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PART 1

ON THE MODIFICATIONS OF FLOW GRAPHS

1. Introduction

The association of a topological structure with a set of
linear algebraic equations was introduced by Mason [1,2] and is called
the signal flow graph, Coates | 3] invented a different linear graph,
called a flow graph, for the same association and gave a rigorous,
systematic development of some of the topological formulas. However,
these formulas for the graph gains (for both the signal flow graphs
and the flow graphs) are not very efficient because of the existence
of a large number of cancellation terms. The purpose of this paper is
to modify the (Mason or Coates) flow graphs a little bit (only the
weights associated with the self-loops) so that the more efficient

formulas can be obtained.l

2, Definitions

A directed (linear) graph G consists of a set V of elements
called nodes together with a set E of ordered pairs of the form (i,]),
i and j eV, called the edges of the graph; the node 1 is called the
initial node, and node j the terminal node. For any i e V the symbols
P(i) and P*(i) will be used to denote the cardinals of the sets of

edges of G having i as initial and terminal nodes, respectively. They

®"Seshu and Reed list this problem as one of the research
problems in the appendix of their book [4] (p, 297, problem 18),



are called the outgoing and incoming degrees of G at i. A node not
incident to any edge is called an isolated node» Two subgraphs are
disjoint when they have no edges and nodes in common. If S is a sub-
graph of G and each node of G is a node of S, then S is a spanning
subgraph of G.

A directed graph G is regular of degree k if p(i) = p*(i) =k
for each 1 e V« A directed circuit of G is a regular subgraph of
degree 1. A directed circuit is of length m if the number of edges
contained in the directed circuit is m. A directed circuit of length 1
is called a directed self-loop (or simply a self-loop),,

A directed path P is a sequence of the form
K] (kKN jk™N) (@2>73) "= (hm>j)

where i,J and ke t = I,...,m are nodes in V. It is not required that
all the nodes of P ] shall be distint.. If they are, Pij is said to
be a directed simple path. Again node i is called the initial node of
Pj.J and node J the terminal node. Both nodes i and j are referred to
as end nodes,,

To every directed linear graph G there is an associated
undirected graph Gu whose edges are the same as those in G but with
directions omitted and parallel edges combined, G is said to be
£°n+ected if, for any two nodes i and j, there exists an undirected
path in Gu with these two nodes as end nodes. A component of G 1is a
maximal connected subgraph of Gy- G is connected if Gy is connori-pH

A subgraph H of G is called a component of G if H is a maximal connected
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subgraph of G. An even component is a component which contains an even
number of edges. An isolated node is considered as an even component.

An n-factor of G is a spanning subgraph of G which is regular
of degree n. More specifically, a l-factor is a set of directed dis-
joint circuits which include all nodes of GO Sometimes l1l-factors are
also referred to as connections in literature [3,5],

For the sake of later analysis the following operations and
notation will be used without any further explanation,

A1V A2 (un*on) = elements contained either in A or A™ or

both
Al A A2 (intersection) = elements contained both in A" and A
AN - A2 (minus) = elements contained in A™ but not in A
= the number of elements contained in A"

where A™ and A2 are subsets of some set A,

3, Modifications of Flow Graphs and Network Determinants

It is always possible to associate a directed linear graph,
called a flow graph [3,5], with a given square matrix A = [a..] of
order n. Each row (or column) is represented by a node and is labelled
by one of the integers from 1 to n such that the node labelled k is
associated with k*41 row (or k*41 column). If a~ ~ 0, there is an edge
(i,J) directed from i to j with associated weight aji. For a more
compact description of a flow graph, the notation of 3-tuple G(V,E,f)
is used where V is a set of nodes; E is a set of directed edges; and

f is a mapping function from E to the complex field such that T((i,]}))

= an for all i,j e V. Also it is convenient to extend the mapping



function f from a single edge (i,j) e E to any subgraph R of G(V,E,f)

such that

f(R) = nf((t,k))

where the product is taken over all (t,k) e R.

Coates has given a topological formula for the graph gain of
a flow graph 1.3,5]0 The reason for its inefficiency in the calculation
of the electrical network gain is mainly due to the fact that there
exists a large number of cancellations. This is best illustrated by
the following example. Consider the network shown in Figure 1(a).

The corresponding flow graph is shown in Figure 1(b)a

Z2bq
71+73

(a) (b)
Figure 1, The Illustrative Example.



The corresponding network determinant A is given by

A= (ZB+Z3)(Z23HZ2+724)(Z24+25+26) - (-23)(-23-22)(z4+25+26)

- (-24)(-24) (Z1+23)

" 71(Z2+23)(Z4+Z5+V  + (Z1+23)Z4 (Z5+Z6)-

At this point one readily realizes that the main reason for
the existence of such cancellations is because the weights associated
with the self-loops contain some of the weights of the edges incident
to that particular node. In order to obtain a more efficient formula,
the modified flow graph G8(Vs,E!,f8) of a given flow graph G(V,E3F) is

obtained as follows;

v8 =V

E“=E

(33 = 7((4,.1)) for i~ j

= kEI i = jo

This amounts to the same thing that the weights associated with the
edges (i,i), i = 1,2,**, n have been changed to the sums of weights
originally incident to the node i, i1 = In Figure 1(b), the
weights associated with the self-loops (1,1),(2,2),(3,3) have been
changed to z», 0, Z™+Z”~, respectively.

Definition 1: A semi-factor R of a flow graph G(V,E,f) 1is a spanning
subgraph of G(V,E,f) which does not contain any directed circuits of
length > 2, and such that p™() = 1 for all nodes i in R.

The following theorem is a direct consequence of the above

definition.



Theorem 1: Each component of a semi-factor R of a flow graph G(V,E,T)
contains exactly one self-loop. Furthermore, the number of edges in R
is (V).

The following theorem will be proved.
Theorem 2; Suppose G8(V8,E8,f8) is the modified flow graph of a given
flow graph G(V,Esf),, Then the determinant (denoted by det G) of the

matrix associated with G(VsE,f) can be obtained by
det G = |, <-Dqg’f"(R")

where R is a semi-factor of G*(V*,E“,f"); qFf is the number of the even
components in R8 and the summation is over all possible R8 e G8(V8,E8,f8)c

The proof of this theorem is contained in Appendix lla

It is interesting to note that if one associates each compo-
nent of R* either a plus or a minus sign, according to whether the
component is odd or even, then the resulting product will give the same
sign as (—1)Q8.

