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The transformation to companion canonic form for single-input, 

linear, time-invariant systems is shown to have important applications 

in the sensitivity analysis of control systems as well as in para­

meter optimization and model reference adaptive control problems.

Two previously unknown properties of a system in companion form are 

demonstrated. These are the Total Symmetry Property of the 

sensitivity matrix of a system in companion form and the Complete 

Simultaneity Property. The latter states that all the sensitivity 

functions of the states of a companion form system can be generated 

by linear combinations of the signals on one sensitivity model of

the system and the system states. Using these properties, a method

th
is developed to generate by one n order sensitivity model all the

sensitivity functions
3x. _1
d v . 

J
, i = l,...,n, j = l,,..,r of the state

thof any single input, linear, time-invariant, controllable n order 

system which depends on r different parameters. This represents an 

improvement over known methods for generating the sensitivity 

functions, which generally require a composite dynamic system of 

order n(r+l). It is demonstrated that.use of this result can yield 

time savings in the sensitivity analysis of systems and in adaptive
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control problems. This result is then extended to multi-input 

normal systems. A study is also made of the effect of performing 

parameter optimizations in the space of the coefficients of the 

characteristic equation as opposed to the original parameter space.

Finally, a new approach for the design of model reference 

adaptive control for single input, linear, time invariant plants 

is presented. The performance index to be minimized is the norm of 

the difference between the model and system companion transformations, 

with the constraint that the system and model eigenvalues are the 

same. This constrained minimization is converted to an unconstrained 

algebraic minimization by including state feedback in the controller. 

Since no iterative solutions of the differential equations are re­

quired, the solution time is less than that required for previous 

approaches to the model reference adaptive problem involving 

minimization of an integral performance index.
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1. INTRODUCTION

A major problem in control system design is minimizing the 

adverse effects on system performance of uncertainties which may be 

present in the system. These uncertainties may be in the input, 

in the system order or structure, or in parameters in the controlled 

plant. This study is limited to systems in which the uncertainties 

arise from a set of plant parameters which differ from the nominal 

values assumed for them in the system design. Such parameter 

variations may be caused by physical tolerances, aging or damage of 

components, or conditions of environment which could not be known at 

the time a system is designed. The parameter values which exhibit 

these uncertainties will often vary with time. However, in many 

cases the time variations are of such a nature that the affected 

parameter values can be considered as piecewise constant time functions. 

This would be the case for parameter values which vary slowly or ex­

perience only abrupt changes at certain times. It is assumed in this 

study that the variable parameters in a controlled plant can be 

considered to have piecewise constant values.

One approach to the problem of compensating for uncertainties 

in a system is to use a feedback controller structure, since it is 

known that feedback has the potential to reduce the effects of 

variable parameters on system performance. However, there are cases 

in which the adverse effects that parameter variations have on a 

system's response cannot be sufficiently diminished by a feedback 

controller using only fixed parameters. The types of parameter
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variations that fall in this latter category cannot be clearly 

defined, and the system designer must decide by some means whether 

a fixed parameter controller will produce acceptable system perform­

ance in the face of uncertainties in plant parameters. If a fixed 

controller will not do this, the need for a controller which will 

adapt itself, i.e. vary its parameters, to adequately compensate 

for variable plant parameters is apparent.

One means of achieving controller adaptation is by using a model

reference adaptive control system [1-3]. The basic block diagram

of such a system is shown in Figure 1.1. In this scheme, the

reference model is a system chosen to produce a desired output ym (t)

to a given input u(t). One choice for this model could be the system

consisting of the plant with its feedback controller, where all plant

and controller parameters are equal to their nominal values. The

adaptive mechanism uses information from the plant (with variable

parameter vector p) and the error, e(t), between the system and

model responses to adjust the controller parameter vector v. The

goal is to make the system and model output vectors y and ym as close

as possible at all times. It should be noted that model reference

adaptive control problems are a subclass of parameter optimization

problems where a parameter vector v is adjusted in a system to

minimize a performance index

T
J = J V<x,u,t)dt •

O
(1 .1)



