General Bibliometric Models
JOHN J. HUBERT

Introduction
OVERTHE PAST fifty years, a sizable body of literature dealing with
bibliometric models has developed. The early models were proposed
because they were observed to fit graphically certain specific empirical
frequency distributions. In many cases their functional forms were
identical, the similarity only noted by other writers years later. In each
case, depending on the subject field they applied to, there was a proliferation of papers which modified, extended, clarified, applied, andgeneralized the initial model.
Almost all bibliometric models relate, in a simple functional form,
one variable with another variable. For example, in journal productivity studies, for a bibliography covering a certain span of years on a
particular subject, a few journals contribute a large number of articles,
other journals contribute fewer, and so on in a monotonic sequence
ending with a large number of journals contributing one articleeach to
the subject. The two variables are number of journals and number of
articles. After arranging the journals in a decreasing order of productivity, a frequency-sizedistribution is obtained for the number of journals
containing a fixed number of articles each. Conversely, a frequencyrank table can be constructed for the number of articles associated with a
journal of fixed rank. These two approaches to observed patterns form
the two modes of the data tabulations.
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T o illustrate explicitly the notions of the frequency-size approach,
consider the following example. In table 1, f(n) denotes the number of
journals contributing exactly n articles each to a particular subject field
such that the total number of observed journals is J =Ef(n)and the total
number of observed articles is N = Cnf(n). This tabulation relates the
obserbations (the articles) with a class (a journal). The modeling problem is to find a mathematical equation relating f(n)with n. Associated
problems are: What is the process which generates this relationship?
What happens to the relationship i f a larger sample of observations, N,
is obtained? Does the relationship remain the same from year to year?

A

TABLE 1
DISTRIBUTION
OF THE NUMBER
OF
f(n) CONTRIBUTING
n ARTICLESEACH

FREQUENCY-SIZE

JOURNALS

n

f(n)

nf(ni

1
2
3
4
5
6
7

102
25
13
2
7

102
50
39

1

6
21
24
9
20
26
15
18
22
N = 395

8
9
10
13
15
18
22
Sum

3
3
1

2
2
1
1

1
J=164

8
55

Source: S.C. Bradford. “Sources of Information on Specific Subjects,” Engineering
137(1934):85-86.

In the last twenty-five years, i t has been observed that such tabulations occur for other pairs of variables from a wide variety of natural and
social phenomena. Table 2 provides some examples of such combinations of observation versus class relationship.
To understand the frequency-rank approach, consider the example
given in table 1. Near the bottom of the table there is one journal
contributing the most (twenty-two)articles. This journal is assigned the
rank 1. The next most productive journal is assigned rank 2 because it
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TABLE 2
EXAMPLES
OF OBSERVATION-CLASS
RELATIONSHIP
0bseruation

Class

Number of articles
Number of citations
Number of insects
Length of word
Number of papers
Number of Occurrences
Checked-out frequency
Number of Occurrences
Length of sentence
Number of phonemes
Income level

journals
persons
species
words
authors
initial digits
books
nouns
sentences
words
persons

contributed eighteen articles. This is continued, resulting in the
frequency-rank distribution given in table 3, where g(r)is the number of
articles contributed by the journal of rank r . Notice that there are two
journals contributing thirteen papers each, and each is assigned rank.5,
the “maximal-rank’’ assignment method which is used in the case of
ties. (If we assign the rank 4 to each of these journals, then we are using a
“minimum-rank” method; there are also the random-rank and averagerank methods.) The frequency-rank tabulation reverses the order of the
frequency-size tabulation, and gives priority to the most productive
journals. The frequency-sizeapproach gives emphasis to the journals of
least productivity. There are other relationships between the two
approaches. Advantages and disadvantages of the frequency-rank
approach are discussed by Hubert and others.’
For the examples given in table 2, the literature contains many
models, and some are erroneously referred to as “laws” as if they predicted Occurrences without error. From an analysis of these models, it
becomes apparent that some are for the frequency-size approach and
some are for the frequency-rank approach. The modeling problems
have different purposes, because from the data in table 1 the model can
be used to predict the number of journals contributing a fixed number
of articles, and from the data in table 3. the model can be used to predict
the number of articles contributed by a journal of a given rank. An
explanation of the list of all the different models which can be found to
be applicable to bibliometric phenomena, including the actual equation, the variables each relates to, the approach to obtain the equation,
and how they interrelate, would be extremely lengthy and beyond the
SUMMER

