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TABLE OF SYMBOLS

Organization of Symbols

Lower-case letters represent functions.

Capital letters represent flxed values:

Phasors and phasgor operators will be over=scored.
Effective values will be under-scored.
Maximum amplitudes will be without scoring.

An over-dot Indicates one differentiation with respect
to time.

Lower -case subscripts 1dentify the location to which the
symbol applles, except that h, k, and n i1dentify positions in
sequences, in general form.

Capltal subscripts identify the class to which the symbol
applies.

Number subscripts identify the specific positions in
sequences.

Individual symbols enclosed in brackets identify matrices.

Matrices enclosed in vertical bars i1dentify determinants.

Distinctive marks on transformer terminals in system dlagrams
identify transformer coupling relations.

Unless otherwise marked, all units are the fundamental units
of the MKS system.,

All current reference arrows are marked on the diagrams,

When reference voltage polaritlies are marked on disgrams,
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only the positive reference will be shown.
When no reference polarity is marked on the diagrams, the
positive reference polarity for a voltage 1s implied at the tail

of the associated current refererice arrow.



Individual symbols

Primary terminal voltage

Mutual voltage in primary citrocuit

Mutual voltage in secondary circult
Secondary terminasl voltage

Primary current

Conductance current ref. to primary
Mutual inductive current ref. to primary
Secondary current

Primary series reslistance

Primary leakage inductance

Parallel conductance ref. to primary
Secondary series resistance

Secondsry leskage inductance

Capacitance

Resistance

Elastance, reciprocal of C

Net mutual inductance in primary

Net mutusl inductance in secondary
Mutual Inductance due to current in coll
A producing voltage in coil D

Mutual inductance due to current in coll
D producing voltage in coil A

Number of turns of coil A

RNumber of turns of coll D
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viii

h General identification of a harmonic App. B
hg h for a significant harmonic " B
[K] Mesh-current: element-current transformation matrix " A
[IK] Element current matrix " A
qg Charge due to current 1,4 "OA
[J -1 Inverse matrix "A
yol The differentiel operator, d /dt, or the " A

root of a characteriastic equation.
n General l1dentification of a transient component " A
Bya Time phase angle of vg "oA
‘;n Decrement of nth transient component " A
w. wof nth transient component i A
Cn Initiel condition constant of transient n " A
g, Time phese angle of transient n "ooA
Vg Supply voltage Fig. B-1, D~1, G-1
(2] Mesh method coefficient-matrix of the hth

harmoniec network App. B
(Ih} Mesh method degeqdent-activity-matrix of

the hth harmonic network . " B
[El) Mesh method independent-activity-matrix

of the hth harmonic network " B
g Summaetion of the quantitles followling the
n aymbol as h takes all values of the

frequency spectrum concerned " B
Py, Roots of the charsacterlstlic equatlon of

the hth harmonlc network " B



A Turns ratio, Ng/Ng

Voltage across R,

a
V1a " ¥ Lg
Vea " " Gq
Vrd " " Ry

" " L
1" 1] R
L t C

V1a

Vp

Ve

W  Electrical angular veloclty
W, Electricsl angular veloclty of hth harmonic
3
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The imaginary operator, square-rcot of minus one.

g1 Time phase angle of current

gy Time phase angle of voltage

i Current

q Charge, time integral of current

v Voltage

{ZM] Mesh method coefficient-matrix

[IM] Mesh method dependent-activity matrix
[EM] ¥esh method independent-sctivity matrix

t Time
K Numbsr of elements in a network
H Number of harmonics present 1n a network

Hg Number of significant harmonics

K Number of translent components in a network

k Subscript 1dentifying an element in general
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Time phase angle of vg

Time angle of vg4

Arbitrary constant in voltage function
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B, E
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Coefficlent of the p term in the characteristic equation
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ADDo

B

Congtant term of the characteristic equation for the hth

harmonic network

Magnetic flux of coll D

Supply element current

Lamp current

Lamp terminsl voltage

Average power supplled to system
Average power dissipated 1In lamp

Equl. capacitance in lamp capacitlive br.
Equl. resistance in lamp inductive br.
Equl. Iinductance in lamp Inductive br.
Jgnition voltage of lamp