The modified flow graph G8(V8,E8,f") of Figure 1(b) is shown
in Figure 2, The semi-factors of G8(V8,E8,f8) are shown in Figure 3,

By Theorem 2, one gets
det G = A = Z1(Z3+22)Z4 + 7324 (Z5+716)

+ z1(z5tz6)z4 + z1(z5+26)(z23+z2)

21(z2+23)(z 4+25+26) + (21+23)74 (Z5+26).



Figure 2 The Modified Flow Graph G,(V,,E,,fi) of Figure 1(b).



One immediately observes that the cancellations due to the
passive elements do not exist. In general, there may be some cancel-
lations due to the active elements, but in this particular example such
terms do not appear. In case the given network is passive, this method
does not calculate any superfluous terms as do many others [1-4],

In order that the above theorem may be used effectively, the
choice of variables is very important. One way to accomplish this is
to draw the corresponding flow graph either from the node-admittance
matrix or the loop-impedance matrix of a given network. However, the
restriction imposed on the choice of the variables is not serious, and
this is the price one has to pay for a more efficient formula.
Definition 2 A subgraph denoted by R 1 2 Jk of a flow graph G(V,E,T)
is said to be a k-semi-factor of GM"E.f) if when the edges (G .J ),

J1J2 " >~k 1 1
Q@Q2*M2N**oo*kN K PAKN are ac*ded to R the resulting graph becomes

a semi-factor of G(V,EV (@J1,J1) V (J32,J2) V ee= V (Jk>jfO) ,T).where

EV gnig™ vV g2=32) v "a*Vv the set union of E and the
edges (J1,j1).(2.§2),-.., Uk ,jKk)#
J1Jo"°° i )
Consequently, each component of R contains either a

self-loop or no self-loop at all. The number of components which do
not contain any self-loop is precisely k.
-Theorem 3; Suppose G' (V1,E*",f6) is the modified flow graph of a given

flow graph G(V,E,f)4 then the i row, column cofactor A of

1J
det G is given by

Al .

si(-i1)qg,i“1f<i6
v R()q 2

J



where is a l-semi-factor of G*(V*,E*,f0) where the subscript j
indicates that the nodes i and j are contained in the same component
of rS is the number of the even components in R*; and the summa-

J . J
tion is taken over all R* e G*(V",E*,f8),

Proofs Let G"(V",E",f") be the flow graph obtained from G"CV"jE".f1)

in the following way

V? o= V"

E' = B - jk,D)|(k,i) s E* and k + 1i,jl

' ((t,u) = F((t,u)) for u ~ i
=1 for t=u=1 or
t=73J. u=i
It follows that
A.. = det G",
1]

By Theorem 2 one obtains

Alj = InC-Da"F (™)

where S" is a semi-factor in G"(V",E",f">; q" is the number of the even
components in S¥*and the summation is taken over all S e G"(V",E",F")

Since S must be one of the following two forms

s" = s V (k,D k=3 or i

*

where S is the subgraph obtained from S" by the removal of the edge
(g>i) (or (i,i)), one readily realizes that the corresponding subgraph

S" of S in G’(Vs,E",f") forms a 1l-semi-factor in G5(V8,E*,f") such

that
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(S = F°6H.

Nexts consider a semi-factor of the form S*v(j.si) e G"(VM>E",f").

There always exists a unique semi-factor S*v(i,i) € G,,(V",EM,F”) such that

->:

gl o qiel .
D ™ *Vag,.n) = L 7 (S*v(i,i))

where is the number of the even components in S*™VCj”~i)« Conversely,,
if S*v(i,i) is a semi-factor of G"(V',E",i'") such that nodes i and j are
not contained in the same component”®, then there always exists a unique
semi-factor S*v(#i1) € G?2(V,»E">FM) with the above property,, Therefore,,
it follows that the only terms which will appear in the final expansion
O;F Ajj are those semi-factors S*v(i,i) with nodes i and j belonging to
the same component»

Finally™ observe the one-to-one correspondence between the un-
cancelled semi-factors S*v(i,i) e G"(V",E", ") and l-semi-factors R1 €
G1(v",E",f"). Observe also that the removal of the edge (i”i) from
S*v(i,i) increas.es or decreases the number of the even components of
S*v(i>i) by one; so it fﬁllows:

(-DHg f'"(s*v(i,i)) = (-Dagi_1 f'CR%)
This completes the proof of this theorem,

Again”™ consider the example in Figure 2» The 1l-semi-factors

of the forms and R1 are shown in Figure 4 and Figure 5" respectively.

Therefore”™ one gets

=S (-DAVA) =< VVW +(Z3+22)24 = < W <Z4+W
2

Si-DAU-1F"(R1) = ( V Z6)Z4+(Z3+22)Z4+(Z3+22)(Z5+26)=(V Z26)(Z2+Z3+Z4)

+V W *



Figure 5. The 1-semi-factorsR
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4, The Enumeration of Semi-factors and 1-semi-factors
Let G (v ,E ,f1) be the modified flow graph of a given flow

graph G(V,E,f) and be the Cartesian product of the subsets S., i.e.,

n
C, = ns;
1 k=l k
where = (D)) 6 EL; t = 1,2,* nj- . It follows that each

c e cx is either a semi-factor or a subgraph which contains at least
one directed circuit of length >2. By eliminating the latter from
it can easily be shown that the remaining elements of will give all
possible semi-factors of G1(V1,e*,f*), Similarly, the 1l-semi-factors

of the form RJ are contained In

C2\S1 Sk =
Wi

Consider the graph in Figure 2. One gets

cx = {(1,1).(2,D} X {(3,2).(1.2)} X {(2.3).(3.3)}

The semi-factors are

(1,1) 3,2)(3.3); (1.1)(1,2)(2.3); (1.1)(1.2)(3.3): (2.1)(3.2)(3,.3).

