thus, if limy_, (z;(k) — x;(k)) = 0 for any starting
time to > 0 and any starting point of the form z(tg) = e, for £ € [m|, then {A(k)} is an
ergodic chain. Q.E.D.

Using a similar argument, the following result follows immediately.

Theorem 2.3. A stochastic chain {A(k)} admits consensus if and only if

lim (z;(k) —z;(k)) =0

k—o0

for the starting time to = 0 and every starting point z(0) € R™.
Furthermore, to show that {A(k)} admits consensus, it suffices that

lim (z;(k) —z;(k)) =0

k—o0
for all starting points x(0) = e, with ¢ € [m].

This result explains why the property defined in Definition 2.2 is referred to as consensus.
Basically, admitting consensus means that for any initial opinion of the set of agents at time
0, the dynamics (2.2) will lead to consensus, i.e. the difference x;(k) — z;(k) between the

opinions of any two agents 4, j € [m] goes to zero as k goes to infinity.

2.1.3  Uniformly Bounded and B-Connected Chains

For the study of the averaging dynamics, it is often assumed that the positive entries of a
stochastic chain {A(k)} are bounded below by some positive scalar v > 0 which makes the

study of those chains more convenient. We refer to this property as uniform boundedness

property.
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Definition 2.3. We say that a stochastic chain {A(k)} is uniformly bounded if there exist
a scalar v > 0 for which A;;j(k) >~ for alli,j € [m] and k > 0 such that A;j(k) > 0.

Some consensus and ergodicity results for deterministic weighted averaging dynamics rely
on the existence of a periodical connectivity of the graphs associated with the matrices. We

refer to this property as B-connectedness property.

Definition 2.4. For a stochastic chain {A(k)}, let G(k) = ([m],E(k)) be the graph induced
by the positive entries of A(k) for any k > 0. For B > 1, we say {A(k)} is a B-connected

chain if
(a) {A(k)} is uniformly bounded,
(b) for any time k >0 and i € [m], we have A;(k) > 0, and

(c) the graph:
([m],E(BE)UE(Bk+1)U---UE(B(k+1) —1)),

15 strongly connected for any k > 0.

The following result shows that a B-connected chain is ergodic. Furthermore, using the

result, we can provide some bounds on the limiting matrix limy_,o, A(k : o).

Theorem 2.4. ([1], Lemma 5.2.1) Let {A(k)} be a B-connected chain. Then, the following
results hold:

(a) {A(k)} is ergodic, i.e. for any starting time to > 0, we have limy_ o A(k : to) = ev” (to)

for a stochastic vector v(ty) € R™.

(b) There is a constant n > ~™~VE which is independent of t, such that v(ty) > n for all
to > 0.

(c) We have
max [ Ay (k : to) — [ev” (to)]i] < qu" ™",
27.]

where p € (0,1) and ¢ € RT are some constants not depending on ty.

2.1.4 Birkhoff-von Neumann Theorem

Consider the set of doubly stochastic matrices
D ={AcR™™ | A>0,4e = ATe = ¢}. (2.3)

19



The given description in Eq. (2.3) clearly shows that the set of doubly stochastic matrices is
a polyhedral set in R™*™. On the other hand, a permutation matrix P is an extreme point
of this set, i.e. we cannot write P = €A+ (1 —¢)B for some distinct A, B € Z and € € (0,1).

The Birkhoff-von Neumann theorem asserts that, in fact, permutation matrices are the

only extreme points of Z.

Theorem 2.5. (Birkhoff-von Neumann Theorem [64], page 527) Let A be a doubly stochastic
matriz. Then, A can be written as a convexr combination of the permutation matrices, i.e.

there exists scalars qi, ..., qm € RT such that

m!
A= Z q§P(£)>
=1
where Y ey 4 = 1.

We use this result in Chapter 6 to provide an alternative characterization of ergodicity

for doubly stochastic chains.
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Chapter 3

Ergodicity of Random Chains

In this chapter, we build the framework for the study of random averaging dynamics. We
also introduce some of the central objects of this work such as infinite flow property and
infinite flow graph.

The structure of this chapter is as follows: In Section 3.1, we discuss the random frame-
work for study of product of random stochastic matrices or equivalently, random averaging
dynamics. In Section 3.2, we discuss the infinite flow property and we prove the necessity
of the infinite flow for ergodicity of any chain. In Section 3.3, we relate the infinite flow
property to the connectivity of a graph, the infinite flow graph associated with the given
stochastic chain. We also introduce an ¢;-approximation of a stochastic chain and we prove
that such an approximation preserves the ergodic behavior of a stochastic chain. Using this
result, we provide an extension of the necessity of the infinite flow property to non-ergodic

chains.

3.1 Random Weighted Averaging Dynamics

We study the product of stochastic matrices, or averaging dynamics (2.2) in a general setting
of random dynamics. To do this, let (€2, F,Pr(-)) be a probability space and let {F,} be a
filtration on (€, F). In what follows, we provide the definition of a random chain and an

adapted random chain which are among the central objects of this thesis.

Definition 3.1. We say that {W(k)} is a random stochastic chain, or simply a random

chain, if
(a) W(k) is a random matriz process, i.e., W (k) is a random matriz for any k > 0, and
(b) W(k) is a stochastic matriz almost surely for any k > 0.

Furthermore, if W (k) is measurable with respect to Fiy1, i.e. Wij(k) is measurable with
respect to Fyi1 for all i,5 € [m] and any k > 0, with an abuse of notation, we say that
{W(k)} is a random chain adapted to {Fy}, or simply {W(k)} is an adapted random chain.
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If the random matrices in {W(k)} are independently distributed, we say that {W(k)} is
an independent chain. If furthermore, the random matrices have an identical distribution we
say that {W (k)} is an identically independently distributed chain, and we use the abbreviation

1.1.d. to denote such a property.

For a given random chain {W(k)}, we consider the random dynamics of the following

form:
x(k+ 1) =W(k)z(k), (3.1)

started at a starting time t, > 0 and a starting point z(fp,w) = v € R™ for all w € Q. Note
that, in this case, we have z(ty,w) = v for any w € Q and since () and 2 belong to any o-
algebra, it follows that z(¢y) is measurable with respect to F,. Since for any adapted chain
{W(k)}, W(k) is measurable with respect to Fi 1, it follows that any random dynamics
{z(k)} is adapted to the filtration {F;}. With an abuse of notation, instead of referring to
the starting point z(to) as a measurable function z(ty,w) = v € R™ for all w € 2, we often
simply say that the random dynamics {z(k)} is started at the point z(tg) € R™.

We refer to {z(k)} as a random dynamics driven by {W(k)} and, as in the case of the
deterministic dynamics, we refer to (¢, x(to)) as an initial condition for the dynamics {z(k)}.

To avoid confusion between a deterministic chain and a random chain, we use the first
alphabet letters to denote deterministic chains (such as {A(k)} and {B(k)}) and the nearly
last alphabet letters to represent random chains (such as {W(k)} and {U(k)}).

For our further development, we let
W (k) = E[W (k) | Fi],

and refer to {W(k)} as the expected chain of {W (k)}.
Note that any deterministic chain {A(k)} can be considered as an independent random

chain and hence, the dynamics (2.2) is an instance of the random dynamics (3.1).

3.2  Ergodicity and Infinite Flow Property

In this section, we first discuss ergodicity and consensus for random averaging dynamics.
Then, we introduce the concept of infinite flow property and investigate the relation between
ergodicity and infinite flow property.

The concepts of ergodicity and consensus can be naturally generalized to random chains.

For a random model {W(k)}, there are subsets of the underlying probability space on which
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ergodicity and consensus happen. Specifically, let & and % be the subsets of €2 on which the

ergodicity and consensus happen, respectively. Then, & and % are measurable subsets.

Lemma 3.1. Let {W(k)} be a random chain on a probability space (2, F). Then, the subsets

& and € over which ergodicity and consensus happen are measurable subsets.

Proof. As shown in Theorem 2.1, & is the subset of €2 over which

lim (z;(k,w) — z;(k,w)) =0,

k—o0

for all starting times ¢y > 0 and starting points z(ty,w) = e, for all £ € R™. Thus,

& = ﬂ (ﬂ{w | hm (xi(k,w) —zj(k,w)) =0 forall i,j € [m], z(ty,w) = 6@}) .

to=0

But all W;;(k)s are Borel-measurable with respect to F and hence, by Lemma A.l,
for fixed 4,7, € [m], the set {w | limy_oo(z;(k,w) — x;(k,w)) = 0} where z(ty) = e, is
measurable. Since & is an intersection of finitely many measurable sets, it follows that & is
a measurable set itself.

Similarly, for the consensus event ¢, we have
€ = ﬂ{w | klim (xi(k,w) —zj(k,w)) =0 forall i,j € [m],z(0,w) = e},
—00
=1

and, using a similar argument, we conclude that ¥ € F. Q.E.D.

We refer to the events & and ¥ as ergodicity and consensus events, respectively, and we
say that a random model is ergodic (admits consensus) if the event & (%) happens almost
surely.

Now, let us discuss the concept of the infinite flow property which is closely related to
ergodicity. Consider a B-connected chain {A(k)} as defined in Definition 2.4. Consider a
subset S C [m]. By assumption (c) of Definition 2.4, it follows that there is at least one
edge connecting a vertex in S to a vertex in S in the time interval [kB, (k + 1)B) for any
k > 0. On the other hand, by the uniform bounded-ness property of {A(k)}, it follows
that Zikj;}BB "Ag(t) > v > 0 for some v > 0. Thus, for any S C [m], the B-connectivity
assumption on {A(k)} implies that >_,° Ag(t) = co. Note that this property happens for
any S C [m]. Interestingly enough, any ergodic chain {A(k)} exhibits the same behavior
which will be shown subsequently. Before proving this result, let us identify this property as
the infinite flow property.
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Definition 3.2. We say that a stochastic chain {A(k)} has the infinite flow property if
Y peo As(k) = oo for any non-trivial S C [m].

To motivate the necessity of infinite low property for ergodicity, consider the opinion
dynamics interpretation of Eq. (1.4). One can interpret A;;(k) as the credit that agent i

gives to agent j’s opinion at time k. Therefore, ) A;j(k) can be interpreted as the

i€S,jes
credit that the subgroup S C [m| of agents gives to ihe opinions of the agents that are
outside of S (the agents in S) at time k. Similarly, >, g jes Aij(k) is the credit that the
remaining agents, i.e. those agents in S, give to the opinion of agents in S at time k£ > 0.
The intuition behind the concept of infinite flow property is that without having infinite
accumulated credit between groups S and S of agents, we cannot have an agreement among
the agents in the sets S and S for any starting time ¢, of the opinion dynamic and for any
initial opinion profile x(ty) of the agents. In other words, the infinite flow property is required
to ensure necessary flow of credits between the agents in S and S for any non-trivial subset
S C [m].

One of the key-observations in our development is that the infinite flow property is a
necessary condition for ergodicity. There are several ways of proving this result. Here, we
provide a non-standard way of proving it using randomization technique. In Theorem 7.1,
we provide an algebraic proof for this result on a general state space. Also, an extension of
this result will be proven in Lemma 3.6. The proof that is presented here is based on the

geometric structure of the set of m x m stochastic matrices S,,. Note that
Sm={AeR™™| Ade =¢, A > 0}.

This shows that the set S,, is a polyhedral set. Let M = {M© | ¢ € [m™]} be the ensemble
of matrices which has one entry equal to one at each row. It can be seen that each M© is
an extreme point of S,,. Furthermore, it can be proven that in fact these points are the only
extreme points of S,, and, hence, we can write any stochastic matrix as a convex combination

of the points in M. Using this, we prove the necessity of the infinite flow property.
Theorem 3.1. Infinite flow property is necessary for ergodicity of any deterministic chain.

Proof. Let {A(k)} be a stochastic chain with "7 ; Ag(k) < oo for some non-trivial S C [m].

Then, for any k£ > 0, we can write A(k) as a convex combination of the elements in M, i.e.,

there exist non-negative scalars py(k), ..., pym (k) such that
A(k) = Zpé(k)M(é)v
=1
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and Y77 pe(k) = 1.
Now, let {WW(k)} be an independent random chain defined by:

W(k)=M® with probability pe(k).
This implies that E[W (k)] = S_¢") peM© = A(k). Now, let
MS:{M€M|M521},

which is the subset of M containing matrices M with entries M;; = 1 or M;; = 1 for some
i € Sand j € S. The important feature of the set Mg is that for any M ¢ Mg, we have
Meg = eg where eg = ZiES e;. This is true because if M & Mg, then M;; = M;; = 0 for all
icSandjés.

Now, note that Ag(k) = Pr (W (k) € Mg). Hence, if

iAS(k) = i Pr (W (k) € Mg) < oo,

for some S C [m], then, by the Second Borel-Cantelli lemma (Lemma A.6) it follows that
Pr(W (k) € Mg i.0.) = 0. This means that for almost any sample path of {W(k)}, there
exists a large enough random time T such that Ts < oo a.s. and W(k) € M \ Mg for
k > Ts. Thus, we almost surely have () = (,2,(Ts > t). By continuity of measure, it follows
that there exists a large enough ¢y > 0 such that Pr (T > ty) < % Now, let z(ty) = eg and
let {z(k)} be the random dynamics driven by {W(k)} and let {Z(k)} be the deterministic
dynamics driven by {A(k)} started at time tq at the starting point Z(ty) = es.

Note that since A(k) = E[W (k)] and {W (k)} is an independent random chain, it follows
that z(k) = E[z(k)]. But for any w € {Ts < o}, we have W (k) ¢ Mg for k > t;. Thus,
for w € {Ts < to}, the dynamics {z(k)} is a static sequence {eg} which follows from the
fact that Meg = eg for M ¢ Mg. On the other hand, for any k > ¢,, we have z;(k) € [0, 1]

almost surely and hence, for any 7 € S, we have

Wl

jl(k) = E[Ii(k>1{Ts<to}] + E[Ii(k>1{Ts<to}°] > E[‘ri(k)l{Ts<to}} >
Similarly, for j € S we have z;(k) < & which implies that for any k > t,, we have z;(k) —
zj(k) > . Thus, we found some (t, Z(to)) € Z* x R™ such that for the dynamics {z(k)}
driven by {A(k)}, we have liminf, . (Z;(k) — Z;(k)) > 0 for some ¢, j € [m]| which implies

that {A(k)} is not ergodic. Q.E.D.
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Infinite flow event Ergodicity event Consensus event

Figure 3.1: Relation between ergodicity, consensus and infinite flow events for a general
random chain.

Theorem 3.1 shows that the minimum requirement for a chain {A(k)} to be an ergodic
chain is having the infinite flow property. In our forthcoming chapter, we develop general
conditions for which the reverse implication is also true.

Now, let us discuss the infinite flow property for a random chain {W(k)}. As in the cases
of ergodicity and consensus events, for a random chain {W(k)}, the infinite flow property

holds on a measurable subset of the probability space (€2, F).

Lemma 3.2. For a random chain {W (k)} on a probability space (2, F), the set .# on which

the infinite flow property happens is a measurable set.

Proof. By the definition of the infinite flow property, we have

F = (N {w] > Ws(k) = oo}
SC[m] k=0
S0
Each Ws(k) is a measurable function, and so is 3" _, Ws(k). Therefore, by Lemma A.1, we
conclude that .# is a measurable set in (2, F). Q.E.D.

We refer to .# as the infinite flow event, and we say that a random chain {WW(k)} has
the infinite flow property if {WW(k)} has infinite flow property almost surely.
By Theorem 3.1, for a general random chain {WW(k)}, we have & C .%. Also, by the def-

inition of ergodicity and consensus we have & C %. This situation is depicted in Figure 3.1.

3.3 Infinite Flow Graph and ¢;-Approximation

So far, we showed that the infinite flow property is necessary for ergodicity of any stochastic
chain. In this section, we show that an extension of this necessary condition holds for non-

ergodic chains.
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For our development, let us define the infinite low graph associated with a stochastic

chain {A(k)}.

Definition 3.3. (Infinite Flow Graph) For a deterministic chain {A(k)} we define the infi-
nite flow graph to be the graph G = (|m], £>®) with

€% = {{i, g} | Y (Ay(k) + Azi(k)) = 00.i # j € [m]}.

In other words, we connect two distinct vertices i,j € [m] if the link between i and j
carry infinite flow over the time in either of the two directions. The next result shows that

the connectivity of the infinite flow graph is equivalent to the infinite flow property.

Lemma 3.3. A chain {A(k)} has infinite flow property if only if its infinite flow graph G

18 connected.

Proof. Note that an undirected graph ([m], £) is connected if and only if it does not have an
empty cut [S, S] for a non-trivial S C [m]. Also, note that A;;(k) + Aji(k) < Ag(k) for any
i€ SandjeS. Thus, {i,7} €[S, 5] in the infinite flow graph G if 77 Ag(k) = oo.
For the reverse implication suppose that Y .- Ag(k) = oo, for some non-trivial S C [m].
Observe that
As(k)y = Y (Aylk) + Az(k)),
1€S,jES

and the sets S and S have finite cardinality. Therefore, we have

D (Aij(k) + Aji(k)) = oo,

for some i € S and j € S. But this happens for any non-trivial subset S C [m], which
implies that G*° is a connected graph. Q.E.D.

Lemma 3.3 provides an alternative for Theorem 3.1 as follows.

Corollary 3.1. A deterministic chain {A(k)} is ergodic only if its infinite flow graph is

connected.

Thus, if the infinite flow graph is not connected, we cannot have an ergodic chain. Nev-
ertheless, we may have other plausible limiting behavior such as existence of limy_, ., z(k) for
any dynamics {z(k)} driven by such a chain (that does not have infinite flow property). The
next step in our analysis is to characterize properties of the limit points of such dynamics

given that such a limit exists.

27



To continue our discussion, let us consider the following definition.

Definition 3.4. Let {A(k)} be a stochastic chain. Then, we say that i, j are mutually ergodic
indices for {A(k)} and we denote it by i <> 4 j if limy_,o (z;(k) — x;(k)) = 0 for any dynamics
{z(k)} driven by {A(k)} started with an arbitrary initial condition (to, z(ty)) € Z+ x R™.

We say that i € [m] is an ergodic index for {A(k)} if limy_,o0 xi(k) exists for any initial
condition (to, z(tg)) € Z* x R™.

As an example consider an ergodic chain {A(k)}. Then, ¢ <»4 j for any 7,5 € [m].
Moreover, any i € [m] is an ergodic index for such a chain. Using the argument as in the
proof of Theorem 2.1, one can show that ¢ <>, j if and only if the difference between the
ith and jth column of A(k : tg) goes to zero as k approached infinity, for any starting time
to. Similarly, it can be shown that i € [m] is an ergodic index if limy_,o A;(k : to) exists for

any starting time t, > 0. So, we have the following result.

Lemma 3.4. For a chain {A(k)}, we have i <>4 j if and only if

lim (Aze(k < to) — Aje(k < to)) =0,

k—o0
for any ¢ € [m] and any ty > 0. Also, i € [m] is an ergodic indez if and only if limy_, o, A;(k :
to) exists for any ty > 0.

In the case of ergodicity, from the mutual ergodicity of all pairs of indices (i.e. weak
ergodicity), we can also conclude that every index is an ergodic index. However, mutual
ergodicity of two indices, on its own, does not imply that either of the indices is ergodic, as

shown in the following example.

Example 3.1. Consider the 4 x 4 stochastic chain {A(k)} defined by:

A(2k) = and A(2k + 1) =

O = = =
o O O O
o O O O
_ o O O
o O O =
o O O O
o O O O
™ )

for any k > 0. It can be verified that for any starting time to > 0 and any k > ty, we have
A(k = tg) = A(k). This implies that 2 <> 4 3 while limg_, As(k : to) and limyg_,o, As(k : to)

do not exist.

Our goal is to show that a small perturbation of any stochastic chain preserves mutual
ergodicity and the set of ergodic indices. Let us define precisely what a small perturbation

is.
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Definition 3.5. (¢1-approzimation) We say that a chain {B(k)} is an {1-approximation of
a chain {A(k)} if

i |A;; (k) — Bij(k)| < o0 for alli,j € [m].
k=0

Since the set of all absolutely summable sequences in R is a vector space over R, it
follows that ¢;-approximation is an equivalence relation for deterministic chains. Second,
we note that there are alternative formulations of /;-approximation. Since the matrices
have a finite dimension, we have "> |A;;(k) — B;;j(k)| < oo for all ¢, j € [m] if and only if
Y reo lA(k) = B(k)||, < oo for any p > 1. Thus, an equivalent definition of ¢;-approximation
is obtained by requiring that Y .- || A(k) — B(k)]|, < oo for some p > 1.

As an example of ¢;-approximation, let {A(k)} be an arbitrary stochastic chain and let
{B(k)} be a chain such that A(k) # B(k) for finitely many indices k¥ > 0. Then, {A(k)}
is an ¢;-approximation of {B(k)}. Note that such an approximation of {A(k)} has ergodic
properties similar to the ergodic properties of {B(k)}, i.e. i <»4 j if and only if i <»p j and,
also, i € [m] is an ergodic index for {A(k)} if and only if i € [m] is an ergodic index for

{B(k)}. In fact, this property holds for any ¢;-approximation of any stochastic chain.

Lemma 3.5. (Approzimation lemma) Let a deterministic chain {B(k)} be an ¢1— approxi-
mation of a deterministic chain {A(k)}. Then, i <>4 j if and only if i <>p j and i € [m] is
an ergodic index for {A(k)} if and only if it is an ergodic index for {B(k)}.

Proof. Suppose that i <»p j. Let t5 = 0 and let (0) € [0,1]™. Also, let {z(k)} be the
dynamics driven by {A(k)}. For any k£ > 0, we have

z(k+1) = A(k)x(k) = (A(k) — B(k))x(k) + B(k)xz(k).
Since |z;(k)| < 1 for any k£ > 0 and any i € [m], it follows that for all k£ > 0,
(k4 1) = B(k)z (k)| < [|AK) = B(E)]|o- (3.2)

We want to show that i <+ 4 j, or equivalently that limj_,(z;(k) — z;(k)) = 0. To do so,
we let € > 0 be arbitrary but fixed. Since {B(k)} is an ¢;-approximation of {A(k)}, there
exists time N, > 0 such that )2 \ ||A(k) — B(k)|loc < €. Let {2(k)}r>n, be the dynamics
driven by {B(k)} and started at time N, with the initial point z(N.) = z(N.). We next
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show that

la(k+1) = 2(k + Ve < S [A() = B(t) oo for all k> N.. (3.3)

t=N.
We use the induction on k, so we consider k = N.. Then, by Eq. (3.2), we have ||x(N.+1) —
B(No)z(Ne)|loo < [JA(N)—B(Ne)||oo- Since z(Ne) = x(N,), it follows that Hx(N +1)—2z(N+

Do < JA(Ne) = B(N)||oo: We now assume that [[o(k) — 2(k)[|l < 325, A1) = B(1)]|
for some k£ > N.. Using Eq. (3.2) and the triangle inequality, we have

lz(k +1) = 2(k + Do = [[A(R)z(k) = B(k)2(K) |0
= [I(A(k) = B(K))z(k) + B(k)(2(k) = 2(F))loo
< I(AR) = BE)lsollz (K)o + 1B llool ((K) = 2(K)) loo-

By the induction hypothesis and relation || B(k)||oc = 1, which holds since B(k) is a stochastic
matrix, it follows that ||z(k + 1) — 2(k + 1)||ec < Zf:NE A(t) — B(t)||oo, thus showing
relation (3.3).

Recalling that the time N, > 0 is such that ) 2\ [|A(k) — B(k)[loc < € and using
relation (3.3), we obtain for all £ > N,

k
lz(k +1) = 2(k + Dl < > A(®) = B(t)||o < Z [A(E) = B(#)[loo < €. (3.4)
t=N.

Therefore, |z;(k) — zi(k)| < € and |zj(k) — z;(k)| < € for any &k > N, and by the triangle
inequality we have |(z;(k) — z;(k)) + (z:(k) — zj(k))| < 2€ for any k > N.. Since i <>p j, it
follows that limg_,o(2;(k) — z;(k)) = 0 and limsup,_, |z;(k) — z;(k)| < 2¢. The preceding
relation holds for any € > 0, implying that limy_,o(x;(k) —x;(k)) = 0. Furthermore, the same
analysis would go through when ¢y is arbitrary and the initial point 2(0) € R™ is arbitrary

with ||2(0)||ec # 1. Thus, we have i <4 j.
Using the same argument and inequality (3.4), one can deduce that if ¢ is an ergodic
index for {B(k)}, then it is also an ergodic index for {A(k)}. Since ¢;-approximation is

symmetric with respect to the chains, the result follows. Q.E.D.

The ¢i-approximation lemma has many interesting implications. The first implication is

that ¢i-approximation preserves ergodicity.

Corollary 3.2. Let {B(k)} be an (y-approzimation of a chain {A(k)}. Then, {B(k)} is
ergodic if and only if {A(k)} is ergodic.
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Proof. Note that a chain {A(k)} is ergodic if and only if i <34 j for any 4,5 € [m]. So if
{B(k)} is an ¢;-approximation of {A(k)}, then Lemma 3.5 implies that {A(k)} is ergodic if
and only if {B(k)} is ergodic. Q.E.D.

Another implication of /;-approximation lemma is a generalization of Theorem 3.1. Recall
that by Theorem 3.1, the ergodicity of a chain {A(k)} implies the connectivity of the infinite
flow graph of {A(k)}.

Lemma 3.6. Let {A(k)} be a deterministic chain and let G* be its infinite flow graph.

Then, i <>4 j implies that © and j belong to the same connected component of G*°.

Proof. To arrive at a contradiction, suppose that ¢ and j belong to two different connected
components S, T C [m] of G®. Therefore, T C S implying that S is not empty. Also,

since S is a connected component of G*, it follows that Y. > Ag(k) < oco. Without loss of

generality, we assume that S = {1,...,7*} for some i* < m, and consider the chain {B(k)}
defined by

Ay(k) if i #jandi,j€ Sori,je€S,

0 ifi£jandie S, jeSorieS, jeES,

A”(k’) + ZZES‘ Aw(kﬁ) lf’L :] c S,
Ai(k) 4+ eq Aulk) ifi=j€eS.

The above approximation simply sets the cross terms between S and S to zero, and adds
the deleted values to the corresponding diagonal entries to maintain the stochasticity of the
matrix B(k). Therefore, for the stochastic chain {B(k)} we have

where By (k) and Bs(k) are respectively ¢* x i* and (m —i*) x (m —¢*) matrices for all & > 0.
By the assumption »°, Ag(k) < oo, the chain {B(k)} is an ¢;-approximation of {A(k)}.
Now, let u;« be the vector which has the first ¢* coordinates equal to one and the rest equal
to zero, i.e., upx = 22:1 e¢. Then, B(k)u;» = up for any k > 0 implying that i 55 j. By

approximation lemma (Lemma 3.5) it follows i ¢ 4 j, which is a contradiction. Q.E.D.

Lemma 3.6 shows that i <+ 4 7 is possible only for indices that fall in the same connected
component of the infinite flow graph of {A(k)}. However, the reverse implication is not true

as illustrated by the following example.
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Figure 3.2: The infinite flow graph of the chain discussed in Example 3.2.

Example 3.2. Let {A(k)} be the static chain defined by

Ak)=A0)= | + =+ + - for any k > 0.

_ o -
—_

Then, the infinite flow graph of {A(k)} is a cycle as shown in Figure 3.2 and, hence, it

is connected. Nevertheless, A(0) is just a permutation matriz and, hence, i ¥4 j for any

i,7 € [m].

Another implication of the ¢;-approximation is an extension to Theorem 2.1 where it is
shown that weak ergodicity implies strong ergodicity. Note that weak ergodicity of a chain
{A(k)} is equivalent to ¢ <4 j for any 7, j € [m]. On the other hand, any weak ergodic chain
has infinite flow property and hence, any two indices i, j € [m] belong to a same connected
component of the infinite flow graph of {A(k)}. Based on this observation, the following

result extends Theorem 2.1 to non-ergodic chains.

Lemma 3.7. Suppose that i <> j for any i,j € S where S is a connected component of

G*>. Then, any i € S is an ergodic index.

Proof. Without loss of generality let us assume that S = {1,...,7*} for some i* € [m]. For
the given chain {A(k)} and the connected component S, let {B(k)} be the approximation
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introduced in Eq. (3.5). Then, we have

for any £ > 0. As it is shown in the proof of Lemma 3.6, it follows that {B(k)} is an
¢;-approximation of {A(k)}. But since i <»4 j for any ¢, j € S, by Lemma 3.5 it follows that
i <»p j for any i, € S. But by the block diagonal form of { B(k)}, this implies that i <>p, j
for any i,7 € S. By Theorem 2.1 it follows that any ¢ € S is an ergodic index for {B;(k)}
which implies that any ¢ € S is an ergodic index for {B(k)}. From Lemma 3.5, it follows
that any ¢ € S is an ergodic index for {A(k)}. Q.E.D.

We can extend the notions of ergodic index and mutual ergodicity to a random chain.
As for ergodicity and consensus, in this case, we naturally have subsets of the sample space

over which those properties hold.

Definition 3.6. For a random chain {W(k)}, we let i <>y j C Q be the set over which i
and j are mutually ergodic indices. We also let & C § be the subset over which i € [m] is
an ergodic index for {W(k)}.

Note that by Definition 3.6 and the definition of ergodicity for random chains we have
& =i jepm @ €*w J. Moreover, we have & C (¢, &:-
Similarly, we can define the infinite flow graph for a random chain {W(k)}. In this case,
instead of a deterministic graph, we would have a random graph associated with the given

random chain. For this, recall that G([m]) is the set of all simple graphs on vertex set [m].