Voltage across ry

Voltage across 1,
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Susceptance of lamp inductive branch
Admittance of lamp Inductive branch
Current in lamp inductive branch
Supply frequency

Resistance of lamp iInductlve branch
Reactance of lamp inductlive branch
Primary input impedance

Phase angle of Zas

Primary input resistance

Primary input reactance

Secondary input impedance

Phase angle of zaa
Perliod of a sine wave function of time
Secondary input resistance

Secondary lnput reactance

Mutual magnetic flux

Average power lnput to coll A

Average power Input to coll D

Mutual element resistance ref. to primary
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Mutual admittsnce ref. to primary
Mutual voltage ref. to primary
Mutual admittance ref. to secondary
Phnse angle of Zm

¥utual conductance ref. to secondary
Nutuai susceptance ref. to secondsary

Mutual current ref. to secondary

Appasrent mutual inductance ref. to secondary Teb. F-3,FPig.

Mutual voltage ref. to secondary

Primary terminal voltase

Primary terminal voltege ref. to secondary
Current in R

Current in lm

Intermedliate current

Voltage across Cy

Maximum amplitude of Vg

Equl. resistance in lamp capacltive br.
Induced voltage In lamp inductlve br.
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LIST OF DEFINITIONS OF TERMS

System. A physical electrical system, 1.e., a combination
of physlcal electrlcal devices. Typlcal physlcal electrical
systems are: fluorescent lamp and ballast systems, amplifiers,
power supplles, and communication systems.

Device. A plece of electrical apparatus. Typlcal elec-
trical devices are: resistors, inductors, capacltors, fluorea-
cent Jamps, transformers, and vacuum tubes.

Network. A hypothetlcal electrical system, 1.e., a
combinatlon of definable elements, lines, and nodes, in which
8ll energy influences are included in the élements.

Basic Network. A network in which each energy influence

is represented by a basic element.

Circuit. Any closed current~path in a system or in =a
network. When all voltages in a circult are measured with the
same orientation with respect to the clrcult, the sum of those
voltages 1s equal to zero. .

Characteristic. A distinctive feature which serves to

ldentify something. The electrical characteristics of gystems
and networks can be grouped 1nto two classifications, namely,
actlvities and parameters.

Activity. A member of that class of physlcal character-
istics which serve to identify states of action. 1In general,
the activities of electrical systems are: time, power, voltage,

current, and thelr integrals and derivatives. However, time 1s
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considered to be an independent variable and therefore is not
classed as an electrical activity. Furthermore, the power of
each component 1s establlished when all voltages and currents

are evaluated as differentliable and integrable functions of

time. Consequently, the significant electrical activities are
voltage and current and thelr time integrals and derivatives.
Now, the dual nature of voltage and current 1s well known (L=-2,
p. 43), therefore, the general discussions in this thesis will
treat only one aspect, namely, meshecurrent methods, leaving

the node-voltage methods as being implied. For this reason,
activity equations will be voltage equations and each voltags
will be expressed as a function of currents, current derivatives,
or current integrals as the dependent variables or time as the
independent varliable, forming ordinary differential equations,
Partlal differential equations were not necessary in this thesis.

Parameter. A member of that class of physical character-

istics which serve to identify capabllities for action. 1In
mathematical terms, the parameter of a component 1s the dis-
tinctive function which identifles the energy influence of that
component in a system or network. This definition of parameter
is intended to be somewhat broader than that which seems to

have been used in linear network theory. By this broader defi-
nition, every network element has a parameter, source elements
included. So, for a source element whose activity is arbitrarily
specified in terms of time, that arbitrary time function will be