1981

67

JOHN HUBERT

TABLE 3
A FREQUENCY-RANK DISTRIBUTION
OF THE NUMBER
OF
ARTICLES
g (r) CONTRIBUTED
BY A JOURNAL OF RANKr

1

2

3
5
7
8
11
14
15
22
24

37
62
164

22
18
15
13
10
9

8

7
6
5
4
3

2
1

present scope and purpose of this article. However, each article in the
appendix to this paper contains a model which would be included in
this list because each adequately fits and models some form of tabulation. One word of caution is necessary: some of the models have been
declared as new and general, while others are self-declared and are
neither new nor general. There are survey articles on many of these
models, and some of these articles provide the mathematical equations,
historical developments, interrelationships, and examples of data sets
where the models have been useful.2
There are three models which are claimed to be general because
they possess two important properties: first, they include earlier models
as special cases; and second, they are applicable to a large class of
bibliometric variables. These are the models of Price, Bookstein and
Brookes. Bookstein especially has claimed that the major bibliometric
models-Bradford, Lotka and Zipf-are in fact “a single law that seems
capable of describing phenomena in a vast variety of subject area^."^
The three models of Price, Bookstein and Brookes are discussed in the
following sections, with special attention to their derivations and to
their appropriateness as general models that can account for some of the
individual models mentioned above.
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Analysis of the Price Model

The Price model4 is also known as the cumulative advantage distribution (CAD) and can be defined as follows: if f(nj is the fraction of
contributors having n articles each, then f(n) = (m + 1)B(n, m +2), for n
= 1, 2, ..., with the parameter m > 0, and B( e, 0 ) is the Beta function. The
Beta function is a name for a fundamental integral" involving two
parameters, and there is no simple verbal expression for this f ~ n c t i o n . ~
The CAD was proposed as a frequency-size type model because it yields
the relative frequency or proportion of authors each of whom has
produced a fixed number of articles on a specific area over a fixed period
of time. Over a finite range of observational values of n ,a distribution of
authors is obtained, and the model can be fitted so as to follow closely
the observed pattern. When the fit is statistically adequate it can be used,
for example, to predict the percentage of authors who have contributed
more than n papers each, and if n is large, this provides an estimate of
the set of so-called prolific authors on a subject area. Other important
uses such as in citation analysis have been illustrated by Price.
This model has as a rough approximation that f(n)is proportional
to ia,
where a > 0. This implies that as n increases, f(n)decreases, which
suggests that there are many authors having one paper each, and so on
in a decreasing fashion, with very few authors contributing many
papers. There is only one parameter in the model, and its value depends
on a particular data set. Price himself considers his model to be quite
general: "It provides a sound conceptual basis for such empirical laws as
the Lotka Distribution for Scientific Productivity, the Bradford Law for
Journal Use, the Pareto Law of Income Distribution, and the Zipf Law
for Literary Word Frequencies. It is therefore an underlying probability
mechanism of widespread application and versatility throughout the
social sciences.*16
How does one obtain such a model? The early attempts before 1950
by Yule, Pareto, Zipf, and Bradford were basedon plotting the data with
f(n) versus n , for example, then findinga mathematical equation which
would adequately represent the pattern observed in the particular discipline (Yule in biology, Pareto in economics, Zipf in linguistics, and
"The Beta function IS also known as Euler's first integral and is ddined as:
B(a,b) =

f'
0

x*-'( 1 .xf-' dx =

(a-l)!(b-l)!
(a&-])!