Definition 3.7. For an adapted chain {W(k)}, we define infinite flow graph G : Q —
G([m]) by G>*(w) = ([m],E>®(w)) as the graph with the vertex set [m| and the edge set

w)={{i,j} | Z ij(k,w) + Wik, w)) = o0, i # j € [m]}.

Using the same lines of argument as in the proofs of Lemma 3.1 and Lemma 3.2, one can

show the following result.

Lemma 3.8. Let G* be the infinite flow random graph associated with a random chain
{W(k)} in a probability space (2, F). Then, the set G*"HG) = {w | G*®(w) = G} € F for
any G € G([m)]).

Note that the set of events {G*71(G) | G € G(|m])} is a partition of the probability
space €.
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Lemma 3.6 naturally holds for random chains as provided below.

Lemma 3.9. Let {W(k)} be a random chain. Then, i <>w j C ©;; where ©;; is the event
that i and j belong to the same connected component of the infinite flow graph of {W(k)}.
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Chapter 4

Infinite Flow Stability

In Chapter 3, we showed that regardless of the structure and any assumption on a random
chain we have i <>y j C ©,; for any 4,j € [m] where ©;; is the event that i, j belong to
the same connected component of the infinite flow graph of {W(k)}. In this chapter, we
characterize a class of random chains {W(k)} for which i <>y j = ©,; almost surely, i.e.
we can characterize the limiting behavior of the random dynamics (3.1) (or the product of
random stochastic matrices) by inspecting the infinite flow graph of the given random chain.

The structure of this chapter is as follows: in Section 4.1 we introduce the concept of the
infinite flow stability which is the central notion of this chapter. In Section 4.2, we introduce
one of the main properties that is needed to ensure the infinite flow stability, i.e. several
notions of feedback properties, and we study the relations of the different types of feedback
properties with each other. In Section 4.3, we introduce an infinite family of comparison
functions for the averaging dynamics including a quadratic one. We also prove a fundamental
relation that provides a bound for the decrease of the quadratic comparison function. In
Section 4.4, we characterize a class of random chains, the class P*, and we prove one of the
central results of this thesis which states that any chain in class P* with a proper feedback
property is infinite flow stable. Finally, in Section 4.5, we introduce a class of random chains
that are more of practical interest and belong to the class P*. We show that many of the

known ergodic (and hence, infinite flow stable) chains are members of this class.

4.1 Infinite Flow Stability

As shown in Lemma 3.6, for a stochastic chain {A(k)}, two indices can be mutually ergodic
only if they belong to the same connected component of the infinite flow graph of {A(k)}.
This result provides the minimum requirement for mutual ergodicity and ergodicity. How-
ever, as discussed in Example 3.1, this condition is not necessary, i.e. in general we cannot
conclude mutual ergodicity by inspecting the infinite low graph of a chain. We are interested
in characterization of chains for which the reverse implication holds which are termed as the

infinite flow stable chains.
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Definition 4.1. (Infinite Flow Stability) We say that a chain {A(k)} is infinite flow sta-
ble if the dynamics {x(k)} converges for any initial condition (to,z(to)) € Z* x R™ and
limy oo (zi(k) — (k) = 0 for all {3, j} € £, where £ is the edge set of the infinite flow
graph of {A(k)}.

As in the case of the ergodicity and consensus (Theorem 2.2 and Theorem 2.3), the
infinite flow stability of a chain can be equivalently characterized by the product of stochastic

matrices in the given chain.

Lemma 4.1. A stochastic chain {A(k)} is infinite flow stable if and only if limy_,o, A(k : to)
exists for all to > 0 and also limy_, ||A;(k : to) — A;(k : to)|| = 0 for any i, j belonging to
the same connected component of the infinite flow graph G of {A(k)}.

Proof. Note that by Lemma 3.7, the infinite flow stability implies that any dynamics {z(k)}
driven by {A(k)} is convergent. Thus, if we let x;(ty) = ey, it follows that limy_,., A%(k : to)
exists, and since this holds for any x(ty) = e, it follows that limy ,., A(k : to) exists for
any to > 0. Moreover, since for any 4, j in the same connected component of G* we have
limyoo (zi(k) — xj(k)) = 0, it follows that limy . (Ay(k : to) — Aj(k : tp)) = 0 for any
¢ € [m]. Thus, limy_, || A;i(k : to) — Aj(k : to)|| = 0 for any ¢, > 0 and any 7, j in the same
connected component of G*.

For the converse, note that for any (tg,z(tg)) € Z™ x R™ and any k > t(, we have
|zi(to) — 2;(to)| = [ (Ai(k < to) — A;(k : o)) x(to)| < [|Ai(k : to) — Aj(k = to)[[[[z(to)ll,

which follows by Cauchy-Schwartz inequality. Thus, if limy_,« [|Ai(k : o) — A;j(k : to)|| = 0,
for any z(ty) € R™, we have limy_, (z;(to) — z,(t9)) = 0. Q.E.D.

The immediate question is that if for some chain {A(k)} the product A(k : o) is conver-
gent for any ¢y > 0, can we conclude the infinite flow stability of {A(k)}? In other words, is
there any chain {A(k)} such that any dynamics driven by {A(k)} is convergent for any initial
condition (g, z(tg)) € Z* x R™ but yet, {A(k)} is not infinite flow stable? The following

example shows that infinite flow stability is in fact stronger than asymptotic stability.

Example 4.1. Consider the stochastic chain {A(k)} in R**3 defined by A(0) = I and

1 00
Ak)=|1-1 0 1 for k> 1.
0 0 1
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Figure 4.1: The infinite flow graph of the chain discussed in Example 4.1.

In this case, it can be verified that A(k : to) = A(k) for any ty > 0 and k > t,. Therefore,

we have

lim A(k:tg) = lim A(k) =

k—o00 k—o00

[ J TGN
o O O
_ o O

Note that the infinite flow graph of the chain {A(k)} is connected (see Figure 4.1). However,
the rows of the limiting matriz are not the same (i.e. {A(k)} is not ergodic). Therefore, in
spite of convergence of A(k : ty) for any to > 0, {A(k)} is not infinite flow stable.

We can extend the notion of infinite flow stability to a random chain {W(k)}. For a
random chain {W(k)}, the infinite flow stability happens on a measurable subset of Q2. We
say that a chain {W(k)} is infinite flow stable if it is infinite flow stable almost surely.

4.2  Feedback Properties

As in the definition of B-connected chains (Definition 2.4 (b)), in order to ensure the con-
vergence of the dynamics (2.2), it is often assumed that diagonal entries of the matrices in
a stochastic chain {A(k)} are uniformly bounded from below by a constant scalar. From
the opinion dynamics viewpoint, such an assumption can be considered as a form of self
confidence of each agents. It also ensures that effect of the other agents’ opinion does not
vanish in finite time. Here, we define several notions of feedback property and we discuss
some general results for them which will be useful in our further development.

We start our discussion on feedback properties by introducing different types of feedback
property which will be considered in this work. We discuss the feedback property in the

context of an adapted random chain.
Definition 4.2. (Feedback Properties) We say that an adapted random chain {W(k)} has:
(a) strong feedback property: if

Wii(k) >~ almost surely,
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for some v >0, any k >0, and all i € [m].

(b) feedback property: if
E[W.i(k)Wi;(k) | Fi] > ~E[Wi;(k) | Fi almost surely,

for some v >0, and any k > 0 and all distinct i,j € [m].

(c) weak feedback property: if

E[WiT(k)Wj(k) | Fk} > yE[W(k) + Wi(k) | Fil almost surely,
for some v >0, and any k > 0 and all distinct i,j € [m].

We refer to v as the feedback coefficient and without loss of generality we may assume that
v< 1.

In words, weak feedback property requires that the correlation of the ¢th and jth columns
of W(k) is bounded below by a constant factor of E[W;;(k) + W, (k) | Fi] for any £ > 0
and any 4,j € [m]. Similarly, the feedback property requires that the correlation of the
Wii(k)Wy;(k) is bounded below by a constant factor of Wi; (k).

Note that if W;;(k) > 7 almost surely, then E[W;;(k)W;;(k) | Fi] > vE[W;;(k) | Fi] almost
surely and hence, strong feedback property implies feedback property. Also, note that since
W (k)s are non-negative almost surely, we have W™ (kYW (k) > W (k)W (k)+W;; (k)W (k)
which shows that the feedback property implies weak feedback property. In this work, most
of our main results are based on weak feedback property and feedback property.

We first show that the feedback property implies strong feedback property for the ex-

pected chain.

Lemma 4.2. Let a random chain {W(k)} have feedback property with feedback coefficient
v < 1. Then, the expected chain {W (k)} has strong feedback property with ﬁ

Proof. Let the random chain have feedback property with constant v > 0. Then, by the
definition of the feedback property, for any time & > 0 and any i,5 € [m]| with i # j, we
have

E(Wi(k)Wi; (k) | Fu] > v E[Wi;(k) | Fi] =~ Wi (k).

For a fixed ¢ € [m], by adding up both sides of the above relation over all j # i, and using
the fact that W (k) is stochastic almost surely, we have

E[Wii(k)(1 — Wii(k)) | Fil > (1 = Wii(k)).
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But W;;(k) < 1 almost surely implying E[W;;(k)(1 — Wi;(k)) | Fi] < Wii(k). Therefore, we
have Wy;(k) > (1 — Wy (k)), implying W;;(k) > 2. Q.E.D.

y

Since for deterministic chains, the expected chain and the original chain are the same,
Lemma 4.2 implies that the feedback property and the strong feedback property are equiva-
lent for deterministic chains. However, the following result shows that even for deterministic

chains, the feedback property cannot be implied by weak feedback property.

Example 4.2. Consider the static deterministic chain {A(k)} given by:

Alk)=A= for k> 0.

NI= = O
Nl= O Nl
O NI N

Since A;iA;; = 0 and A;; # 0 for all @ # j, the chain does not have feedback property. At
the same time, since Ay; + Ay =1 for i # j, it follows (A)TAT = 1 = 2(A;; + Aji). Thus,
{A(k)} has weak feedback property with v = 5. O

Our next goal is to show that i.i.d. chains with almost sure positive diagonal entries have

feedback property. To do this, let us first prove the following intermediate result.

Lemma 4.3. Consider an adapted random chain {W(k)}. Suppose that the random chain
1s such that there is an 1 > 0 with the following property:
for all k>0 and i,j € [m] with i # 7,

or the following property:
for all k>0 and i,j € [m] with i # 7,

E[WT(R)W (k) | Fi] = 0w, g>01-
Then, respectively, the chain has feedback property with constant n or weak feedback property
with constant n/2.

Proof. To prove the case of feedback property, note that 1y, ()0 > Wi;(k) for any k > 0
and all distinet i, € [m]. Thus, E[W;;(k)Wi; (k) [ Fi] = nlw, w0 = nWi;(k), which implies
that {WW(k)} has feedback property. The case of weak feedback property follows by the same
line of argument. Q.E.D.
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The i.i.d. chains with almost surely positive diagonal entries have been studied in [31,

30, 32]. These chains have feedback property, as seen in the following corollary.

Corollary 4.1. Let {W(k)} be an i.i.d. random chain with almost sure positive diagonal
entries, i.e. Wy (k) > 0 almost surely. Then, {W(k)} has feedback property with constant

Y = mingw, >0y E[Wa(k)Wis (k)]

Proof. Suppose that W;;(k) > 0 for some 4,5 € [m]. Since W;(k) > 0 a.s. and W;;(k) > 0,
it follows that E[W;;(k)W;;(k)] > 0. Since {W(k)} is assumed to be i.i.d., the constant
n = ming_;w,wm>o0p E[Wi(k)Wi;(k)] is independent of time. Also, since the index set
i # j € [m] is finite, it follows that n > 0. Hence, by Lemma 4.3 it follows that the chain
has feedback property with constant . Q.E.D.

4.3 Comparison Functions for Averaging Dynamics

Here, we introduce an infinite family of comparison functions for random averaging dynam-
ics. To do so, first we will reintroduce the concept of an absolute probability sequence for
stochastic chains and then we will introduce an absolute probability process which is the
generalization of absolute probability sequences to adapted processes. Using an absolute
probability process, and any given convex function, we introduce a comparison function for

averaging dynamics.

4.3.1 Absolute Probability Process

In [18], A. Kolmogorov introduced and studied an elegant object, the absolute probability
sequence, which is a sequence of stochastic vectors associated with a chain of stochastic

matrices as defined below.

Definition 4.3. A sequence of stochastic vectors {m(k)} is said to be an absolute probability

sequence for a chain {A(k)} of deterministic stochastic matrices, if
7l (k+1)A(k) =77 (k) for all k > 0. (4.1)

As an example, let {A(k)} be a chain of doubly stochastic matrices. Then, the static
sequence {m(k)} defined by m(k) = Le for all k& > 0 is an absolute probability sequence
for {A(k)}. As another example, consider the static stochastic chain {A(k)} defined by

A(k) = A for some stochastic matrix A. Since A is a stochastic matrix, it has a stochastic
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left-eigenvector 7. In this case, the static sequence {7(k)} defined by 7(k) = for all k >0
is an absolute probability sequence for {A(k)}. A more non-trivial and interesting example

of absolute probability sequences is provided in the following result.

Lemma 4.4. [18] Let {A(k)} be an ergodic chain. Suppose that limy .., A(t : k) = er? (k)
for all k > 0. Then, the sequence {m(k)} is an absolute probability sequence for {A(k)}.

Proof. For any k > 0, we have:

en’ (k) = tlim At k) = tlim Atk +1)A(k) = en” (k 4+ 1)A(k).
—00 —00

Thus multiplying both sides of the above equation by %GT, it follows that 77 (k) = 77 (k +

1)A(k) and hence, {m(k)} is an absolute probability sequence for {A(k)}. Q.E.D.

Note that if we have a vector 7(k) for some k > 0, we can find vectors 7(k —1),...,m(0)
that fit Eq. (4.1). However, there is no certificate that we can find vectors ..., m(k+2), 7(k+
1) that satisfy Eq. (4.1). In general, to ensure the existence of such a sequence, we need to
solve an infinite system of linear equations.

The following result plays an important role in establishing the existence of an absolute

probability sequence follows immediately.

Theorem 4.1. [65] For any chain of stochastic matrices { A(k)}, there exists an increasing

sequence of integers {r;} such that the limit

lim A(ry : k) = Q(k) (4.2)

t—o0
exists for any k > 0.

By Theorem 4.1, the existence of an absolute probability sequence for any stochastic

chain follows immediately.

Theorem 4.2. [65] Any chain {A(k)} of stochastic matrices admits an absolute probability

sequence.

Proof. By Theorem 4.1, there exists a subsequence {r;} of non-negative integers such that
Q(k) = lim;_,oo A(ry @ k) exists. Now, for any s > k, we have Q(s)A(s : k) = Q(k). This
simply follows from the fact that

Q(k) = lim A(r, : k) = (lim Alry - s)> A(s: k) =Q(s)A(s : k).

t—o00 t—o00

In particular Q(k + 1)A(k + 1) = Q(k) for any k > 0. Therefore, for any stochastic 7 € R™,
the sequence {Q7 (k)7} is an absolute probability sequence for {A(k)}. Q.E.D.
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By Theorem 4.2, for any random chain {WW(k)} and for any w € Q, the chain {W(k,w)}
admits an absolute probability sequence {m(k,w)}.
We use the following generalization of absolute probability sequences for adapted random

chains.

Definition 4.4. A random vector process {m(k)} is an absolute probability process for
{W(k)} if we have:

E[x"(k+ L)W (k) | F] =7" (k) for all k >0,

and 7(k) is a stochastic vector almost surely for any k > 0.

Note that this definition implies that {7 (k)} is adapted to {Fy}, i.e. w(k) is measurable
with respect to Fj.

Note that if we have an independent chain {W(k)}, if we let {F;} to be the natural
filtration of {W(k)}, i.e. Fr = o(W(k —1),...,W(0)) and Fy = {2,0}, then W (k) =
E[W (k) | Fi] would be a deterministic matrix for any k£ > 0. Thus, in this case an absolute
probability sequence for {W(k)} is an absolute probability process for {W(k)}. Thus, by
Theorem 4.2, the existence of an absolute probability process for an independent chain

follows.

4.3.2 A Family of Comparison Functions

Existence of a quadratic Lyapunov function for averaging dynamics may lead to fast rate of
convergence results as well as better understanding of averaging dynamics. As an example,
in [51], using a quadratic Lyapunov function a fast rate of convergence has been shown for
averaging dynamics driven by a class of doubly stochastic matrices. The method used in
[51] appears to be generalizable to any dynamics admitting a quadratic Lyapunov function.
Also, as it is pointed out in [21], the existence of such a Lyapunov function may lead to an
alternative stability analysis of the dynamics driven by stochastic matrices. However, in [21],
the non-existence of a quadratic Lyapunov function for deterministic averaging dynamics is
numerically verified for an ergodic deterministic chain. Later, in [22], it is proven analytically
that not all the averaging dynamics admit a quadratic Lyapunov function.

Although averaging dynamics may not admit a quadratic Lyapunov function, in this
section, we show that any dynamics driven by a stochastic chain admits infinitely many
comparison functions among which there exists a quadratic one. We furthermore show that
the fundamental relation that was essential to derivation of the fast rate of convergence in

[51], also holds for a quadratic comparison function.
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For this, let g : R — R be an arbitrary convez function and let m = {7 (k)} be a sequence
of stochastic vectors. Let us define V, , : R™ x Z* — R* by

Vor(a, k) = Z mi(k)g(w:i) — g(r" (k)x). (4.3)

Note that since g is assumed to be a convex function over R, it is continuous and hence,
Vyx(z, k) is a continuous function of x for any k > 0. Also, since m(k) is a stochastic vector,
we have > m;(k)g(z;) > g(x7 (k)x) and, hence, V, (2, k) > 0 for any x € R™ and k > 0.
Moreover, if m(k) > 0 and g is strictly convex, then V, (z, k) = 0 if and only if z; = 77 (k)x
for all ¢ € [m], which holds if and only if x belongs to the consensus subspace C. Therefore,
if ¢ is strictly convex and {m(k)} > 0, i.e. m(k) > 0 for all £ > 0 and ¢ € [m], then
Vyr(x, k) =0 for some k > 0 if and only if x is an equilibrium of the dynamics (2.2).

Also, since ¢ is a convex function defined on R, it has a sub-gradient Vg(x) at each point

x € R. Furthermore, we have

m

Z mi(k)Vg(r® (k)z)(z; — 7' (k)z) = Vg(r" (k)x) Z mi(k)(w; — 7' (k)z) = 0.

Therefore, since 7(k) is stochastic, we obtain

= Z (k) Dy (x;, 77 (k)z), (4.4)

where D,(a, 5) = g(a) — g(8) — Vg(B)(a — ). If g is a strongly convex function, D,(«, /3)
is the Bregman divergence (distance) of a and  with respect to the convex function g(-) as
defined in [66]. Equation (4.4) shows that our comparison function is in fact a weighted av-
erage of the Bregman divergence of the points 1, . .., z,, with respect to their time changing
weighted center of the mass 77 (k).

We now show that V, . is a comparison function for the random dynamics in (3.1).

Lemma 4.5. For dynamics {x(k)} driven by an adapted random chain {W(k)} with an

absolute probability process {m(k)}, we have almost surely

EVyr(z(k+1),k+1) | Fi] < Vyr(a(k), k) for any k > 0.
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Proof. By the definition of V, ; in Eq. (4.3), we have almost surely

Vor(x(k+1),k+1)= mi(k + Dg(zi(k +1)) — gz’ (k + Da(k + 1))

M

=1

mi(k + 1)g((W(k)x(k);) — g(" (k + D (k + 1))

I

=1

m

mi(k+1) Y Wi(k)g(w;(k) — g(x" (k + Da(k + 1)), (4.5)

1 j=1

<

L

7

where the inequality follows by convexity of g(-) and W (k) being stochastic almost surely.
Now, since {m(k)} is an absolute probability process, we have E[n”(k + L)W (k) | F;] =
7l(k). Also, z(k) is measurable with respect to F; and hence, by taking the conditional

expectation with respect to Fj on both sides of Eq. (4.5), we have almost surely

EVyr(z(k+ 1),k +1) | Fi] <D mi(k)g(a;(k)) — E[g(x" (k + Da(k + 1)) | Fi]

J=1

< X mi(k)gle; () — g(B[x" (K + Dk +1) | Fe)),

where the last inequality follows by convexity of g and Jensen’s inequality (Lemma A.2).
Using z(k+1) = W (k)z(k) and the definition of absolute probability process (Definition 4.4),

we obtain almost surely

EVyr(a(k+1),k+1) | B <Y mi(k)g(; (k) — g(x" (k)a(k)) = Vor(w(k), k).

j=1
Q.E.D.

Lemma 4.5 proves that any adapted random dynamics with an absolute probability
process admits infinitely many comparison functions. In particular, any independent and
deterministic averaging dynamics admits infinitely many comparison functions through the
use of any absolute probability sequence and any convex function g.

Here, we mention two particular choices of the convex function g for constructing com-

parison functions that might be of particular interest:

1. Quadratic function: Let g(s) = s? and let us consider the formulation provided in
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Eq. (4.4). Then, it can be seen that
Vol k) = (k) (z; — 7" (k)x)*. (4.6)
i=1

Thus for any dynamics {z(k)} in (3.1), the sequence {V, .(z(k),k)} is a non-negative
super-martingale in R and, hence, by Corollary A.3, the sequence {V .(z(k),k)} is

convergent almost surely.

2. Kullback-Leibler divergence: Let z(0) € [0,1]™. One can view x(0) as a vector of
positions of m particles in [0, 1]. Intuitively, by the successive weighted averaging of
the m particles, the entropy of such system should not increase. Mathematically, this
corresponds to the choice of g(s) = sln(s) in Eq. (4.3) (with g(0) = 0). Then, it can
be seen that

Vor(, k) = Zm(k)DKL(% ! (k)x),

where Dy (e, f) = arln() is the Kullback-Leibler divergence of a and f3.

4.3.3 Quadratic Comparison Functions

For the study of the dynamic system (2.2), the Lyapunov function d(z) = max; x; — min; z;
has been often used to prove convergence results and develop rate of convergence result.
However, this Lyapunov function often results in a poor rate of convergence for the dy-
namic (2.2). Using a quadratic Lyapunov function for doubly stochastic chains, a fast rate
of convergence has been developed to study the dynamics (2.2). The study is highly depen-
dent on the estimate of decrease of the quadratic Lyapunov function along the trajectories of
the dynamics (2.2). In this section, we develop a bound for the decrease rate of the quadratic
comparison function along the trajectories of (2.2).

In our further development, we consider a quadratic comparison function as in (4.6). To

simplify the notation, we omit the subscript ¢ in V, . and define

Vi(z, k) = Z mi(k) (2 — 77 (k)x)?. (4.7)

We refer to V. (z, k) as the quadratic comparison function associated with {m(k)}. By Theo-
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T

Figure 4.2: The vector (7' x)e is the projection of a point x € R™ on the consensus line C

in || - || semi-distance.

rem 4.2, the existence of such a comparison function follows immediately.

Corollary 4.2. Every independent random chain {W(k)} admits a quadratic comparison

function.

In particular, the result of Corollary 4.2 holds for any deterministic chain {A(k)}.

Some Geometrical Insights

Let us discuss some geometric aspects of the introduced quadratic comparison function (4.7).

L of two vectors

For a (deterministic) stochastic vector 7, consider the weighted semi-norm
in R™ defined by ||z — y||2 = YI", mi(z; — y;)?. For any arbitrary point z € R™ and an
arbitrary point Ae in the consensus subspace C, we have ||z — Xe||2 = > m;(z; — M), Note
that A\* = > mz; = ' 2 minimizes ||z — Ae||? as a function of A € R. Therefore, the

following result holds.

T

Lemma 4.6. For an arbitrary point x € R™ and a stochastic vector m, the scalar 7" x is the

projection of the point x on the consensus subspace C. In other words,

m

|z — (7T 2)e|2 = Zm (2 —7"2)* <Y milwi — o) = ||z — cell2,

i=1
for any c € R.

This fact is illustrated in Figure 4.2.
Lemma 4.5 shows that for a dynamics {z(k)} driven by a deterministic chain {A(k)} at

each time instance k£ > 0, the distance of the point x(k) with respect to || - ||x(x) semi-norm is

'We refer to || - ||x as a semi-norm because in general ||z||, = 0 does not imply = 0, unless 7 > 0 in
which case || - || is a norm.
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non-increasing function of k. Note that if {m(k)} is not a constant sequence, then the balls
of || - ||l =% semi-norm would be time-varying.

Using this interpretation for a random adapted chain {W(k)}, Lemma 4.5 asserts that
the conditional expectation of the random (semi)-distance of the random point x(k) from
the consensus line is non-increasing function of k.

Another interesting geometric aspect of the averaging dynamics is that the sequence

{(zT(k)x(k))e} of the projection points is a martingale sequence.

Lemma 4.7. Consider an adapted random chain {W (k)} with an absolute probability process
{m(k)}. Then, for any random dynamics {z(k)} driven by {W(k)}, the scalar sequence
{7t (k)x(k)} is a martingale.

Proof. For any k > t,, we have

E[x7(k+ Da(k+1) | Fi] = E[x"(k + )W (k) (k) | F]
= E[r"(k+ )W (k) | Fi] 2(k) = 7" (k)z(k),

which holds since x(k) is measurable with respect to Fj and {m(k)} is an absolute probability
process for {W(k)}. Q.E.D.

For a deterministic chain {A(k)}, although the sequence of semi-norms {|| - ||~} maybe

time-changing, Lemma 4.7 shows that the projection sequence {n” (k)z(k)e} is time-invariant.

4.3.4 An Essential Relation

To make use of a comparison function for a given dynamics, it would be helpful to quantify
the amount of decrease of the particular comparison function along trajectories of the given
dynamics. Here, we derive a bound for the decrease of the quadratic comparison function
along the trajectories of the averaging dynamics.

To derive such a bound for the quadratic comparison function, consider the following

result in spectral graph theory.

Lemma 4.8. Let L be a symmetric matriz, i.e. L;j = Lj; for all i,j € [m]. Also let Le = 0.

Then for any vector x € R™, we have

ZETLQT = — ZLZJ(xl — l’j)2.

1<j
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Proof. ([67], page 2.2) For any 4,j € [m], let B®) be the m x m matrix with B =
B = 1, B = B — _1 and all the other entries equal to zero, or in other words
B = (e; — e;)(e; — e;)T. Note that 27 Bz = (z; — ;)% Since L is symmetric and its
rows sum up to zero, we have L = _ i LijB(i’j ). This can be verified by observing that all
the entries of the matrices on the left-hand side and the right-hand side of this equation are

equivalent. Thus, we have:

o'La =" () LBz = = Li(x;

i<j 1<j
Q.E.D.

Based on the preceding result, we can provide a lower bound on the rate of convergence

of the quadratic comparison function along any trajectory of the random dynamics.

Theorem 4.3. Let {W(k)} be a random chain adapted to the filtration {Fy} and let {m(k)}
be an absolute probability process for {W(k)}. Then, for any trajectory {x(k)} under {W (k)},

we have almost surely for all k > 0,

EVi(w(k+ 1),k +1) | Fi] < Vala(k), k) =Y Hi(k —;(k))*, (4.8)
1<J
where H(k) = E[W (k)" diag(m(k + 1))W (k) | Fi]. Furthermore, if 7™ (k + 1)W (k) = 7* (k)
holds almost surely for all k > 0, then the above inequality holds as equality.
Proof. Note that by Lemma 4.7, the sequence {m’(k)z(k)} is a martingale sequence and
since f(s) = s? is a convex function, by Lemma A .4, it follows that {—(77(k)z(k))?} is a

super-martingale. Also, we have
= 3" ma(h) — (7T (W) = o (F)diag(r(R)e(k) — (7" (B)a(k)*. (4.9)

Thus, if we let A(z(k), k) = Vi(z(k), k) — Va(z(k + 1),k + 1), then using z(k + 1) =
W (k)x(k), we have

A(x(k), k) = «" (k)diag(n (k))z (k) — (x" (k) (k))*
—{a"(k+1) (k+1)z(k+1) — (" (k+ x(k +1))*}
=27 (k) [dlag( (k) — W (k)diag(n(k + 1))W (k)] z(k)
+ { + Dk +1))* = (x (k)a(k))*}
= 2" (k) L(k)x(k) + {(x"(k + D)a(k + 1))* — (

diag(m

! (k)a(k))*}
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where L(k) = diag(n(k)) — WT(k)diag(w(k + 1))W (k).
Since {— (7T (k)z(k))?} is a super-martingale, by taking the conditional expectation on

both sides of the above equality, we have:
E[A(z(k), k) | Fi] > E[xT(k:)L(k)x(k:) | fk] =27 (k)H (k)x(k) a.s. (4.10)

where H(k) = E[L(k) | Fi] and the last equality holds since x(k) is measurable with respect
to F. Note that if 77 (k+1)z(k+1) = n7 (k)2 (k) almost surely, then the relation (4.10) holds
as an equality. Since, this relation is the only place where we encounter an inequality, all the
upcoming inequalities hold as equality if we almost surely have 77 (k+1)z(k+1) = T (k)x (k)
(as in the case of deterministic dynamics).