Elements in which contain at least one directed circuit of length

> 2 are

(1.1>(3,2)<2,3)J (2.1)(1,2)(E,3) ;
2.1 GE.2) 2.3); 2.1)1.2) 2.3

Next, consider the product

c2 = {(1,2),(3,2)} X {(2,3),(3.3)}
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The 1l-semi-factors are

(1,2X2,3); (1.2)GB.3); ((GB.2)(E,3),

and (3,2)(2,3) is the only element in C2 which contains a directed

circuit of length > 2.

5, Conclusions

It has been shown that the efficient formulas can be obtained
for the modified flow graphs. The modifications are simple and the
formulas are also very compact. It Is true that a "best method"” de-
pends upon one"s familiarity, and in fact most people are so familiar
with the existing formulas of a flow graph, they probably do not like
the i1dea of modifications. Nevertheless, this is a new approach to
the problems. For a given system one technique may work better than
another. It is always better to know two ways of solving a problem
rather than one, for then one can choose a particular approach or com-
bination of approaches, so as to solve the problem at hand in the
simplest and most satisfying manner,

The extension of the formulas for the cofactors to minor
determinants of any order can be easily obtained. The results (cor-
responding to k-semi-factors) are only trivially different from those

discussed in Section 3, Therefore they will not be repeated here.



APPENDIX 1

The following theorem has been shown by Coates [3,5]-

Theorem At Suppose G(V,E,f) 1is the associated flow graph of a matrix

A . Then
nxn

n L
det A = (-Dn 2 (-1) pfch)
h
where h is a 1-factor in G(V,E,f); is the number of directed cir-

cuits in h; and the summation is taken over all h e G(V,E,f).

There is an alternative way of finding the signs associated

with each h, and the result is given below without proof [12].

GDn D pf(h) = (-Dafh)

where q is the number of even components in h.

This result is useful iIn the sense that one can associate

14

each component of h either a plus or a minus sign, according to whether

the component is odd or even.
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APPENDIX 11

Outline of a Proof of Theorem 2

Let A = [a£jInxn be either the node-admittance or loop-
impedance matrix of a given electrical network, and G*(V*,E*,f*) be
the flow graph constructed as follows;

(1) Each row (or column) is represented by a node and is
labelled by one of the integers from 1 to n such that
the node labelled k is associated with kt1 row (or kt1
column);

@) If a.. O, i ™~ j, there is an edge (i,j) directed from

node i to node j and also a self-loop denoted by (,j)- at j

such that
~(1,J)) = a-.
((.3)-) = -aji

n
@) If x=1 aix ™~ 0, there is a self-loop (i,i)i at i such that

n
* ] £ 1
=~((@(,1).) el ix 1 1,2, ,n O
In the light of Theorem A in Appendix I, it is easy to show that the

following lemma holds.

Lemma 1; det A = det G* = £ (-D)qg"f*(h*)
h*

where h*f is a 1-factor of G*(V,,E*, ¥); g* is the number of the even
components in h*; the summation is over all h* e G*(V*,E*,f*); and det G*

is the determinant of the matrix associated with G*(V*,E*,f*).
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In fact, Lemma 1 still holds in case G*(V*,E*,f*) contains
parallel edges.
Lemma 26 Suppose is a 1-factor of G*(V*,E*,f*) such that it contains
at least one directed circuit of length > 2, then there exists a 1-
factor h e G*(V*9E*, f*), h2 + h®, such that fACh") = -f*~).

Proof; By Lemma 1 it is always possible to write

hi = (@izii)kl,--teit)kt pid) pi2)-—--pi(s)

where Pj;‘u) , u=1,“e*,s are directed disjoint circuits of G*(V*,E*,f*)

and such that pjjl™ has the form

(1)

P1

where t,s,m are appropriate integers.

There always exists a 1-factor e G*(V*,E*,T*) such that

h2 (V V k~W j~rW j

<w j 1P PLS) =

The mapping of h”™ and h”™ with associated signs are

ql
(D ( 1ytai k ""ai k [CD" 1aj j aj j "wa. j [F(PE@)-P
) '1! alt t[( o aﬂzilajsjz ..ajlm] (1() 1(8))
and
tm
f*(h2) 1) a , “7a. , a. . .a. . —«@. . (E@ ., pG\
liki Itkt J2Ji h h vV om 1 1 3}

where q.I is the number of the even components in pi\’\*. .p’l\s;\ The

lemma follows immediately.



Lemma 3; Let be the set of all 1-factors of G*(V*,E*,f*) each of
which contains at least one directed circuit of length > 2; also let
be the set of all 1-factors of G*(V*,E*,f*) each of which contains

only self-loops of the form

cwi (12,12)k. (ij Vk.

such that there exists a set of subindices k__kt eek kt s ' > 2, of
» l!l. 2
k s and also a corresponding set of subindices i i e it of i"s
o t2 r
with i =k » P = I;««»,r—l and i = k where j and r are appropriate
V1 CP h o
integers; then

» ((AXV A2) = 0
Proof: Let

hi = Pi-"-Pi

where p“, m = 1,” °,a are directed disjoint circuits of length at least
>2; t, a, i, u are appropriate integers, and h™ e A~ V A be such that

ui
there exists no tu e A V AM which has the property

i 1 2 xn3
hi Gk O e PP Th

with P> 1 and t < t-2 where P and tc are some positive integers.

For each edge (i,j), 1+ j, e G*(V*,E*,f*> there exists a
unique corresponding self-loop also e G*(V*,E*,f*). IFf P? is
defined to be a graph obtained from P™ by replacing edges in P™ with
their corresponding unique self-loops, then the elements in AV Acan

always be grouped into a set S of subsets such that for each S. e S
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Si = {hilhl 6 A1V A2>and hi ” < W Kk ~il

»*x  Jl1 "2 ~cy-X
V - -V pi” where iii2,,‘ix and

are the complementary indices of the integers 1 2-e(0"

1™ hns all other notation is defined the same as in h¥ j-,,

Since all the 1-factors in \Y are distinct it follows
that AS) =q@for i/ ]
It is easy to show that there are 2 1-factors in S HalFf