consideraed its parameter-activity; in that case, the parameter of
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the element and that activity of the element are identical. This
broader definition of parameter seems necessary because of the
complicated forms of the functions encountered in nonlinear net-
work theory. The terms of an ordinary nonlinear differential
equation correspond to elements in a network and, in general, may
be polynomlals in terms of sinusoidal functions of time. With the
broader definition of parameter one can say--if every parameter of
a nonlinear network is defined then the steady-state solution can
be developed. And, 1f any parameter of a nonlinear network is un-
defined then the steady-state solution cannot be developed. This
condition 1s found in nonlinear networks because the very exis-
tence of significant harmonics 1s dependent on the amplitudes and
time phases of the source activities as well as on their harmonics
and there would be an infinite number of harmonics in any general
solution. This possibllity of an indefinitely large number of
harmonics when only a single source activity frequency exlsts is
not present in a linear network because any harmonic must appear
in some source activity if it 1s to appear in any steady-state so-
Jution. In fact, the harmonics in the steady-state solution are
identical to the harmonics in the sources and, due to the princi-
ple of superposition, each harmonic can be individually evaluated
from the general solution 1n terms of a symbqlic harmonic.

Linear Network. A network whose activity equations are

ordlnary constant-coefficlient linear differential equations, 1i.e.,

the terms in the activity equations can be placed in
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elther one of two classes, namely, terms which are explicit
functions of time only, or terms which are explicit first-
degree functions of elther the dependent variable or one of its
Integrals or derivatives with respect to time.

Time-Varying Linear Network. A network whose activity

equations are time-varying coefficient ordinary linear dif-
ferential equations.

Nonlinear Network. A network any of whose activity equa-

tions are ordinary nonlinear differential equations. Any method
adequate for the solution of nonlinear networks may be used in
the solution of linear or timee-varying linear networks.

Equivalent Network. Any network which !s equivalent to

a system to the extent and to the degree of approximation that
a one=to-one corresponderice exlsts between the activities of
the network and the activities of the system.

Harmonic Network. A network which 1s approximately

equivalent to the basic network insofar as the basic element
influences on the corresponding harmonic of voltages and cur-
rents 1s concerned.

Element. A two-terminal network component incorporating
an energy influence. The element current at one terminal of
an element 1s ldentical to the element current at the other
terminal of that same element. An element contrasts with a
device in two ways. First, the ensergy 1Influence of a device
may be dlscovered or predicted on the basis of past experience,

but it cannot be defined as the energy influence of an element
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1s defined. Second, an element has only two terminals while a
device may have any number of terminals and may require s nete
work composed of many elements for adequate equivalent repre-
sentation.

Line. A current-path between two elements or Juncticn-
points in a network. At any point on & line, the current and
potential are identical to those at any other point on the same
line.

Node. Any junction-point and the llnes directly connecting
thereto. At any point on a node, the potential Is identical to
that at any other point on that same node. Furthermore, when
all the currents at a node are measured with reference cdlrectlions
taken away from the node, the sum of those currents is zero.

Mesh. A circuit which borders a "window" of a network.

Basic Element. An element whose parameter 1s an individual

function representing a single energy influence.

source. An element which introduces energy into a net-
work, i.e., an active element as contrasted to a passive element
which only dissipates or stores and returns network energy. In
addition to negative reslistance elements, typlcal sources are:
A "voltage" source whose parameter is & voltage which is an
arbitrary function of time; a "current" source whose parameter
1s a current which is an arbltrary function of time; and a
"harmonic" voltage or current source whose parameter represents

the influence of an activity in a different hamonic network.
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Sink. Any element which i3 not considered to be a source.

Unilateral Element. An element whose parameter 1s a

function of the physical direction of a current or of the physi-

cal polarity of a voltage. A rectifier element i1s a typical

unilateral element.

Bilateral Element. An element whose parameter 1s inde-

pendent of any current direction or voltage polarity. ILinear
resistances, Inductences and capacitances are bilateral. All
elements used in this thesls are bllateral,

Linearly-Coupled Element. An element whose parameter 1is

e function of a linear summatlion of the activities of & number

of different element s.

Nonlinearly-Coupled Element. An element whose parameter

1s a function of & nonlinear summation of the activitles of a
nurber of different elements. In an Iirone=cocre transformer, the
mutual inductive influence between two coupled coils would tend
to be a nonlinearly=-coupled influence 1f their mutual magnetic
path was shunted by another magnetic path which allowed the
magnetic flux of elther coll to by-pass the other coll. Sur-
prisingly, as 1s demonstrated in the problem system, a nonlinear
mutual inductive voltage may stilll be represented by a linesar-
ly-coupled element, in some cases; such an element would be
called a nonlinear linearlyecoupled element.