Furthermore, we almost surely have:

H(k)e = E[diag(n(k))e — W7 (k)diag(r(k + 1))W (k)e | Fi]
= (k) — E[W"(k)w(k+1) | Fi] =0,

which is true since W (k) is stochastic almost surely and {m(k)} is an absolute proba-
bility process for {W(k)}. Thus, although H(k) is a random matrix, it is symmetric
and furthermore H(k)e = 0 almost surely. Thus by Lemma 4.8, we almost surely have
2T(k)H (k)x(k) = — > ic; Hij(k)(2i(k) —x;(k))?. Using this relation in the inequality (4.10),

we conclude that almost surely:
EVi(a(k+1),k+1) | Fa) < Val(w(k), k) = > Hy(k)(a:i(k) — 2;(k))>.
i<j
Q.E.D.
Theorem 4.3 is a generalization of Lemma 4 in [51] and its generalization provided in
Theorem 5 in [55].
Furthermore, the relation in Theorem 4.3 is the central relation which serves as a basis

for several results in the forthcoming sections.

One of the important implications of Theorem 4.3 is the following result.

Corollary 4.3. Let {n(k)} be an absolute probability process for an adapted random chain
{W(k)}. Then, for any random dynamics {x(k)} driven by {W (k)}, we have for any ty > 0,

EIY L) (k) — 2;(k))* | < E[Va(x(to), to)] < oo,

k=tg i<j
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where L(k) = WT(k)diag(m(k + 1))W (k).

Proof. By taking expectation on both sides of the relation (4.8), we have:

EVi(z(k+1),k+1)] < E[V(z )] —E

> E[Lij(k) | Fi) (2i(k) — xj(k)f]. (4.11)

1<J

Note that E[L;;(k) | Fi] (z:(k) — z;(k))? = E[Li; (k) (z:(k) — z;(k))? | Fi] holds since x(k) is

measurable with respect to Fj. Also, by Lemma A.3, we have
E[E [Z Lij(k) (wi(k) — x;(k))? I}"k” = E[Z Li;(k j(k))2] :
1<J 1<J
Using this relation in Eq. (4.11), we have

E[Vi(z(k+ 1),k +1)] < E[Vi(z —-E [Z Lij(k j(k'))2] :

1<J

and hence, Y0, E[ZKJ (k) (2 (k) —xj(k))ﬂ < E[V;(x(to), to)] for any to > 0. There-
fore, by Corollary A.2, we have

E [Z D Lij(k) (i (k) — x;-(k))?] < E[Vi((to), to)] -

k=tg 1<j

Q.E.D.

44 Class P*

Now, we are ready to introduce a special class of random chains which we refer to as the
class P*. We prove one of the central results of this thesis, i.e. any chain in class P* with

weak feedback property is infinite flow stable.

Definition 4.5. (Class P*) We let the class P* be the class of random adapted chains that
have an absolute probability process {m(k)} such that w(k) > p* almost surely for some scalar
p* >0 and all k > 0.

It may appear that the definition of class P* is rather a restrictive requirement. In the
following section, we show that in fact class P* contains a broad class of deterministic and

random chains.
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To show that any chain in class P* with weak feedback property is infinite flow stable,
we prove a sequence of intermediate results. The first result gives a lower bound for the
amount of the flow that is needed to ensure a decrease in the distance between the opinion

of agents in a set S and its complement.

Lemma 4.9. Let {A(k)} be a deterministic sequence, and let {z(k)} be generated by z(k +
1) = A(k)z(k) for all k > 0 with an initial state z(0) € R™. Then, for any nontrivial subset
S C [m] and k> 0, we have

max z;(k + 1) < max 2,(0) + d(z(0)) > As(t),

t=0

k
min z;(k 4+ 1) > min z,(0) — d(z(0)) ZAS(t),

jes res =0

where d(y) = MaXycpn) Yo — Milyem) Yr for y € R™.

Proof. Let S C [m] be an arbitrary nontrivial set and let k& > 0 be arbitrary. Let zpyi,(k) =
Mil,efm) Zr aNd Zmax(k) = maXsep) 25(k). Since z;(k 4+ 1) = >0, Aw(k)z(k) and A(k) is
stochastic, we have z;(k) € [zmin(0), Zmax(0)] for all i € [m] and all k. Then, we obtain for
1 €8S,

+1) = Z Ai(k)ze(k) + Z Aie(k)ze(k) < Z Au(k) (r?eagx Zs(k>) + Zmax (0) Z Au(k),

Les €5 Les

sk +1) (1 =5 Aulk > max 2, (k) + Zmax(0) Y Aue(k)

eS8

— max z,(k) + (zmax(O) — max zs(k)> > Ay(k).

seS

By the definition of Ag(k), we have 0 < 3, o Ai(k) < Ag(k). Since zpmax(0) —maxes zs(k) >
0, it follows

zi(k+1) < max 2s(k) + (Zmax(0) — max z4(k))Ag(k) < max zs(k) + d(2(0))As(k),

seSs

where the last inequality holds since zyax (0) —maxses 25(k) < Zmax(0) — zmin (0) = d(2(0)). By

taking the maximum over all i € S in the preceding relation, we obtain max;ecg z;(k + 1) <
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maxses 2s(k) + d(2(0))Ag(k) and recursively, we get max;es z;(k + 1) < maxges 25(0) +
A(:(0) Xy As ().

The relation for min,c g z(k+ 1) follows from the preceding relation by considering {z(k)}
generated with the starting point —z(0). Q.E.D.

Based on Lemma 4.9, we can prove the following result.

Lemma 4.10. Let {A(k)} be a deterministic chain with infinite flow graph G* = ([m],E>).
Let (to, z(ty)) € ZT x R™ be an initial condition for the dynamics driven by {A(k)}. Then,
if imy o0 (24, (k) — 4, (k)) # O for some i, jo belonging to the same connected component of

G*°, then we have

S 3 1A (k) + (k) (@i (k) — (k)] = oo.

k=tg 1<j

Proof. Let iy, jo be in a same connected component of G with limsup,,_, . (x;, (k) — z;,(k)) =
a > 0. Without loss of generality we may assume that z(tg) € [—1,1]™, otherwise we can
consider the dynamics started at y(ty) = mx(to). Let S be the vertices of the connected
component of G containing iy, jo and without loss of generality assume S = {1,2,...,q}.
Then by the definition of infinite flow graph, there exists a large enough K > 0 such that
S As(k) < 35~ Also, since limsup,_, (2;,(k) — zj,(k)) = o > 0, there exists a time
instance t; > K such that x;,(t1) — x;,(t1) > §.

Let 7 : [q] — [¢] be a permutation such that z.1)(t1) > Tz (t1) > -+ > 2rg(t1),
i.e. mis an ordering of {z;(t1) | 7 € [¢]}. Then, since x;,(t1) — xj,(t1) > 5, it follows that
Tr1)(t1) — Tr(q(t1) > § and, hence, there exists £ € [q] such that z.(t1) — Tr@41)(t1) > 2%1.
Let

t
. Q@

T=argmin y Y (Ane((B) + Argre () > 55
k=t1 ije[q]

i<O0+1<]

Note that since S is a connected component of G, we should have T} < oo, otherwise, S

can be decomposed into two disconnected components R = {x(1),...,7({)} and S\ R =

{r(l+1),...,7(q)}.
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Now, if we let R = {n(1),...,w(l)}, for any k € [t;,T1], we have:

T -1 T -1

DA = | D (Anyry(B) + Anirey () + D Ars(B) + D Ay (R)
k=t k=t; i,7€q] i<¢,j€8 i€$,j<I
BSNASES
T1—1
< Z Z (Aﬂ'(’)ﬂ'(]) (k) + Aﬂ' 7r(z + Z AS q
k=t1 i,j€[q]
i<E+1<)

which follows by the definition of 77 and the choice ¢t; > K. Thus by Lemma 4.9, it
follows that for k € [t1,T}], we have max;cp z;(k) < max;eg x;(t1) + 2%}. Similarly, we have
mines\r (k) > minjes\r (1) — 215,

Thus, for any 4, j € [q] with ¢ <[ and j > [+ 1, and for any k € [t;, T3], we have

() — 2o (k) > 2(2—) = —.
oo (k) = o0 (k) 2 20295) = 1

Therefore,

Z > Anry(B) + Angiya (k) (@ay (k) = 2ai) (K)

k=t1 4,j€[q]
i<l A+1<]
a s d o, «
2 (1) DD (Aeeiy (k) + Aryen () > (1) 355 =8 >0
T k=to el L
i<li>1+1
Thus, it follows that:
ZZ ii(k) + Aji(k)) (2:(k) — (k)
k=t, 1<j
k=t1 i,j€q]

i<O0+1<]

But since limsup,,_, . (z;, (k) — z;,(k)) = a > 0, there exists a time 5 > T} such that
T4 (t2) — x5,(t2) > §. Then, using the above argument, there exists 75 > ¢y such that

;‘:‘ih > ici(Aij(k) + Aji(k)) (wi(k) — 2;(k))? > 8. Thus, using the induction, we can find
time instances

~>Tg+1>t5+1>T§>t§>T§_1>t§_1>"'>T1>t1,
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such that Zk te iy (Aij (k) + Aji (k) (@i (k) —z(k))? > f8 for any € > 1. Since, the intervals

te, T¢] are non-overlapping subintervals of [ty, 00), we conclude that

ZZ (k) + Aja(k)) (k) — 25(k))? = oo.

k=tg 1<j
Q.E.D.

Now, we can prove the main result of this section.

Theorem 4.4. Let {W(k)} € P* be an adapted random chain with weak feedback property.
Then, {W(k)} is infinite flow stable.

Proof. Since {W(k)} € P*, {W(k)} has an absolute probability process {n(k)} > p* > 0
almost surely. Thus it follows that

P EWT (k)W (k) | Fi] < E[WT(k)diag(n(k + 1))W (k) | Fi] = H(k).
On the other hand, by the weak feedback property, we have
VEWi (k) + Wii(k) | Fi] < E[W™ (k)W (k) | Fi] |

for some v € (0, 1] and for all distinct ¢, j € [m]. Thus, we have p*yE[W;; (k) + Wj;(k) | Fi] <
H;;(k). Therefore, for the random dynamics {x(k)} driven by {W(k)} started at arbitrary
to > 0 and z(ty) € R™, by using Theorem 4.3, we have

EVr(z(k+1),k+1) | Fi] < Va(z =Py Y EWy(k) + Wiilk) | Fil (ws(k) — (k)%

1<J

By taking expectation on both sides, we obtain:

— P E| D EWi(k) + Wyik) | Fil (zi(k) — 2;(k))? | - (4.12)

1<j

Since x(k) is measurable with respect to Fy, it follows

E[Wi; (k) + Wii(k) | Fi] (wi(k) — x;(k))* = E[(Wy(k) + Wji(k)) (2i(k) — ;(k))* | Fi] -
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Therefore, by Lemma A.3, we obtain
E [E [Z(Wz‘j(k) + Wii(k) (i (k) — 25(k))? | fk”
i<j

=E [Z(Wz‘j(k) + Wii(k)) (i(k) — xj(k)f] :

i<j

Using this relation in Eq. (4.12) and using Lemma A.3, we have

EVa(z(k+ 1),k +1)] < E[Vz(z(k), k)] — p™E [Z(Wm’(k‘) + Wii(k) (i(k) = Ij(’f))2] :

1<j

and hence, p*y Y25, E| S0, (Wi (k) + Wilk) (k) — ;(0))? | < E[Vi(a(to), o).
By Corollary A.2, we have

E [Z D (Wig(k) + Wis(k) (i (k) — 2;(k))? | < E[Va(x(to), to)]

k=tg 1<j

implying almost surely,

DO (Wiy(k) + Wiik)) (i(k) — z;(k))* < oo

k=tg 1<j

Therefore, by Lemma 4.10, we conclude that limy_, (z;(k,w) — z;(k,w)) = 0 for any i,

belonging to the same connected component of G*(w), for almost all w € Q. Q.E.D.

Theorem 4.4 not only shows that the dynamics (3.1) is asymptotically stable almost
surely for chains in P* with weak feedback property, but also characterizes the equilibrium
points of such dynamics.

Using the alternative characterization of the infinite flow stability in Lemma 4.1, we have

the following result.

Corollary 4.4. Let {W(k)} be an adapted random chain in P* that has weak feedback
property. Then, limy_,o W (k : ty) exists almost surely for all ty > 0.

In the following section, we characterize a broad class of chains that belong to the class
P*. Before characterizing this subclass, let us discuss a straightforward generalization of
Theorem 4.4 to any (not necessarily adapted) random chain but assuming a stronger condi-

tion.
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Corollary 4.5. Let {WW(k)} be a random chain such that almost all of its sample paths are
in P* and almost all sample paths have weak feedback property. Then, {W(k)} is an infinite

flow stable chain.

Proof. Note that if a sample path {IWW(k,w)} is in P* and has weak feedback property, then
Theorem 4.4 applies to that particular sample path {W (k,w)}. Thus, if almost all the sample

paths are satisfying these properties, we can conclude that the random chain is infinite flow

stable. Q.E.D.

4.5 Balanced Chains

In this section, we characterize a subclass of P* chains and independent random chains,
namely the class of balanced chains with feedback property. We first show that this class
includes many of the chains that have been studied in the existing literature. Then we
show that any balanced chain with feedback property has a uniformly bounded absolute
probability process, or in other words, it belongs to the class P*.

We start our development by considering deterministic chains and later, we discuss the
random counterparts. For this, let {A(k)} be a deterministic chain of stochastic matrices
and let Agg(k) = > i ic5 Aij(k) for a non-empty S C [m]. We define balanced chains as

follows.

Definition 4.6. A chain {A(k)} is balanced if there exists a scalar o > 0, such that
Ags(k) > a Agg(k) for any non-trivial S C [m] and k > 0. (4.13)

We refer to a as a balancedness coefficient.

Note that in Definition 4.6, the scalar « is time-independent. Furthermore, due to the

inter-changeability of any non-trivial subset S with its complement S, for a balanced chain
{A(k)} we have
Ags(k) > adgg(k) > a®Ags(k),

implying a < 1.
Let us first discuss the graph theoretic interpretation of the balancedness property. For
this, note that every m x m matrix A can be viewed as a directed weighted graph G =

([m], [m] x [m], A), where the edge (i, j) has the weight A;;. For example, in Figure 4.3, the
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Figure 4.3: The representation of the matrix defined in Eq. (4.14) with a directed
weighted graph.

directed graph representation of the matrix

(4.14)

O NI= =

is depicted.

In the graph representation of a matrix A, given a non-trivial subset S C [m], the set
S x S corresponds to the set of edges going out from the subset S. With this in mind, Agg
is the sum of the weights going out of S, i.e. the flow going out from S. On the other hand,
Agg is the flow going out from S or in other words the flow entering the set S. Balancedness
property requires that the ratio between the flow going out from each subset of vertices and
the flow entering the subset does not vanish across the time.

Note that we can extend the notion of balanced chains to the chains that are balanced
from some time instance ¢y, > 0 onward, i.e. the chains such that Ags(k) > aAgg(k) for some
a > 0, any non-trivial S C [m], and any k > to. In this case, all the subsequent analysis can
be applied to the sub-chain {A(k)}r>t,-

Before continuing our analysis of the balanced chains, let us discuss some of the well-

known subclasses of these chains:

Balanced Bidirectional Chains

We say that {A(k)} is a balanced bidirectional chain if there exists some a > 0
such that A;;(k) > aA;;(k) for any £ > 0 and ¢, j € [m]. These chains are in fact
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balanced, since, for any S C [m], we have:

Ass(k) = Z Aij(k) = Z adji(k) = aAgs(k).

i€S,j€S i€S,5€S

Examples of such chains are bounded bidirectional chains, that are chains such
that A;;(k) > 0implies A;;(k) > 0 and also positive entries are uniformly bounded
by some v > 0. In other words, A;;(k) > 0 implies A;;(k) > ~ for any ¢, € [m].
In this case, for A;;(k) > 0, we have A;;(k) > v > vA,i(k) and for A;;(k) = 0,
we have A;;(k) = 0 and hence, in either of the cases A;;(k) > vA;;(k). There-
fore, bounded bidirectional chains are examples of balanced bidirectional chains.
Such chains have been considered in [33, 68, 69]. The reverse implication is not
necessarily true since positive entries of {A(k)} can go to zero but yet maintain

the bounded bidirectional property.

B-connected Chains

Let {A(k)} be a B-connected chain (see Definition 2.4). Such a chain may not
be balanced originally, however, if we instead consider the chain {A(k)} defined
by A(k) = A((k 4+ 1)B : kB), then {A(k)} is balanced. The reason is that since
G(k) = (Im],E(Bk)UE(Bk+1)U---UE&(B(k+ 1) — 1)) is strongly connected,
for any S C [m], we have an edge (i, j) € S x S with A;;(k) > ™. Therefore,

~ m 'Ym ~
Ags(k) >~™ > EASS(’?)-

Hence, {A(k)} is a balanced chain.

Chains with Common Steady State 7 > 0

This ensemble consists of chains {A(k)} with 77 A(k) = T for some stochastic
vector m > 0 and all £ > 0, which are generalizations of doubly stochastic chains,
where we have m = %e. Doubly stochastic chains and chains with common steady
state m > 0 are the subject of the studies in [51, 55, 60].

To show that a chain with a common steady state 7 > 0 is an example of a

balanced chain, let us prove the following lemma.
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Lemma 4.11. Let A be a stochastic matrix and m > 0 be a stochastic left-

eigenvector of A corresponding to the unit eigenvalue, i.e., 7' A = w°. Then,

Ags > Imin Ags for any non-trivial S C [m], where Tmax = MaX;cp T and

—  Tmax

Tmin = Miem] 7.

Proof. Let S C [m]. Since 77 A = 77| we have

Z?Tj: Z WiAij: Z 7T¢Aij—|— Z WiAij' (415)

jes i€[m],jes ieS,jes ieS,jes

On the other hand, since A is a stochastic matrix, we have m; ) Aij = m.

j€lm]
Therefore,

ZT('Z' = Zﬂ'i Z Aij = Z 7TiAij + Z WiAij- (416)
i€S €S j€[m)] 1€5,JES i€S,jes8
Comparing Eq. (4.15) and Eq. (4.16), we have >, s g midij = > icq ic5Tidij-
Therefore,
TminAgs < Z A = Z miAij < TmaxAgs.
i€S,j€S i€S,j€S

Hence, we have Agg > ™mir Agq for any non-trivial S C [m]. Q.E.D.

Tmax

The above lemma shows that chains with common steady state 7 > 0 are ex-
amples of balanced chains with balancedness coefficient o = Z=». In fact, the

lemma yields a much more general result, as provided below.

Theorem 4.5. Let {A(k)} be a stochastic chain with a sequence {m(k)} of unit
left eigenvectors, i.e., 71 (k)A(k) = w1 (k). If {n(k)} > p* for some scalar p* > 0,

then {A(k)} is a balanced chain with a balancedness coefficient o =

*

p
1—(m—1)p* *
Proof. As proven in Lemma 4.11, we have

Agg(k) > %Ass(k),

for any non-trivial S C [m] and k > 0, which follows by 77 (k)A(k) = 7 (k). But
if {m(k)} > p* > 0, then mu,(k) > p* for any k > 0, and since 7(k) is a stochastic
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vector, we have myax (k) <1 — (m — 1)mmin(k) < 1 — (m — 1)p*. Therefore,

7Tmin<k) p*
Agg(k) > Ag > Ag
SS(k> = ﬂ-max(k) SS(k> =1_ (m _ 1)p* SS(k>7
for any non-trivial S C [m]. Thus, {A(k)} is balanced with a coefficient o =
r __  Q.E.D.

1—(m—1)p*

Note that if we define a balanced chain to be a chain that is balanced from some
time ¢y > 0, then in Theorem 4.5, it suffice to have liminfy_,., m;(k) > p* > 0 for
all i € [m].

Theorem 4.5 not only characterizes a class of balanced chains, but also provides
a computational way to verify balancedness. Thus, instead of verifying Defi-
nition 4.6 for every S C [m], it suffice to find a sequence {m(k)} of unit left
eigenvectors of the chain {A(k)} such that the entries of such a sequence do not

vanish as time goes to infinity.

Now, let us generalize the definition of balanced chains to a more general setting of indepen-

dent chains.

Definition 4.7. Let {W(k)} be an independent random chain. We say {W(k)} is balanced
chain if the expected chain {W(k)} is balanced, i.e., Wgg(k) > aWgg(k) for any S C [m],
any k > 0, and some o > 0.

Immediate examples of such chains are deterministic balanced chains.

4.5.1 Absolute Probability Sequence for Balanced Chains

In this section, we show that every balanced chain with feedback property has a uniformly
bounded absolute probability sequence, i.e., our main goal is to prove that any balanced and
independent random chain with feedback property is in P*.

The road map to prove this result is as follows: we first show that this result holds for
deterministic chains with uniformly bounded entries. Then, using this result and geometric
properties of the set of balanced chains with feedback property, we prove the statement for
deterministic chains. Finally, the result follows immediately for random chains.

To prove the result for uniformly bounded deterministic chains, we employ the technique
that is used to prove Proposition 4 in [33]. However, the argument given in [33] needs some

extensions to fit in our more general assumption of balancedness.
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For our analysis, let {A(k)} be a deterministic chain and let
S,(k) = {¢ € [m] | Ay(k : 0) > 0}

be the set of indices of the positive entries in the jth column of A(k : 0) for j € [m] and

k > 0. Also, let pj(k) be the minimum value of these positive entries, i.e.,

p(k) = in, Agj(k - 0) > 0.
Lemma 4.12. Let {A(k)} be a balanced chain with feedback property and with uniformly
bounded positive entries, i.e., there exists a scalar v > 0 such that A;;(k) > v for A;;(k) > 0.

Then, S;(k) C S;(k + 1) and p;(k) > A5 W= for all j € [m] and k > 0.

Proof. Let j € [m] be arbitrary but fixed. By induction on k, we prove that S;(k) C S;(k+1)
for all k > 0 as well as the desired relation for p1;(k). For k = 0, we have A(0 : 0) = I, so
S;(0) = {j}. Then, A(1:0) = A(1) and by the feedback property of the chain {A(k)} we
have A;;(1) > ~, implying {j} = S;(0) C S;(1). Furthermore, we have |S;(0)] —1 = 0 and
1;(0) =1 >~ Hence, the claim is true for k£ = 0.

Now suppose that the claim is true for k£ > 0, and consider k+1. Then, for any i € S;(k),

we have:

Agg(k+1:0) =" Au(k)Ag(k : 0) > Ay(k)Ay(k = 0) > yp;(k) > 0.
=1
Thus, i € Sj(k + 1), implying S;(k) C S;(k + 1).
To show the relation for p;(k + 1), we consider two cases:
Case 1: Ag (18, (k) = 0: In this case for any i € S;(k), we have:

Ak +1:0)= Y Au(k)Ay(k:0) > pi(k) > Awlk (k), (4.17)
£eS;(k) €S, (k)

where the inequality follows from i € Sj(k) and Ag g,k (k) = 0, and the definition of
pi(k). Furthermore, by the balancedness of A(k) and AS]. s,k (k) = 0, it follows that
0= Ag, 3,00 (k) > @Az (s, (k) > 0. Hence, Ag )s,0) (k) = 0. Thus, for any i € S;(k),
we have .
Agg(k+1:0) =Y Au(k)Ag(k:0) = Y Au(k)Ag(k: 0) =0,
=1 0eS; (k)
where the second equality follows from Ag;(k : 0) = 0 for all £ € S;(k). Therefore, in this
case we have S;(k + 1) = S;(k), which by (4.17) implies p;(k + 1) > p;(k). In view of
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Sj(k +1) = S;(k) and the inductive hypothesis, we further have

,Uj(k) > Vlsj(kﬂ*l — 7|Sj(k+1)|*1

Y

implying p;(k + 1) > IS k+DI=1,

Case 2: Ag, (s, (k) > 0: Since the chain is balanced, we have

As, (s, ) (k) > adg, s, mw) (k) >0,

implying that Ag s, (k) > 0. Therefore, by the uniform boundedness of the positive
entries of A(k), there exists £ € S;(k) and ¢ € S;(k) such that Agi(k) > ~. Hence, we have

Agi(k +1:0) > Ag(k) Ay (K 2 0) > yp(k) = 415,

where the equality follows by the induction hypothesis. Thus, & € S;(k+1) while £ d S;(k),
which implies [S;(k + 1)| > [S;(k)| 4+ 1. This, together with Ag;(k+1:0) > A5 R yields
1k +1) > AISE) > IS 6D QE.D.

Note that our proof shows that the bound for the nonnegative entries given in Proposi-

m2—m+2

tion 4 of [33] can be reduced from ~ to 4™ L.
It can be seen that Lemma 4.12 holds for products A(k : to) starting with any ¢, > 0 and
k > to (with appropriately defined S;(k) and p;(k)). An immediate corollary of Lemma 4.12

is the following result.

Corollary 4.6. Under the assumptions of Lemma 4.12, we have

1 1
—eT Ak - tg) > min(—, ™ 1)eT,
m m

for any k >ty > 0.
Proof. Without loss of generality, let tq = 0. By Lemma 4.12, for any j € [m], we have
LeTAI(k: 0) > L|S;(k) |79 ™I=1 where A7 denotes the jth column of A. For v € [0, 1], the

function ¢ — ¢! defined on [1,m] attains its minimum at either ¢ = 1 or ¢ = m. Therefore,
LeTA(k : 0) > min(+, 7™ 1)e’. Q.E.D.

Now, we relax the assumption on the bounded entries in Corollary 4.6.

Theorem 4.6. Let {A(k)} be a balanced chain with feedback property. Let o, 5 > 0 be
a balancedness and feedback coefficients for {A(k)}, respectively. Then, there is a scalar
v =(a, B) € (0,1] such that LeT A(k : 0) > min(L,y™ )e” for any k > 0.
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Proof. Let B, g be the set of balanced matrices with the balancedness coefficient o and

feedback property with coefficient g > 0, i.e.,

Bosg:={QeR™™|Q>0,Qe=e¢, (4.18)
Qg5 > aQgg for all non-trivial S C [m],Q;; > (B for all i € [m]}.

The description in relation (4.18) shows that B, g is a bounded polyhedral set in R™*™. Let
{Q® € Buog | € € [nas]} be the set of extreme points of this polyhedral set indexed by the
positive integers between 1 and n, g, which is the number of extreme points of B, g.

Since A(k) € B, for all k& > 0, we can write A(k) as a convex combination of the

extreme points in B, g, i.e., there exist coefficients A¢(k) € [0, 1] such that

Na,B Na,B
A(R) =D Xe(k)Q® with Y " Ae(k) = 1. (4.19)
=1 =1

Now, consider the following independent random matrix process defined by:
W(k)=Q® with probability \¢(k).

In view of this definition any sample path of {WW(k)} consists of extreme points of B, 3.
Thus, every sample path of {W(k)} has a coefficient bounded by the minimum positive
entry of the matrices in {Q© € B, 3 | € € [n4,4]}, denoted by v = v(«a, ) > 0, where vy > 0
since nq g is finite. Therefore, by Corollary 4.6, we have Le”W (k : ty) > min(x,y™*)e’ for

m’

all k£ > to > 0. Furthermore, by Eq. (4.19) we have E[W (k)] = A(k) for all & > 0, implying

1 1 1
—eTA(k : to) = —e"E[W(k : t5)] > min (—,fym1> el
m m m
which follows from {W(k)} being independent. Q.E.D.

Based on the above results, we are ready to prove the main result for deterministic chains.

Theorem 4.7. Any deterministic balanced chain with feedback property is in P*.

Proof. Consider a balanced chain {A(k)} with a balancedness coefficient  and a feedback
coefficient 5. As in Theorem 4.1, let {¢,} be an increasing sequence of positive integers such
that R(k) = lim, .o A(t, : k). As discussed in the proof of Theorem 4.2, any sequence
{#T R(k)} is an absolute probability sequence for {A(k)}, where 7 is a stochastic vector. Let
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™= %e. Then, by Theorem 4.6,

1 1
—el'R(k) = — lim T A(t, : k) > p*e’,
m m r—oo
with p* = min(=,7™" ') > 0. Thus, {Le” R(k)} is a uniformly bounded absolute probability

sequence for {A(k)}. Q.E.D.
The main result of this section follows immediately from Theorem 4.7.
Theorem 4.8. Any balanced and independent random chain with feedback property is in P*.

As a result of Theorem 4.8 and Theorem 4.4, the following result holds, which is one of

the central results of this thesis.

Theorem 4.9. Let {W(k)} be any independent random chain which is balanced and has
feedback property. Then, {W(k)} is infinite flow stable.

Proof. By Theorem 4.8, any such chain is in P*. Thus, Theorem 4.4 implies the result.
Q.E.D.

As we have shown in the preceding discussions, many of the chains that are widely
discussed in other literatures, are examples of balanced chains with feedback property. Thus
Theorem 4.9 not only provides a unified analysis to many of the previous works in this field
but also, provides conditions to which those results can be extended. As it will be shown
in Chapter 5, Theorem 4.9 also shows that Lemma 1.1 holds under general assumptions for
inhomogeneous and random chains of stochastic matrices.

As in Corollary 4.5, let us assert a generalization of Theorem 4.9 to an arbitrary chain.