FP-1731

Figure 1.1 Model-Reference Adaptive Control Scheme.
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There have been basically two approaches to the model reference 

adaptive control problem. In the first [l,3], the controller vector 

v is adjusted to minimize some performance index of the error, e(t), 

and an index often used is

the second method of Lyapounov. It is known that neither of these 

approaches is ideal. In the first, the system and model must be 

iteratively excited by an input so that J and the gradient components 

of J with respect to the parameters can be generated for use in a 

numerical minimization procedure. This repeated system excitation 

may not be possible in a real application. Further, this type of
I

adaptation seems too slow if the controller parameters are adjusted 

iteratively. However, if the parameters are adjusted continuously, 

the meaning of the gradient of J with respect to the parameters is 

not well-defined, and the theory cannot be rigorously justified. In 

the second approach [2], results have only been given for low order 

systems (typically second order), often with no more than one 

controller parameter. For higher order systems with more than one 

parameter, the choice of a suitable Lyapounov function is not clear, 

and the method becomes very complicated. Further, nothing is said 

about the rate of decrease of the error e(t).

The goal of this study is to improve the techniques of model

T
(1 .2)

o

In the second [2], v is adjusted to assure lim
~ t «

reference adaptive control and parameter optimization. Since the
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theory of control system sensitivity is concerned with the changes 

in system responses caused by parameter variations [4], it plays an 

important role in adaptive control theory. Thus, the techniques of 

sensitivity analysis of control systems are used extensively in this 

work. It is assumed that the plant parameters vary in a piecewise 

constant manner, so that the adaptation methods discussed are applied 

during periods when the plant parameters are considered constant.

The major results presented are:

(1) Previously unknown properties of a canonic form for a 

class of systems are used to efficiently generate the sensitivity 

functions of the system outputs. This simplifies the implementation

of the first approach mentioned above to adaptive control and parameter 

optimization.

(2) A study is made of the choice of adjusted parameters on the 

adaptation process.

(3) A fundamentally new approach to the adaptive problem for

a class of systems is presented. This approach is seen to result in 

fast adaptation.

A canonic form for single input, linear, time-invariant (SILTIV) 

control systems, which is known as the companion canonic form [5-9], 

is used extensively in the thesis. Because of this, the second 

chapter is devoted to a discussion of the companion canonic form 

and to a presentation of various important properties (some pre­

viously unknown) of this particular type of system. These properties

thare used in Chapter 3 to develop a method to generate by one n
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order sensitivity model all the sensitivity functions of the state 
dx.

of a system, 5—  , i = l,...,m, j = l,...,r, for a SILTIV con-o V , o
th J y

trollable n order system which depends on r different parameters.

Use of this result in parameter optimization and model reference 

adaptive control problems is then discussed. In Chapter 4, implications 

of these results on the choice of parameters to be adjusted in a system 

are discussed.

In Chapter 5, a new approach is presented for the design of 

single input, linear, time-invariant model reference adaptive systems. 

The performance index to be minimized is the norm of the difference 

between the model and system companion transformations, with the con­

straint that the system and model eigenvalues are the same. This con­

strained minimization is converted to an unconstrained algebraic 

minimization by including state feedback in the controller. Since no 

iterative solutions of the differential equations are required, the 

solution time is less than that required for approaches to this problem 

involving minimization of an integral performance index. The 

motivation for the new method is discussed, and an example demon­

strates how the approach can lead to a fast solution of model reference 

adaptive control problems.

Throughout the study, it is assumed that the variable plant 

parameters can be measured. In some practical applications, this 

assumption may not be valid. In that case, a means of system 

identification from output measurements C 1 0 , 1 1 3 is required to deter­

mine the parameter values.



It will be seen that many of the techniques of the study 

involve the minimization of performance indices which depend on the 

variable controller parameters. Since this dependence is implicit 

and complicated in all but the simplest of problems, it is im­

practical to obtain an analytical solution for the controller para­

meter values which will minimize a considered performance index. 

Thus, some numerical technique of functional minimization is require 

The numerical minimization technique used here is Davidon's method 

[26-28]. It was chosen because it has been shown to converge for 

initial parameter estimates far from the minimum point and in fewer 

iterations than are needed for other widely used methods. Further, 

it is easily implemented. A brief review of Davidon's method is 

given in Appendix I .