a>l,b>l,

where n! =n(n-])...:3.21, if n is an integer. Also, B(a,b)is approximately proportional
to a-bunder certain conditions.
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Bradford in journal productivity). In 1955,Simon derived the basic form
of the Price model, and proved it was a consequence of two assumpt i o n ~If. ~a collection of N articles is found on a specific subject area, and
if f(n)represents the number of journals containing n articles each, then
in this bibliometric framework, the two assumptions are: (1)the probability that the next article found in a journal which already has contributed n articles is proportional to nf(n), the total number of occurrences
of all articles from those journals which already have n articles each on
the subject area under study; and (2) there is a constant probability that
the next article found is from a new journal. These assumptions form
the basis of what is known as the stochastic birth or growth process.
Although the derivation by Simon is very rigorous and the statistical theory used is very advanced, i t does result in the same model
equation that Price proposed twenty years later. Simon also established
the model’s generality by showing that it contains: (1) the models of
Yule and Willis in biology, (2) the models of Zipf and Mandelbrot and
others in linguistics,8 (3) the models of Zipf in population growth, and
(4) the models of Pareto and Champernowne in income distributions.
The two assumptions of Simon are plausible, relatively simple and
satisfy many social processes; however, there is one drawback: they are
not unique, because other mechanisms can be shown to lead to the same
model equation. One of two other starting points is due to Simon
himself, and the other is, in fact, the Price starting point. These two
starting points will be considered separately.
Simon’s second mechanism, in journal productivity terminology,
is as follows: Suppose we have a collection of N articles dispersed among
J journals such that f(n)represents the number of journals contributing
n articles each. Furthermore, suppose articles are added to the collection
according to the two assumptions of the former growth process, and
articles are dropped from the collection in such a way that the sample
size N remains constant. Simon then proves that the same model equation involving the Beta function can be derived if we assume that if an
article from a particular journal is dropped, then all articles from that
journal are dropped, and the probability that the next journal dropped
be one contributing exactly n articles is proportional to f(n).This added
assumption will account for articles leaving or entering the collection,
i.e., the processes of emigration and immigration. It also can be used to
mimic changes in distributions due to different time periods but constant sample sizes.
The Price starting point which generates this model equation
involving the Beta function is a modification of the classical “Polya
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urn” scheme. Suppose the contents of an urn containing two types of
colored balls depend upon what was selected in previous draws. If a ball
of the first color is drawn (called a “success”), two or more balls of that
Same color are replaced so that on the next draw there is an increased
chance of obtaining a ball of that color. The modification occurs when a
ball of the second color is drawn, in which case a single replacement of
that color is made so that in the next draw the chance of drawing this
second color is not increased. The net effect is that success increases the
chance of further success, whereas failure has no effect in changing the
chance of success or failure.
The success-breeds-successconcept has some empirical evidence to
support it, e g . , in the sociological theory of publishing characteristics,
in citation analysis, and in usage patterns from retrieval systems in
libraries, as well as in biological and epidemic processes. Therefore,
what Price has accomplished is to begin at a different starting point (the
urn scheme) and end at the same final model equation as Simon did,
who started with the birth process assumptions.
In summary, the Price model equation involving the Beta function
has the following properties: (1) it is a frequency-size model; (2) it has
the limiting form that f(n)is proportional ton-’, for some constant a >
0; (3) it approximates several models in the literature; (4)it is the same as
the model proposed by Simon; and (5) it can be derived from three
different starting points, two due to Simon and one due to Price.
Therefore, although Price’s theory underlying the model is sound and
new, the model equation and its ability to described bibliometric phenomena has been known since 1955. However, as a model equation it is
general because it satisfies our definition involving the two conditions:
it must model different variables, and it must contain or approximate
earlier models. It is interesting to note that the theory surrounding this
model equation is not entirely complete: “The surface has only been
scratched and doubtless the application of this theory will raise more
empirical testing and rigorous statistical mathematics in expres~ion.”~
Analysis of the Bookstein Model