*

1
of them containsP , say, the other half does not. By replacing p*
i o= i

in the former half, one obtains the latter half. Therefore, it is
always possible to form 2a-~1 disjoint pairs (h”1, h”2) such that (by

lemma 2)

hi k?
=t ) = -fMh™ ) for all pairs in

or

%(S.) = 0

This, in turn, implies (5) = (A" V AM) = 0,

Lemma ~ Suppose B1l is the set of all 1-factors of G*(V*,E*,f*), and

B2 is the set of all semi-factors of G*(V",E",fl), then there exists a
one-to-one correspondence between the elements in the set B"-A"-A2 an(j
the elements in the set . Furthermore, the mappings of the correspond-

ing elements h* e Bj-Aj® and R# e BE are such that
=*) = Dg*f (")

where (' is the number of even components in R!0
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Proof; IT one associates each edge (j,j)* e E* with an edge (i,jJ) e e™*
for all 1 + Jsand (i,i1)j e E* with (i,i) e E* for all 1 = j, the first

part of the theorem follows immediately. Since

~a-D1 = -F°((z.1)) for 17 ]

-
1
[~

f3((i»i)) for

by Theorem 1, it is possible to associate each component of R" either
a plus or a minus sign, according as the component is odd or even. This

completes the proof of this lemma.

At this point it is obvious that Theorem 2 is a direct consequence of

Lemma 1 and Lemma 4.



6*

10.

11.

12.

20

BIBLIOGRAPHY

Mason, SO JO, "Feedback Theory - Some Properties of Signal Flow
Graphs, Proc, IRE, Vol, 41, pp, 1144-1156; September, 1953.

Mason, S. J,,, "Feedback Theory - Further Properties of Signal Flow
Graphs,'™ Proc. IRE, Vol 44, pp. 920-926; July, 1956.

Coates, C, L,, "Flow Graph Solutions of Linear Algebraic Equations,”
IRE_Tfansa on Circuit Theory. Vol CT-6, pp, 170-187; June, 1959.
?jJiU] S*” and Reed, M. B., "Linear Graphs and Electrical Networks,"
Addison-Wesley Publishing Company, IncO, Mass.; 1961.

Desoer, CO AO, "The Optimum Formula for the Gain of a Flow Graph
or a Simple Derivation of Coates®™ Formula,™ Proc. IRE. Vol 48
pp- 883-889; May, I1960. .

Tutte, W. TO, "The 1-factors of Oriented Graphs,'™ Proc. Amer Math
Soc,9 Vol, 4, pp0 922-931; 1953.  ———————o ~ -

Mason, S# J,, "Topological Analysis of Linear Non-Reciprocal Net-
works,"™ Proc, IRE. Vol. 45, pp, 829-838; June 1957.

Coates, C, L., "General Topological Formulas for Linear Network
Functions,? IRE Trans, on Circuit Theory. CT-5, pp. 30-42; March,

Mayeda, W., "Topological Formulas for Active Networks,"™ Int. Tech.

RPte No« 8> U#S# Army Contract No. DA-11-022-0RD-1983, University
of I1llinois; January, 1958.

Mayeda, W., and Seshu, S,,, "Topological Formulas for Network Func-
tions,”™ Bull. No. 446, Univ, of Illinois, Engineering Experiment
Station; 1957.

Ore, 0.9 "Theory of Graphs,”™ Amer. Math. Soc., Colloquium Publica-
tion, Vol. XXXVIII; 1962,

Chen, W, K,,, "General Topological Analysis of Linear Systems,"

Report R-191, Coordinated Science Laboratory, University of lllinois
Urbana, Illinois; January, 1964,



21

PART 11
FLOW GRAPHS AND BIPARTITE GRAPHS

1. Introduction

In a recent communication, Chow and Roe [I] introduced a new
graph called the "matrix graph”™ in connection with the solution of a
system of linear equations. However, this method is not practical in
the sense that it is difficult to find all possible "simple subgraphs
even for a system with moderate order. Furthermore, the ™"matrix graphs"
are actually the well-known bipartite graphs in literature [2-6]. The
purpose of this note is to develop some relations and properties be-
tween flow graphs and bipartite graphs, and use bipartite graphs as an

intermediate step in the simplification of the corresponding flow graphs.

2. Definitions and Notation

A directed (linear) graph (denoted by G(V,E,f) or simply G)
consists of a node set V and an edge set E of ordered pairs of the form

i>] 6 v; and a mapping function f with domain in e and range in

the complex field. i is called the initial node and j the terminal node.

For any 1 € V the notation P (i) and p*(i) denote the cardinals
of the sets of edges of G having i1 as initial and terminal nodes, re-
spectively. ITf Q is a subgraph of G and each node of G is a node of Q,
then Q is a spanning subgraph of G. A directed graph is regular of
degree k ifp>(i) =p*(i) =k for all 1 € V. An n-factor of G is a
regular subgraph of degree n. For an undirected graph H the symbol p(i)
will be used to indicate the cardinal of the set of edges of H incident

at node i. An undirected graph H is regular of degree k if p(i) = k for
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all 1 in H. A matching subgraphl” of H is a spanning subgraph of H which
is regular of degree 1. For both directed and undirected graphs, the nota-
tion |i(® denotes the number of nodes contained in the node set A.
3. Bipartite Graphs Associated with Flow Graphs

A bipartite graph [6] is a linear graph B(Vj,V',E",f") (or simply
B) in which the node set decomposes into two disjoint sets Vl and V;
such that each edge (i%j"> £ E" connects a node i" £ Vj with a node
J 7 € V2 Where E" is a set of undirected edges and ¥ is a mapping function.
This special type of graph plays an important role in the analysis of
the associated flow graphs of the matrices.

For any flow graph G(V,E,f) there is an equivalent representa-
tion as a bipartite graph B(VJ,VJ,E",F): to the node set V of G(V,E,f),

one constructs a replica which is iIn a one-to-one correspondence with

V = Vr For each edge (i",jf) £ E* if and only if there exists an edge
(ijJ) € E. The mapping function T is defined by
f*CCi"jj?) = F((i,j)) for all edges ~ E” and E

Conversely, it is evident that when there is a bipartite graph
B with n(V®») a M-(") there is a one-to-one correspondence between edges,
it can be represented as a flow graph in V. It is always possible to
associate a matrix with a bipartite graph [4].
4. Relations Between Flow Graphs and Bipartite Graphs

Definition 1; An edge of B(V’,V™,E”,T") is said to be essential

if and only if it is contained at least in one of the matching subgraphs

fChow calls this a "simple graph." pouever, the above definition
is more commonly used in literature [4,5]-
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of B. Otherwise it is a non-essential edge.