All numerical results given in the thesis were obtained using 

the CDC 1604 computer of the Coordinated Science Laboratory.
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2. SPECIAL PROPERTIES OF THE COMPANION CANONIC FORM

2.1 Introduction

In this chapter, the companion canonic form [5-9] for single 

input, linear, time-invariant systems is discussed. The algorithm 

for generating the transformation to companion canonic form is 

reviewed [5-9], and two properties of this canonic system form are 

presented which were only recently demonstrated [12]. These are 

called the Total Symmetry and Complete Simultaneity Properties. In 

Chapter 3, these properties are shown to have important implications 

for the sensitivity analysis of systems and consequently for parameter 

optimization and model reference adaptive control techniques as well. 

Finally, the invariance of the companion transformation under state 

feedback, as noticed by Morgan [13], is discussed, and its application 

to arbitrary eigenvalue assignment in dynamic systems is presented. 

This invariance property is used in the new approach to model re­

ference adaptive control presented in Chapter 5.

2.2 The Companion Canonic Form

It has been shown [5-9] that for a controllable system described 

by the state equations

x = Ax + bu

y = Cx (2.1)

where

x = n dimensional state vector 

u = scalar control
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y = p dimensional output vector 

A = nxn constant matrix 

b = nxl constant matrix 

C = pxn constant matrix, 

a non-singular transformation

x = Tz (2 .2)

exists such that

where

A = T_1AT = c

and

II > o z + b u~c~

0 1 0 0
0 0 1 0

* •
0

0 0 . . . 0 1
-a l CN| -a ..n -1 -a 1

b = T _1b =
~c ~

(2.3a)

(2.3b)

The elements OC ̂  ,CL^ , . . . ,CĈ  in the A c matrix are the coefficients in 

the characteristic equation

\  + a X + . . . + 0coX + cc1 =: 0 .n 2 1
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The concept of a controllable dynamic system was first pre­

sented by Kalman [14]. The implication of controllability which is 

important in the development of the transformation to companion form 

is that the matrix

Qc = [b Ab A 2b ... An_1b] (2.4)

is non-singular for the system (2.1) if it is controllable. Con­

trollability of the system (2.1) is often referred to as con­

trollability of the pair (A,b). In a multi-input linear system

x = Ax + Bu (2.5)

where u is an m vector, controllability implies that the matrix

Qc = [B AB ... An "1B] (2.6)

has rank n. Again, controllability of the system (2.5) is referred 

to as controllability of the pair (A,B).

The algorithm for calculating the matrix T [7-9] is as follows:

where

T = c£ r - - î n ]

t = b~n ~

t ! = At + a t~n-1 ~n n ~n

t o = At , + a , t~n-2 ~n-1 n-1 ~n

t. = At 0 + a 0 t .~1 ~2 2 ~n (2.7)

The coefficients of the characteristic equation which are required 

to find the transformation can be calculated by using Leverrier's
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algorithm [13,15-17]:

(2 . 8)

where

A(s) k det(sI-A) = E a i+1si
n

i=o

and where S^_^ and are determined by the relationships

a n-j+1

A check on the numerical calculations is that S.. = 0 should be
1

obtained.

Thus one can generate the canonical form for any single input, 

linear, time-invariant controllable system with relative ease on a 

digital computer by using (2.7) and (2.9).

2.3 Total Symmetry and Complete Simultaneity Properties of 
Companion Systems

Some interesting properties of the sensitivity functions for a 

system in companion form have been noted previously in the sensitivity 

points method [ 18] . Recently, it has been demonstrated that the 

sensitivity functions of a companion form system have even more 

useful properties [12]. These are

Property 2.1: The Total Symmetry Property

Define a sensitivity vector as



12

A ^ 2E ^ —
~i - da.

i a

and a sensitivity matrix [§] as

(2 . 10)

[5] I [|x 5 2 ... 5 n] = [5..(t)] . (2.U)

Then the matrix [£] has the following total symmetry property,

§ ij(t) = § i+l,j-l(t) ’ V i ’j = • (2 • 12)

Thus, all the elements along the "anti-diagonals" of the matrix as 

shown in (2.13) are equal

§ 1 , 1 ^ 1 , 2 ^ 1 , 3  “ • h . n

^ 1 , 2 ^ 1 , 3 5 ,  nl , n S 2 , n

II

<—
1 

U
P

1__
1 § 1 , 3

« » - i

2 , n ^ n - 1 , n ^ n , n

and consequently there are at most n+n-1 = 2n-l independent sen-
d z .

sitivity functions da

Property 2.2; The Complete Simultaneity Property
d z

All of the sensitivity functions , i,j = l,...,n for the
j

canonical form of a system (2.2) can be obtained as algebraic

*Since the sensitivity functions are by definition evaluated at 
some nominal parameter value a°, the subscript a° on

d z

da. .
1 £

and similar subscripts on other derivatives are omitted in the 
remainder of this report.
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combinations of the signals appearing on one sensitivity model of the 

system and of the system states.