In 1977 Bookstein proposed to find an expression for the expected
number of authors, f(n), in a discipline producing n articles over a
defined period of time, subject to sociological factors influencing productivity and other constraints.” The factors used were society’s need
for research and the use of “rewards and threats” for continued productivity. There were two constraints; the first was that Lotka’s model be a
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special case. (Lotka's model is also known as the inverse-square law, and
essentially states that f(n) is proportional to l/n2, for n = 2,3,... .) The
second constraint is that if a publication distribution is observed over 1
time periods (e.g., t = 10 years), then the function f should satisfy the
relation f(tn)= f(t) X f(n).Bookstein calls this the "symmetry property"
or the "invariance property."" Bookstein claims that the only realistic
function satisfying these conditions and empirical data is f(n) proportional to l/n" where a is a positive number and estimable from the data.
(It is true that for this model equation we have Lotka's law when a = 2,
and furthermore, the symmetry property is satisfied since f(tn) = l/(tn)"
= (l/t")(l/n")= f(t)f(n).)It is also claimed that the model is the only one
which is unchanged whether the population of authors under study
remains the same, increases or decreases over time." This claim has not
been convincingly demonstrated.
There are four important observations which can be made about
this model:
1. The model equation is a special case of the model equation involving
the Beta function advocated by both Simon and Price. In fact, Bookstein recognizes this: "Simon's model and mine ...are not identical,
they converge at large n."13
2. The model equation is not the only possible equation satisfying his
two constraints.
3. The path to the model is different from the other paths discussed
earlier. In 1924 Yule used the empirical data fitting technique; in
1955 Simon used stochastic birth process assumptions; in 1976 Price
used the urn scheme mechanism; and in 1977 Bookstein used symmetry and other conditions to establish the model.
4. The model is not original. The form of the Bookstein model equation appears in earlier papers, as demonstrated in Fairthorne and
Hubert,14where we see that the very early models of Pareto, Zipf and
Stevens, and later Naranan15are exactly this model for the frequencysize tabulation. Hubert has proposed this same model equation for
the frequency-rank tabulation.16
The implication of the first observation is that the Bookstein model isa
special case of the model involving the Beta function. Therefore, in this
sense, the Bookstein model is less general. Also, since the model involving the Beta function fits many observable variables, because it is so
adjustable to a variety of shapes, and since the form nd is not as
adjustable, then, in this sense, the Bookstein model is less general. We
will return to the property of generality in a later section.
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Analysis of the Brookes Model

In 1977 Brookes claimed to have proposed a model which is “...an
empirical law of social behaviour which pervades all social activities”
and for which “Bradford’s law can be regarded as a particular example.”
Also, Brookes believes in “...the wide generality of the Bradford law.””
This section considers the models of both Bradford and Brookes since
they are apparently related.
In 1934 Bradford stated his famous model after examining how 395
articles on lubrication were dispersed among 164 different journals.”
The actual data are given in table 4, where G(r) is the total number of
articles in the first r most productive journals. The Bradford model is
G(r)=a+blog(r),wherer=1,2,...andaand bareparametersdepending
on the subject area. When the cumulative totals of articles are plotted
against the logarithm of r an almost straight-line relationship results.
This approach gives priority to the most productive journals. When
tables 3 and 4 are compared, it is clear that the variable r is the same. This
is the reason the Bradford model is called a ranking type of model.
Brookes argues that this model can be used in other social contexts
whenever sources of an activity are ranked in order of decreasing activity. This approach of ranking is very important to Brookes: “Ranking
by frequency is a technique widely used and understo od....
Ranking is
more primitive than measuring. We learn to rahk before we learn to
speak or count. It is because ranking is a primitive action which permeates all social activities that it is time it were taken more serio~sly.”’~
It is probably true that papers on bibliometric modeling refer more to
the Bradford model than to any other model. We will not digress further
on the Bradford model, but consider the Brookes model.
The structural form of the model proposed by Brookes is much
more complicated than the Bradford model: if g(r) is the number of
references in the rth most productive journal, then

j =r

where r = 1,2,..., m > 0 is a parameter, k is a quantity depending on rn,
and r! = r(r-l)(r-2)~
...3X2X1. Unfortunately, thisequation has n o simple
verbal or mathematical expression, but i t does possess several properties
which clarify its form:

1. The variable 7 acts as a rank because it is equivalent to the maximumrank assignment scheme mentioned earlier.
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TABLE 4
THEBRADFORD-TYPE
TABULATION
OF THE ACCUMULATED
NUMBER
OF REFERENCES
G(r) CONTAINED
IN THE
JOURNALS
FIRST7 MOSTPRODUCTIVE
Accumulated N o . of Journals
T

Accumulated No. of References
Gfr)

22

1
2

40
55
81
101
110

3
5

7
8

134

11
14
15

155
161
196

22
24
37

204
243

62
164

293
395

2. The mathematical properties are proper since the infinite series
converges, g(r) 0 as r 00 and g(1)2 g(2)2 ..., i.e., monotonicity.
3. The made1 relates the number of references, g(r), with the rank 7 ,
whereas the Bradford model relates the cumulative number of references, G(r)= & g(s),with the rank 7; that is, the Brookes model is a
frequency function and the Bradford is a distribution function.
4. When m is large and when we consider cumulative totals, the
Brookes model does conform to the Bradford model, i.e., C’,=1 g(s)=
a + b log (r).
5. The model gives priority to the most productive journals because the
journals with only a few articles are in the tail of the frequency
function.
6. The model is based on the well-known Poisson discrete random variable which also possesses a countable infinte number of values.
7. The model is adjustable to a variety of shapes.
8. The model is entirely new, and its exact structure is not like any
other model.

-

-

Brookes calls his model “the mixed Poisson model” because the
derivation depends on a mix of Poisson random variables, In general
terms, the mix occurs as follows: for the sum XI + XZ + ...+ M we assume
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not only that the Xs are independen t Poisson random variables, but also
that n , the number of variables, is a Poisson random variable. This is the
concept of “random sum of random variables” instead of a fixed sum of
random variables. More specifically, the underlying assumptions of the
Brookes model can be reduced to the following: (1) the number of
articles produced by a journal per unit time is a Poisson random
variable with mean rate of,e.g., 8; and (2) the total number of journals,
each producing at mean rate 8, is inversely proportional to 8. The
second assumption is consistent with the observation that as the rate of
production increases, the number of journals decreases, or the most
productive journals (lowest rank numbers) produce the greatest
numbers of articles. The derivation is therefore based on realistic
assumptions.
Another interesting consequence of Brookes’s model is his modifications of the Bradford model. Earlier, Brookes proposed a hybrid form
for the Bradford model to account for the nonlinearity at the beginning
of observed distributions.20He suggested the modified Bradford model:
B

G(r)

{ t;’b

r = 1, 2, ..., c,
log r, r = c + 1, c + 2, ..., n.

Notice that for r = 1,2, ..., c the function is a curve, and for large values
the function is a straight line function of log r. To conform to Brookes’s
new model and other observed distributions, he now suggests two
hybrids, called Type I and T y p e 11, which he claims take the form:
logb [(a +

G(r)=

i ac-j)/a],

r = 1,2, ..., c

j =O

10gb [(a + r)/a], r = c + 1, c + 2, ..., n,

where b = (a+n)/a and LY < 1 for Type I and a > 1 for Type 11.
Graphically, these functions appear in figure 1, where hybrid Type I is
convex initially and hybrid T y p e I1is concave (with respect to the r-axis)
initially. The hybrids are consequences of his model and illustrate its
ability to adjust to anomalies.
In summary, the Brookes model is included in this article because
of its properties and its declared generality. To quote Brookes: “The
main advantage of the model is that it shows how the log law, and
therefore how the hybrid forms of the Bradford law, can be derived in a
realistic and natural way from orthodox frequency statistics”; and “in
its present form it is the simplest possible stochastic model of the
Bradford law, but i t can easily be modified, for example, to embrace
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problems of growth and obsolescence-the classical ‘birth and death’
process of stochastic theory.”’l

a

c

Fig. 1. The Brookes hybrid types of Bradford’s model
Source: Bertram C. Brookes. “Theory of the Bradford Law.” Journal of Documentation
3qSept. 1977):193.