Theorem 1; Suppose B(VE,V~A,E" ") 1is the corresponding bipartite
graph of a flow graph G(V,E,f), then any subgraph Q of G is an n-factor
if and only if the corresponding subgraph C of Q in BCV;AVEAE' ff) is a
regular graph of degree n.

Proof: Suppose Q is an n-factor of G, it is obvious that C is
a spanning subgraph of B. Suppose C is not regular of degree n, then
there exists a node i* of degree > n in C. The degree of the corres-
ponding node i “in Q is such that either p(i) > n or p*(i) > n which con-
tradicts the assumption that Q is an n-factor. Therefore C is a regular
subgraph of degree n. Similarly™ the converse is true.

Corollary 1: Any subgraph h of G is a l1-factor* in G if and
only if the ocrresponding subgraph M of h in the corresponding bipartite
graph B is a matching subgraph.

Corollary 2: Any subgraph h of G is a 2-factor in G if and
only if the corresponding subgraph M of h in B forms a set of spanning
non-touching circuits.

Corollary 3: An edge is essential in B if and only if the
corresponding edge in G is contained at least in one of the 1-factors of
G.

For any given flow graph G(V,E,f) let

ne) - p-RE)
n® - LIR*S)

a(s)
0*(S)

+
Sometimes this is called a connection [7,8],
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where S iIs a subset of V; R(S) is a subset of V and contains the set of
all terminal nodes of edges having their initial nodes in S; and R*(S)
is also a subset of V and contains the set of all initial nodes of edges
having their terminal nodes in S. c¢(8) and o0*(S) are usually referred
to as the deficiency and the converse deficiency [2-6] of a directed
graph, respectively.

A matrix A is said to be reducible if and only if It can be

partitioned into the form

All 0 All ai2-
or
A
L 21 A22J uO A22J
where A~ and are square submatrices. One extends this definition

also to include as reducible those matrices which can be transformed
into a partitioned matrix with the above property, by interchanging the
lines of A. It should be noted that the corresponding rows and columns
are not required to permute simultaneously.

Definition 2; The associated flow graph G(V,E,f) of a given
matrix A is said to be separable if and only if the matrix A is re-
ducible. Otherwise it is inseparable.

The definition of separability defined here for flow graphs
is different from that defined in the graph theory [9]-

Theorem 2 ; The necessary and sufficient condition that the
associated flow graph G(V,E,f) of a given matrix A be separable is that
there exists at least one proper subset S, S ~ 0 (empty set), of V such

that either <j(® or o0*(S) is equal to or greater than zero. Furthermore,
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if either a(S) or o*(S) is greater than zero then the determinant of the
matrix associated with G (or simply determinant of G) vanishes.

Proof: Suppose there exists a proper subset S, S / 0, such
that <& = p(S) - [TIREG)) 20,0; in terms of the rows and columns of the
matrix A, p(R(S)) is the number of rows in A having at least one non-
vanishing element in common with one of the columnscorresponding to S.
It follows that G is separable. Conversely, if G is separable then there
exists at least one proper subset S, S 4 0, such that either co(S > 0 or
0*(S) & 0* Similarly for the other case.

IT either or(® > 0 or 0*(S) >0 there existsat least one
line containing all zeros in A11 oréépnin addition to that either A12
°r A21 iS zero* This completes the proof of this theorem.

It is obvious that this theorem provides an alternative in
determining whether a given matrix can be written as the direct sum of
submatrices [10,11],

The deficiency functions defined for flow graphs have a

corresponding meaning in bipartite B(VA,VNE®,FT), 1.e.,

6AND = p(Np - p(O(ND))

6*(NY) = n(N,p - [TONY)
where and are subsets of Vj and V», respectively; D(Np denotes
the set of all nodes in which are joined by an edge to at least one
node in of V*; D(N®) denotes the set of all nodes in Vj which gre

joined by an edge to at least one node in Ni of Vgu
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Theorem 3; If G(V,E,f) is separable and the corresponding
determinant is non-zero, then it can be split into at least two un-
connected components such that the union of the node sets of the com-
ponents is V and furthermore the determinant of G(V,E,f) is equal to
the product of the determinants of the components.

Proof: Suppose B(V~,VM,E®,F7) iIs the corresponding bipartite
graph of G(V,E,f), then by Theorem 2 there exists a proper subset
N{c V>’ Nj *0, in B(V*’,V»,E*,F”) such that M(N’> - p(D(N")) = 0. It
is evident from Corollary 1 and Corollary 3 that all the edges (i",j’ )"
i*€ Vi Ni> J' € DN are non-essential, and can be removed without
changing the value of the determinant of B. Since the interchange of
the labels of any two nodes in corresponds to the interchange of
the corresponding columns in the associated matrix, it follows that
it iIs always possible, by using an even number of interchanges, to re-
name the nodes 1in in such a way that and D(Np have the same
designations. Consequently, the corresponding flow graph of this modified
bipartite graph contains at least two unconnected components, and the

theorem follows immediately.

Corollary 4: If S is a subset of V in G(V,E,f) such that
g-® = LiIR®) then all the edges of the form (i,j), 1 £ (V-S) and
j £ R(S), can be removed without changing the value of the determinant

of G. Similar result is obtained if G® = LHE*O)).-

5. The Determinant of the Product of Two Matrices
Let
a...
1j ~ NXm

ij -mxn
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be two given matrices, and BAVAV~"E, « (or simply Bd> be a special

bipartite graph such that

@) mCVvl) = n and n(v2> =m

(@) There is a directed edge (i>j> £ E, 1 £V and j £ V2
X

with f((,))) = a if and only if a__ ¢ O
1

(@) There is a directed edge (i,j) £E, i £V and j £ v

c. . if and only if c._ ~ 0.
J ij

with F((,)))

Theorem 4: det AC (-Dn 2 (-i)q fh)

where h is a set of non-touching circuits in Bd which contains all the
nodes in Vx; q is the number of circuits in h; and the summation is over
all h in BH'
Proof: Let the nodes in be labelled from 1 to n and the
nodes in V2 from n+l to n+tm. (The rows and columns of A and C are labelled
accordingly; 1i.e,, the rows of A and the columns of C are labelled from