Nonsymmetrically-coupled Element. A coupled element which

is not matched by similar coupled elements in the other coupled
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circuits. A vacuum tube has an equivalent network containing

a nonsymmetrically~coupled element.

Linear Element. An element whose parameter 1s a constant

or 1s a function of time.
Diasgram. A graphlcal 1llustration of the plan of any
system, network, circuit, or node.

Nonlinear Element. An element which is not a linear

element.

Harmonic. A frequency which appears In the frequency
spectrum of the basic network activities, In the sense of this
definition, a harmonic may or may not be a rational fraction
of any other frequency of the nstwork; in fact 1t can be an
irrational fraction of any other frequency of the network.

Harmonic Parameter. An element parsmeter of a harmonic

network. A harmonic parameter 1s the coefficlent of the cor-
responding sinusoidal harmonic term of the parameter-sctivity
of the corresponding element in the basic nonlinear network.

Harmonic Element. An element of a harmonic network.

Linearlze. The process of establishing harmonic element
parameters by analysis of the parameter-activity of s nonlinear
element. The procedure consists of arranging the parametere
sctivity of the nonlinear element as the sum of a finlite number
of simple sinusoidel functions in terms of time, and then
assigning each sinusoldal function to the corresponding harmonie
network as the parameter-activity of the harmonic element cor-

responding to the origlnal nonlinear element.
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Steady-3tate. A state of action of a network whereln the

sum of slinusoidal functlons describing each parameter-activity
have constant amplitudes and constant phases., A steady-atate

is sald to be stable 1f the activity variations due to random

disturbances always decay to zero wlith time. The size of the

permisaible random disturbsnces may be conslidered a measure of
the stability.

Characteristic Equation. The equation of a linear network

which establishes the values of the transient exponents. The
equation 1s developsd by replacing (Jjwy) by p in the coefficient-
matrix of the phasor-form activity equations and equating the
determinant of the resultant matrix to zero.

Spontaneous Harmonic. Any frequency of the activities of

a network which i1s not an integrale-multiple, sub-multiple, or
combination (N-47, p. 272) of driver fregquencles in the basic
nonlinear network. In Appendix G, the spontaneous harmonic
which 1s the frequency of the pecullar flicker-~instabllity can
be varied continuously from about 80 cycles per minute to about
120 cycles per minute by varying the magnitude of the driving

voltage of the basic nonlinear network,



CHAPTER I
INTRODUCTION

Electrical network theory is the principal instrument used
by the electrical engineer in the process of solving practical
engineering problems which require the analysis, synthesis, and
prediction of performance of physical electrical systems. The
appllicatlion of electrical network theory to a practical problem
involves three important steps: (a) the representation of the
physical electrical system by some electrical network; (b) the
evaluation of the activities of the electrical network for the
appropriate region of values; (c) the prediction of the perform-
ance of the physical electrical system by means of a practical
interpretation of the cslculated activities of the electrical
network, with due regard to the degree of approximation with
which the electrical network actually represents the physical
electrical system.

A simple systematic terminology 1s established for the pur-
pose of clarity and brevity 1in this dlscussion, For convenient
reference a List of Definitions of Terms has been included prior
to this chapter. Therefore only a few of the principal terms
will be mentioned here. The word system will be used for desig-
nating any physical electrical system as contrasted to the term
network, which will identify any defined hypothetical electrical
system. The distinctlion 1s based on the concept that the char-

acteristics of a network are subject to definition, while the
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characteristics of a system are subject to discovery or predic-
tion on the basls of past experience and cannot be arbitrarily
defined. Thus, a system i1s a physical entity, whille any system
could be and often is represented by a variety of networks.
This siltuation 1s usually encountered in the atudy of fluores-
cent lamps, where there are about as many different networks for
representing lamps as there are people devising them.