The proofs of these two properties follow.

For clarity, consider first a third order example as shown in

Figure 2.1. Using the sensitivity points method [18], it follows
dz^ dz^ dz^

that the sensitivity functions and are the signals

appearing at nodes 1-3 respectively in the sensitivity model. How­

ever, since the system is described by the equations

z, = z„

it follows that

and

z„ = z,

z„ =
■°ClZl^X2Z2"a 3Z3 ’

( Z i )  =da v~i

ba1(z2)
d_
dt da.

l l  da

'21 da.

(2.14)

(2.15)

(2.16)

since the conditions for interchanging the order of differentiation 

in (2.15) and (2.16) are met. Now, by inspection of the sensitivity 

model, the signals § ̂  and are easily identified as those 

appearing at nodes 2 and 3. Similarly, it can be shown that 

§22 = ^i2* ^3 2 = ^ 2 2 ’ an<̂  ^23 = ^ 13 ‘ Again, these signals are

easily identified on the sensitivity model at nodes 3 and 4. The
d z

only sensitivity function not yet obtained is § 0_ ^ ^— . However
33 aa3

by the procedure used above, § 33 = § 23> and § 23 is the signal at
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dZ>

5 ©  5 © / 4  ©  / A K M A azi

1 l  j  1 /  -1 © V j© '  !b  ®  i ' dai

-<*3

•a2

a 3

-a2

-ai

Sensitivity Model
F P-1530

Figure 2.1 Third Order Example.
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node 4 of the sensitivity model. Further inspection shows that the

derivative of this signal can be obtained as an algebraic combination

of the states and sensitivity functions already identified as shown

in Figure 2.1. Thus, both Properties 2.1 and 2.2 have been verified

th
in the third order case. For an n order system, the same ideas 

as used above in the third order system can be extended. With these 

ideas and systematic inspection, it follows that the signal at node 1 

of the sensitivity model is (as shown in Figure 2.2)

8 z i
node-1: ,

the signal at node 2 is

node 2
dz^ d z 2

do~ “ dcx̂

and the signals at nodes 3 through n+1 are 

node 3: 3 z l 3 z 2 3z3
da3 Sa2 da

node n-1:

node n:

node n+1:

dz^ d z 2 dz n-1
da _ da „n-1 n-2 

dz^ dz2 S z 3

dax

d z 1 n-1
da da . da _ • « « da.n n-1 n-2 2

dz0 dz0 d z, dz2 3 4 n
da da ,n n-1 da 0n-2 da2 '

da.

Now by referring to the sensitivity matrix [§] as shown in (2.13), 

it is evident that the signals at nodes 1 to n in the sensitivity



16

©è®!©? <Dt(D*(D

-a i

System Model

-ai

Sensitivity Model

FP-1529

Figure 2.2 N Order Companion System and Sensitivity 
Mod e 1.
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model represent the elements in the "upper anti-triangle" of the 

[?] matrix along with the elements along the "main anti-diagonal„" 

Also, the symmetry mentioned in Property 2.1 is evident for this 

portion of the [§] matrix.

Further inspection of the system equations shows that the 

elements of the lower anti-triangle of the [§] matrix can be obtained 

by successively differentiating the signal at node n+1 of the sen­

sitivity model. Let (n+1)*3 denote the signal obtained by different­

iating p times (with respect to time) the signal at node n+1. Then

o ti0" 2
it follows that the signals (n+1) ,...(n+1) are:

(n+1)
0 o

(n+1)1:

(n+1) 2 :

ôz2 0Z3
d z . dz n-1 n

da da , da0 da0n n-1 3 2

Sz3 d z. 4 d zn
dan da ..n-1 da3

3z4 d z5 d zn
dan da !n-1 ôa4

(n+D
n-3 dzn-1 n

dan dan-1

is+ii n _ 2 .

dz _n
dan

These are all the lower anti-triangular elements of [£].