Corollary 4.7. Let {W(k)} be a random chain such that its sample paths are balanced and
have feedback property almost surely. Then, {W (k)} is an infinite flow stable chain.
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Chapter 5

Implications

In this chapter, we discuss some of the implications of the results developed in Chapter 3
and Chapter 4. We first study the implications of the developed results on the product of
independent random stochastic chains in Section 5.1, and also develop a rate of convergence
result for ergodic independent random chains. Then in Section 5.2, we study the implication
of Theorem 4.9 in non-negative matrix theory. There, we show that Theorem 4.9 is an
extension of a well-known result for homogeneous Markov chains to inhomogeneous products
of stochastic matrices. In Section 5.3, we provide a convergence rate analysis for averaging
dynamics driven by uniformly bounded chains. Then, in Section 5.4, we introduce link-failure
models for random chains and analyze the effect of link-failure on the limiting behavior of
averaging dynamics. In Section 5.5, we study the Hegselmann-Krause model for opinion
dynamics in social networks and provide a new bound on the termination time of such
dynamics. Finally, in Section 5.6, using the developed tools, we propose an alternative proof

for the second Borel-Cantelli lemma.

5.1 Independent Random Chains

Throughout this section, we deal exclusively with an independent random chain {W(k)}
(on R™). For our study, let {Fi} be the natural filtration associated with {W(k)}, i.e.
Fr=0c(W(0),...,W(k—1)) for any k > 1 and Fy = {0, Q}.

An interesting feature of independent random chains is that except consensus, all other

events that we have discussed so far are trivial events for those chains.

Lemma 5.1. Let {W(k)} be an independent random chain. Then, for any i,j € [m],
1 <>w J 1S a tale event. Furthermore, ergodicity and infinite flow events are trivial events.
Also, there exists a graph G on m wvertices such that the infinite flow graph of {W(k)} is

equal to G almost surely.

Proof. Note that if for some w € ), we have w € 7 <>y j, then by the definition of mutual
ergodicity, it follows that limg_, [|[W;(k : to,w) — Wj(k : to,w)|| = 0 for all ¢, > 0, where
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W(k : to,w) = W(k — 1,w)---W(tg,w). Conversely, if limy_,o [|[Wi(k : to,w) — W;(k :
to,w)|| = 0 for some ¢y, > 0, then for any ¢ € [to, 0] we have

lim |Wi(k : t,w) — Wik : t,w)|| = lim ||(e; — e;) W (k : t,w)]
k—o0 k—o0

= lim ||(e; — e;) W (k : to,w)W (to : t,w)||

k—o0

< Tim [(e; — e;)TW (k : to, w)|[|[|WV (Lo : t,w)]

k—o0

= VW (to = )] T (Wil = to, ) = Wik - to,0)]| = 0,

where the inequality follows from the definition of the induced matrix norm. Therefore,
it follows that ¢ <»y 7 is a tale event. Since, for the ergodicity event & we have & =
ﬂi’je[m]i <w 7, it follows that the ergodicity event is also a tale event. Therefore, by
Kolmogorov’s 0-1 law (Theorem A.5), it follows that mutual ergodicity and ergodicity events
are trivial events.

To prove that the infinite flow event is a trivial event, we observe that for any non-trivial
S C [m], we have » ;7 Ws(k) = oo if and only if Y 7%, Ws(k) = oo for any ¢, > 0,
which follows from the fact that Wg(k) € [0, m] almost surely for any k£ > 0. Since {W(k)}
is an independent chain, the random process {Wg(k)} is an independent chain for any
S C [m]. Thus, again by application of the Kolmogorov’s 0-1 law, it follows that the event

{w| > 72 Ws(k,w) = oo} is a trivial event. For the infinite flow event .%, we have

F = (N {w] > Wslk,w) = oo},
SC[m] k=0
S0

and hence, the infinite flow event is a trivial event.

Similarly, if G® = ([m],€>) is the (random) infinite flow graph of {WW(k)}, then for
any i,j € [m] with ¢ # j, the event Y . (W;;(k) + Wji(k)) = oo is a tale event and
hence, G®7'(G) is a tale event for any simple graph G. But {G*"YG) | G € G([m])} is a
partitioning of 2 and hence, G* = G almost surely for a G € G([m]). Q.E.D.

Based on Lemma 5.1 it follows that, as in the case of deterministic chains, we can simply
say that an independent chain is ergodic or has an infinite flow property. Also, we can
view the infinite flow graph of an independent random chain as a deterministic graph. The
following lemma identifies this particular graph among the 2(%) simple graphs in G([m]).
Lemma 5.2. The infinite flow graph G* of an independent random chain is equal to the

infinite flow graph of the expected chain {W(k)} almost surely.
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Proof. Let G = ([m], £%) be the infinite flow graph of the expected chain {W (k)}. For any
i,j € [m], we have W;;(k) € [0, 1] almost surely. Since the sequence {W;;(k)+ Wj;(k)} is an
independent sequence, by Corollary A.4, {i,j} € £ almost surely if and only if {7, j} € £>.
Since this holds for any 4,j € [m], it follows G* = G* almost surely. Q.E.D.

Recall that any absolute probability process for an independent random chain is a deter-
ministic sequence, which is true because W (k) = E[W (k) | Fi] is a deterministic matrix for
any k£ > 0 and any independent random chain admits such a sequence.

Based on the above observations and Theorem 4.4, we have the following result for

independent random chains.

Theorem 5.1. Let {W(k)} be an independent random chain. Then, {W (k)} is in P* if and
only if {W (k)} is in P*. Furthermore, if {W (k)} is a chain with weak feedback property and
{W(k)} is in P*, then the following properties are equivalent

(a) i <w j,
(b) i < g,
(c) i,7 belong to a same connected component of G,
(d) i,7 belong to a same connected component of G*.

As a consequence of the Theorem 5.1, we can show the ergodicity of B-connected random

chains in expectation.

Corollary 5.1. Let {W(k)} be an independent random chain with weak feedback property.
Also, suppose that {W (k)} is B-connected. Then, {W (k)} is ergodic almost surely.

Proof. By Theorem 2.4, for any such a chain, {W(k)} is an ergodic chain. Furthermore, by
Theorem 2.4, we have limy_,o. W (k : to) = evT(tg) where v(ty) > n > 0 for some 1 > 0.
Thus, {v(k)} > 7 is a uniformly bounded absolute probability sequence for {W (k)}. Thus,
by Theorem 5.1, {W(k)} is ergodic almost surely. Q.E.D.

5.1.1 Rate of Convergence

Here we establish a rate of convergence result for independent random chains in P* with
infinite flow property and with weak feedback property.

To derive the rate of convergence result, we first show some intermediate results.
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Lemma 5.3. Let {A(k)} be a chain of stochastic matrices and {z(k)} be the dynamics driven
by {A(k)} started at time to = 0 with a starting point z(0) € R™. Let o be a permutation of
the index set [m] corresponding to the nondecreasing ordering of the entries z,(0), i.e., o is
a permutation on [m] such that z, (0) < --- < z, (0). Also, let T > 1 be such that

-1
ZAS(k) >0 for every non-trivial S C [m], (5.1)

k=0

where § € (0,1) is arbitrary. Then, we have

>3 () + A (5(8) = 50 2 100 Y 0) = 2 (O
k=0 i<j am i i=1

Proof. Relation (5.1) holds for any nontrivial set S C [m]. Hence, without loss of generality
we may assume that the permutation o is identity (otherwise we will relabel the indices of
the entries in z(0) and update the matrices accordingly). Thus, we have z;(0) < --- < z,,(0).
Foreach ¢ =1,...,m —1,1let S, ={1,...,¢} and define time ¢, > 1, as follows:

I e 2611(0) = 2(0)
ty = arg;zrrlun {kzzo Ag, (k) > 9 n(0) = 22(0) } )

Since the entries of z(0) are nondecreasing, we have 5% <édforalll=1,...,m—1.

Thus, by relation (5.1), the time t, > 1 exists and ¢, < T for each /.
We next estimate z;(k) — z;(k) for all ¢ < j and any time k =0,--- ,7 — 1. For this, we
introduce for 0 < k <7 — 1 and ¢ < j the index sets a;;(k) C [m], as follows:

aij(k) ={lem]|[k<t,—1, £>i, (+1<j}.
Let k < t, — 1 for some ¢. Since S; = {1,...,¢}, we have i € Sy and j € S,. Thus, by

Lemma 4.9, for any k > 1, we have

SESy

(k) < max 2, (0) + (5 (0) — 2:(0)) S As, (1),

reSy

2y(K) > min2,(0) — (2(0) — 2(0)) 3 As (7).

Furthermore, max,cg, z;(0) = 2,(0) and min, g, 2,(0) = 241(0) since S; = {1,...,¢} and
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21(0) < -+ < 2,(0). Thus, it follows

zi(k) = 20(0) < (2(0) = 21(0 ZAse

7=0

2011(0) — 2(k) < (2 (0) — 21(0 ZASF

By the definition of time t,, we have (2,(0) — 2,(0)) 32*Z b A, (1) < 6 (2041(0) — 2,(0)) for
k <t, — 1. Hence, by using this and the definition of a;;(k), for any ¢ € a;;(k) we have

(2041(0) = 2(0)), (5.2)

)
0(2e41(0) — 2(0)). (5.3)

Now suppose that a;;(k) = {¢1,...,4.} for some r < m —1 and ¢; < --- < /(.. By
choosing ¢ = ¢; in (5.2) and ¢ = ¢, in (5.3), and by letting o; = 2;41(0) — 2;(0), we obtain

Zj(k> - Zl<k) > Z€r+1<0> — 24 (O) - 5(a€r + 0551)'

Since 2;(0) < 2z;41(0) for all i = 1,...,m — 1, we have z,,(0) < 2z,,41(0) < -+ < 2,(0) <
2¢,+1(0), which combined with the preceding relation yields 2;(k) — zi(k) > > ¢, (2,41(0) —
20,(0)) — 0w, + ay,). Using a; = 241(0) — 2(0) and a;;(k) = {1, ..., L}, we further have

zi(k) — zi(k) > Z oy, — 6(ay, +ag) > (1— ZO((E =(1-9) Z ay. (5.4)
=1 éeaij(k‘)
By Eq. (5.4), it follows that

D (A (k) + Agi(k)) (5(k) = 2(k))* = (1= 6)* Y (Ag(k) + Asilk ( 044)
leaij(k)

1<J 1<J

> (1= (Ay(k) + Au(k) | > Oé?) 7

1<J fGaij(k)

where the last inequality holds by a, > 0. In the last term in the preceding relation, the
coefficient of a7 is equal to (1 — §)?Ag, (k). Furthermore, by the definition of a;;(k), we have
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¢ € a;;(k) only when k <t, — 1. Therefore,

D (A (k) + Au(k)) (z(k) = zi(k))* = (1= 6)° Y (Ay(k) + Au(k) | D of

1<j 1<j Lea;j(k)
=(1-06)* > Agl(k)j.
{f|k<t,—1}
Summing these relations over £k =0,...,T — 1, we obtain

S (A 8]+ A (8) (508 — 507 2 zz S Ag

k=0 i<j 0 {{|k<ty,—1}

— ty—1
2 (Z ASe > Oz?,

=1

where the last inequality follows by exchanging the order of summation. By the definition

of t; and using oy = 241 (0) — 24(0), we have Y1) Ag, (k) > zm(o(;+( implying
m—1
5)?
ZZ i (k) + Aji(k)) (2 (k) = zi(k))? > 6(1 = 0)* Y ———t— PWOEEROL
k=0 i<y (=1
Q.E.D.

Another intermediate result that we use in our forthcoming discussions is the following.

Lemma 5.4. Let m € R™ be a stochastic vector, and let x € R™ be such that x1 < --- < x,,.

Then, we have

m—1
1
] Vi(z) < ;(ﬂim —xi)7, (5.5)

m—1 (ZE x ) m—1 (ZE x )

i+1 S i+1 (56)
=1 m = 1 =1 Tm — 21

and hence,
m—1

1 1

Vv 7 - L)

(m — 1) () < T — Z:1(95+1 )

where V(z) = >0 mi(x; — nl )2,
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Proof. We first show relation (5.5). We have x; < x,, for all i. Since 7 is stochastic, we
also have x,, > n'x > z;. Thus, V(z) = Y m(x; — 772)? < (@, — 21)% By writing

Ty — T1 = Zg:l(a:iﬂ — x;), we obtain

(Tm — x1)° = (m —1)° (ﬁ Z_(%H - l‘z‘)) Z Tip1 —

where the last inequality holds by the convexity of the function s — s%. Using V(z) <
(2, — z1)? and the preceding relation we obtain relation (5.5).

To prove relation (5.6), we have

-1

m—1
m
(37 '771) (xl-&-l mz) $]+1 ZLj Z Tit1 xz
1 j=1 i=1

-1

3
3

(2

m—1
= (w1 —2)* + D (a1 — ) (@isn — 20)* + (w1 — 23)(wj00 — 75)°)  (5.7)
=1 j<i
Now, consider scalars a@ > 0 and 8 > 0, and let u = (a, 3) and v = (8% a?). Then, by
Holder’s inequality (Theorem B.1) with p = 3, ¢ = 2, we have u"v < ||ul|, ||v||,- Hence,

1 2
af’ + fa’ < (o’ + 8°)° (B +0”)* =’ + B°. (5.8)
By using (5.8) in (5.7) with o = (2,41 — ;) and ; = (2,41 — ;) for different indices j and
1, 1 <j<i<m—1, we obtain

-1 -1

(Tm — 1) Y (T —23)? <Y (w51 —75)° + Z (i1 — 25)° + (@1 — 1))
1 j=1 j<i

3
3

i

m—1

=(m—1) Z(Iz’—i—l - 'ri)ga

which completes the proof. Q.E.D.

Now, let {W(k)} be an independent random chain with infinite flow property. Let ¢ty = 0
and for any ¢ > 1, let

t, = argmin Pr [ min Z Ws(k)>d | > ¢, (5.9)

SC
t>tg—1+1 [m] ——
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where €, € (0, 1) are arbitrary. Define

tg41—1

oy = ¢ w| min Z Ws(k,w) >4 for ¢ > 0. (5.10)

ScC[m]

Since the chain has infinite flow property, the infinite flow event .# occurs a.s. Therefore,
the time ¢, is finite for all g.

We next provide a rate of convergence result for a random chain in P* with weak feedback
property.
Theorem 5.2. Let {WW(k)} be an independent random chain in P* and weak feedback prop-
erty. Then, for any q > 1, we have:

(1 —0)2yp*\? .
) BV (0,0)

Proof. Let {n(k)} > p* be an absolute probability sequence for {W(k)}. Fix v € R™ and

let (0,w) = v for any w € Q. Let us denote the (random) ordering of the entries of the

EV (2(t), 1)) < (1 -

random vector z(t,) by n? for all ¢. Thus, at time ¢,, we have z,a(t;) < -+ < 2,9 (2,).

Now, let ¢ > 0 be arbitrary and fixed, and consider the set <7, in (5.10). By the definition
of 7, we have Y1~ " Wg(k,w) > 6 for any S C [m] and w € o7, Thus, by Lemma 5.3, we
obtain for any w € ﬂfq,

DD (Wiglk) + Wii(R) (k) — (k) 2(w) > % S, (1) — 2, 10) (@)
k=tq 1<Jj q =1
(1 — )2
Z m 1)y Vi (ty), tg)(w),

where d(t,) = z (t,) — w,(t,) and the last inequality follows by Lemma 5.4. We can

compactly write the inequality as:
i o _ 6(1—05)?
Z Z )+ Wii(k)) (wi(k) — x;(k))” > m—12 V((ty),tq) e, (5.11)
k=ty i<J

Observe that (k) and W (k) are independent since the chain is independent. Therefore, by

Theorem 4.3, we have
tg+1—1

EV (2(tgr1), tarr) = V(e(ty) t)] < — > D Hig(R)E[(wi(k) — 2;(k))°]

k=ty i<j
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with H(k) = E[WT(k)diag(r(k + 1))W (k)]. Since {m(k)} > p* > 0, we have,

Hyj(k) = E[(W' (k)" diag(m(k + 1))W? (k)] = p"E[(W" (k)" W (k)]
> py (B[Wis (k)] + E[W;(K)]) -

Therefore,

E[V (2(tg1))] — E[V(2(ty))] < —p™v E [Z > (Wi (k) + Wiilk)) (i(k) — ffj(/f))2] -

k=tq i<j
Further, using relation (5.11), we obtain

EIV (olten) tysn)] — EIV at).0)] < 77 E[ 0 =1L 10, V(a0

€0(1 — 0)*yp*
SOy S
(m —1)?

[V(x(ty) tg)]

where the last inequality follows by Pr(<7) > €, and the fact that 1., and V(z(,),1,) are
independent (since x(t,) depends on information prior to time ¢, and the set <7, relies on

information at time ¢, and later). Hence, it follows

EV (@t tyo1)] < (1 -

Therefore, for arbitrary ¢ > 0 we have

eV ottt < (1= 0= ) EV().0)

Q.E.D.

Note that in Theorem 5.2, the starting point x(0) can be random. However, if 2(0) = v
a.s. for some v € R™, then E[V(x(0),0)] = V(v,0). Also, if we let d(x) = max;em) v; —
minjep, 2, then |v; — 77 (0)v| < d(v) for all i € [m], and hence,

m

B[V (2(0),0)] = V(1,0) = >_mi(0)(vi = 7" (0)v)* < 3 m(0)d*(v) = d*(v),

=1

where the last equality follow from 7(0) being stochastic. Thus, the following corollary is

immediate.
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Corollary 5.2. Let {W(k)} be an independent random chain in P* with weak feedback

property, started at a deterministic point v € R™. Then, for any q > 1, we have:

(1= 0P\
eV ottt < (1 2= )

5.1.2 1i.i.d. Chains

As we assume more structure on a random chain, we may deduce more of its properties.
For example, as discussed earlier in this chapter, for any independent random chain, the
ergodicity and the infinite flow property are trivial events. However, the consensus event

may not be a trivial event as shown in the following example.

Example 5.1. For p € (0,1), let {W(k)} be an independent random chain defined by

W(0) ~J  with probability p
R with probability 1 — p ’

and W (k) = I for all k > 0. Then, although the chain {W(k)} is an independent chain, it
admits consensus with probability p and hence, the consensus event is not a trivial event for

this chain.

Although the consensus event is not a trivial event for an independent chain, it is a trivial

event for an i.i.d. chain. To establish this, we make use of the following lemma.

Lemma 5.5. Let A € S,, and x € R™. Also, let A be such that

1
Aeyl; — min|Aey]; < — (e ,
max[Aes — min[Aed; < o for any ¢ € ]

where [v]; denotes the ith component of a vector v. Then, we have max;[Ax|; —min;[Az]; < 1
for any x € [0, 1]™.

Proof. Let x € R™ with z, € [0, 1] for any ¢ € [m]. Then, we have for any i, j € [m],

m

i =y =) (A= A)re <Y A= Agel = ) |[Aeds — [Aedy] -
= =1

/=1

By the assumption on A, we obtain [[Ae]; — [Aeg];| < maxepm)[Aeg]; — minjepm,[Ae; < 5.

Hence, y; —y; < D)1 5= = 3, implying max; y; — min; y; < 3. Q.E.D.
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We now provide our main result for i.i.d. chains, which states that the ergodicity and the
consensus events are almost surely equal for such chains. We establish this result by using

Lemma 5.5 and the Borel-Cantelli lemma (Lemma A.6).
Theorem 5.3. We have & = € almost surely for any i.i.d. random chain.

Proof. Since & C €, the assertion is true when consensus occurs with probability 0. There-
fore, it suffices to show that if the consensus occurs with a probability p other than 0, the
two events are almost surely equal. Let Pr (%) = p with p € (0, 1]. Then, for all w € €,

lim d(z(k,w)) =0,

k—o00

where d(z) = max; x; — min; z; and {z(k,w)} is the sequence generated by the dynamic
system (3.1) with some z(0,w) € R™.
For every £ € [m], let {°(k,w)} be the sequence generated by the dynamic system in (3.1)
with 2(0,w) = e,. Then, for any w € €, there is the smallest integer K‘(w) > 0 such that
1

d(xe(/f,w)) < 5

for all k > K*(w).

Note that d(z*(k,w)) is a non-increasing sequence (of k) for each ¢ € [m]. Hence, by letting
K(w) = maxem) K*(w) we obtain d(z‘(k,w)) < 5= for all £ € [m] and k > K(w). Thus, by

applying Lemma 5.5, we have for almost all w € €,
1
d(z(k,w)) < 5 (5.12)
for all k > K(w) and x(0) € [0, 1]™. By the definition of consensus, we have

lim Pr(K < N)>Pr(¥¢)=p.

N—oo

Thus, by the continuity of the measure, there exists an integer /Ny such that Pr (K < N;) > L.
Now, let time T' > 0 be arbitrary, and let [{ denote the N;-tuple of the random matrices
W (s) driving the system (3.1) for s =T 4+ Nik,..., T+ Ny(k+ 1) —1and k > 0, i.e.,

- (W(T+ Nk), W(T + Nok+1), ..., W(T + Ny (k+1) 1)) for all k > 0.

Let Ly denote the collection of all N-tuples (A, ..., Ay) of matrices A; € S,,, i € [IN] such
that for z(N) = AyAn_1 - -+ Ayz(0) with z(0) € [0,1]™, we have d(z(N)) < L. By the defini-
tions of ] and Ly, relation (5.12) and relation Pr (K < Ny) > & state that Pr ({{f € Ly,}) >
£. By the i.i.d. property of the chain, the events {I € Ly, }, k > 0, are i.i.d. and the proba-

5



Ergodicity=Consensus Infinite Flow

0-1 events 0-1 event

Figure 5.1: Relations among consensus, ergodicity, and infinite flow events for an i.i.d.
chain.

bility of their occurrence is equal to Pr ({I € Ly, }), implying that Pr ({I{f € Ly,}) > £ for
all k> 0. Consequently, > 77 Pr ({l{I' € Ly,}) = oco. Since the events {l[ € Ly,} are i.i.d.,
by Borel-Cantelli lemma (Lemma A.6) Pr ({w € Q |w € {If € Ly,} i.0.}) = 1. Observing
that the event {w € Q | w € {I} € Ly,} i.0.} is contained in the consensus event for the
chain {W(T + k) }x>0, we see that the consensus event for the chain {W (T + k) },>¢ occurs
almost surely. Since this is true for arbitrary 7" > 0 it follows that the chain {W(k)} is
ergodic a.s., implying ¢ C & a.s. This and the inclusion & C € yield ¢ = & a.s. Q.E.D.

Theorem 5.3 extends the equivalence result between the consensus and ergodicity for
i.i.d. chains given in Theorem 3.a and Theorem 3.b of [30] (and hence Corollary 4 in [30]),
which have been established there assuming that the matrices have positive diagonal entries
almost surely.

The relations among %, &, and .# for i.i.d. random chains are illustrated in Figure 5.1.

5.2 Non-negative Matrix Theory

In this section, we show that Theorem 4.9 is a generalization of a well-known result in the
non-negative matrix theory which plays a central role in the theory of ergodic Markov chains.

For this let us revisit the definitions of aperiodicity and irreducibility for a stochastic matrix.

Definition 5.1. (Irreducibility, [70] page 45) A stochastic matriz A is said to be irreducible

iof there is no permutation matriz P such that:

XY
0 7

PTAP =

)

where X, Y, Z are i x i, i X (m—1), and (m —1i) x (m — i) matrices for some i € [m — 1] and

0 is the (m — i) X i matriz with all entries equal to zero.
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Definition 5.2. (Aperiodicity, [71] page 119) An irreducible matriz A is said to be aperiodic
if we have
ged.({n] AL >0}) =1 for some i € [m],

where g.c.d.(M) is the greatest common divisor of the elements in the set M C Z*t. Further-

more, it is said to be strongly aperiodic if A; > 0 for all i € [m)].
For an aperiodic and irreducible matrix A, we have the following result.

Lemma 5.6. ([70] page 46) Let A be an irreducible and aperiodic stochastic matriz. Then,

AF converges to a rank matriz.

Let us reformulate irreducibility using the tools we have developed in Chapter 3 and
Chapter 4.

Lemma 5.7. A stochastic matriz A is an irreducible matriz if and only if the static chain

{A} is a balanced chain with infinite flow property.

Proof. By the definition, a matrix A is irreducible if there is no permutation matrix P such

that
XY

0 7

PTAP =

Since A > 0, we have that A is reducible if and only if there exists a subset S = {1,...,i}

for some i € [m — 1], such that

0= [PTAP]SS = Z ('3Z PTAP Z AUNJ = Z Aij,
i€S,jes i€S,jes i€Q,jEQ
where 0; = P({i}) and Q = {o; | i € S}. Thus, A is irreducible if and only if Ags > 0 for
any non-trivial S C [m]. Therefore, if we let
A
o = min ﬁ,
Scm]
S#0
then a > 0 and we conclude that {A} is balanced with balanced-ness coefficient a. Also
since Ag > Agg > 0, we conclude that {A} has infinite flow property.
Now, if {A} has infinite flow property, then it follows that Agg > 0 or Agg > 0 for any
non-trivial S C [m]. By balanced-ness, it follows that min(Agg, Agg) > 0 for any non-trivial
S C [m], implying that A is irreducible. Q.E.D.
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For the aperiodicity, note that A is strongly aperiodic if and only if { A} has strong feed-
back property. Thus, let us generalize the concepts of irreducibility and strong aperiodicity

to an independent random chain.

Definition 5.3. We say that an independent random chain {W (k)} is irreducible if {W (k)}
is a balanced chain with infinite flow property. Furthermore, we say that {W(k)} is strongly
aperiodic if {W(k)} has feedback property.

Based on Definition 5.3 and Theorem 4.4, we have the following extension of Lemma 5.6

for random chains.

Theorem 5.4. Let {W(k)} be an irreducible and strongly aperiodic independent random
chain. Then, for any ty > 0, the product W (k : tg) converges to a rank one stochastic matrix
almost surely (as k goes to infinity). Moreover, if {W(k)} does not have the infinite flow
property, the product W (k : to) almost surely converges to a (random) matrixz that has rank
at most T for any ty > 0, where T is the number of connected components of the infinite flow
graph of {W (k)}.

Proof. By Theorem 4.4, any balanced chain {W (k)} with strong feedback property is infinite
flow stable. Also, by Lemma 5.2 {W(k)} has infinite flow property if and only if {W (k)} has
infinite flow property. Thus we conclude that {W(k)} is ergodic almost surely which means
that for any to > 0, the product W (k : tg) converges almost surely to a rank one stochastic
matrix as k goes to infinity.

Now, if {WW(k)} does not have the infinite flow property, by Theorem 5.1, for any ¢, > 0,
the product W (k : ty) converges to some matrix W (oo : ty). Also, limy_,o0 ||[Wi(k : to)—W;(k
to)|| = 0 for any 7, j belonging to a same connected component of the infinite flow graph
of {W(k)}. Thus, the rows of W (oo : t;) admits at most 7 different values, where 7 is the
number of the connected components of the infinite flow graph of {W(k)}. Q.E.D.

An immediate consequence of Theorem 5.4 is a generalization of Lemma 5.6 to inhomo-

geneous chains.

Corollary 5.3. Let {A(k)} be an irreducible chain of stochastic matrices that is strongly
aperiodic. Then, A(co : tg) = limg_,oo A(k : to) exists and it is a rank one matriz for any
to > 0.

5.3 Convergence Rate for Uniformly Bounded Chains

Consider a deterministic chain {A(k)} that is uniformly bounded, i.e. A;;j(k) > ~ for any
i,j € [m] and k > 0 such that A;;(k) > 0, where v > 0. Here, we provide a rate of
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convergence result for a uniformly bounded chain that, as special cases, includes several of
the existing results that have been derived using different methods.

Let {A(k)} be a deterministic chain that is uniformly bounded by v > 0. By the necessity
of the infinite flow (Theorem 3.1), to ensure ergodicity, {A(k)} should have infinite flow
property. So as in the case of random dynamics (Eq. (5.9)), let ¢ = 0 and for ¢ > 1,
recursively, let ¢, be defined by

t—1
t, = argmin min Z Ag(k) > 0. (5.13)

t>t,—1+15C[m] el

=ty
Basically, ¢, is the gth time that there is a non-zero flow over every cut [S,S], for every
non-trivial S C [m]. Here, using the same line of argument as in the proof of Lemma 9 in

[51], we have the following result.

Theorem 5.5. Let {A(k)} be a chain in P* with feedback property and let t, be as defined
in Eq. (5.13). Then, for any dynamics {x(k)} driven by {A(k)} and for any ¢ > 0, we have

*

Va(@(tgi) tgr) < (1 - %) Vi(z(tg), tg),

where p* > 0 is such that {m(k)} > p* for an absolute probability sequence {m(k)} of {A(k)}.

Proof. Note that, since {A(k)} has feedback property and is uniformly bounded, it follows
that A;;(k) >~ for any k > 0 and i € [m]. Now, by Theorem 4.3, for any ¢ > 0, we have:

Valaltyra)otonn) = Valalia) ) = D0 Y Hy(B)atk) — (k)
Va1~ Y0 Y BBk~ P, (514

where H(k) = AT(k)diag(w(k + 1))A(k) and L(k) = AT(k)A(k). Now, without loss of
generality we can assume that x(¢,) is ordered, i.e. z1(t,) < --- < x,(t,) and following the

same lines of arguments as those used to derive Lemma 8 in [51], it follows that

Va(a(ty),tg) = V(@ltge) fgen) 2 75 D (i (ty) = 2ilt)) (5.15)
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But by Lemma 5.4, it follows that

m—1 1

> (ialty) = ilty))? 2

Ve(x(t,), tq)- (5.16)

Combining (5.15) and (5.16), we conclude

Va(z(ty), tg) = Va(x(tgs), tgr1) > Va(2(te): tq),

2(m—1)
which completes the proof. Q.E.D.