1 to i, and the columns of A and the rows of C from n+l to n+m.) If
A(Ji;jg;==="Jn) is a major determinant of A formed by the columns j1 j2

,--ijn and CCj~J2,. . Jn> is the corresponding major determinant of

A(Ji>jgje==jJin) C with J»~ < j2 < 0.0 < j > then

AN >j 2,. .°,Jn)c 01>J2>000>Jn>

. g J192*7jn 12...n
6k k k alk a2k_” *ank )(S€ii _...i Cj i Cil 1 eeeci i >
12 n 1 2 n 1 2% n 111 J2 2 Jn n

where k™. . .~ is a permutation of the integers j #j2 i _ar;%d
J1J2 “"eJn
K.k ..
12 ’kn

12"’01 1 2°'° n
Similarly for ¢ . , Since

12 n
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120 .n A j27 edn
Hleoe-dp Sikg - e TR i, i Cho T, mmedy o,

= (—I)n 12-11-nj_j -11-j
k. k »>. k I i_°°,i alk a °°°ank Cj,i1]1Cy 1_**iCgj 1
127 %12 n 1 %¥ nJ1 i 32" Fh'n
and all the row and column indices are distinct, respectively, by follow-
ing the same argument as in the derivation of the gain of a flow graph

[8]1, one obtains

A(I1>32,« ..>In) Ci,j2,..,,dn) = (-Dn'S (-Dg" F(h?)

where h™ is a set of non-touching circuits which contains all the nodes
1,2, ..0,n, i2,--.,37; q* is the number of circuits in h1; and the
summation is taken over all possible such h” in B

dll

Since det AC is equal to the sum of the products of all corres

ponding major determinants, the theorem follows immediately.

Corollary 5; 1In Theorem 4, if m = n then h becomes a I-factor

6. lllustrative Example:

Consider the flow graph G(V,E,f) shown in Fig. 1. Since there

exists non-empty proper subset S of the node set V such that

RS * {3, 2}
and u® = IRES))
by Theorem 2 and Corollary 4, it follows immediately that G is separable
and the edges (5,3), (2,2), (1,2) of G are non-essential, so they can

be removed without changing the value of the determinant of G. Further-

*



more, since G iIs separable it is possible to construct (at least) two
unconnected components (by Theorem 3) such that the determinant of G
is equal to the product of determinants of the components. (Fig. 2)

a22

Fig. 1. The Illustrative Example
ail

Components of Fig. 1.
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PART 111
AN EXTENSION OF THE STAR-MESH TRANSFORMATION

The basic problem of analysis of combinational circuits is the
determination of the relation between any given connection matrixl and
the corresponding output matrix. To accomplish this, Hohn [I] showed
first how to obtain from a given circuit an equivalent circuit using
one less non-terminal node in the formation of the connection matrix.
This operation (the star-mesh transformation [I]) is repeated until
there is no non-terminal nodes iIn the accounting. Yoeli [2] generalized
it to the process of multiple-node removal in an algebraic form. The
purpose of this note is to point out that Yoeli®s process can be
accomplished topologically.

Let C be the connection matrix (nhot necessarily symmetrical)

of a given circuit G and be partitioned in such way that

Cin ol
¢ = [Cir]nxn c c
21 22J nxn
where is a square submatrix of order p which corresponds to the

terminal nodes of G. For convenience, a mapping function f is defined

from the branches(i”j) of G into the Boolean algebra such that

f((i>))) = C%j for all branches in G

Also define

f(R) =n F(UI,u2))
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where (u”i”) is a branch iIn R, and R is any non-empty subgraph of G,

Next let \Y,

tt
r r 12,

*1%2 = CIJ 1 tVv t2

[mij](n-p)x(n-p)

l

ica2n
and

F=1If 1
PxP

where {c22} is the adjoint matrix of C22 I21.,
Yoeli [2] has shown that if F is the corresponding output

matrix of order p, then®

F=1fcn +ci2 G223 c23
Suppose Cu + Cu {C22} C21 = [d 1]
then

11 12 21
s.- = Cu F -, m C .
dﬁj ij 5i “ik mke Crj

Since m”~ is the switching function from node k to node i of the circuit

corresponding to CQQ' it follows that

y 3y

m.,.= 2 FE*)
w  PA n

where P~ is a directed path from node k to node H in the sectional

The definitions and notation wused by Hohn [I] and Yoeli
will be used here.

graph3

[21
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G[A] where A is the node set corresponding to the submatrix 022, and
the Boolean sum is taken over all possible P* € GiAl

kE L J*
Therefore

dij m\ 3 f(Pij) Fori/J

“1 for i=j

where P_ is a directed path from node i to node j in the sectional
graph G[AVivj] where Avivj 1is the set union of the nodes 1i,j” and the
node set A$ and the Boolean sum is taken over all possible P. . £ G[AyiV]].-

Theorem 1: With the notation used above if Gr is the circuit
obtained from G in such a way; (O G~ only contains p terminal nodes of
G; (@ if d_ ~ 0, there is a branch from node i to node j with associated
weight d ; then G™ and G are equivalent (same output matrix).

Corollary 1; If C22 is of order 1, the above theorem reduces
to the star-mesh transformation in Hohn"s paper [2].,

At this pointy it is obvious that the topological reduction
process not only displays in a very intuitive manner the causal
relationships among the variables of the system under study, but also
shows that the process is independent of the labelling of the nodes.

As a matter of fact, Theorem 1 still holds even if part of the non-
terminal nodes is removed.

Example 1; Consider the circuit shown in Fig. 1(a). The
dotted part is the sectional graph to be removed. The reduced circuit

is shown in Fig. 1(b).
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a%bha%e

@
Fig. 1. (@ Example for Multiple-node Removal
(b) The Corresponding Reduced Circuit of (@)

It is interesting to note that this process can be easily
applied to sequential machines to give the corresponding multiple
JFBtate removal” algorithm with minor modifications.

IT G[A] is the sectional graph to be removed from a state
diagram G where A is a set of states and if there exist self-loops in
G[A], then the process shown in Fig. 2 must be used in order to
eliminate all such self-loops (@ is used as identity for multiplication

but 1 + b ~ 1). kisa non-negative integer.