0 n-2
also true that all of the signals (n+1) ,...,(n+1) can

Now it is 

be ob­

tained as linear combinations of the signals at nodes 1 through n
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of the sensitivity model and the signals z., ...,z ,, rather than
l n- i ’

by differentiating n-2 times the signal at node n+1. As an example, 
d zn

consider . By the symmetry exhibited,
4

n
da

n
da.

d zn-1
da,

n
s s q i -  (2-17)

But by inspection,

d z _r
da

dzr-z0 - a c—
2 n da, - an-l da - a 1 da, (2.18)

and hence

dz /dz \_n _ I ___n \
da Z3 an ( d a 0 j an-l l da 
4 V 2 ' \ n

- a
11 da, (2.19)

which is equivalent to

dZn 2 dz dz
= -z„ + a z0 + a — ■- + a a , r—  da, 3 n 2 n da n n-l da 4 n n

+ . . . +

dz. d z
a a n ^—  - a , ^
n 1 d a 2 n-l da2 - a

dz.

1 dec! (2 . 20)

In order to obtain the signal (n+1) , the signals z^,...,z  ̂ are

needed in addition to those at nodes 1 through n. Thus, in order to

0 . _ n - 2
obtain all the signals (n+1) ,...,(n+1) , the signals z^

are needed in addition to those at nodes 1 through n.

>z in-l

The complexity of proof of the total symmetry and complete 

simultaneity properties should not obscure the basic simplicity of 

application of the result. In order to obtain all the elements of
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the matrix [|], only 2n-l signals need be obtained from the system 

and one sensitivity model. Of these, n+1 are obtained directly as 

the signals at nodes 1 through n+1 of the sensitivity model. The 

remaining n-2 functions are obtained as linear combinations of the 

signals at nodes 1 through n+1 of the sensitivity model and 

z^,..o,z^  ̂ as described in the proof of Properties 2.1 and 2.2.

2.4 Invariance of the Companion Transformation

An important invariance property of the companion transformation 

discussed in Section 2.2 is the following:

Property 2.3:

Consider the system described by

x = (A + bk')x + bu = A(k)x + bu , (2.21)

where k is an n dimensional state feedback parameter vector

k' = ( k ^ . . . , ^ )  .

Let the companion transformation for the system (2.21) be denoted by 

T(k). Consider also the system described by

x = Ax + bu , (2.22)

with corresponding companion transformation T. Then T(k) = T, which 

means the companion transformation is invariant for the class of 

systems as given in (2.21) and (2.22).

Proof: Using the transformation T in (2.2), let

x = T z. (2.23)

Then (2.21) becomes
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= [T
-1

A T + T-1 bk' T]z + T_1 bu

but using (2.3) this becomes

0 0 0

A + c
0

k'T
/V
z +

0

p III >
 i

l N
> +

0

1 1 1
_ _ ___

Define

k ' = k'T = (k^, k2 ,

Then, it follows from (2.3), (2.25) and (2.26) that

0 1 0  0 

7 0 0 1 0 0

-cu+iL - a 0+k0 . . .  -a  +k1 1 2  2 n n

(2.24)

(2.25)

(2.26)

(2.27)

and thus T transforms system (2.21) to companion form, independent 

of k, i.e. T = T(k).

Now, following Morgan [13], it can be shown that any desired 

eigenvalues (with corresponding a^,...,a^) can be achieved in a 

system of the form (2.21). From (2.26) and (2.27), it is evident 

that the following choice for k,

k = (T')‘1(a-ad) (2.28)

will ensure that the system (2.21) has eigenvalues corresponding

d . d d. ,
uniquely to a = (a^,...,a ) .