Now, if we have B-connectivity assumption on the chain {A(k)}, we can replace t, by

gB and hence, the following result follows immediately.

Corollary 5.4. For a B-connected chain {A(k)} with an absolute probability sequence
{m(k)} > p*, we have:

*

Valolla+ 08)(a+ 08) < (1= 520 VilolaB)uaB)  for alq 20,

where {x(k)} is a dynamics driven by {A(k)}.

If we furthermore assume that {A(k)} is a doubly stochastic chain, then {Xe} is an
absolute probability sequence for { A(k)}. Therefore, in this case we have p* = # and hence,

2m(m — 1 2m?

V(z((q+1)B)) < (1 - %) V(e(B) < (1- 555) V(z(@B)),  (5.17)

where V(z) = £ 3" (z; — =e’x)?. This result is the same as the fast rate of convergence

given in Theorem 10 in [51]. On the other hand, for a general B-connected chain, we have

an absolute probability sequence {7 (k)} > v D5 as shown below.

Lemma 5.8. Let {A(k)} be a B-connected chain. Then, {A(k)} admits an absolute proba-
bility sequence such that {m(k)} > m=1E,

Proof. By Theorem 2.4, {A(k)} is an ergodic chain with limy .., A(k : to) = e’ (ty) with
7(tg) > 7™~ YB for any to > 0. Thus by Lemma 4.4, it follows that {m(k)} is an absolute
probability sequence for {A(k)} and {7 (k)} >~ V5 Q.E.D.

Thus, by Lemma 5.8 and Corollary 5.4, it follows that

,y(mfl)B+1

m) Vi (2(0),0), (5.18)

Ve(z((g+ 1)B), (¢+ 1)B) < (1 —
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which is similar to the slow upper bound for the rate of convergence for general B-connected
chains, as discussed in Theorem 8.1 in [24], that is often derived using the Lyapunov function
d(x) = max;cfy) T; — Miljcpy,) T;.

Therefore, Theorem 5.5, results in different rate of convergence results for averaging
dynamics. Comparing the slow rate of convergence result for general B-connected chains in
(5.18) and the fast rate of convergence result for doubly stochastic B-connected chains in
(5.17), we can see that the lower bound p* on the entries of an absolute probability sequence

{m(k)} plays an important role in the rate of convergence of averaging dynamics.

5.4 Link Failure Models

Consider a random averaging scheme driven by an independent random chain {W(k)}. Sup-
pose that an adversary randomly sets each of W;;(k) to zero. We refer to the resulted process
as a link-failure process. In this section, we consider the effect of the link failure process on
ergodicity and limiting behavior of an independent random chain {W(k)}.

Here, we assume that we have an underlying random chain and that there is another
random process that models link failure in the random chain. We use {W(k)} to denote
the underlying adapted random chain, as in Eq. (3.1). We let {F'(k)} denote a link failure
process, which is independent of the underlying chain {IW(k)}. Basically, the failure process
reduces the information flow between agents in the underlying random chain {W(k)}. For
the failure process, we have either Fj;(k) = 0 or Fj;(k) =1 for all 4,j € [m] and k£ > 0, so
that {F(k)} is a binary matrix sequence. We define the link-failure chain as the random
chain {U(k)} given by

U(k) = W(k) - (ee” — F(k)) + diag([W (k) - F(k)]e), (5.19)

where “” denotes the element-wise product of two matrices. To illustrate this chain, suppose
that we have a random chain {IWW(k)} and suppose that each entry W;;(k) is set to zero
(fails), when Fj;(k) = 1. In this way, F'(k) induces a failure pattern on W (k). The term
W(k) - (eel — F(k)) in Eq. (5.19) reflects this effect. Thus, W (k) - (eel — F(k)) does not
have some of the entries of W (k). This lack is compensated by the feedback term which
is equal to the sum of the failed links, the term diag([W (k) - F'(k)]e). This is the same as
adding 3., [W (k) - F'(k)];; to the self-feedback weight W;;(k) of agent ¢ at time & in order
to ensure the stochasticity of U(k).

Our discussion will be focused on a special class of link failure processes, which are

introduced in the following definition.
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Definition 5.4. A uniform link-failure process is a process {F(k)} such that:
(a) The random variables {Fi;(k) | i,j € [m], © # j} are binary i.i.d. for any fived k > 0.
(b) The process {F(k)} is an independent process in time.

Note that the i.i.d. condition in Definition 5.4 is assumed for a fixed time. Therefore, the
uniform link-failure chain can have a time-dependent distribution but for any given time the
distribution of the link-failure should be identical across the different edges.

For the uniform-link failure process, we have the following result.

Lemma 5.9. Let {W(k)} be an independent random chain that is balanced and has feedback
property. Let {F(k)} be a uniform-link failure process that is independent of {W (k)}. Then,
the failure chain {U(k)} is infinite flow stable. Moreover, the link-failure chain is ergodic if
and only if Y 1o (1 —pi)E[Ws (k)] = oo for any non-trivial S C [m|, where py, = Pr(F;(k) =
1).

Proof. By the definition of {U(k)} in (5.19), the failure chain {U(k)} is also independent
since both {W(k)} and {F'(k)} are independent. Then, for i # j and for any k& > 0, we have

E[U;;(k)] = E[Wi;(k)(1 — E;(k))] = (1 — pr)Wis(k), (5.20)

where the last equality holds since W;;(k) and F;;(k) are independent, and E[F};(k)] = p.
By summing both sides of relation (5.20) over i € S and j € S and using the balanced
property of {W(k)}, we obtain

Uss(k) = (1 — pr)Wss(k) > a(1 — pr)Was(k) = aUss(k),

where « is the balance-ness coefficient of {W(k)}. Thus, the failure chain {U(k)} is a
balanced chain.

We next show that U (k) has feedback property. By the definition of U (k), Uy (k) > Wy (k)
for all i € [m] and & > 0. Hence, E[U;(k)U;;(k)] > E[W;;(k)Uy;(k)]. Since {F(k)} and
{W(k)} are independent, we have

EWii(k)Ui; (k)] = E[E[Wi(k)Uis(k) | Fij(k)]] = E[E[W:i(k)Wi;(k)(1 — Fi;(k)) | Fij(k)]]
= (1 — pi)E[Wii(k)Wi; (K)] .

Thus, by the feedback property of {W(k)}, we have
E[Uii(k)Us;(k)] = (1 — pi)vE[Wi; (k)] = vE[U3; (k)]
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where the last equality follows from Eq. (5.20), and v > 0 is the feedback coefficient for
{W(k)}. Thus, {U(k)} has feedback property with the same constant -y as the chain {W(k)}.
Hence, the chain {U(k)} satisfies the assumptions of Theorem 4.9, so the chain {U(k)} is
infinite flow stable. Therefore, it is ergodic if and only if > ;7 E[Us(k)] = oo for any
nontrivial S C [m]. By Eq. (5.20) we have E[Ug(k)] = (1 — px)E[Ws(k)], implying that
{U(k)} is ergodic if and only if 372 (1 — pr)E[Ws(k)] = oo for any nontrivial S C [m].
Q.E.D.

Lemma 5.9 shows that the severity of a uniform link failure process cannot cause instabil-
ity in the system. An interesting feature of Lemma 5.9 is that if in the limit p; are bounded
away from 1 uniformly, i.e., limsup,_,. pr < p for some p < 1, then it can be seen that for
any i,j € [m], > oo o(1 — pr)E[W;;(k)] = oo if and only if Y >  E[W;;(k)] = co. Therefore,
an edge {i,j} belongs to the infinite flow graph of {W(k)} if and only if it belongs to the
infinite flow graph of {U(k)}. Hence, in this case, by Lemma 5.9 the following result is valid.

Corollary 5.5. Let {W(k)} be an independent random chain that is balanced and has feed-
back property. Let {F(k)} be a uniform-link failure process that is independent of {W(k)}.
For any k > 0, let p, = Pr(F;;(k) = 1) and suppose that limsup,_,. . pr < 1. Then, the
ergodic behavior of the failure chain and the underlying chain {W(k)} are the same.

5.5 Hegselmann-Krause Model for Opinion Dynamics

In this section, we perform stability analysis of Hegselmann-Krause model [13]. Using the
presented quadratic comparison function and some combinatorial arguments, we derive sev-
eral bounds on the termination time for the Hegsemlann-Krause dynamics. In particular, we
show that the Hegselmann-Krause dynamics terminates in at most 32m? steps which results

in a factor of m improvement of the previously known (upper) bound of O(m?).

5.5.1 Hegselmann-Krause Model

Suppose that we have a set of m agents and each of them has an opinion at time k, which
is represented by a scalar x;(k) € R. The vector z(k) = (x1(k),...,z,(k))T € R™ of
agent opinions is referred to as the opinion profile at time k. Starting from an initial profile
x(0) € R™, the opinion profile evolves in time as follows. Given a scalar € > 0, which we refer
to as the averaging radius, at each time instance k > 0, agents whose opinions are within

e-difference will average their opinions. Formally, agent i shares its opinion with agents j in
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the set
Ni(k) ={j € [m] | |z:(k) — x;(k)| < €},

which contains 7. The opinion of agent ¢ at time k + 1 is the average of the opinions z;(k)

for j € N;(k):

zi(k+1) = > (k) = B(k)z(k), (5.21)

where B;;(k) = IN j for all i € [m] and j € Ni(k), and B;;(k) = 0 otherwise. Note that for
a given € > 0 and an 1n1t1al opinion profile (0) € R™, the dynamics {z(k)} and the chain
{B(k)} are uniquely determined. We refer to {B(k)} as the chain generated by the initial
profile x(0).

The asymptotic stability of the dynamics (5.21) has been shown in [23, 33, 34]. The
asymptotic stability of the dynamics (5.21) can also be deduced from our developed results.
To see this, note that we have B;;(k) > - for all i and Bgg(k) > + Bgg(k) for all nontrivial
S C [m], implying that the chain {B(k)} is balanced and has feedback property. Further-
more, the positive entries of B(k) are bounded from below by v = % Thus by Lemma 4.12,
we conclude that {B(k)} has an absolute probability sequence {m(k)} that is uniformly
As a result of Theorem 4.9, {B(k)} is infinite

bounded by some p* satisfying p* > ——.
flow stable and hence, the dynamics {x(k)} is convergent.

5.5.2 Loose Bound for Termination Time of Hegselmann-Krause Dynamics

Here, we provide a loose bound for the convergence time of the Hegselmann-Krause dynamics
which relies on the lower bound of an absolute probability sequence for the chains generated
by Hegselmann-Krause dynamics.

Let us say that K is the termination time for the Hegselmann-Krause dynamics, if K > 0
is the first time such that z(k) = z(k + 1) for any & > K. Then, we have the following

combinatorial result.

Lemma 5.10. Suppose that {x(k)} is the Hegselmann-Krause dynamics generated by an
initial opinion profile x(0) € R™. Suppose that K > 0 is such that |x,(K) — z;(K)| < § for
all j, 0 € Ni(K) and alli € [m]. Then K +1 is a termination time for the dynamics {x(k)}.

Proof. First, we show that at time K, either NV;(K) = N;(K) or N;(K)N;(K) = 0 for any
i,j € [m]. To prove this, we argue by contraposition. So assume that N;(K) (N;(K) # 0
and, without loss of generality (due to the symmetry), assume that there exists ¢’ € N;(K)\
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Ni(K). Then, |zy(K) — 2;(K)| < 5. Now, let £ € N;(K)[N;(K) be arbitrary. We have
[2¢(K) — 23(K)| < § and |zo(K) — 2;(K)| < §, which by the triangle inequality implies
|z;(K) — 2;(K)| < ¢, thus showing that i € N;(K). By the definition of the time K and
i,0' € N;(K), it follows that |z, (K) — z;(K)| < § implying ¢ € N;(K). This, however,
contradicts the assumption ¢ € N;(K) \ N;(K).

Therefore, either NV;(K) = N;(K) or N;(K)\N;(K) = 0. Thus, for the dynamics (5.21),

we have

1

ri(K+1)=z;(K+1) = m

> awy(K) forall j € Ny(K)and all i € [m].
LeN;(K)

This implies z;(K + 1) — 2;(K + 1) = 0 for all j € M;(K) and i € [m]. Further, note that
|z; (K 4+ 1) — 2o(K + 1)| > € for all j, ¢ with N;(K) (N(K) = 0. Therefore, at time K + 1,
we have either z;(K + 1) —z;(K +1) =0 or |z;(K + 1) — z;(K + 1)| > e. Note that any
such a vector is an equilibrium point of dynamics (5.21). Therefore, z(k) = xz(k + 1) for all
k> K. QE.D.

Based on Lemma 5.10, we have the following result for the termination time of the

Hegselmann-Krause model.

Theorem 5.6. Let x(0) € R™ and let {x(k)} be the corresponding dynamics driven by
Hegselmann-Krause model for some averaging radius € > 0. Let {B(k)} be the chain gen-
erated by x(0). Then, 4m2w 1s a termination time for the dynamics, where p* > 0
satisfies {m(k)} > p* for an absolute probability sequence {m(k)} of the chain {B(k)}.

Proof. Let K > 0 be the first time that |z,(K) — x;(K)| < § for all j, ¢ € N;(K) and all
i€ m.
By Corollary 4.3, we have

P(a(0)) > Va(@(0),0) > 33 Hiy (k) (wi(k) — 5 (k)

k=0 i<j

2p ZZ i (k) (s (k) — a5 (K))?,

where H (k) = B(k)Tdiag(n(k+1))B(k), M (k) = B(k)T B(k) and the last inequality follows
from H;;(k) > p*M;;(k) for all ¢, j € [m] and any k& > 0 (by m(k) > p*).
By the definition of time K, for k < K, there exist ¢ € [m] and j,¢ € N;(k) such that
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|zo(k) — z;(k)| > 5. But

1
m?2’

MIT (k)M (k) > Bij(k)Bio(k) >

which follows from j, ¢ € N;(k). Therefore, for k < K, we have:

=~ T

S My (k) s (k) — (R >

1<j

Hence, it follows

implying K < 4m? ( 0)) . Therefore, by Lemma 5.10, K = 4m 2M is a termination time
for the Hegselmann- Krause dynamics. Q.E.D.

Now, consider an initial profile (0) € R™ and without loss of generality assume that
21(0) < 25(0) < -+ < 2,,(0). Then if 2;41(0) — 2;(0) < € for all i € [m — 1], then we have
d(z(0)) = 2,,(0) — 21(0) < me. Therefore, in this case the termination time would be less
than or equal to , \

d ](;fég)) < 4%'
Note that if 2;41(0) —;(0) > € for some ¢ € [m — 1], then based on the form of the dynamics,

4m?

we have x;1(k) — x;(k) > € for any k > 0. Therefore, in this case, we have a dynamics
operating on each connected component of the initial profile. Hence, the termination time
would be no larger than the termination time of the largest connected component which is
less than 47;2:1 . Therefore, the following result holds.

Corollary 5.6. Let x(0) € R™ and let {z(k)} be the corresponding dynamics driven by
Hegselmann-Krause model for some ¢ > 0 and let {B(k)} be the chain generated by the
initial profile x(0) € R™. Then, 4’1;‘*4
dynamics, where p* satisfies {m(k)} > p* for an absolute probability sequence {m(k)} for

{B(k)}.

Note that the provided bound in Corollary 5.6 does not depend on the averaging radius

€ > 0, as well as the initial opinion profile z(0) and its spread d(x(0)).
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5.5.3 An Improved Bound for Termination Time of Hegselmann-Krause
Model

In Theorem 4.15 in [14], an upper bound of O(m®) is given for the termination time of the
Hegselmann-Krause dynamics. Here, using the decreasing estimate of a quadratic compar-
ison function that is provided in Eq. (4.8), we prove an O(m*) bound for the termination
time of the Hegselmann-Krause dynamics.

Let {z(k)} be the Hegselmann-Krause dynamics started at an initial opinion profile
z(0) € R™ with an averaging radius € > 0 and let {B(k)} be the stochastic chain generated
by x(0) € R™. Throughout the subsequent discussion, without loss of generality, we assume
that {x(k)} is ordered, i.e. z1(k) < xo(k) < --- < (k) which is allowed by the order
preserving property of the Hegselmann-Krause dynamics.

By the preceding discussion, the dynamics {z(k)} converges in finite time K. Also, for
k > K, we can partition [m] into T7,. .., T}, subsets such that z;(k) = z;(k) for any 4, j € T,
and for any r € {1,...,p}. Moreover, |z;(k) — z;(k)| > € for all i, j belonging to different

subsets T,.. Therefore, we have:

mlm 0
0 ydm 0 0
B(k) = : S : : for k > K, (5.22)
0 0 Tl 0
| 0 0 - 0 m/ml

where Jg is an R x R matrix with all entries equal to one, and the Os are zero matrices of
appropriate dimensions. We refer to each 7). as a final component.

For a final component 7, and any k > K, let w(k) = ﬁ > icr, €i- Then, by the form of
B(k) in (5.22), we have for any k > K,

7T (k) = 77 (k + 1)B(k).

For k < K, recursively, let 77 (k) = 77 (k+1)BT (k). Then, {n(k)} is an absolute probability
sequence for {B(k)}. We refer to such an absolute probability sequence as the absolute
probability sequence started at the final component 7)., or simply, an absolute probability
sequence started at a final component.

We say that the time K is the termination time for the final component 7, if x;(k) = z;(k)
for any 7,5 € T} for any £k > K and K is the smallest number with this property.
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i (k)

i(k)
Ni(k)

Figure 5.2: Illustration of an agent i, its upper neighbor i(k) and its lower neighbor i(k).

For an agent ¢ € [m], let the upper neighbor of i at time k > 0 be
i(k) = min{l € N;(k) | x;(k) < zo(k)}.
Similarly, let the lower neighbor of i € [m] at time k > 0 be
i(k) = max{l € N;(k) | x¢(k) < z;(k)}.

An illustration of an agent ¢ and its upper and lower neighbors is provided in Figure 5.2.
Note that the upper neighbor of ¢ € [m] may not exist. This happens if {j € [m] | z;(k) €
(xi(k), x;(k) + €]} = 0. Similarly, the lower neighbor may not exist.

To establish the convergence rate result for the Hegselmann-Krause dynamics, we make

use of a sequence of intermediate results.

Lemma 5.11. Let {x(k)} be the Hegselmann-Krause dynamics started at an ordered initial
opinion profile (0) € R™. Let {m(k)} be an absolute probability sequence for {x(k)} started
at a final component T,.. Suppose that k < K — 1, where K 1is the terminating time for T,.
Then, for any i € [m] with m;(k + 1) > 0, there exists 7 € N;(k) such that m (k + 1) >
smi(k + 1) and N7 (k) # Ni(k).

Proof. Suppose that k < K —1. Let i € [m] and let N (k+1) and N;"(k+1) be the subsets
of N;(k + 1) defined by:

Ni(k+1)={j eNi(k+1) | xj(k+1) < zy(k + 1)},
and

NFk+1)={jeNi(k+1)|zj(k+1)>z(k+ 1)}

88



By the definition of an absolute probability sequence, we have

mk+1) = Y mk+2)B(k+1)

JEN; (k+1)
< > mE+)Buk+ 1)+ Y mk+2)Bu(k+1), (5.23)
JENT (K+1) JENTT (K+1)

where the inequality follows by the fact that N, (k + 1) JN"(k + 1) = N;(k + 1). Thus,

either of the following inequalities holds:

mi(k+1) mi(k+1)
JENT (k+1) JEN;T (k+1)

Without loss of generality assume that @ < ZjeAQ+(K+1) mj(k +2)Bji(k +1).

Now, consider the following cases:

(1) i(k + 1) exists: then we have i(k + 1) € N (k +1) and N (k + 1) € Njpiqy(k +1).

Thus, we have:

Tk +1) = Y m(k+2)Bik+1) > Y m(k+2)B(k+1)

FEN; (k+1) JENT (k+1)
= Y mkBken > TERD
FENT (k+1)

where, in the second inequality, we used the fact that the positive entries in each row

of B(k + 1) are identical. Thus, w41y (k +1) > @ Note that i(k + 1) € N;(k),
because otherwise,

Ty (k) < gy (k4 1),

and also,

Since i(k+ 1) € " (k +1), it follows Z;(k + 1) — 2;;(k + 1) < e. This and the preceding
two relations imply i 1) (k) —xi(k) < €, ie. i(k+1) € Nj(k). Also, Nji1)(k) # Ni(k),
because otherwise, z;(k+1) = 2,41y (k+1) which contradicts with z;(k+1) < 250441y (k+

1). Therefore, in this case, the assertion is true and we have 7 = i(k + 1).

(2) i(k+1) does not exist: in this case, for any j € N;"(k+1), we have z;(k+1) = z;(k+1).
Thus, ;" (k+1) C N, (k+ 1) and hence, N; (k+ 1) = N;(k +1). If i(k + 1) does not
exists, then we have N (k + 1) = N;(k + 1), implying x;(k + 1) = 2;(k + 1) for any
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j € N;(k). This implies that k + 1 is the termination time for the final component T,
which contradicts with the assumption k£ < K — 1.

Thus, in this case i(k + 1) must exist. But since N;(k) = N, (k + 1) € Ngsn)(k + 1),

using the same line of argument as in the previous case, it follows that
1
Ti(k+1) = §7Tz(k‘ +1),
and the assertion holds for 7 = i(k + 1).

Q.E.D.

For an agent i € [m], let d;(k) = maxjen, ) @i(k) — minjen, ) (k). In a sense, d;(k)
is the spread of the opinions that agent 7 observes at time k. Let us prove the following

inequality.

Lemma 5.12. Let {x(k)} be the Hegselmann-Krause dynamics started at an ordered initial

opinion profile x(0) € R™. Then, for any { € [m], we have:

S (k) — i (0)? > INRAER)  for any k> 0.
i,5€EN(K)

Proof. 1f d,(k) = 0, then the assertion follows immediately. So, suppose that dy(k) # 0.
Let b =min{i < £ | i € Ny(k)} and ub = max{i > ¢ | i € Ny(k)}. In words, Ib and ub
are the agents with the smallest and largest opinion in the neighborhood of ¢. Therefore,
do(k) = (k) — a1 (k) and since dy(k) # 0, we have Ib # ub. Thus, we have

Yo (k) —a(R)? = Y (wwlk) = 25(k)° + Y (k) — 2w (k)

i,JEN (k) FEN(F) JEN(F)
= 20 {@alk) — () + (s (k) — 0 (k)}
JEN(K)
> S0 Lwulk) — wu()? = NI E)
JEN(F)

In the last inequality we used the fact that

(@ (k) — 5(k))* + (2 (k) — 2 (k))* = 2 (2u(k) — 20(K))*,

o |

which holds since the function s — (x,,(k) — s)? + (s — x5(k))? attains its minimum at
5 — xlb(k’);xub(k). Q.E.D.
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Based on Lemma 5.12, we can prove another intermediate result which bounds the de-

crease value of the quadratic comparison function for the Hegselmann-Krause dynamics.

Lemma 5.13. Let {x(k)} be the Hegselmann-Krause dynamics started at an ordered initial

opinion profile x(0) € R™. Then, for any k > 0, we have

N | —

> Hy(k) (k) — 2;(k)* = 5> mo(k + 1)4%2)' > L > wok + 1)d;j (k),

— 8m
1<J /=1

where H(k) = BT (k)diag(n(k + 1))B(k), {B(k)} is the stochastic chain generated by z(0),
and {m(k)} is an absolute probability sequence for {B(k)}.

Proof. Since H (k) is a symmetric matrix, we have:

2> Hiy(B)ws(k) = 2, () = 30 3 His (R (k) = (k)?

SN Hi(k) (k) — a5(k) =Y 0> " wilk + 1) Beu(k) By (k) (zi(k) — x(k))?
i=1 j=1 i=1 j=1 (=1
= "m(k+1) (Z > Bui(k) By (k) (i (k) x](k))z)
/=1 =1 j=1
e 71'@(]6 + 1) 9
= 5 (zi(k) — (k)7 (5.24)
2 NP 2, 2

where we used the fact that By.(k) = W,_;—l(k)| if and only if r € Ny(k), and By.(k) = 0,
otherwise. Thus, by Lemma 5.12 and relation (5.24), we have

m

ZmemwﬂWszﬁ%ﬁmwwm
i=1 j=1 =1

o (k)

= Zm(k)—i— 1)4|/<5/,£(k>|

~
Il

1
Thus the first inequality follows. The second inequality follows from |[Ny(k)| < m. Q.E.D.

Now, we are ready to prove the O(m?*) upper bound for the convergence time of the

Hegselmann-Krause dynamics.
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Theorem 5.7. For the Hegselmann-Krause dynamics {x(k)} started at an initial opinion

profile £(0) € R™, the termination time K is bounded above by w + 1, where € > 0

18 the averaging radius.

Proof. Let {B(k)} be the stochastic chain generated by x(0) and let {7(k)} be an absolute
probability sequence started at a final component 7.

Let { = arg maxe,,T¢(k + 1). Since, m(k + 1) is a stochastic vector, it follows that
Tk +1) > £

Now, suppose that k£ < K — 1, where K is the termination time of T,. Consider the

following cases:

Case 1. dg(k) > 5: in this case, by Lemma 5.13, we have

> Hij(k)(wi(k) — 2 imz (k+ 1)d2(k
/=1

i<j
1 €2

> —mp(k+ 1)d3(k) >

8m — 32m?’

which follows from 7z(k +1) > L and dg(k) > &.

Case 2. dg(k) < £: since k < K — 1, by Lemma 5.11, there exists 7 € NVj(k) such that

s
1

ik +1) > —.

>
m(k+1) > 5

DN | —

Moreover, N (k) # Ny(k).

Let us first prove that d.(k) > e. Since dg(k) < 3, it follows that |z7(k) —z-(k)| <
Also, for any i € Ny(k), we have:

£
R

i (k) — 2 (R)] < [i(k) — 2g(R)] + [xp(k) — 2-(F)] <€,

implying ¢ € N, (k). Thus, Nz(k) C N;(k). Let i € N (k) \ Nz(k). Then, |z;(k) —
zi(k)| > €, and hence, d,(k) > e.
Therefore, by Lemma 5.11, we have:
2 IS 2 1 2
> Hy(k)(@i(k) — 25 (k) > — > mi(k+ 1)di (k) > gk + 1)dr(k) 2 10—

i<j ¢=1

which follows from 7. (k + 1) > Lm and d, (k) > e.



All in all, if £ < K — 1, we have

62

32m?2’

> Hig (k) (ws(k) — (k) >

i<j
At the same time, by Theorem 4.3, we should have:

K-1

d*(2(0) 2 Va(2(0),0) = > > Hyy(k)(zi(k) — z;(k))*.

k=0 i<j

Thus, we should have K < w + 1. But the derived bound does not rely on the

32m2d?(z(0))
€2

particular choice of the final component 7" and hence, + 1 is a termination time

for the Hegselmann-Krause dynamics. Q.E.D.

Note, that the proof of Theorem 5.7, does not rely on the existence of an absolute
probability sequence {m(k)} with {m(k)} > p* for some scalar p* > 0. It only relies on the
decrease estimate given in Theorem 4.3.

As discussed in Corollary 5.6, without loss of generality, we can assume that the graph
induced by the initial opinion profile z(0) € R™ is connected. Otherwise, we can use the
given analysis in Theorem 5.7 for the largest connected component of the initial profile.
When the graph is connected, we have d(z(0)) < me. Thus, w < 32m* and hence,

32m* + 1 is an upper bound for the termination time of the Hegselmann-Krause dynamics.

Corollary 5.7. 32m* 4+ 1 is an upper bound for the termination time of the Hegselmann-

Krause dynamics.

5.6 Alternative Proof of Borel-Cantelli lemma

In this section, we provide an alternative proof for the second Borel-Cantelli lemma (Lemma
A.6) based on the results developed so far.
For a sequence of events {Fj;} in some probability space, let us define a sequence of

random 2 X 2 stochastic matrices {WW(k)} as follows:

1
Wi(k) = §eeT1Ek + I,

T

for k > 0, i.e., W(k) is equal to the stochastic matrix fee? on Ej and otherwise, it is equal

2
to the identity matrix.
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Let U = Ny Uz Es = {Egi.0.} where i.0. stands for infinitely often. Then, w € U
means that in the corresponding random chain {W(k)}(w) we have W (k)(w) = ie’e for
infinitely many indices k. Let {A(k)} be a chain of 2 x 2 matrices where A(k) is either I or
%eeT for all £ > 0. Since M(%eeT) = %eeT for any 2 x 2 stochastic matrix M, it follows that
the chain {A(k)} is ergodic if and only if the matrix jee” appears infinitely many times in
the chain. This observation, together with Theorem 5.1, gives rise to an alternative proof of

the second Borel-Cantelli lemma.

Theorem 5.8. (Second Borel-Cantelli lemma) Let { E,} be independent and » "y, Pr(Ey) =
o0o. Then Pr(U) = 1.

Proof. Let {W(k)} be the random chain corresponding to the sequence { Ej}. Then {W (k)}(w)
is ergodic if and only if w € U. Since Y, Pr (E)) = o0, it follows > 7~ E[Wia(k) + Way (k)] =
oo, implying that {W(k)} has infinite flow. Furthermore, since {F}} is independent, so
is {W(k)}. Observe that each realization of W (k) is doubly stochastic. We also have
Wii(k) > 1 for i = 1,2 and any k. Therefore, by Theorem 5.1, the model {W (k)} is ergodic
and, hence, Pr(U) =1. Q.E.D.