The voltages and currents of a system or of a network will

be referred to, in general, as activities. FKFurthermore, the

component parts of a system will be indicated by the word de-
vices, and the component parts of a network will be called ele-

ment 8. Parameter is the term which willl be used to designate

the functlon which prescribes the influence of an element on the
network activitles at that element. As with the other terms
defined in the List of Definitions of Terms, the terminology 1is
defined in as general a manner as possible so that it may be
applied with equal meaning in both linear and nonlinear dis-
cussions.

Now give further conslderation to the filrst important step
in the application of electrical network theory, namely, the
process of representing a system by a network. The accuracy of
the final predictions of the electrical activities of the sys-
tem, a forecast based on the analysis of tue activities of an
equivalent network, will be a direct function of the faithful-
ness with which the network represents the system. However, the

ease with which the network can be solved will be a direct




function of the simplicity of the network. When representing
the system by a network, these two conflicting features must
both be consldered. Generally, the more accurately the network
represents the system, the more difficult is the subsequent
analysis and prediction of performancs.

A llnear network provides unamblguous predlctions. Fur-
thermore, a very great amount of study has been devoted to
developing and orgenizing the methods of linear network theory.
Therefore, a llnear network can be utllized rapidly and accu-
rately. So, in attacking an engineering problem, an initial
effort 1s ususlly made to solve the problem with the use of lin-
ear network analysis. A brlef review of the methods of llnear
network anelysis 1s shown in Appendix A. When 1t 18 found that
the answers obtalned with the use of linear network analysis are
not adegquate, nonlinear network analysis must be utilized.

Yhen the nonlinearities of a system have been asdequately
represented in an equivalent network and nonlinear differential
activity equations have been derlved, the solution of those non-
linear equations still iwmposes a formidable problem.

An over-simplified approach to nonlineur problems, the
method of small motlons, 1s generally inadequate even though it
does involve an operation which has been called linearization.
As pointed ocut by Van der Pol (N-71)% in 1926, the term lineari-
zation mentioned 1n that method simply meant dropping the non-

linear terms from the differential equation.

5%
Symbols in parentheses refer to the Bibliography.
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Graphs have been used often in transformer analysis. It is
agssumed that a single-frequency slne-wave voltage is appllied and
the resultant current wave-shape is plotted from the magnetiza-
tion curve. However accurate such graphical methods may be,
they become quite tedlous 1f a number of elements are involved
and provlide no means of establishing general expressions for use
in the analysls of multimesh nonlinear networks,

Phase plane plots of the trajectorles of linear and nonlin-
ear functions (N-47, pp. 7-13L) are useful tools in network
analysis and give accuruate answers rapildly, but again these
topological methods can become bewilderingly complex. Accord-
Ingly, the solution of simultaneous nonlinear differentlal equa-
tions by graphical means is not usually attempted (N-47, p. 148).
IEven in the solution of simultaneous linear differential equa-
tions, the use of graphical means 1s not usually tried.

The original analytical approach to the solution of non-
linear differential equations was mentioned by Lindstedt (N-38)
in 1883 and by Polncaré (N-52) in 1886. The method was applied
to the solution of problems in celestial mechanics by Polncaré
(N-53) in 1892. The method required the assumptlon of solutions
for the activities as power series in terms of an arbitrarily
small parameter. The terms of the power series were then evalu-
ated progressively. Van der Pol (N-71) in 1926 and others
thereafter extended this method of approach to other types of
nonlinear problems.

The introduction of nonllinear elements into a network would
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seem to bar the use of the simplified methods of linear network
analysis. However, Kryloff and Bogoliuboff (N-31), in particu-
lar, and others also have clearly demonstrated that there is a
method of 1individually linearizing the energy influence of each
nonlinear network element wilthout losing the effects of the non-
linearities. Once this is done, the simplified metheds of lin-
ear network analysis may be used to obtaln approximate solutlons.