21

Recently, Wonham [l9] has shown that for a multi-input linear

system

x = (A+BK)x + Bu , (2.29)

where u is an m vector, arbitrary eigenvalues can be attained by 

proper choice of the state feedback matrix K, if and only if the 

pair (A,B) is controllable. Because of the arbitrary nature of the 

linear system he has chosen, Wonham's proof of this result is quite 

complicated and the computation of the necessary transformation to 

obtain the feedback gains is difficult. However, Morgan's approach 

[13] to the single input case discussed above can be easily generalized 

to a class of multi-input systems. Suppose that at least one of the 

inputs u^ for the multi-input system (2.29) can completely control 

the system. That is, the system

is controllable for some i 6 (l,...,m). Then for this system, a

x = Ax + b 1ui (2.30)

transformation T1 exists (as given in Section 2.2) such that if

1
x = T z (2.31)

the system

z = A z + b u. ~ c~ ~c 1 (2.32)

is in companion canonical form. Further, T1 also transforms the

system

(2.33)

to the form of (2.25), (2.26), and (2.27). Finally, if the trans­

formation (2.31) is applied to the multi-input system (2.29), then
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the transformed system is described by

z Az + (2.34)

where A is the same as in (2.27). Thus, arbitrary poles can be 

achieved in the multi-input system in a manner similar to the single 

input case. The advantage of this approach in the case of multi­

input systems over that of Wonham [ 19] are the ease with which T1 

can be calculated, the result is unique, and only n feedback para­

meters (as opposed to mn) are required. Of course, as stated earlier, 

this approach applies only to the class of systems (2.29) where at 

least one of the pairs (A,bL) , i = l,...,m is controllable.
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3. ESSENTIAL PARAMETERS IN SENSITIVITY ANALYSIS

3.1 Introduction

The generation of sensitivity functions (or parameter influence 

coefficients) of the state of a system with respect to system para­

meters is an important part of several analysis, synthesis, adaptive, 

and automatic optimization methods [3,4,18,20-253- This generation 

is usually accomplished by using sensitivity models of the system,

i.e. dynamic systems which generate the sensitivity functions. These 

sensitivity models can be obtained by directly differentiating the 

system equations with respect to the parameters to obtain the sen­

sitivity equations [4], by applying the "sensitivity points method" 

if the considered system is in a special form [18], or by applying 

the "structural method" [4]. In the case of linear time-invariant 

systems described by the state equations

x = A(v)x + B(v)u

y = C(v)x (3.1)

the straightforward application of either "structural methods" or 

direct differentiation of the system equations to obtain the sen­

sitivity models [4,18,20,23] to generate the sensitivity functions 
dx.

.(t) is well known. However, this approach will in general 

lead to r system models of order n in addition to the system itself, 

where r is the dimension of v and n is the order of the system. Thus, 

the order of the system together with the sensitivity models becomes 

very large in a high order system containing many parameters. High
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order models are undesirable when using a digital computer for

system simulation, because the most time consuming aspect of the

analysis is always the numerical integration of the system equations,

and when using analog simulation, the amount of analog equipment

necessary for simulating a large system with its sensitivity models

may be prohibitive. The "sensitivity points" method does not

generate such high order models, but its application is limited to

systems which can be represented in a particular form and in which the

sensitivity of a scalar output is desired. For these reasons, it is

desirable to generate the sensitivity functions of the state of a

system by a method which utilizes a sensitivity model of lower order

than rn and which is applicable to a broad class of systems.

It has recently been shown [ 12] that for a linear, time-

invariant, single input, controllable system, the sensitivity 
dx^

functions of all states with respect to any number of parameters
J

can be generated by algebraic combination of the signals appearing 

th
on one n order sensitivity model and the system itself. This 

result is given in this chapter. It follows from the two properties 

of the sensitivity functions for single input linear systems re­

presented in companion form which were presented in Section 2.3.

In order to utilize this result, a new computational algorithm is 

developed to enable pointwise transformation of the sensitivity 

functions of the corresponding companion form of a system back to 

the original coordinates and parameters. Finally, the major result 

of the chapter (Section 3.2) is extended to a class of multi-input
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systems to show that at most 2m-1 dynamic models are needed to
*x

generate the sensitivity functions r— , where m is the dimension
o v .

J
of the control vector.

3.2 Low Order Generation of Sensitivity Functions

Consider the system (3.1), with the matrices A, b and C de­

pending on an r dimensional parameter vector v. Then, in general, 

the companion transformation (Section 2.2) corresponding to (3.1) 

will depend on v, i.e.,

T = T(v) . (3.2)

Further, the coefficients of the characteristic equation of (3.1)

CC ja 2 > • • • >a n will also depend on v. For convenience, define the 

vector 0C(v) as

a(v) £

0*1 (v)

a 2 ( v )

a (v) n ~

(3.3)

Now with the system (3.1) in the companion canonical form

0 l 0 • . .