In the derivation of the above proof, there is a possibility of being exposed to the trap of
circular reasoning. But to the best of author’s knowledge, none of the steps in the proof is

involving with the use of Lemma A.6 itself.
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Chapter 6

Absolute Infinite Flow Property

Motivated by the concept of the infinite flow property, in this chapter we introduce the
concept of absolute infinite low property and extend some of the results developed so far. Our
discussion in this chapter is restricted to deterministic chains and deterministic dynamics.
In Section 6.1, we introduce the concepts of a regular sequence and flow over a regular
sequence, as well as the absolute infinite flow property. Then, in Section 6.2 we prove
that the absolute infinite flow property is necessary for ergodicity. We do this through the
rotational transformation of a chain with respect to a permutation chain. In Section 6.3,
we introduce the class of decomposable chains for which their absolute infinite flow property
can be computed more efficiently as compared to a general chain. Finally in Section 6.4,
we consider a subclass of decomposable chains, the doubly stochastic chains, and prove that
the absolute infinite flow property is equivalent to ergodicity for those chains. We also prove
that the product of any sequence of doubly stochastic matrices is essentially convergent, i.e.

it is convergent up to a permutation sequence.

6.1 Absolute Infinite Flow

In this section, we introduce the absolute infinite low property which will play a central role
in the forthcoming discussion in this chapter. To introduce this property, let us provide a
visualization scheme for the dynamics in Eq. (2.2) which is motivated by the trellis diagram
method for visualizing convolution decoders. Let us introduce the trellis graph associated
with a given stochastic chain. The trellis graph of a stochastic chain {A(k)} is an infinite
directed weighted graph G = (V, &, {A(k)}), with the vertex set V' equal to the infinite grid
[m] x Z* and the edge set

E={(G k), @ k+1)[ji€lm], k=0} (6.1)

In other words, we consider a copy of the set [m] for each time & > 0 and we stack these

copies over time, thus generating the infinite vertex set V = {(i,k) | i € [m], £ > 0}. We
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Figure 6.1: The trellis graph of the 2 x 2 chain {A(k)} with weights A(k) given in
Eq. (6.2).

then place a link from each j € [m] at time k to every i € [m] at time k+ 1, i.e., a link from
each vertex (j, k) € V to each vertex (i, k4 1) € V. Finally, we assign the weight A;;(k) to
the link ((4,%), (¢,k +1)). Now, consider the whole graph as an information tunnel through
which the information flows: we inject a scalar z;(0) at each vertex (i,0) of the graph. Then,
from this point on, at each time k£ > 0, the information is transferred from time k to time
k-+1 through each edge of the graph that acts as a communication link. Each link attenuates
the in-vertex’s value with its weight, while each vertex sums the information received through
the incoming links. One can observe that the resulting information evolution is the same

as the dynamics given in Eq. (2.2). As a concrete example, consider the 2 x 2 static chain
{A(k)} with A(k) defined by:

A(k) = [

N LN [SY]

] for k> 0. (6.2)

N[O

The trellis graph of this chain is depicted in Figure 6.1.

Recall the definition of infinite flow property for a chain {A(k)} (Definition 3.2) which
requires that > -, Ag(k) = oo for any non-trivial S C [m]. Graphically, the infinite flow
property requires that in the trellis graph of a given model {A(k)}, the weights on the edges
between S x Z* and S x Z* add up to infinity, for any non-trivial S C [m)].

Although infinite flow property is necessary for ergodicity, this property alone is not
strong enough to separate some stochastic chains from ergodic chains, such as permutation
sequences. As a concrete example consider a static chain {A(k)} of permutation matrices
A(k) given by

01

A(k) = [ Lo ] for k > 0. (6.3)

The chain {A(k)} has infinite flow property, but it is not ergodic.

As a remedy for this situation, in Chapter 4, we have imposed additional conditions on
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Figure 6.2: The trellis graph of the permutation chain in Eq. (6.3). For the regular
sequence {S(k)}, with S(k) = {1} if k is even and S(k) = {2} otherwise, the vertex set
{(i,k) | i € S(k), k> 0} is marked by black vertices. The flow F({A(k)}; {S(k)}), as
defined in (6.5), corresponds to the summation of the weights on the dashed edges.

the matrices A(k) that eliminate permutation matrices such as feedback properties. Here,
we take a different approach.

Specifically, we will require a stronger infinite flow property by letting the set S in
Definition 3.2 vary with time. In order to do so, we will consider sequences {S(k)} of
non-trivial index sets S(k) C [m] with a form of regularity in the sense that the sets S(k)
have the same cardinality for all k. In what follows, we will reserve notation {S(k)} for the
sequences of index sets S(k) C [m]. Furthermore, for easier exposition, we define the notion

of regularity for {S(k)} as follows.

Definition 6.1. A sequence {S(k)} is regular if the sets S(k) have the same (nonzero)
cardinality, i.e., |S(k)| = |S(0)| for all k > 0 and |S(0)| # 0.

The nonzero cardinality requirement in Definition 6.1 is imposed only to exclude the
trivial sequence {S(k)} consisting of empty sets.

Graphically, a regular sequence {S(k)} corresponds to the subset {(i,k) | i € S(k), k >
0} of vertices in the trellis graph associated with a given chain. As an illustration, let us
revisit the 2 x 2 chain given in Eq. (6.3). Consider the regular {S(k)} defined by

S(k) = {1} i.f k i.s even,
{2} if k is odd.

The vertex set {(i,k) | i € S(k), k > 0} associated with {S(k)} is shown in Figure 6.2.
Now, let us consider a chain {A(k)} of stochastic matrices A(k). Let {S(k)} be any

regular sequence. At any time k, we define the flow associated with the entries of the matrix
A(k) across the index sets S(k + 1) and S(k) as follows:

AsgensmE) = Y Aylk)+ > Ay(k)  fork>0.  (6.4)

i€S(k+1),5€8(k) i€S(k+1),5€S(k)
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The flow Ag(it1),5k) (k) could be viewed as an instantancous flow at time k induced by the
corresponding elements in the matrix chain and the index set sequence. Accordingly, we
define the total flow of a chain {A(k)} over {S(k)}, as follows:

F({A(k)}; {S(k Z As(kr1),sk) (K (6.5)

We are now ready to extend the definition of infinite flow property to time-varying index
sets S(k).

Definition 6.2. A stochastic chain {A(k)} has absolute infinite flow property if

F({A(k)};{S(k)}) =00 for every regqular sequence {S(k)}.

Note that the absolute infinite flow property of Definition 6.2 is more restrictive than
the infinite flow property of Definition 3.2. In particular, we can see this by letting the set
sequence {S(k)} be static, i.e., S(k) = S for all £ and some nonempty S C [m/]. In this case,
the flow Ag(ri1),5(k) (k) across the index sets S(k+1) and S(k) as defined in Eq. (6.4) reduces
to Ag(k), while the flow F({A(k)}; {S(k)}) in Eq. (6.5) reduces to >~ , Ag(k). This brings
us to the quantities that define the infinite flow property (Definition 3.2). Thus, the infinite
flow property requires that the flow across a trivial regular sequence {S} is infinite for all
nonempty S C [m], which is evidently less restrictive requirement than that of Definition 6.2.
In light of this, we see that if a stochastic chain {A(k)} has absolute infinite property, then
it has infinite flow property.

The distinction between absolute infinite flow property and infinite low property is actu-
ally much deeper. Recall our example of the chain {A(k)} in Eq. (6.3), which demonstrated
that a permutation chain may posses infinite flow property. Now, for this chain, consider
the regular sequence {S(k)} with S(2k) = {1} and S(2k + 1) = {2} for k& > 0. The trellis
graph associated with {A(k)} is shown in Figure 6.2, where {S(k)} is depicted by black
vertices. The flow F({A(k)};{S(k)}) corresponds to the summation of the weights on the
dashed edges in Figure 6.2, which is equal to zero in this case. Thus, the chain {A(k)} does
not have absolute flow property.

In fact, while some chains of permutation matrices may have infinite flow property, it
turns out that no chain of permutation matrices has absolute infinite flow property. In
other words, absolute infinite flow property is strong enough to filter out the chains of
permutation matrices in our search for necessary and sufficient conditions for ergodicity which
is a significant distinction between absolute infinite flow property and infinite flow property.

To formally establish this property, we turn our attention to an intimate connection between
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a regular index sequence and a permutation sequence that can be associated with the index
sequence.

Specifically, an important feature of a regular sequence {S(k)} is that it can be obtained
as the image of the initial set S(0) under a certain permutation sequence { P(k)}. To see this,
note that we can always find a one-to-one matching between the indices in S(k) and S(k+1)
since |S(k)| = |S(k+1)|. The complements S(k) and S(k+ 1) of the sets S(k) and S(k+1),
respectively, also have the same cardinality, so there is a one-to-one matching between S (k)
and S(k + 1) as well. Thus, we have a matching for the indices in [m] which is one-to-one
mapping between S(k) to S(k+1), and also one-to-one mapping between S(k) and S(k+1).
Therefore, we can define an m x m matrix P(k) as the incidence matrix corresponding to
this matching, as follows: for every j € S(k) we let P;;(k) = 1 if index j is matched with the
index i € S(k + 1) and P;;(k) = 0 otherwise; similarly, for every j € S(k) we let Py;(k) = 1
if index j is matched with the index i € S(k + 1) and P;;(k) = 0 otherwise. The resulting
matrix P(k) is a permutation matrix and the set S(k + 1) is the image of set S(k) under
the permutation matrix P(k), i.e., S(k+ 1) = P(k)(S(k)). Continuing in this way, we can
see that S(k) is just the image of S(k — 1) under some permutation matrix P(k — 1), i.e.,
S(k) = P(k—1)(S(k—1)) and so on. As a result, any set S(k) is an image of a finitely many
permutations of the initial set S(0); formally S(k) = P(k—1)--- P(1)P(0)(S(0)). Therefore,
we will refer to the set S(k) as the image of the set S(0) under {P(k)} at time k. Also, we
will refer to the sequence {S(k)} as the trajectory of the set S(0) under {P(k)}.

In the next lemma, we show that no chain of permutation matrices has absolute infinite
property.
Lemma 6.1. For any permutation chain {P(k)}, there exists a reqular sequence {S(k)} for
which
F{P(k)}; {S(k)}) = 0.
Proof. Let {P(k)} be an arbitrary permutation chain and let {S(k)} be the trajectory of a
nonempty set S(0) C [m] under the permutation {P(k)}. Note that {S(k)} is regular, and

we have

Ps(rt1),s50) (k) = Z Py(k) + Z Py(k) =0,

i€S(k+1),5€S(k) i€S(k+1),57€S(k)

which is true since P(k) is a permutation matrix and S(k + 1) is the image of S(k) under
P(k). Q.E.D.

Hence, by this lemma none of the permutation sequences {P(k)} has absolute infinite

flow property.
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6.2 Necessity of Absolute Infinite Flow for Ergodicity

As discussed in Theorem 3.1, infinite flow property is necessary for ergodicity of a stochastic
chain. In this section, we show that the absolute infinite flow property is actually necessary
for ergodicity of a stochastic chain despite the fact that this property is much more restrictive
than infinite flow property. We do this by considering a stochastic chain { A(k)} and a related
chain, say {B(k)}, such that the flow of {A(k)} over a trajectory translates to a flow of
{B(k)} over an appropriately defined trajectory. The technique that we use for defining the
chain {B(k)} related to a given chain {A(k)} is developed in the following section. Then,

we prove the necessity of absolute infinite flow for ergodicity.

6.2.1 Rotational Transformation

Rotational transformation is a process that takes a chain and produces another chain through
the use of a permutation sequence {P(k)}. Specifically, we have the following definition of

the rotational transformation with respect to a permutation chain.

Definition 6.3. Given a permutation chain {P(k)}, the rotational transformation of an

arbitrary chain {A(k)} with respect to {P(k)} is the chain {B(k)} given by
B(k)=PY(k+1:0)A(k)P(k:0)  for k>0,

where P(0 : 0) = I. We say that {B(k)} is the rotational transformation of {A(k)} by

{P(k)}.

The rotational transformation has some interesting properties for stochastic chains which
we discuss in the following lemma. These properties play a key role in the subsequent

development, while they may also be of interest in their own right.

Lemma 6.2. Let {A(k)} be an arbitrary stochastic chain and {P(k)} be an arbitrary per-
mutation chain. Let {B(k)} be the rotational transformation of {A(k)} by {P(k)}. Then,

the following statements are valid:

(a) The chain {B(k)} is stochastic. Furthermore,
B(k:s)=PT(k:0)A(k: s)P(s: 0) for any k> s >0,

where P(0:0) = 1.
(b) The chain {A(k)} is ergodic if and only if the chain {B(k)} is ergodic.
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(c) For any reqular sequence {S(k)} for {A(k)}, there exists another reqular sequence {T'(k)}
for {B(k)}, such that As@+1)st) (k) = Brg+1yre) (k). Also, for any regular sequence
{T(k)} for {B(k)}, there exists a reqular sequence {S(k)} for {A(k)}, with

AS(k‘-l—l)S(k?)(k) = BT(kz+1)T(k)(k)'

In particular, F({A(K)};{S(k)}) = F{B(k)};{T(k)}) and hence, {A(k)} has absolute
infinite flow property if and only if {B(k)} has absolute infinite flow property.

(d) For any S C [m] and k > 0, we have Aggi1),sx)(k) = Bs(k), where S(k) is the image
of S under {P(k)} at time k, i.e., S(k) = P(k : 0)(5).

Proof. (a) By the definition of B(k), we have B(k) = PT(k+ 1 : 0)A(k)P(k : 0). Thus,
B(k) is stochastic as the product of finitely many stochastic matrices is a stochastic matrix.

The proof of relation B(k : s) = PT(k : 0)A(k : s)P(s : 0) proceeds by induction on k
for k > s and an arbitrary but fixed s > 0. For £ = s + 1, by the definition of B(s) (see
Definition 6.3), we have B(s) = PT(s +1: 0)A(s)P(s : 0), while B(s + 1 : s) = B(s) and
A(s+1:s) = A(s). Hence, B(s+1,s) = PT(s+1:0)A(s+1: s)P(s : 0) which shows that
B(k,s) = PT(k : 0)A(k : s)P(s : 0) for k = s + 1, thus implying that the claim is true for
k=s+1.

Now, suppose that the claim is true for some k > s, i.e., B(k,s) = PT(k: 0)A(k : s)P(s :
0) for some k > s. Then, for k¥ + 1 we have

B(k+1:s)=B(k)B(k:s) = B(k) (P"(k: 0)A(k : s)P(s : 0)), (6.6)

where the last equality follows by the induction hypothesis. By the definition of B(k), we
have B(k) = PT(k+1:0)A(k)P(k : 0), and by replacing B(k) by PT(k+1:0)A(k)P(k : 0)
in Eq. (6.6), we obtain

B(k+1:s)=(P"(k+1:0)A(k)P(k:0)) (P"(k:0)A(k : s)P(s : 0))
=P"(k+1:0)A(k) (P(k:0)P"(k:0)) A(k : s)P(s: 0)
= PT(k+1:0)A(k)A(k : s)P(s : 0),

where the last equality follow from PTP = I which is valid for any permutation matrix P,
and the fact that the product of two permutation matrices is a permutation matrix. Since

A(k)A(k = s) = A(k + 1 : s), it follows that
Bk+1:8)=P'(k+1:0Ak+1:5)P(s:0),
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thus showing that the claim is true for k£ + 1.
(b) Let the chain {A(k)} be ergodic and fix an arbitrary starting time ¢, > 0. Then, for
any € > 0, there exists a sufficiently large time N, > ¢y, such that the rows of A(k : ty) are
within e-vicinity of each other; specifically ||A;(k : to) — A;(k : t)|| < € for any k > N, and
all 4,5 € [m]. We now look at the matrix B(k : ty) and its rows. By part (a), we have for all
k > to,

B(k :to) = PT(k: 0)A(k : to)P(to : 0).

Furthermore, the ith row of B(k : o) can be represented as €] B(k : ty). Therefore, the norm
of the difference between the ith and jth row of B(k : ty) is given by

1Bi(k : to) — B;(k : to)ll = [[(e: — ;)" B(k : to)|| = [l(e; — e;)" P (k : 0)A(k : to)P(to - 0)]].
Letting e;xy = P(k : 0)e; for any i € [m], we further have

IBi(k : to) — B;(k : to) [l = Il(eiw) — €ixy) T Ak = to) P(to : 0)]|
= [[(Aiy (K : to) — Ajay(k = 1)) P(to : 0)
= || Aigy (k= to) — Ajy (K < to) ], (6.7)

where the last inequality holds since P(t, : 0) is a permutation matrix and ||Px| = ||z|| for

any permutation P and any x € R™. Choosing k£ > N, and using
[Ai(k = t0) = Aj(k : to)|| < e,
for any £k > N, and all i, 7 € [m], we obtain
|B;i(k : to) — Bj(k : to)|| <e  forany k > N, and all 7,5 € [m)].

Therefore, it follows that the ergodicity of {A(k)} implies the ergodicity of {B(k)}.

For the reverse implication we note that A(k : to) = P(k : 0)B(k : to)P*(t : 0), which
follows by part (a) and the fact PPT = PPT = [ for any permutation P. The rest of the
proof follows a line of analysis similar to the preceding case, where we exchange the roles of
B(k : tg) and A(k : tg).

(c) Let {S(k)} be aregular sequence. Let T'(k) be the image of S(k) under the permutation
PT(k :0),ie. T(k) = PT(k:0)(S(k)). Note that |T'(k)| = |S(k)| for any k > 0 and since
{S(k)} is a regular sequence, it follows that {T'(k)} is a regular sequence. Now, by the
definition of rotational transformation we have A(k) = P(k + 1 : 0)B(k)PT(k : 0), and
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hence:

Y AR, = Y el [P(k+1:0)B(k)P"(k: 0)e;
i€S(k+1),5€S(k) i€S(k+1),5€S (k)

= Z el B(k)e;.

i€T(k+1),j€T (k)

Similarly, we have >, 511) jese) el A(k)e; = DT (k1) T (R) el B(k)e;. Now, note that

AsginswB) = > e Alk)e;+ Y el Ak)ey,
i€S(k+1),5€S5(k) i€S(k+1),5€S(k)

Bropnra(k) = > el Bk)e;+ Y. el Bk)e;
i€T(k+1),j€T (k) €T (k+1),j€T (k)

Hence, we have Ag(k+1)g(k)(k‘) = BT(k-Jrl)T(k)(k)’ implying

F({AMR)}A{S(R)}) = FEBE)EAT(R)}).

For the converse, for any regular sequence {T'(k)}, if we let S(k) = P(k : 0)(T'(k))

and using the same line of argument, we conclude that {S(k)} is a regular sequence and
Assnsw () = Browenyran (k). Therclore, F(LAR) {S(0)}) = F{BR)}{T(K)}) and
hence, {A(k)} has absolute infinite flow property if and only if { B(k)} has absolute infinite
flow property.
(d) If {P(k)} is such that S(k) is the image of S under {P(k)} at any time k > 0, by the
previous part, it follows that Agwt1ysx) (k) = Bra+1yre)(k), where T'(k) = PT(k : 0)(S(k)).
But since S(k) is the image of S under { P(k)} at time k, it follows that PT(k : 0)(S(k)) = S,
which follows from the fact that PT(k: 0)P(k : 0) = I. Similarly, T'(k + 1) = S and hence,
by the previous part Agi1)s) (k) = Bs(k). Q.E.D.

As listed in Lemma 6.2, the rotational transformation has some interesting properties:
it preserves ergodicity and it preserves absolute infinite flow property. We will use these

properties intensively in the development in this section and the rest of this chapter.

6.2.2 Necessity of Absolute Infinite Flow Property

In this section, we establish the necessity of absolute infinite flow property for ergodicity of

stochastic chains. The proof of this result relies on Lemma 6.2.
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Theorem 6.1. The absolute infinite flow property is necessary for ergodicity of any stochastic

chain.

Proof. Let {A(k)} be an ergodic stochastic chain. Let {S(k)} be any regular sequence.
Then, there is a permutation sequence { P(k)} such that {S(k)} is the trajectory of the set
S(0) C [m| under {P(k)}, i.e., S(k) = P(k : 0)(S(0)) for all k, where P(0 : 0) = I. Let
{B(k)} be the rotational transformation of {A(k)} by the permutation sequence {P(k)}.
Then, by Lemma 6.2 (a), the chain {B(k)} is stochastic. Moreover, by Lemma 6.2 (b), the
chain {B(k)} is ergodic. Now, by the necessity of infinite flow property (Theorem 3.1), the
chain {B(k)} should have infinite flow property, i.e.,

Z Bg(k) = o0 for any S C [m]. (6.8)

Therefore, in particular, we must have Y ;-  Bg(k) = oo for S = S(0). By Lemma 6.2 (d),
Eq. (6.8) implies

Z As(kr1),5k) (k) = 00,
k=0

thus showing that {A(k)} has absolute infinite flow property. Q.E.D.

The converse statement of Theorem 6.1 is not true generally, namely absolute infinite
flow need not be sufficient for ergodicity of a chain. We reinforce this statement later in
Section 6.3 (Corollary 6.1). Thus, even though absolute infinite flow property requires a
lot of structure for a chain {A(k)}, by requiring that the flow of {A(k)} over any regular
sequence {S(k)} be infinite, this is still not enough to guarantee ergodicity of the chain.
However, as we will soon see, it turns out that this property is sufficient for ergodicity of the

doubly stochastic chains.

6.3 Decomposable Stochastic Chains

In this section, we consider a class of stochastic chains, termed decomposable, for which
verifying absolute infinite flow property can be reduced to showing that the flows over some
specific regular sequences are infinite. We explore some properties of this class which will be
also used in later sections.

We start with the definition of a decomposable chain.
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Definition 6.4. A chain {A(k)} is decomposable if { A(k)} can be represented as a nontrivial
convex combination of a permutation chain {P(k)} and a stochastic chain {A(k)}, i.e., there

exists a vy > 0 such that
A(k) =~vP(k) + (1 —y)A(k)  for all k > 0. (6.9)

We refer to {P(k)} as a permutation component of {A(k)} and to v as a mizing coefficient
for {A(F)}.

An example of a decomposable chain is a chain {A(k)} that has strong feedback property,
i.e., with Ag(k) >~ for all k > 0 and some v > 0. In this case, A(k) = vI + (1 — 7)A(k)
where A(k) = ﬁ(A(k) —~I). Note that A(k) — 7112 0 and (A(k) —~I)e = (1 —~)e, which
follows from the stochasticity of A(k). Therefore, A(k) is a stochastic matrix for any k& > 0
and the trivial permutation {/} is a permutation component of {A(k)}. Later, we will show
that any doubly stochastic chain is decomposable.

We have some side remarks about decomposable chains. The first remark is an ob-
servation that a permutation component of a decomposable chain {A(k)} need not to be
unique. An extreme example is the chain {A(k)} with A(k) = Lee” for all k > 0. Since
%eeT = # Z?L:'l P®any sequence of permutation matrices is a permutation component of
{A(k)}. Another remark is about a mixing coefficient 7 of a chain {A(k)}. Note that mixing
coefficient is independent of the permutation component. Furthermore, if v > 0 is a mixing
coefficient for a chain {A(k)}, then any £ € (0,~] is also a mixing coefficient for {A(k)}, as
it can be seen from the decomposition in Eq. (6.9).

An interesting property of any decomposable chain is that if they are rotationally trans-
formed with respect to their permutation component, the resulting chain has trivial permu-

tation component {/}. This property is established in the following lemma.

Lemma 6.3. Let {A(k)} be a decomposable chain with a permutation component { P(k)} and
a mizing coefficient . Let {B(k)} be the rotational transformation of {A(k)} with respect
to {P(k)}. Then, the chain {B(k)} is decomposable with a trivial permutation component
{I} and a mizing coefficient .

Proof. Note that by the definition of a decomposable chain (Definition 6.4), we have
A(k) = vP(k) + (1 — ) A(k) for any k£ > 0,
where P(k) is a permutation matrix and A(k) is a stochastic matrix. Therefore,
A(k)P(k : 0) = vP(k)P(k : 0) + (1 — ) A(k)P(k : 0).
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By noticing that P(k)P(k : 0) = P(k+1: 0) and by using left-multiplication with PT(k+1 :

0), we obtain
PT(k4+1:0)Ak)P(k:0)=~vPT(k+1:0)P(k+1:0)+ (1 —~)PT(k+1:0A(k)P(k:0).

By the definition of the rotational transformation (Definition 6.3), we have B(k) = PT(k+1 :
0)A(k)P(k : 0). Using this and the fact PT P = I for any permutation matrix P, we further
have

B(k) =~I + (1 —y)PT(k+1:0)A(k)P(k : 0).

Define B(k) = PT(k + 1 : 0)A(k)P(k : 0) and note that each B(k) is a stochastic matrix.

Hence,
B(k) = ~vI + (1 —v)B(k), (6.10)

thus showing that the chain { B(k)} is decomposable with the trivial permutation component

and a mixing coefficient v. Q.E.D.

In the next lemma, we prove that absolute infinite flow property and infinite flow property

are one and the same for decomposable chains with a trivial permutation component.

Lemma 6.4. For a decomposable chain with a trivial permutation component, infinite flow

property and absolute infinite flow property are equivalent.

Proof. By definition, absolute infinite flow property implies infinite flow property for any
stochastic chain. For the reverse implication, let { A(k)} be decomposable with a permutation
component {/}. Also, assume that { A(k)} has infinite flow property. We claim that {A(k)}
has absolute infinite flow property. To see this, let {S(k)} be any regular sequence. If S(k)

is constant after some time ¢, i.e., S(k) = S(to) for k > ¢y and some ¢, > 0, then

Z As(kr1),sm) (k) = Z As(to) (k) = o0,

k=to k=to

where the last equality holds since {A(k)} has infinite flow property. Therefore, if S(k) =
S(to) for k > to, then we must have Y ;- Aspr1).sm) (k) = o0.

If there is no ty > 0 with S(k) = S(to) for k > ty, then we must have S(k, + 1) # S(k;)
for an increasing time sequence {k.}. Now, for an i € S(k.)\ S(k. + 1) # 0, we have
Ak 41,80k (kr) > Ayi(ky) since @ € S(k, + 1). Furthermore, Ay;(k) > ~ for all k since

{A(k)} has the trivial permutation sequence {/} as a permutation component with a mixing

106



coefficient . Therefore,

o0

> Asry.sa (k) > ZAS(kTJrl Stk (k) = Z
k=0 r=0

All in all, F({A(k)}, {S(k)}) = oo for any regular sequence {S(k)} and, hence, the chain
{A(k)} has absolute infinite flow property. Q.E.D.

Lemma 6.4 shows that absolute infinite flow property may be easier to verify for the
chains with a trivial permutation component, by just checking infinite flow property. This
result, together with Lemma 6.3 and the properties of rotational transformation established
in Lemma 6.2, provide a basis for showing that a similar reduction of absolute infinite flow

property is possible for any decomposable chain.

Theorem 6.2. Let {A(k)} be a decomposable chain with a permutation component {P(k)}.
Then, the chain {A(k)} has absolute infinite flow property if and only if F({A(k)};{S(k)}) =
oo for any trajectory {S(k)} under {P(k)}, i.e., for all S(0) C [m] and its trajectory {S(k)}
under {P(k)}.

Proof. Since, by definition, absolute infinite flow property requires F'({A(k)}; {S(k)}) =

for any regular sequence {S(k)}, it suffice to show that F({A(k)};{S(k)}) = oo for any
trajectory {S(k)} under {P(k)}. To show this, let {B(k)} be the rotational transformation
of {A(k)} with respect to {P(k)}. Since {A(k)} is decomposable, by Lemma 6.3, it follows
that {B(k)} has the trivial permutation component {/}. Therefore, by Lemma 6.4 {B(k)}

has absolute infinite flow property if and only if it has infinite flow property, i.e.,
Z Bg(k) = o0 for all nonempty S C [m]. (6.11)

By Lemma 6.2 (d), we have Bg(k) = Ag(r+1),s5(k)(k), where S(k) is the image of S(0) = S
under the permutation {P(k)} at time k. Therefore, Eq. (6.11) holds if and only if

> Asrnsum (k) =
k=0

which in view of F({A(k)}; {S(k)}) = > oo Asw+1)sk) (k) shows that F({A(k)}; {S(k)}) =
. Q.E.D.

In light of Theorem 6.2, verification of absolute infinite flow property for a decomposable

chain is considerably simpler than for an arbitrary stochastic chain. For decomposable chains,

107



it suffice to verify F({A(k)}; {S(k)}) = oo only for the trajectory {S(k)} of S(0) under a
permutation component {P(k)} of {A(k)} for any S(0) C [m].
Another direct consequence of Lemma 6.4 is that absolute infinite low property is not

generally sufficient for ergodicity.
Corollary 6.1. Absolute infinite flow property is not a sufficient condition for ergodicity.

Proof. Consider the following static chain:

A(k) = for k > 0.

O Wi =
O wi= O
— W= O

It can be seen that { A(k)} has infinite flow property. Furthermore, it can be seen that { A(k)}
is decomposable and has the trivial permutation sequence {/} as a permutation component.
Thus, by Lemma 6.4, the chain { A(k)} has absolute infinite flow property. However, {A(k)}
is not ergodic. This can be seen by noticing that the vector v = (1, %, 0)7 is a fixed point
of the dynamics z(k + 1) = A(k)z(k) with z(0) = v, i.e., v = A(k)v for any £ > 0. Hence,
{A(k)} is not ergodic. Q.E.D.