Lefschetz (N-31), in the preface to his translation of the
monograph of Kryloff and Bogolluboff, stated, "Messrs. Kryloff
and Bogoliuboff deserve much credit for the bold way in which
they have carried out thelr work...." Mlinorsky has also re-
viewed thelr work in detail in hils book on nonlinear mechanics
(N-47). This method of averaging the influence of nonlinear
parameters over each cycle and establishing resultant parameters
which can be used as though they are linear has been designated
by Kryloff and Bogoliuboff (N-47, p. 233) as the "method of
equivalent linearization."

The author believes that the method of equivalent lineari-
zation 18 the key to the establishment of stralghtforward meth-
ods of nénlinear network analysis whilch can be taught as easily
and used as widely as those of linear network analysis. From a
study of the references listed in tne Bibliography, it seems
that most methods for solving nonlinear differential equations
assume that a finite number of terms of a Fourier series will
adequately represent the solution of the equations and then pro-

vide a procedure for evaluating the terms of the series in some



mannexr equivalent to the method of equivalent linearization.
Purthermore, if the method of equivalent linearization 1s ap-
Plied with some anticipation of the harmonics which should
appear in the solution, the answers will have abcocut the.same
degree of approximation.

Although some simple, single-mesh or single-node nonlinear
networks may be solved by exact mathematical methods, multimesh-
multinode nonlinear networks seem practically unsolvable by any
analytical method which does not employ some system of approxi-
mation.

The object of this thesis 1s to describe and illustrate a
straightforward method of obtaining practical answers to many
nonlinear problema. The method is composed of operations that
are taught in undergraduate englneering courses and are widely
used in industry, except for the considerations of instability.
The method provides a means of predicting phenomena peculiar to
miltimesh nonlinear networks and yet avoids abstruse mathemati-
cal operations. The method gives due welght to the effects of
complex nonlinear influences and thereby leads to a morse compre-
hensive understanding of the effeot of each individual energy

influence on over-all performance.



CHAPTER 11X
SIGNIFICANT FEATURES OF PHYSICAL SYSTEMS

The analysis of a physical system involves the segregation
of the system from 1ts surroundings. When this is done the en-
ergy influences which are externally imparted to the system are
considered to have established independent activities in the
system. The activities of the system which result from its in-
dependent activitles are classed as dependent activities., The
object of system sanalysis is to predlict the dependent activities
on the basls of glven independent activities. ¥For example, the
analysis of a simple tranaformer may have the object of predict-
ing the input current, output current and output voltage for =a
given load when the 1lnput voltage 18 prescribed. 1In the system
composed of the transformer and 1ts load, the 1nput voltage
would be the only independent activity while the current activi-
ties would be classed as dependent.

In order to apply mathematics to the system analysis some
functional relation between the independent and dependent activ-
1ties must be established. These functional relations form dif-
ferential equations whereiln time is the independent variable.
Solution of the dlifferential equations 1s the usual means of
predicting performance.

A single differential equation of many terms might describe
the system operation but would be difflioult to represent by an

equivalent network. Therefore, various tests are usually devisead



to eatablish subordinate differential equations representing
particular influences. The subordinate equations contain three
or less successlve differentlgl forms of the actlvitlies and ocan
be represented dlagrammatically by network elements. In other
words, when the differential equations are voltage equations the
currents vould be conslidered to be dependent activities and the
terms of the equations would involve only currents, thelr firat
time derivations, or thelr first time Integrals. Each subordi-
nate differential equation could then be represented by a mesh
in an equivalent network where each voltage term is represented
by an element in the mesh.

Bach voltage term which is directly or inversely propor-
tional to the first power of a current activity 1s sald to be
linear. Such terms are represented ln equivalent networks by
lineayr resistances, inductances, or elastances according to the
activities involved.

Wheh.any current activlity appears in more than one equation,
coupling 1s said to occur and correspondlng mutual coupling ele-
ments are provided in the equivalent netviork.

When the individual terms of the differential equations are
proportional to some power of an activity other than the first
power the terms are sald to be nonlinear. Such individuual terms
arlise in the consideration of iron-core colils, lamps, and other
devices, and can be expressed to some degree of approximation as
polynomials in terms of the dependent activities.

As the accuracy of the mathematical representations of the