1o 0
0 0 1 0 . . . 0 #

l N
 II • • z + • 

o

-a l -a 2 • • c
di 1

— —

it is evident that a represents a new parameter vector (n dimensional)

in the canonic system, and that no other parameters exist in this

system to affect the state z. The parameters a, , . . . ,a will be~ I n
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referred to as the essential parameters. An important result which 

follows from the above discussion is:

Assertion 3.1:

The sensitivity functions of all states x_̂  in the system (3.1)

with respect to all r parameter (r ̂  n) can be obtained as linear
dz.

combinations of the sensitivity functions r—  , i,j = l,...,n, of
OCX .

J
the canonic system and the states x.

Proof: This follows directly since x = T(v)z. For any

parameter v^,

dx

dv.
i

1^- Z + T (v) ov. ~ ~1

dz doc 

da dv
dT
dv.l

T_1x + T(v)
dz da

da dv.~ l
(3.5)

Assertion 3.2:

Consider a linear, time-invariant, single input controllable 

system described by the equations

x = A(v)x + b(v)u

y = C(v)x .

The sensitivity functions of all states (or outputs) with respect

to all r parameters can be generated by algebraically combining the

th
signals on a single n order canonical sensitivity model in 

addition to the considered system. This is accomplished by combining 

the results of Properties 2.1 and 2.2 and Assertion 3.1 as shown

in Figure 3.1.
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dz darsj
da dv;r\j I

§ j  d j.
avi dvi

FP-1528

Figure 3.1 Block Diagram for Generating the Sensitivity 
Functions.
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In order to realize the utility of this result, suppose the 

sensitivity functions of the states of a linear, single input, time- 

invariant, controllable twentieth order system with respect to six 

variable parameters are desired. By straightforward use of currently 

available methods, this would require 6 twentieth order sensitivity 

models in addition to the system itself, i.e. a 140th order dynamic 

system. However, using the techniques of this chapter, only one 

twentieth order system would be needed in addition to the given 

system, i.e. a 40th order system. Indeed this represents a con­

siderable savings.

3.3 The Computational Algorithm

To implement the results of the previous section in a computer

dTsimulation, the transformation T of (3.2) as well as -—  and r—  ,
ov. ov.l l

k = l,...,n, i = l,...,r must be obtained. If it were necessary to

find T and the CC^'s as general functions or v to compute these

necessary derivatives, the utility of Assertion 3.2 would be question­

ed T ^a kable. However, it is now shown that =r—  and zr—  at any v € V can beov. Ov. J ~l i
obtained recursively by an extension of the Leverrier algorithm.

The algorithm for generating T(v) for a system (3.1) as well as 

the Leverrier algorithm for generating CX(v) were given previously 

in Section 2.2. Using these, T(v) and a(v) can be pointwise 

generated for various v, as long as the functional dependence of 

A and b on v are known. By differentiating (2.7), the following

algorithm is obtained for generating r-
0
St

V ,
r :, i = 1, . . . ,
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ÔT
bv.i

ô £i àt___  _-n
bv. ' ’ ' bv.î î

b t bb~n ~
bv. bv.î î

bt . . bt ba bb~n-l _ oA  ̂ , . ~n , n , ,
r----  - c  t + A t  + r  b + OC r ôv. ôv. ~n ôv. ôv. ~ n ôv.

i l  i l  î

b tn-2 ÔA
b v.î

ôt 1 ba , bb
-, t . + A + j- n b + a .bv. ~n-l ôv. ôv. ~ n-1 ôv.

i i l  î

bt.. ‘ bt ôa0 ôb~1 ÔA  ̂ . ~2 , 2 , ,
S  " 5  t„ + A —  + ^  b + CC0 r  .ôv. ôv. ~2 ôv. ôv. ~ 2 ôv.i l  i l  î

(3.6)

Thus, if the functional dependence of the system matrices A and b on

3A b~ 3\v is assumed known (so that r—  and r- are known) , only r--  ,
ov. bv. ov.