Although absolute infinite flow property is a stronger necessary condition for ergodicity
than infinite flow property, Corollary 6.1 demonstrates that absolute infinite flow property
is not yet strong enough to be equivalent to ergodicity. However, using the results developed
so far, we will show that absolute infinite flow property is in fact equivalent to ergodicity for

doubly stochastic chains, as discussed in the following section.

6.4 Doubly Stochastic Chains

In this section, we focus on the class of the doubly stochastic chains. We first show that this
class is a subclass of the decomposable chains. Using this result and the results developed
in the preceding sections, we establish that absolute infinite low property is equivalent to
ergodicity for doubly stochastic chains.
We start our development by proving that a doubly stochastic chain is decomposable.
The key ingredient in this development is the Birkhoff-von Neumann theorem (Theorem 2.5).
Consider a sequence {A(k)} of doubly stochastic matrices. By applying Birkhoff-von
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Neumann theorem to each A(k), we have

= qe(k)P), (6.12)
=1

where Z?il ge(k) = 1 and ge(k) > 0 for all £ € [m!] and £ > 0. Since Zgil ge(k) =1 and
ge(k) > 0, there exists a scalar v > -1 such that for every k > 0, we can find (k) € [m!]

satisfying qey(k) > 7. Therefore, for any time k& > 0, there is a permutation matrix
P(k) = PE®) guch that

A(k) ) + Z ag(k)P® = yP(k) + (1 —~)A(k), (6.13)

where v > 0 is a time-independent scalar and A(k) = {1 Zﬁ Lae(k)P®,
The decomposition of A(k) in Eq. (6.13) fits the descrlptlon in the definition of decom-
posable chains (Definition 6.4). Therefore, we have established the following result.

Lemma 6.5. Any doubly stochastic chain is a decomposable chain.

In the light of Lemma 6.5, all the results developed in Section 6.3 are applicable to doubly
stochastic chains. In particular, Theorem 6.2 is the most relevant, which states that verifying
absolute infinite flow property for decomposable chains can be reduced to verifying infinite
flow along particular sequences of the index sets. Another result that we use is the special
instance of Theorem 6 in [55] as applied to doubly stochastic chains. Any doubly stochastic
chain that has the trivial permutation component {/} (i.e., Eq. (6.13) holds with P(k) = I)
fits the framework of Theorem 4.4.

Now, we are ready to deliver our main result of this section, showing that ergodicity and
absolute infinite flow are equivalent for doubly stochastic chains. We accomplish this by

combining Theorem 6.2 and Theorem 4.4.

Theorem 6.3. A doubly stochastic chain {A(k)} is ergodic if and only if it has absolute
infinite flow property.

Proof. Let {P(k)} be a permutation component for { A(k)} and let { B(k)} be the rotational
transformation of { A(k)} with respect to its permutation component. By Lemma 6.3, { B(k)}
has the trivial permutation component {I}. Moreover, since B(k) = PT(k+1:0)A(k)P(k :
0), where PT(k +1:0), A(k) and P(k : 0) are doubly stochastic matrices, it follows that
{B(k)} is a doubly stochastic chain. Therefore, by application of Theorem 6.3 to doubly
stochastic chain with strong feedback property, it follows that {B(k)} is ergodic if and only

109



if it has infinite flow property. Then, by Lemma 6.2(d), the chain {B(k)} has infinite flow
property if and only if {A(k)} has absolute infinite flow property. Q.E.D.

Theorem 6.3 provides an alternative characterization of ergodicity for doubly stochastic
chains, under only requirement to have absolute infinite flow property. We note that The-
orem 6.3 does not impose any other specific conditions on matrices A(k) such as uniformly
bounded diagonal entries or uniformly bounded positive entries, which have been typically
assumed in the existing literature (see for example [1, 21, 69, 52, 13, 37, 72]).

We observe that absolute infinite flow typically requires verifying the existence of infinite
flow along every regular sequence of index sets. However, to use Theorem 6.3, we do not
have to check infinite flow for every regular sequence. This reduction in checking absolute
infinite flow property is due to Theorem 6.2, which shows that in order to assert absolute
infinite flow property for doubly stochastic chains, it suffice that the flow over some specific

regular sets is infinite. We summarize this observation in the following corollary.

Corollary 6.2. Let {A(k)} be a doubly stochastic chain with a permutation component
{P(k)}. Then, the chain is ergodic if and only if F({A(k)}; {S(k)}) = oo for all trajectories
{S(k)} of subsets S(0) C [m] under {P(k)}.

6.4.1 Rate of Convergence

Here, we explore the rate of convergence result for an ergodic doubly stochastic chain {A(k)}
which is based on the rate of convergence result developed in Chapter 4. The major ingre-
dient in the development is the establishment of another important property of rotational
transformation related to the invariance of the Lyapunov function.

Let {A(k)} be a doubly stochastic chain and consider a dynamic {z(k)} driven by {A(k)}
starting at some initial condition (tg,z(tg)) € Z* x R™. Note that for a doubly stochas-
tic chain, the static sequence {%e} is an absolute probability sequence. In this case, the

associated quadratic comparison function would be a Lyapunov function defined by:
1
V()= — i—7)>  forzeR™, 6.14
()= (w-77 fors (6.14)

where & = %eTm is the average of the entries of the vector x.
We now consider the behavior of the Lyapunov function under rotational transformation
of the chain {A(k)}, as given in Definition 6.3. It emerged that the Lyapunov function

V' is invariant under the rotational transformation, as shown in forthcoming Lemma 6.6.
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We emphasize that the invariance of the Lyapunov function V' holds for arbitrary stochastic

chain; the doubly stochasticity of the chain is not needed at all.

Lemma 6.6. Let {A(k)} be a stochastic chain and {P(k)} be an arbitrary permutation
chain. Let {B(k)} be the rotational transformation of {A(k)} by {P(k)}. Let {z(k)} and
{y(k)} be the dynamics obtained by {A(k)} and {B(k)}, respectively, with the same initial
point y(0) = x(0) where x(0) € R™ is arbitrary. Then, for the function V(-) defined in
Eq. (6.14) we have

Vi(z(k)) =V(y(k)) for all k > 0.

Proof. Since {y(k)} is the dynamics obtained by {B(k)}, there holds for any k > 0,
y(k) = Bk = Dy(k —1) = ... = B(k = 1) --- B(1) B(0)y(0) = B(k : 0)y(0).

By Lemma 6.2 (a), we have B(k : 0) = PT(k : 0)A(k : 0)P(0 : 0) with P(0 : 0) = I, implying
y(k) = PT(k: 0)A(k : 0)y(0) = PT(k : 0)A(k : 0)x(0) = PT(k : 0)x(k), (6.15)

where the second equality follows from y(0) = x(0) and the last equality follows from the
fact that {x(k)} is the dynamics obtained by {A(k)}. Now, notice that the function V(-)
of Eq. (6.14) is invariant under any permutation, that is V' (Px) = V(x) for any permutation
matrix P. In view of Eq. (6.15), the vector y(k) is just a permutation of z(k). Hence,
V(y(k)) = V(x(k)) for all £ > 0. Q.E.D.

Consider an ergodic doubly stochastic chain { A(k)} with a trivial permutation component
{I}. Let to = 0 and for any 0 € (0, 1) recursively define t,, as follows:

t—1
_ . N |
fyr1 = arg min - min ;As(k) >4, (6.16)
—vq

where the second minimum in the above expression is taken over all nonempty subsets
S C [m]. Basically, ¢, is the first time ¢ > ¢,_; when the accumulated flow from ¢t = ¢, + 1
to t = t, exceeds ¢ over every nonempty S C [m]. We refer to the sequence {t,} as
accumulation times for the chain {A(k)}. We observe that, when the chain {A(k)} has
infinite flow property, then ¢, exists for any ¢ > 0, and any 6 > 0.

Now based on the rate of convergence derived in Theorem 5.2, for the sequence of time

instances {t,}, we have the following rate of convergence result.

Lemma 6.7. Let {A(k)} be an ergodic doubly stochastic chain with a trivial permutation

component {I} and a mizing coefficient v > 0. Also, let {z(k)} be the dynamics driven by
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{A(k)} starting at an arbitrary point x(0). Then, for any ¢ > 1, we have

Vet < (1= B2 Vet

where t, is defined in (6.16).

Proof. Note that any deterministic chain can be considered as an independent random chain.
Thus, the result follows by letting p* = % and € = 1 in Theorem 5.2 . Q.E.D.

Using the invariance of the Lyapunov function under rotational transformation and the
properties of rotational transformation, we can establish a result analogous to Lemma 6.7
for an arbitrary ergodic chain of doubly stochastic matrices {A(k)}. In other words, we
can extend Lemma 6.7 to the case when the chain {A(k)} does not necessarily have trivial
permutation component {I/}. To do so, we appropriately adjust the definition of the accu-
mulation times {¢,} for this case. In particular, we let § > 0 be arbitrary but fixed, and let
{P(k)} be a permutation component of an ergodic chain {A(k)}. Next, we let t; = 0 and

for ¢ > 1, we define ¢, as follows:

ty41 = arg min  min ZAS(k:H vy (k) > 6, (6.17)

t>tg+1 S(0)C[m]

where {S(k)} is the trajectory of the set S(0) under {P(k)}.

We have the following convergence result.

Theorem 6.4. Let {A(k)} be an ergodic doubly stochastic chain with a permutation compo-
nent {P(k)} and a mizing coefficient v > 0. Also, {x(k)} be the dynamics driven by {A(k)}
starting at an arbitrary point x(0). Then, for any q¢ > 1, we have

Viat) < (1- 20200 ) Vet )

where t, is defined in (6.17).

Proof. Let {B(k)} be the rotational transformation of the chain {A(k)} with respect to
{P(k)}. Also, let {y(k)} be the dynamics driven by chain {B(k)} with the initial point
y(0) = 2(0). By Lemma 6.3, {B(k)} has the trivial permutation component {/}. Thus, by

Lemma 6.7, we have for all ¢ > 1,

Vi) < (1- 29D Vi)
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Now, by Lemma 6.2 (d), we have Agui1)sx)(k) = Bgs(k). Therefore, the accumulation
times for the chain {A(k)} are the same as the accumulation times for the chain {B(k)}.
Furthermore, according Lemma 6.6, we have V (y(k)) = V(z(k)) for any k > 0 and, hence,

for all ¢ > 1,
G R
Viatt) < (1- 50205 Viatt-),

Q.E.D.

6.4.2 Doubly Stochastic Chains without Absolute Infinite Flow Property

So far we have been concerned with doubly stochastic chains with absolute infinite flow
property. In this section, we turn our attention to the case when absolute flow property is
absent. In particular, we are interested in characterizing the limiting behavior of backward
product of a doubly stochastic chain that does not have absolute infinite flow.

Let us extend the notion of the infinite flow graph as introduced in Definition 3.3.

Definition 6.5. Let us define the infinite flow graph of { A(k)} with respect to a permutation
sequence {P(k)} to be an undirected graph G¥ = ([m],EF) with

Ep = {{Z ]}‘ Z i(k+1),j )+Ay(k+1 )) = 00}7

where {i(k)} and {j(k)} are the trajectories of the sets S(0) = {i} and S(0 ) {J
spectively, under the permutation component {P(k)}; formally, e;y = P(k : 0)e; and
ejiy = P(k : 0)e; for all k with P(0:0) = 1. We refer to the graph G¥ = ([m], I%O) as the
infinite flow graph of the chain {A(k)} with respect to a permutation sequence {P(k)

'}, re-

}

Notice that if we let the permutation sequence { P(k)} be the trivial permutation sequence
{I}, then G¥ is nothing but the infinite flow graph G* as given in Definition 3.3.

As discussed in Lemma 3.3, we can state Theorem 3.1 in terms of the infinite flow graph.
We can use the same line of argument to restate Theorem 6.1 in terms of the associated

infinite flow graphs G%.

Lemma 6.8. Let {A(k)} be an ergodic chain. Then the infinite flow graph of {A(k)} with

respect to any permutation sequence {P(k)} is connected.

Proof. Let G be an infinite flow graph with respect to a permutation chain { P(k)} that is

113



not connected. Let S C [m] be a connected component of G¥. Then, we have

> Y (Asnim (k) + Ay (F)) < oo.

k=0 icS,j€S

But > icsics Aikyin) (k) = As@y1)sx (k) which implies that F({A(k)}; {S(k)}) < oo and
hence, by Theorem 6.1 it follows that {A(k)} is not ergodic. Q.E.D.

Since a doubly stochastic chain is decomposable, Theorem 6.2 is applicable, so by this

theorem when the chain {A(k)} does not have absolute infinite flow property, then

F{AR)};{S(R)}) < oo

for some S(0) C [m] and its trajectory under a permutation component {P(k)} of {A(k)}.
This permutation component will be important so we denote it by P. By Theorem 6.2, we
have that G% is connected if and only if the chain has absolute infinite flow property. Since,
a doubly stochastic chain {A(k)} with the trivial permutation component is a chain in P*
with feedback property, Theorem 4.4 shows the connectivity of G is closely related to the
limiting matrices of the product A(k : ty), as k — oc.

Using Lemma 6.2, Lemma 6.3 and Theorem 6.3, we can show that the backward product

of any doubly stochastic chain essentially converges.

Theorem 6.5. Let {A(k)} be a doubly stochastic chain with a permutation component
{P(k)}. Then, for any starting time ty > 0, the product A(k : ty) converges up to a permuta-
tion of its rows; i.e., there exists a permutation sequence {Q(k)} such that limy_,o Q(k)A(k :
to) exists for any to > 0. Moreover, for the trajectories {i(k)} and {j(k)} of S(0) = {i} and
S(0) = {j}, respectively, under the permutation component {P(k)}, we have

klim | Aigy (K < to) — Ajy (K to)[| =0 for any starting time to,
—00

if and only if i and j belong to the same connected component of G .

Proof. Let { B(k)} be the rotational transformation of { A(k)} by the permutation component
{P(k)}. As proven in Lemma 6.3, the chain {B(k)} has a trivial permutation component.
Hence, by Theorem 6.3, the limit B> (ty) = limy_ o, B(k : tg) exists for any ¢3 > 0. On the
other hand, by Lemma 6.2 (a), we have

B(k :to) = PY(k:0)A(k : to)P(ty : 0)  for all k > t,.
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Multiplying by PT (¢ : 0) from the right, and using PP? = I which is valid for any permu-

tation matrix P, we obtain
B(k : to)P(ty: 0)T = PT(k : 0)A(k : to) for all k > t,.

Therefore, limy,_,o, B(k : to)P(tp : 0)7 always exists for any starting time ¢, since B(k :
to)PT(to : 0) is obtained by a fixed permutation of the columns of B(k : ty). Therefore, if
we let Q(k) = PT(k : 0), then limy,_,o, Q(k)A(k : to) exists for any t, which proves the first
part of the theorem.

For the second part, by Theorem 6.3, we have limy_, | B;(k : to) — B;(k : to)|| = 0
for any to > 0 if and only if ¢ and j belong to the same connected component of the
infinite flow graph of {B(k)}. By the definition of the rotational transformation, we have
B(k : tg) = PT(k : 0)A(k : to) P(to : 0). Therefore, for the ith and jth row of B(k : ty), we
have according to Eq. (6.7):

| Bi(k < to) — Bj(k : to)|| = [[Air) (k : to) — Ay (K < to)]]

where e;4) = P(k : 0)e; and ejy = P(k : 0)e; for all k. Therefore, limy_, || Bi(k :
to) — Bj(k : to)]| = 0 if and only if limye || Aigy(k : o) — Ajuy(k : to)|| = 0. Thus,
limy oo || Airy (B to) — Ajey (K : to)|| = 0 for any ¢y > 0 if and only if ¢ and j belong to the
same connected component of the infinite flow graph of {B(k)}. The last step is to show
that the infinite flow graph of {B(k)} (with respect to the trivial permutation chain) and
the infinite flow graph of the chain {A(k)} with respect to P are the same. This however,

follows from the following relations:

> By(k) =Y el PT(k+1:0)A(k)P(k: 0)e; = > eipmAlk)e;-
k=0 k=0 k=0

Q.E.D.

By Theorem 6.5, for any doubly stochastic chain {A(k)} and any fixed ¢, the sequence
consisting of the rows of A(k : ty) converges to a multiset of m points in the probability
simplex of R™, as k approaches to infinity. In general, this is not true for an arbitrary

stochastic chain. For example, consider the stochastic chain

A(2k) = . AQk+1) = for all k > 0.

S =
o O O
— o O
o O =
o O O
— = O
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For this chain, we have A(2k : 0) = A(2k) and A2k +1 : 0) = A(2k + 1). Hence,
depending on the parity of k, the set consisting of the rows of A(k : 0) alters between
{(1,0,0),(1,0,0),(0,0,1)} and {(1,0,0),(0,0,1),(0,0,1)} and, hence, never converges to a

multiset with 3 elements in R3.

116



Chapter 7

Averaging Dynamics in General State Spaces

Motivated by the theory of Markov chains over general state spaces [73], in this chapter
we provide a framework for the study of averaging dynamics over general state spaces. We
will show that some of the developed results in the previous chapters remain to be true
for arbitrary state spaces. As in Chapter 6, our discussion on general state spaces will be
restricted to deterministic chains.

The structure of this chapter is as follows: In Section 7.1, we introduce and discuss
averaging dynamics over general state spaces. Then, in Section 7.2 we discuss several modes
of ergodicity. We show that unlike averaging dynamics on R™, there are several notions of
ergodicity for averaging dynamics in a general state space that are not necessarily equivalent.
In Section 7.3, we discuss the generalization of infinite flow property over a general state
space and prove that it is necessary for the weakest form of ergodicity in an arbitrary state
space. Finally, in Section 7.4 we prove a generalization of the fundamental relation (4.8) for

the averaging dynamics in general state spaces.

7.1 Framework

As discussed in Chapter 2, for averaging dynamics in R™ we are interested in limiting

behavior of the dynamics
x(k+1) = A(k)x(k), for k > t, (7.1)

where, (to,x(to)) € ZT x R™ is an initial condition for the dynamics. To distinguish between
averaging dynamics in R™ and general state spaces, we refer to the dynamics in Eq. (7.1)
as the classic averaging dynamics. By our earlier discussions in Chapter 2, study of limiting
behavior of the dynamics (7.1) is an alternative way of studying the convergence properties of
the product A(k : ty). This viewpoint leads to our operator theoretic viewpoint to averaging
dynamics over general state spaces. Also, as it is shown in Theorem 2.2, it suffice to verify

the convergence of {z(k)} only for x(tg) = e, where ¢ € [m] which shows that the /th column
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of A(k : ty) converges. In our development, we will visit a counterpart of such a result for
averaging dynamics in general state spaces.

Before formulating averaging dynamics over general state spaces, let us discuss the no-
tation used in this chapter which is slightly different from the notation used in the previous
chapters. Here, instead of sequences of stochastic matrices, we are dealing with sequences of
stochastic kernels in a measure space. Since in this case the state variables are more involved
in our developments, we use the subscripts for indexing time variables. Thus instead of using
the notation {/C(k)} for a sequence of stochastic kernels, we use {ICx} to denote a sequence
of kernels. Also, we use Kx(£,n) to denote the value of Ky, at the point (£, 7). However, for
averaging dynamics over R™, we still use the same notation as in the previous chapters. This
also helps us to distinguish between averaging dynamics over R™ and averaging dynamics
over general state spaces.

To formulate averaging dynamics over a general state space, let X be a set with a o-
algebra M of subsets of X. Throughout this chapter, the measurable space (X, M) will

serve as our general state space.
Definition 7.1. [73] We say a function K : X x M — R is a stochastic kernel if

(a) for any S € M, the function fs : X — RT defined by fs(§) = K(&,S) is a measurable

function,
(b) for any & € X, the set function KC(,-) is a measure on X,

(c) for any & € X, we have K(§,X) = 1, i.e. the measure KC(,-) is a probability measure
forany £ € X.

Furthermore, if we can write
Ki6.5) = [ Kig.miutn),

for some measurable function K : X x X — R* and a measure won (X, M), then K is

referred as a stochastic integral kernel with density K and basis .

Let us define L, to be the space of all measurable functions = from (X, M) to R such
that supecx |2(£)| < 00, and let [|z]|o = supgcx |2(€)].
For a chain {/C.} of stochastic kernels, a given starting time ¢, > 0, and a starting point

T4, € Loo, let us define the averaging dynamics as follows:
pen(§) = [ Kul€ dmantn)  foramy ¢ € X and k2 1, (7.2)
X
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where [, K (&, dn)xy(n) is the integral of x; with respect to the measure K(, ). Let us
represent Eq. (7.2) concisely by xy11 = Kgag.
Note that, when the kernel Ky, in (7.2) is an integral kernel with density K, and a basis

i, then we can write (7.2) as

() = /X Koul€, )z (m)dia(n). (7.3)

We now show that the dynamics (7.2) is well-defined, in the sense that {x(k)} C Lo

whenever the dynamics is started at a point in L.

Lemma 7.1. Let {x(k)} be the dynamics generated by the dynamics (7.2) started at time
to > 0 and the point x4, € Loo. Then, ||Tri1lloo < ||%klloo for any k > 0. Thus, {x(k)} is a

sequence in L.

Proof. Note that z;, € Lo, and by induction for any £ € X, we have

(6] = | /X K6, dn)a] < /X K€, dn)al < 12

which holds since Kg(&,-) is a probability measure. Therefore, it follows that |xg1(§)] <
|zt |l for all € € X and hence, x € Ly, for all k > ¢;. Q.E.D.

Example 7.1. Let X = [m| ={1,...,m}, M = P([m]) (the set of all subsets of [m]) and
let 1 be the counting measure on (X, M), i.e. u(S) = |S| for any S C [m]. For a chain of
stochastic matrices {A(k)}, if we define Ki(i,7) = Ay (k) for alli,j € [m] and k > 0, then
{l@k} is a chain of density functions with basis j.

For such a chain any vector x, € R™ is in Lo, and hence, the classic averaging dynam-

ics (7.1) is a special case of the averaging dynamics (7.3) in general state spaces.

7.2 Modes of Ergodicity

In this section, we define several modes of ergodicity for averaging dynamics in (7.2). As
in the case of stochastic matrices, a stochastic kernel I can be viewed as an operator T :
Lo — L defined by T'(x) = Kz. Note that by Lemma 7.1, we have [|Kz|e < [|2]|c- Also,
since K is a stochastic kernel, we have £1x = 1x. On the other hand, by the linearity of
integral, we have K(x + y) = Kz + Ky for any z,y € Lo. Thus, K can be viewed as an
element in B(Leso, Loo) Where B(Ly, Loo) is the set of bounded linear operators from L, to

L. Furthermore, ||K|/o = 1 where ||K||s is the induced operator norm of K.

119



A viewpoint to averaging dynamics (7.2) is to view {z(k)} as the image of a point xy,
under a sequence of operators Kp.,y = Kip_1Kk—o--- Ky, as k varies from ty 4+ 1 to co where
PQ@) should be understood as:

PQIE,S) = / P&, db)Q(4, S),

for any £ € X and S € M.
For a probability measure 7 on (X, M), let us denote the stochastic kernel K(¢, S) = 7(5)
by K = 1x7T.

Definition 7.2. Let {IC,} be a chain of stochastic kernels on (X, M). Then, we say {Ky}

18

e Uniformly Ergodic: if limy_,oo [[ICrty — 1X7rt7;||oO = 0 for some probability measure my,
on (X, M), and any ty > 0, where the equality should be understood as the induced

operator norm.

e Strongly Ergodic: if for any set & € X, we have limy_,o (&) = (x4, t0) for some
c(xyy, to) € R and any initial condition (tg, xy,) € 27 X Leo.

o Weakly Ergodic: if for any &,n € X, we have

lim (z(§) — 2x(n)) = 0,

k=00
for any initial condition (to, zy,) € Z* X L.
Based on Definition 7.2 one can define several modes of consensus types.
Definition 7.3. We say that {K} admits Consensus
o Uniformly: if limy,_e0 || Ko — 1x7 ||oo = 0, for some probability measure m on (X, M).

o Strongly: if for any £ € X, we have limy_,o () = c(xg) for some c(xg) € R and any

starting point ro € Lo.

o Weakly: if for any &,n € X, we have limy_, (1(§) — xx(n)) = 0 for any starting point
o € Loo.

For classic averaging dynamics, all these notions of ergodicity and consensus as given in
Definition 7.2 and Definition 7.3 are equivalent. However, in general state spaces they lead

to different properties.
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From the Definition 7.2, it follows that uniform ergodicity implies strong ergodicity which
itself implies weak ergodicity. Similar relations hold among the modes of consensus. However,
the reverse implications do not necessary hold. The following example shows that in general,

strong ergodicity (consensus) does not imply uniform ergodicity (consensus).

Example 7.2. Consider the set of non-negative integers Z+, and let M = P(Z7), and p
be the counting measure on Z*. Let {Ky} be the chain of stochastic kernels with density

functions given by

K’“(Z’]):{ 0 ik

for k> 1 and for k=0, let Ko(i,j) = dij, where 6;; =1 of i = j and otherwise, 6;; = 0. In
this case, Ky, can be viewed as a |Z*| x |ZF| stochastic matriz with the form:

1 - 0000
1 0000
Kr=11 0000 (7.4)
0 0010
0 000 1

Now, let {z(k)} be a dynamics generated by {Ky} started at an arbitrary initial condition
(to, xt,) € ZT X Loo. Then for any & € Z7F, if we let k > max(ty, &), we have x(§) = x4,(0).
Thus, limg_o k(&) = x4,(0). Therefore, {Ky} is strongly ergodic and admits consensus
strongly.

However, by the form of Eq. (7.4), the only candidate for limg o Ky, is the integral

T where m is the probability measure concentrated at {0}, i.e. m(S) =14f0€ S

kernel 1xm
and w(S) = 0, otherwise. However, if we define xy, by x4, (i) = do;, then we have ||(IC —
1x7) 2y |lee = 1 and hence, {Ki} is not uniformly ergodic and does not admit consensus

uniformly.

The following example shows that weak ergodicity (consensus) does not imply strong

ergodicity (consensus).

Example 7.3. Consider the measure space (Z*, M), defined in the previous example. Con-
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sider the chain of stochastic integral kernels {KCp} with density kernels,

- 0 if1 <k
{ o HISE, for k> 0.

K .’. _

The density kernel Ky, has the following form

0 --- 0100

0 0100
Ki=10 0100

0 0010

0 0001

For any two &,n € Z*, and any starting point x4, € Lo, we have x,(§) = xx(n) = xi(k),
for k > K = max(&,n) and hence, limg_,o0 (2 (€) — xx(n)) = 0. Nevertheless, if we let
{ar} be a sequence of scalars in [0, 1] that is not convergent and we start the dynamics at
time t = 0 and starting point xo = (qp, a1, Qa,...) (which belongs to Ly, ), then we have
T = (U, Qpy -+ oy Oy Qs 1, Qpya - . .). Therefore, for any & € ZT, we have xx(§) = oy for
k > & Since {ag} is not convergent, we conclude that limy_,.. x1(§) does not exist and

hence, the chain {ICy} is not strongly ergodic and does not admit consensus uniformly.

The definition of weak ergodicity and consensus are inspired by the dynamic system
viewpoint to ergodicity and consensus presented in Theorem 2.2 and Theorem 2.3. These

properties would be of more interest from the consensus-seeking algorithms and protocols.

7.3 Infinite Flow Property in General State Spaces

In Chapter 3, we defined the infinite flow property and we showed that this property is
necessary for ergodicity of classic averaging dynamics. In this section, we show a similar
result for averaging dynamics in a general state space.

For a stochastic chain {A(k)}, the infinite flow property requires that » ;- Ag(k) = oo

for any non-trivial S C [m] where

Ag(k) = Agg(k) + Ags(k) = > Ay(k)+ > Ay(k).

i€S,jeSs i€S,jes
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In a general state space (X, M) that is not equipped with a measure, K(S,S) is not
well-defined for a stochastic kernel . However, if we have an integral kernel C with density

K and a basis p, we can define

K(S,S)z/s (&, 9)du(& // (&, m)du(n)du(§).

Thus, for a chain of stochastic integral kernels {K;} with density kernels {K;} and basis s,
it is tempting to define the flow over a non-trivial set S € M (i.e. S # ) and S # X a.e.) to
be

K (S) = K(S,8) + K(S, 5) = // (&) dp(E)du(y // (&, )dp(€)du(n),  (7.5)

and conclude the necessity of the infinite flow for (at least) uniform ergodicity of any chain
of stochastic integral kernels. However, with the definition of flow in Eq. (7.5), such a result

is not true as it can be deduced from the following example.

Example 7.4. Let X = [0, 1] with M being Borel sets of [0, 1] and p being the Borel-measure
on [0,1]. Let the densities Ky be defines by

21
Ki(&m) = 2 Loo-w(n) €€ (277, 3] for k = 0. (7.6)
2

First, let us show that {KCy} is uniformly ergodic. To do so, we show that K1 Ki(€,1) =
2-1ay 1y(n) for any k>0 and £ € [0,1]. To prove this, consider the following cases:

(i) € €[0,2*tD]: In this case, by Eq. (7.6), we have Kypq (€,70) = 2- 11 4)(¥) and hence,

1
27

Ko Kon(6m) = /

[0,1]

Roir (6, 0) Kl m)dpu(ap) = 2 /( R, m)dia(®)

%’1}

= 2/(1 : 21 y(mdu(¥) =211 ().
L

(ii) & € (27%FV 11 In this case, we have Krs1(€,0) = 2F+1. Lo o-t+01(¢0) and hence,

l€k+1’€k(£a n) = /

[0,1]

Rooss (€, 0)Kn (0, )dpa(ap) = 27 / K (b, m)dia().