(1 +£b k) A

(L+EDbk)c2
A+ £bk)c3

(1+ £bk)cn
(a) (b)

Fig. 2. (@ A Node with a Self-Loop
() Wwith the Self-Loop Removed
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After all the self-loops having been removed, Theorem 1 now
can be applied to obtain the corresponding reduced state diagram.

Example 2: Consider the state diagram of Fig. 3(a), The
dotted part is the sectional graph to be removed. Fig. 3(b) is the

corresponding reduced state diagram.

@ ©)
Fig. 3. Example for Multiple State Removal

Footnotes:

1. The definitions and notation used by Hohn [I] and Yoeli [2] will be

used here.

2. This result was first discovered by Shekel and published in [2]. In
a recent communication. Brown [4] restated the same result for a

more restricted class of elements, i.e., Boolean algebra.

3. A sectional graph (denoted by G[A]) of G defined by a node set A
is the subgraph whose node set is A and whose branches are all those

branches in G which connect two nodes iIn A.
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A SIMPLIFIED WAY OF SOLVING A SYSTEM OF
SIMULTANEOUS LINEAR EQUATIONS

1. Introduction

Many methods of solving a system of simultaneous linear
equations have been published in literature [1], but no "best method"
can be recommended. For a given system, one technique may work better
than the others. Therefore, it only depends upon the nature of the
problems and one’s familiarity with a particular method. In this paper,
a new method based on the reduced flow graphs is presented.
2. Definitions and Notation

It is always possible to associate a directed linear graph,
called a flow graph [2,3], with a given square matrix A = [a..] of order
n. Each row (or column) is represented by a node and is labelled by
one of the integers from 1 to n such that the node labelled k is

th iH

associated with k row (or k column). If a * 0, there is an edge
J

(i,j) directed from i to j with associated weight a .. For a more
compact description of a flow graph™ the notation o;-B—tuple GCVNEN)
is used where V is a set of nodes; E iIs a set of directed edges; and
f is a mapping function from E to the complex field such that f((i,}j))
= a~n for all i,j g V. Also it is convenient to extend the mapping
function T from a single edge (i,j) £ E to any subgraph R of G(V,E,T)

such that

fR) =nf((t,k))
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where the product is taken over all edges (t,k) € R.

For any i € V the notation P(i) and p*(i) denote the cardinals
of the sets of edges of G having i as initial and terminal nodes,
respectively. They are called the outgoing and incoming degrees of G
at i. A directed graph is regular of degree k if P(i) =p*(i) = k for
each 1 € v.

IT A is a subset of V, the sectional graph (denoted by G[A])
of G defined by A is the subgraph whose node set is A and whose edges
are all those edges in G which connect two nodes in A. When A =V
the sectional graph is G itself. Two subgraphs are disjoint when they
have no edges and nodes in common. If S is a subgraph of G and each
node of G is a node of S, then S is a spanning subgraph of G. A com-
ponent of G(V,E,f) is a maximal connected subgraph of G(V,E,F). A
connection of G(V,E,.F) is a spanning subgraph of G(V,E,f) which is
regular of degree 1. A subgraph (denoted by H..) of G(V,E,f) is said
to be a one-connection from node i to node j if it contains: @ a
directed path from node i to node j; (2) a set of disjoint circuits

which include all nodes of G(V,E,f) except those contained in (1).

3. Main Result
It will be convenient to write the system of simultaneous (consistent)
linear equations in matrix form
Q) AX =B
where A = [a ] is the coefficient matrix of order n; and X and B are
the column vectors. Frequently, to save space, the column vectors X and

B are written in the form and {b~b”~ ... .bj, respectively.



39

Let G(V,E,F) be the flow graph associated with the system (1),
i.e., associate a flow graph to the coefficient matrix A and then attach
a source node (denoted by n+l) to it in such a way if bK 4 0 there
is an edge (n+1.,k) with f((n+1,k)) » —bk- Also let Gc<Nk"Ec“fc) be

the flow graph obtained from G(V,E,f) such that

and t0((i.j)) =0 for i < j

qv_l
S (b 1 f(H D)
H. 13
for 1 > j

£ <-i)q F(h)
h

where H is a one-connection in the sectional graph G[Iv2v...vjvi] where
Iv2v..._.vjvi is the node set containing the nodes 1, 2, ..., J and ij h
is a connection in G[lv2v...vj 7] where Iv2v...vj is the node set containing
the nodes 1, 2, ..., j; g" and q are the numbers of circuits in H and
h, respectively; and the summations are taken over all Hid and h 1in
GLlv2v...vjvi] and G[lv2v...vj], respectively. It is also assumed that
the determinants of the matrices associated with the sectional graphs
G[Iv2v..,vk]; k=1,...,n are non-zero.

The reduced flow graph GC(VC"EC7fC) may be defined as the

canonical form of G(V,E,f), and usually has the form shown in Fig. 1.
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Fig., 1, The Canonical Form of G(V,E,T)

Theorem 1: With the same notation used above, the solution

of Eq. (@) 1is given by

*35% D fe@@DI) j-1,....n
(n+1)]
where P\/n+i;'j is a directed path from node n+l to node j € GC (Vc;'Ec,’fc):
Qp is the number of edges in a<i the summation is taken over

all P(n+1)j 6 Gc(V Ec*V*"

Proof: IT a row of zeros is attached to the bottom of the
matrix [A,-b] where [A,-B] is obtained from A by attaching -B to the right
of A, and then an operation similar to the "sweep-out” process [4] for
evaluating determinants is applied, the resultant matrix A~ turns out

to be



al, aU
411 all
3
b e 77
A" =
0 0 0
0 0 0
0 0 0
where
ail
A = det a2l
J
a
Jl
and
all
A% = det
i
with

am(n+1)

eooe 1

12 1j

8y -0 3y

j2 Jj
alCi-D

821 eee a2(i-D

ai(i-D

bm for mzlg...

ain al(n+l)
all all
An An+1
2 2
ZT mS—
An v+l
- JL
3
N+l
n-1 n-1
n-1 m-l
n+1
for j=I1, ,Nn
for k > i
i =2,
k = 3;.
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It is obvious that the systems (1) and