The Validity of the Generalizations
Let us now return to the question of whether the models of Price,
Bookstein and Brookes are valid general models. It should be stressed
that the structural form of the Brookes model is new, but the Price and
Bookstein models are not new. We have shown that the Price model was
first proposed by Simon in 1955 and that the Bookstein model has been
proposed by many others.= However, we have explained how the
assumptions underlying the models are original and indeed helpful in
the understanding of the processes which could generate the models.
With respect to their generality, it has been demonstrated that all
three models possess the two properties of the original criterion, that is,
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they include earlier models as special cases, and they are applicable to a
larger class of bibliometric variables. However, these general models are
limited in that they consider only the effect of one variable upon
another. Nature and life are not so simple. In fact, in bibliometrics,
recent articles have attempted to model one response variable as a
function of two or more variables. Also, on one source (journal, author,
etc.) more than one response variable has been measured. These two
approaches will change our definition of generality because such multivariate models will necessarily include the univariate models. It is a
simplistic viewpoint of reality to believe one variable in a social interactive process can be adequately predicted solely by one other variable. A
univariate model does not become more general by merely including
more parameters.
Examples of models of greater statistical sophistication can be
found: Bayesian models in interactive and retrieval systems,= methods
for evaluating article^?^ stochastic literature growth models,% modeling duration of book
measures of literature concentration using
the Whitworth model in frequency-rank distributions,n modeling relationships between title length and number of coauthors,= properties of
modeling,29and prediction models using time-series methods.%
This latest research differs from earlier work in bibliometrics in
that it uses models that are nonlinear and that consider the effect of
several variables, i.e., they are multivariate. These models require the
estimation of at least two parameters, whereas the simpler univariate
models required only one. The maximum likelihood method, the minimum chi-square method, and the ordinary linear least-squares method
have been used. However, estimation for nonlinear functions requires
care. If a model is linear and of the form Y = a + PX + e (where the
random variable e must have structure if confidence limits are to be
established), we speak of an additive model for the variable Y depending
on the variable X. If Y = a X p e , then this is an example of a multiplicative model. Taking logarithms on both sides, we have log Y = log a /3
log X + log t, which is of the form Y = a’+ BX‘ + e’. We have “linearized”
the model where t’ = log e has a lognormal structure. For the nonlinear
model Y = ax 8+ t, taking logarithms yields log Y = log ( a X B + e), which
does not collapse into a linear form. This simple fact is often overlooked, and the estimation of parameters for such models requires
nonlinear estimation the01-y.~~
The use of multivariate models also requires greater care. If Y is
found to be functionally dependent on p variables XI, Xz,...,X,, suchas
Y = a +pIX1 p2& + ... ppXp+ 6 , then we have a multip!e regression

+

+

SUMMER

1981

+

77

JOHN HUBERT

model. If the response on a single subject is a set of variables Y1, ..., Y,,,
which may be correlated and are functionally dependent on a set of
variables XI, ..., X,, then we have a multivariate regression model. The
latter situation can utilize techniques such as cluster, factor and multivariate time-series analyses. Although recent articles in retrieval systems
are using time-series methodology, the simpler models listed earlier in
this article are not multivariate, and it should be possible to exploit
multivariate methods to achieve clarity and more generality.
Summary

The frequency-size and frequency-rank approaches, the two basic
approaches in a class of bibliometric models, have been explained. The
twenty-eight known models have been cited, and the three models due to
Price, Bookstein and Brookes have been analyzed by considering their
internal properties, interrelationships and generality. Because they
have a sound but different statistical foundation, they possess validity;
however, except for possibly Price’s model, it is clear that the models are
not used in everyday prediction problems in library and information
science. Also, i t has been shown that the Price and Bookstein models are
not new. The three models are of limited generality because they are
univariate and simple. Examples of more sophisticated models have
been cited, and remarks have been made to suggest how greater generality can be achieved by using multivariate methods.32
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