[0’2—(k+1)]
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Since [0,2=*+Y] c [0,27%] it follows that,

K1 Ki(&n) = 2k+1/ 2- 1 y(mdp(v) =211 y(n).

[0,2-(k+1)]

(iti) € € (3,1]: In this case, we have Krii(€,0) =2 11 4(¢¥) and hence, a similar result

as in the case (i) holds.

Thus, Kes1Ke(€,m) =2- Loy (n) implying that {Kx} is uniformly ergodic. Nevertheless,
if we let S = [0, ], then K{(S) = 27* and hence, 352, KL(S) = 2 < oc.

What makes the chain in Example 7.4 uniformly ergodic is the fact that the measure p
can approach zero and yet, such a small measure set can contribute a lot to ergodicity. As
a consequence this straightforward generalization of the infinite flow property need not be
necessary in general state spaces.

In fact, with proper definition of infinite low property, the necessity of infinite flow is still
true for arbitrary state spaces and for the weakest form of ergodicity, i.e. weak ergodicity. To
formulate the infinite flow property, for a stochastic kernel X and any non-trivial set S € M,
let us define the flow from set S to S to be:

KK1(S,8) =sup K(&, S). (7.7)
¢es
Notice that the definition of the flow K/(S,S) in (7.7) does not require the measurable space
(KX, M) to be equipped with a measure. Also, note that since K is a stochastic kernel, we
have K/ (S, S) < 1.
Based on Eq. (7.7), let us define the flow between S and S to be K/(S) = K/(S,S) +
Kf(S,S). Now, let us define the infinite flow property.

Definition 7.4. We say that a chain of stochastic kernels {C} has infinite flow property if
S rto K1(S) = oo for any non-trivial set S € M.

For example, the chain {I;} discussed in Example 7.4 has infinite flow property over the
set S = [0, 1]. In this case, we have KL(S) = 1for any k > 0 and hence, 3222 K1 ([0, 1)) = .
In fact, Definition 7.4 is a generalization of the infinite flow property in the classical
averaging dynamics. In the case of a stochastic chain {K;} = {A(k)}, a non-trivial set

S € M would be a set with S # () and S # [m]. For any such S, we have

1

g7 (Ass(k) + Ass(k) < K(S) < Ass(k) + Ass ()
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Thus, {A(k)} has infinite flow property (in terms of Definition 7.4) if and only if

for any nonempty S C [m] which coincides with Definition 3.2.

Now, we can prove the necessity of infinite flow property for the weak ergodicity.
Theorem 7.1. The infinite flow property is necessary for weak ergodicity.

Proof. Let {K} be a chain that does not have infinite flow property. Therefore, there exists
a non-trivial S € M with 37°  KL(S) < co. Let ty > 0 be such that D e, K1(S) < . Let
x4, = 1g — 15 which is in L. Then, for any k£ > t;, and any £ € S, we have

i (€) = / Kul€. dn)a(n)

://ckgdnxk /kadnwk()
> inf (2 (1) Ki (€, S) — Ki(€, 5)

nes

= inf (2 (n)) (1 — K (€, 5)) — Ki(€, ), (7.8)

nes

where the inequality follows from ||zx|lec < [|Z4|loc = 1 (Lemma 7.1), and the last equality

follows from Ky(§,-) being a probability measure. Therefore, assuming inf,cg(zx(n)) > 0,

we have

wr+1(€) = inf (2 (n)) (1 = Ki(€, 5)) = Ki(€, 5)

nes

> inf (a3, ())(1 — KL(S. 5)) — KL(S, 5)

nes

> inf (z4(n)) — 2K1(S, 5),

nes

where the last inequality follows by [lz(k)||sc < 1 and the fact that K(¢,5) < KL(S,59).

Therefore, using induction, for any £ € S, we can show that

l\Dlr—t

it - fro
inf (241(1)) > inf (wx(n) — 2K5((S) = inf (x4, (n QZ/C

t=to
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and hence, inf,es(zx(n)) > 3 > 0 for any k > t,. Using the same line of argument, we have

sup 4 () < sup(i, () + 2 D7 KF () <~

nes nes t—to

Therefore, for any € € S and any 1 € S, we have

liminf (24 (&) — zx(n)) > 1,

k—o00
which shows that {K;} is not weakly ergodic. Q.E.D.

Restriction of the proof of Theorem 7.1 to the stochastic chains in R™ gives an algebraic

proof for Theorem 3.1.

7.4  Quadratic Comparison Function

In Chapter 4, we used a quadratic comparison function to perform stability analysis for
averaging dynamics. For this, in Theorem 4.3, we derived an identity which quantifies the
exact decrease rate for the introduced quadratic comparison function for deterministic chains.
In this section, we show that the decrease rate provided in Theorem 4.3 can be generalized
to an arbitrary state space.

Let m be a probability measure on (X, M). For a stochastic kernel K, let us define
A: M —= R by A(S) = [, n(d§)K(E,S) for any S € M. Then X induces a measure
on (X, M) and also since \(X) = [, 7(d§)K(§, X) = [, m(d§) = 1, the measure X is a
probability measure.

Motivated by the concept of absolute probability sequence for stochastic chains, let us

have the following definition.

Definition 7.5. We say that a sequence of probability measures on (X, M) is an absolute

probability sequence for {Ky} if for any S € M, we have

() = /X e (AEVKCH(E, ) for any k> 0.

As in the case of classic averaging dynamics, using an absolute probability sequence and

a convex function g : R — R, we can construct a comparison function for dynamics driven
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by {K}. For this, let us define V; » : Lo x ZT — R* by

Vya(, k) = /X T (dE)g(2(€)) — glmez) = /X m(d) (9(2(6)) — g(mea)) . (7.9)

where {m;} is an absolute probability sequence for {K;} and ma = [, w(d§)z ().

As for the classic averaging dynamics, for a probability measure 7, we have

/X r(d€)Vg(mz)(x(¢) — mx) = Vg(ra) /X w(d€)(x(€) — 7z) = 0,

which follows from 7 being a probability measure.
Therefore, by subtracting 0 = [, 7(d§)Vg(mpx)(2(£) — mpx) from the both sides of (7.9),

we have

Vyn(z, ) = /X 7 (d€) (9(2(€)) — g(me))
- /X 7 (d€) (9(2(€)) — glmyar) — Vg(ma)(@(€) — mya)
_ /X 74 (d€) Dy ((€), i),

where D, (z(§), mxx) is the Bregman distance of z(£) and mzz under further assumption of
strong convexity of g. Thus, the given comparison function V, . (z, k) is in fact, the weighted
distance of a measurable function x € L., from the average point mx.

The following result shows that V, »(x, k) is a comparison function for the dynamics (7.2).

Theorem 7.2. Let {m;} be an absolute probability sequence for {Ky}. Then, V,  (z,k), as
defined in Eq. (7.9), is a comparison function for {Ky}.

Proof. Let {z(k)} be a dynamics driven by {Ky}. Then, for any k > t,, we have
[ mestd€gtonnn(©) = [ mtaels ([ Kutedann)
< [ mnta) [ Kulemgtontn)
— [ mtdngtann). (7.10)

where the inequality follows by the application of the Jensen’s inequality (Theorem A.2), and
the last equality follows by {7} being absolute probability sequence for {/Cx}. On the other

hand, we have w1211 = g and hence, g(mry17k11) = g(mrxy). Using this observation
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and relation (7.10), we conclude that

Vor(@pg1, k+1) Th1(d€) g(211(E)) — 9(TMhr1T841)

m(d (€)) — g(mrar)

Q.E.D.

Similar to the classical averaging dynamics, let us denote the quadratic comparison func-

tion V : Lo X ZT — [0,00) by

Vi (2, k) = /X o (dE) (2(€) — myr)? = /X T (dE)22(€) — (myr)?. (7.11)

Note that for any stochastic function 7 and any x € L., we have

/X w(d€)(x(€) — m2)? < 4], < oo,

which follows from 7 being stochastic and x € L.,. Therefore, for any dynamics {z} driven

by a chain {Kj} and any absolute probability sequence {7}, we have
Vi (i, k) < Aflzil|3 < 4l |15

which follows by Lemma 7.1.

Suppose that we are given a probability measure 7 on (X, M) and a stochastic kernel K.
Our next step is to define a probability measure H on the product space (X x X, M ® M)
using m and K. Let us define H on the product of measurable sets S,T" € M by

H(S x T) = /X r(dE)K(E, S)K(E,T).

Moreover, for a collection of disjoint sets S; x T4,...,S, xT,, C X x X, where S;,T; € M
for all i € [n], let

H(UJs <) =Y H(sixT) = /X T(dEVKC(E, SHK(E, T, (7.12)

Equation (7.12) provides a pre-measure on the algebra of rectangular sets on X x X. By

Theorem 1.14 in [74], H can be extended to an outer measure on X x X such that its
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restriction on M ® M is a measure. Note that H(X x X) = [, 7( X)K(E X) =1
and hence, H is a probability measure on the product space (X x X, M ®M). We refer to the
measure H constructed this way as the measure induced by K and 7 (on (X x X, M@ M)).

Now, we can quantify the decrease rate of the quadratic comparison function along any

trajectory of the dynamics (7.2).

Theorem 7.3. Suppose that w, A\ are probability measures on (X, M) such that A\(S) =
[ m(dE)K(E, S) for all S € M. Then, for any x,y € Lo with y = Kz, we have

/X d€(6) ~ () = { [ M@~ b= 5 [ Hlm x dm)(atm) sl
(7.13)

where H is the probability measure induced by IC and m on (X x X, M @ M).

Proof. We first prove relation (7.13) for arbitrary simple functions. Let z = Y ", a;1g,
where {S; | i € [m]} € M is a partition for X with m > 1 disjoint sets (i.e. S;(S; = 0
(a.e.) for all 7,5 € [m] with ¢ # j and | = X) and also a = (aq,...,a,)" € R™.

Then, we have

zehﬂ

9O = K€, )2 = [ Kie.dmya Zal (€ 5).

Therefore,

ry = / ~(d)y(€) = / (Zaz 58) (7.14)

- /X (d€) <Za?l€?(§,5i)> + /X m(d€) Z i K(€, 9;)K(E, ;)

i,j€[m
z#ﬂ

By the linearity of integral we have

/Xw(dg) Zaz% (&, SHK(E, S;) :Zaz%/ (dEYK (€, S))K(E, S;)

i,5€[m 1,j€[m

2753 i#]
= Z a;a; H(S; x 5;), (7.15)

Z]G

zsﬁj

which follows by the definition of the induced measure H.
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On the other hand, for any £ € X we have K(£,5;) = 1 — 3, K(£, S;) which follows
from KC(, ) being a probability measure. Therefore,

tAmw(ZﬁW@&O=LM&%Zhﬂﬁ@w—Z%ﬁ@m@&%)

J#i

We also have

NE

o? ( / w(df)/c@,si))

A?A(S;) = A\2?, (7.16)

/X r(d¢) (Z 02K (€, s»)

1

%

L

=1

which follows from the definition of the probability measure A and z = ", a;1g,. Also,

using a similar argument as the one used to derive Eq. (7.15), we have

/X 7 (d€) (ZafZK(ﬁ,SﬁK(ﬁ,Sﬂ) = Y H(S; x 8))af. (7.17)

=1 j#i i.j€[m]
i#]

Therefore, replacing relations (7.15), (7.16), and (7.17) in relation (7.14), we have:

my? = \a? — Z H(S; x S;)(a? — ;)

i,5€[m]
i#j

1
= )\.2132 — 5 Z H(Sl X Sj)(()éi — Oéj)Q,

i,j€[m]

where the last equation holds since, H(S; x S;) = H(S; x S;) for any 4, j € [m]. Note that

the function z;(n1) — x;(n2) is equal to the constant a; — «; over S; x S;. Thus,

> H(S; x 8j)(ai — a)* = H(dm x dng)(x(m) — 2(n2))*. (7.18)

The last step to prove the result for simple functions is to use that fact that (mwy)* =
(r(Kx))* = (Ax)?. Therefore, by subtracting this relation from the both sides of (7.18) we
arrive at the desired relation (7.13).

Now, we prove that the assertion holds for an arbitrary = € L.,. Note that the function

T(z) = mz = [, n(d§)z(§) is a continuous function on (Le, || - |ls) for any probability
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2 is a continuous function from L., — L. Thus the function

measure 7. Also, T(x) = =
my? — (my)? and A\x? — (A\z)? are continuous functionals over L.,. Similarly, the functional
T(x) = [y, x H(dp x dns)(x(m) — z(n2))? is a continuous functional from (L, || - [|s) t0
R, which follows from H being a probability measure on (X x X, M @ M).

Therefore, all the functionals involved in relation (7.13) are continuous over L. Since
the relation holds for a dense subset of L., (i.e. simple functions), we conclude that the

relation holds for any = € L,,. Q.E.D.
Using Theorem 7.3, the following corollary follows immediately.

Corollary 7.1. Let {Ky} be a chain of stochastic integral kernels and let {m} be an absolute
probability sequence for {ICr.}. Then, for any dynamics {zy} driven by {ICy} started at time

to and point xy, € Lo, we have:

1
Vi(@pyr, b+ 1) = Va(zg) — 3 Hy(dm x dnz) (z(m1) — zx(m))?
XxX

where Hy, is the induced measure on (X x X, M @ M) by Ky and 7yy1. Furthermore, we

have
oo

Hy(dm x dn) (z1(m1) — 24(112))? < 2V (40, L)
k=to XxX

131



Chapter 8

Conclusion and Suggestions for Future Works

8.1 Conclusion

We studied products of random stochastic matrices and the limiting behavior of averaging
dynamics as well as averaging dynamics over arbitrary state spaces. The main idea and
contribution of this thesis is to demonstrate that the study of the limits of product of
stochastic matrices is closely related to the study of the summation of stochastic matrices,
i.e. the study of flows.

We introduced the notions of infinite flow property, absolute infinite flow property, infinite
flow graph, and infinite flow stability for a chain of stochastic matrices and showed that they
are closely related to the limiting behavior of product of stochastic matrices and averaging
dynamics. We proved that for a class of stochastic matrices, i.e. the class P* with feedback
property, this limiting behavior can be determined by investigating the infinite flow graph
of the given chain. Our proof is based on the use of a quadratic comparison function and
also the derived decrease rate for such a comparison function along any trajectory of the
averaging dynamics. We defined balanced property for a chain of stochastic matrices which
can be verified efficiently. We proved that any balanced chain with feedback property is an
instance of a class P* chain with feedback property and hence, the product of such stochastic
matrices are convergent and the structure of the limiting matrices can be determined using
the infinite flow graph of the chain. We showed that this class contains many of the previously
studied chains of stochastic matrices.

We then studied the implications of the developed results for independent random chains,
uniformly bounded chains, product of inhomogeneous stochastic matrices, link-failure models
and Hegselmann-Krause model for opinion dynamics. We also provided an alternative proof
of the second Borel-Cantelli lemma.

Inspired by the necessity of infinite flow property for ergodicity of stochastic chains, we
proved that a stronger property, the absolute infinite flow property, is necessary for ergodicity.
We showed that, in fact, this property is equivalent to ergodicity for doubly stochastic chains.

To prove these results we introduced the rotational transformation of a stochastic chain with
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respect to a permutation chain and showed that many of the limiting behavior of the product
of stochastic matrices is invariant under rotational transformation.

Finally, we generalized the framework for the study of the averaging dynamics over
general state spaces. We defined several modes of ergodicity and showed that unlike the
averaging dynamics over R™, different modes of ergodicity are not equivalent in general
state spaces. Then, we introduced a generalization of the infinite low property to arbitrary
state spaces and showed that this generalization remains to be necessary for the weakest form
of ergodicity in arbitrary state spaces. We also introduced the concept of absolute infinite
flow property for a chain of stochastic integral kernel. We showed that, as in the case of
averaging dynamics in finite state spaces, using an absolute probability sequence for a chain
of stochastic integral kernel, one can develop infinitely many comparison function for any
dynamics driven by the chain. Moreover, we quantified the decrease rate of the quadratic

comparison function along the trajectory of the averaging dynamics.

8.2 Suggestions for Future Works

Here, we discuss some questions and suggestions for future works on product of random
stochastic matrices and weighted averaging dynamics.
Chapter 3

1. One can define the directed infinite flow graph G = ([m], £%) by letting

E* ={(i,7) i # jaZAij<k) = oo},
k=0
which contains more information than the infinite flow graph. What properties of the
limiting behavior of the averaging dynamics can be deduced from the directed infinite

flow graph which cannot be deduced from the infinite flow graph itself?
Chapter 4

1. As it is shown in Example 4.1, there is a gap between the infinite flow stability and
convergence of the product A(k : ty) for any ¢, > 0. Characterization of the chains that

have the latter property but they are not infinite flow stable remains open.

2. Does Theorem 4.9 hold for adapted chains that are balanced in expectation?
As it is shown in Chapter 5, a lower bound p* > 0 for coordinates of an absolute probability

sequence plays an important role on development of an upper bound for the convergence
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rate of averaging dynamics. For balanced chains with feedback property, we have provided
a lower bound p* which depends on the minimum value of the positive entries of matrices
in the polyhedral set B, s (defined in Eq. (4.18)). Some related open questions include:
[. Can the bound min(%, 7™~ 1) in Corollary 4.6 be improved?
II. What is the characterization of the extreme points in the polyhedral set B, 57

ITI. What is the minimum value for the positive entries of the matrices in B, g7

Chapter 5

1.

Theorem 5.2 and Theorem 5.5 provide upper bounds for the convergence rate of averaging
dynamics. Derivation of a lower bound for the convergence rate of averaging dynamics is

left open for future work.

. The developed machinery in Chapter 3, Chapter 4, and Chapter 5 suggests a way of

extending the celebrated Cheeger’s inequality to time-inhomogeneous chains. Such an

extension remained open for future works.

. For the link-failure models investigated in Section 5.4, one can use the same machinery

to study link attenuation models. However, we did not find any practical scenario that

such a model would fit into it.

The study of link failure models for adapted processes remains open for future work.

Can the generic lower bound p* > # for entries of an absolute probability sequence

be customized and improved for Hegselmann-Krause dynamics?

Chapter 6

1.

We showed that a doubly stochastic chain is ergodic if and only if it has absolute infinite

flow property. For what other classes of stochastic chains does this equivalency hold?

Chapter 7

There are many natural questions that can be asked related to the content of this chapter.

This chapter was intended to show that the study of the averaging dynamics in R™ can be

generalized to arbitrary state spaces. Here are few immediate questions that would be of

interest:

1.

What is a proper way of generalizing B-connectivity to general state spaces?

2. What is a proper way of defining the infinite flow graph for a chain of stochastic kernels?
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3. For a finite measure space X, i.e. u(X) < oo, one can define a chain of stochastic kernels
{Kk} to be doubly stochastic if {ﬁl x} is an absolute probability sequence for {/Cy}.
With a proper definition of feedback property, is the infinite flow property sufficient for
weak ergodicity of a chain of doubly stochastic kernels with feedback property?

4. Under what condition an absolute probability sequence exists for a chain of stochastic

kernels?

5. One can extend the definition of balancedness for a chain of stochastic kernels {/y} by
requiring that K/ (S,5) > ak/(S,S) for some o > 0, any non-trivial S € M and any
k > 0. Can we show results such as Theorem 4.9 (with a proper definition of feedback

property) for a chain of balanced stochastic kernels?
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Appendix A

Background Material on Probability Theory

Here, we review some of the results and tools from probability theory. Materials of this
section are extracted from [75]. We assume that readers are familiar with basic notions of
probability theory such as probability space, expectation, and conditional expectation. We
first review some results on the convergence of sequences of random variables. Next, we
present some results on conditional expectation and the martingale convergence theorem.

Finally, we discuss some results on sequences of independent random chains.

A.1 Convergence of Random Variables

Let €2 be a sample space and F be a o-algebra of subsets of Q2. Let Pr(-) be a probability
measure on (2, F,Pr(-)). Many of the events of our interest can be formulated as a set,
or intersection of sets that are described by a limit of a sequence of random variables. To
be able to discuss probability of such sets, we should be assured that such sets are in fact

measurable sets. The following result gives such a certificate.

Lemma A.l. For a sequence of random variables {u(k)}, the limits limsup,_,. u(k) and
liminfy o u(k) are measurable. In particular, the sets {w | limg oo u(k) exists} and {w |

limy oo u(k) = a} are measurable sets for any o € [—o0, xa].

Lemma A.1 follows from Theorem 2.5 in [75]. As an immediate corollary to Lemma A.1,

the following result holds.

Corollary A.1. For a sequence of random vectors {z(k)}, the set {w | limy_,o x(k) exists}

1s a measurable set.

Proof. Note that {w | limy_,o z(k) exists} = (- {w | limy_o z;(k) exists} and by Lemma
A1, the set {w | limyg_00 (k) exists} is measurable for all ¢ € [m]. Since, F is a o-algebra,

thus we conclude that {w | limy_,~ 2(k,w) exists} is measurable. Q.E.D.

For a sequence {u(k)} of random variables that is convergent almost surely, we are often

interested in conditions under which we can swap limit and expectation, i.e. limy_,o E[u(k)] =
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E[limy o u(k)]. The following two results give us two conditions under which we can inter-

change the limit and expectation operations.

Theorem A.1. (Monotone Convergence theorem) Suppose that {u(k)} is a sequence of non-
decreasing and non-negative random variables, i.e. 0 < u(k)(w) < u(k+1)(w) for allw € Q.
Then,

lim Efu(k)] = E[nm u(k)] .

k—o00 k—o0

Theorem A.2. (Dominated Convergence theorem) Suppose that {u(k)} is a sequence of
random variables dominated by a non-negative random variable v, i.e. |u(k)| < v almost

surely. Then if E[v] < 0o, we have

i 0] =€ ]

Proofs for Theorem A.1 and Theorem A.2 can be found in [75], page 15.

As a consequence of the monotone convergence theorem, we have the following result.

Corollary A.2. Let {u(k)} be a sequence of non-negative random variables. Then,

5] -

k=0

Elu(k)] .

o0

k=0

Proof. Let {s(k)} be the sequence of partial sums of {u(k)}, i.e. s(k) = Zf:o u(t). Since
u(t)s are non-negative, {s(k)} is a non-decreasing and non-negative sequence and hence,
the result follows by the monotone convergence theorem and linearity of the expectation
operation. Q.E.D.

A.2 Conditional Expectation and Martingales

Here, we review some of the results on conditional expectation and, also, present the mar-
tingale convergence theorem.

We start by presenting the Jensen’s inequality ([75], page 223).

Lemma A.2. (Jensen’s Inequality) Let ¢ : R — R be a convezr function and let u be a
random variable. Then, for any sub-o algebra F C F, we have ¢(E [u | ]t"}) < E[gb(u) | ]:"]

Another result that is useful in our development is the following ([75], page 224).
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Lemma A.3. ([75], page 22/) Consider two sub o-algebras F; C Fo C F. Then, for any

random variable u, we have
E[E[u | 7] | F2] = E[E[u | Fo | 2] = E[u | F4].

Suppose that we have a sequence {F;} of og-algebras in (2, F) such that F, C F and
Fr € Fryq for all £ > 0. Such a sequence of g-algebras is referred to as a filtration. A
sequence of random variables {u(k)} is said to be adapted to {F3} if u(k) is measurable
with respect to Fy for any k£ > 0.

An adapted sequence {u(k)} of random variables is said to be a martingale, if we have
Elu(k + 1) | Fx] = u(k) and it is said to be a super-martingale, if E[u(k + 1) | Fx] < u(k) for
all k> 0.

Using Jensen’s equality which is provided in Lemma A.2, we conclude the following result.

Lemma A.4. ([75], page 230) Let ¢ : R — R be a convex function and let {u(k)} be a
martingale adapted to a filtration {Fy}. Then, {—¢(u(k))} is a super-martingale sequence
with respect to {F}.

Proof. For any k > 0, we have

El=¢(u(k + 1)) [ Fi] < —¢(E[u(k +1) | Fi]) = —o(u(k)),
where the inequality follows by Lemma A.2 and the equality follows by the fact that {u(k)}
is a martingale sequence. Q.E.D.

The following result shows that any super-martingale (and hence, martingale) which is

bounded below, in a certain way, is convergent almost surely.

Theorem A.3. (Martingale Convergence theorem [75], page 233) Let {u(k)} be a super-
martingale sequence. Also, suppose that supys, E[max(—u(k),0)] < oo. Then, {u(k)} is

convergent almost surely.

Note that if {u(k)} is a non-negative super-martingale, then we have max(—u(k),0) = 0,

and hence, any non-negative super-martingale sequence is convergent almost surely.

Corollary A.3. Let {u(k)} be a sequence of non-negative super-martingale. Then, {u(k)}

15 a convergent sequence almost surely.

We will use this simplified version of the martingale convergence for our study.
Another important martingale result, which is often used to prove convergence of random

sums, is the following result.
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Theorem A.4. ([76], page 164) Let {u(k)}, {a(k)}, {B(k)}, and {{(k)} be sequences of

adapted non-negative random variables such that almost surely, for all k > 0,
Elu(k +1) [ Fi] < (14 alk))u(k) + B(k) — &(k),

where Y - a(k) < oo and Y ;. B(k) < oo almost surely. Then, limy_o u(k) exists and
Y ore o (k) < 0o almost surely.

A.3 Independence

The independency for a sequence of random variables, vectors, or matrices, allows us to use
powerful tools that are available for independent sequences. Here, we discuss three of those

tools that are used in this thesis.

A.3.1 Borel-Cantelli lemma

Suppose that we are given a sequence of events { E(k)} in a probability space (2, F,Pr(-)).
The infinitely often (abbreviated as i.0.) event associated with {E(k)} is defined by

{E(k)io} = JE®.

k=0t=k

In other words, { E(k) i.0.} consists of the sample points w € € that will occur in infinitely
many of the events {E(k)}.
First and second Borel-Cantelli lemmas relate the Y.~ Pr(E(k)) and the probability

Pr({E(k) i.0.}).

Lemma A.5. (First Borel-Cantelli lemma) Let {E(k)} be a sequence of (not necessarily
independent) events on (Q, F). Then, Pr({E(k)} i.0.) > 0 implies Y -, Pr(E(k)) = oo.

The second Borel-Cantelli lemma, provides the converse of this result given the indepen-
dency of {E(k)}.

Lemma A.6. (Second Borel-Cantelli lemma) Let { E(k)} be a sequence of independent events
on (Q,F). Then, Y o Pr(E(k)) = oo implies Pr({E(k)} i.0.) = 1.

Proofs for Lemma A.5 and Lemma A.6 can be found in [75], page 46 and page 49,

respectively.
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A.3.2 Kolmogorov’s 0-1 law

Consider a sequence {Fy} of o-algebras. Consider the o-algebra of the tale events of {F},

T= ﬂ U(U Fi).

k=0 t=k

i.e.

As an example, let {u(k)} be a scalar sequence adapted to {Fi} and let E to be the
event that » ;- ju(k) is convergent, i.e. E = {w | Y ;- ,u(k) is convergent}. For a sequence
{a(k)} of real numbers, > 7 a(k) is convergent if and only if Y 7, a(t) is convergent for
any k > 0. Thus, E belongs to the tale of {Fj}.

Now, we are ready to assert the Kolmogorov’s 0-1 law.

Theorem A.5. (Kolmogorov’s 0-1 law [75], page 61) Let {Fi} be a sequence of mutually
independent o-algerbas. Then, any tale event is a trivial event, i.e. it happens with either

probability one or probability zero.

A.3.3 Kolmogorov’s three-series theorem

Suppose that we have a sequence of independent random variables {u(k)}. The following
result enables us to study convergence of random series Y ;- u(k) using convergence of

deterministic series.

Theorem A.6. (Kolmogorov’s three-series theorem [75], page 63) Suppose that {u(k)} is a
sequence of independent random variables. Then, Y .- u(k) is convergent almost surely, if

and only if, for any o > 0 we have

LY 2o Prlu,| > a) < oo,

1I. ZI?O:OE[U(]{:)]'W(’?NSC“] is convergent, and
I Y0 o var(u(k) 1w <a) s convergent.

As a consequence of Kolmogorov’s three series theorem, consider the case where we have
a sequence {u(k)} of random variables in [0, 1]. Then, for o = 1 we have w(k)1jum)<a = u(k)
and also Pr(|u,| > a) = 0. On the other hand, since u(k) is in [0, 1], we have E[u*(k)] <
E[u(k)] and hence, 0 < var(u(k)) < E[u(k)]. Therefore, the following result is true.

Corollary A.4. Let {u(k)} be a sequence of independent random variables in [0,1]. Then,
Y peo (k) < oo almost surely if and only if >, E[u(k)] < oc.
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Appendix B

Background Material on Real Analysis

Here, we discuss some background material on functional analysis.

Consider a measurable space (X, M, i), where X is a set, M is a o-algebra on X, and
o is a measure on (X, M). For p € [1,00), consider the space L, with the norm defined by
1fll, = ([ |f[Pdp)'/? and L, with the norm || f||s = ess. sup(f) where ess. sup(f) is the

essential supremum of the function f. We denote the ball of radius r of the L, space by

By(r), i.e. By(r) = {f € Ly | [|fll, <7}

Theorem B.1. (Hélder’s inequality [74], page 182) For any p,q € [1, 00| with ]lo + é =1,
and for any f € L, and g € Ly, we have:

/ Fald < [ f gl
X

We say that a function f is a simple function if f =" | a;1p, for some Ey, ..., E, € M.

Then, we have

Lemma B.1. The set of simple functions is dense in L.
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