@) A"X*

0
where X* = [ x~x".e.ix™ 1] are equivalent. Therefore, by Cramer’s rule
one gets

xJ = (-Dn ™ 1 det Aén+1)j

where AEn+isﬁ'iS the submatrix obtained from A" by striking out the
(n+1)th row and jth column of A”. By a theorem due to Coates [2,3]
(which is contained in appendix),one readily realizes that the fTlow
graph G’(V’,E",f”) associated with the system (2) is prqqisely the

reduced flow graph Gc (Vc,Ec,fc) of G(V,E,f) except that the weights

associated with the self-loops (i,i), i=l,...,n are I"s rather than

zeros. Therefore

X. = (i)n~J371 {(-)(+D)+j [(-Dn+l s (-1 a 1 "G ; )1}
J H(n+1)j <n+1)j

is a one-connection from node (n+l) to node & in G”(V°,E”,f"),

g

and the summation is taken over

where H(n+1{r

La_is the number of circuits in HE

all He iy € 6TQVRET ). If

(n+l) to node j € then

n+I$ﬁ

P(n+1)j is the directed path from node

s (n+1) - (gp+D)

where qP is the number of edges contained in P v.J. It follows that

+1)j

This completes the proof.
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In case some of the determinants AJ j=1,2,...,n-1 are zero,
it can be shown that it is always possible either by relabelling or
shifting [2] the nodes of G(V,E,f) in such a way that the assumption
holds. IFA =0 for all j > k, 0 < k < n, the extension is trivial
since (n-k) vectors of A can be treated as B.

It should be noted that in the process of the construction of
Gc (Vc ,Ec,fc) the most complicated mapping term is fc ((n+l,n)) which
corresponds to calculate € G(V,E,f) by coates’ method [2]. The re-
maining terms are obtained from the sectional graphs of G(V,E,f). There-
fore, if all x., j=l,...,n are required, this method certainly will de-
monstrate its superiority. This is best illustrated by the following

example.

Example 1: Consider the system of equations

W w 1 =0

+ +Xx -1 =
ZXR é_}ZXg x4 1 0

2X +2X -X +2x -5 - 0

1
o

x1+%§ +3x3+3x4—3

The flow graph G(V,E.f) and its canonical form GC(VCﬁECﬁfC)

are shown in Fig. 2. Then, by Theorem 1, one has

x4 = 3
X3 = -1
x2 = -(-D+E3) @ = -2

XX

“EDHFEDOFAW@W-EHAM+GE3IW

1



@ (b)
Fig. 2. The Flow Graph G(V,E,f) and its Canonical Form
W W °f ExamPle -

4. Conclusions

The topological approach offers an alternative viewpoint
which complements and enhances the more fimiliar classical methods of
solving a system of simultaneous linear equations. It is always better
to know two ways of solving a problem rather than one, for then one
can choose a particular approach or combination of approaches, so as to

solve the problem at hand in the simplest and most satisfying manner.
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APPENDIX

The following theorem has been shown by Coates and Desoer

[2.31,
Theorem: Suppose G(V,E,f) is the associated flow graph of

a matrix A then
nXn

det A = (-Dn$ D P f(h)

- L -1

(1) det Ay = (-Dn5 . (D FH ) for i)

where h is a connection in GiV*E~F); H ] is a one-connection from node

i to node j in G(V*E>F); L and L are the numbers of circuits in h and

HJ_.. respectively; and the summations are taken over all h and H..
i

i.L !

in

iU

G(V,E, ). A is obtained from A by striking out the i row and j
Al

column of A.
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On Signal-Flow Graphs

Methods of simplification for signal-flow graphs have been treated
extensively in the literature [1,2], The purpose of this note is to gener-
alize a single-node removal algorithm to a multiple-node removal algorithm.

For convenience the notation f(R) will be used to represent the
product of the weights associated with the edges in R where R is a subgraph
of some signal-flow (or flow) graph G. If A is a subset of the node set of
G> the sectional graph (denoted by G[A]) of G defined by A is the subgraph
whose node set is A and whose edges are all those edges in G which connect
two nodes in A. The following theorem is obtained for the flow-graphs [3],

Theorem 1: Suppose V is the node set of a flow graph G, and V
is a proper subset of V such that detGile"O,3 then detG = K detGr with
K = detGfV~] where GM is the reduced flow graph obtained from G by the
following process:

(1) Remove G[Vm] from G. i1.e0» remove all nodes and edges incident to and
from any node in Vm;

(@ The weight ij associated with the edge (i,j) e Gr is given by

b= DM 2 D m fCig)  for all i e (V-V)

Y H:
1

m

where H%J is a one-connection from i to j in G[X]MiMj] where

VmIHUJ is the set union of the nodes i,j and the nodes in Vm; qm

is the number of the loops in Hi} rKVm) represents the number of

nodes in V_; and the summation is taken over all Hm_ e GLV }jHIiL
m XJ mr-u

when i1 = j, G[Vmo J] reduces to G[VmLﬁ] and the one-connect ions

from 1 to j become the connections in G[Vm®ﬁ] by definition,
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A similar result is obtained for the signal-flow graphs.

Theorem 2: Suppose V* is the node set of a signal-flow graph G-,
and V% is a proper subset of V* such that detG'[V'm] n O7 then detG* =
K" detGg\Nith K* = det G'[V}n] where G? is the reduced signal-flow graph
obtained from G* by the following process;

(@) Remove G"[V"];

(@ The weight b?j associated with the edge (i,j) e G; is given by

bl j =~ ~ pk\ for all i,j e (V-v;)

where W B'megﬂnoftMIdhfmwmd[mﬂ1ﬁbmitojinG*W&MH];
Ak is the value of deth[%KJ"[ﬂ for that part of the graph not touch-

ing the kth forward path; and the summation is taken over all pk*k £

G’ tV4JUJj].

It should be noted that the determinants of the graphs used in
the above theorem are according to Mason’ definition [1-4],

The verbal aspect of the above theorems seems very involved, but
the topological structure is rather simple.

The following corollary is seen to be true.

Corollary: The gain between the nodes & and j, 1,

hl
«Q,
-

=]
@
N

is equal to the gain between the same nodes in G".
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