1 1 bT 1k = 2,...,n, need be found to calculate ^—  with the same ease that
bv.l

T is calculated. Again, it would not be an easy task to find the

baka k 's as general functions of v in order to find at a point 

v € V. However, these derivatives can be calculated recursively 

by extending Leverrier's algorithm, (2.9). If (2.9) is differentiated

with respect to v ^ , one has the algorithm

ban+l ÔS

bv.l
= 0 n+l

b v.l
= 0

■ ■ ( i )
tr | S

bS 0 
+ A - -n ~-l+-2bv. n-i+2 bv.l J l

bS ba . bS .
. n^j±I ! + |A_ n^j+2

ô v . bv. bv. n-i+2 bv.l l l J l
(3.7)
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$ t
da

Thus, by using (2.7), (2.9), (3.6) and (3.7), T(v), and
i i

(i = l,...,r) at any point v € V can be calculated without the need 

of knowing the functional dependence of T on v. With this result, 

the utility of Assertion 3.2 in the sensitivity analysis of systems 

by computer simulation is greatly enhanced.

3.4 Examples

In this section, the results of Section 3.2 and 3.3 are applied 

to two problems. The first involves the sensitivity analysis of a 

system in which it is desired to generate the sensitivity functions 

of the state with respect to a variable parameter vector. In the 

second, the sensitivity functions are to be used to generate the 

gradient components for a parameter optimization (or adaptation) 

scheme.

Example 3.1:

Consider the system shown in Figure 3.2. This is a fourth

order system with eight variable parameters, v ^ , . . . , V g .  Suppose

all the sensitivity functions , i = 1,...,4, j = 1,...,8 are
J

desired. Then, by straightforward application of the structural 

methods for obtaining sensitivity functions [3,4,18,20], eight 

sensitivity models in addition to the system model are required. 

(Shrewd application of the "sensitivity points" method may reduce 

this number by one or two.) That is, a 36th order dynamic system is 

needed to generate the sensitivity functions. However, using the 

methods of this paper, only an 8th order dynamic system is needed to 

generate the sensitivity functions. Both of these methods were
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Figure 3.2 Fourth Order Example.



Figure 3.5 Sensitivity Functions òx/òv^, for Example 3.1.



Figure 3.6 Sensitivity Functions òx/òv^, for Example 3.1.



. I r

Figure 3.9 Sensitivity Functions òx/òv.,, for Example 3.1.

ax 3

Figure 3.10 Sensitivity Functions òx/òvQ , for Example 3.1.~ O
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simulated on a digital computer to compare the solution times re­

quired. The nominal parameter values were all 1 and the
1 O

sensitivity functions were obtained for t = 0 to t = 25 sec.

Using the eight sensitivity models required 1 minute and 4 sec. 

to obtain the sensitivity functions, whereas only 28 sec. were re­

quired for the solution when essential parameter techniques were 

used. One might have assumed the solution time ratios should have 

been of the order 4:1, due to the order of the systems (36/8). How­

ever, some time is required to calculate the transformation T, a ,

S tr—  , r—  and z. The above time saving is considerable, however, ov. ov. ~ °1 1
especially when the sensitivity functions are to be generated for 

many parameter values. If the sensitivity functions were generated 

at 10 points in parameter space, five minutes of computer time would 

be saved. Further, in a hybrid or analog computer application of 

these methods, the equipment saved when using essential parameter 

techniques would be considerable.

Example 3.2:

Suppose now that the system of Figure 3.2 is to operate in a

model reference adaptive control scheme, where v^,...,Vg are to be

adjusted to compensate for changes in v^ and V g . The reference

m odel chosen i s  the same system  w ith  the p a ram e te rs v ^ , . . . , V g

all unity. The performance index to be minimized is

T
J = J < (x-xm ) , Q(x-xm ) )dt . (3.8)

o

In this example, the weighting matrix Q was chosen as the identity 

matrix, and the parameters v_ and vQ in the system were 1.05 and .95
/ o
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respectively. The parameters were then iteratively adjusted to 

minimize (3.8) using Davidon's method (Appendix I). The components 

of the gradient for (3.8) are given by

The sensitivity functions needed to generate the gradient components

were obtained using presently available techniques (i.e. six

sensitivity models) as well as by the method discussed in Sections 3.2

and 3.3. The latter approach required the integration of 19 simultaneous

first order differential equations and the former required solution of 

th
a 39 order system. When essential parameter techniques are used to

generate the sensitivity functions which are integrated to find the

gradient components in (3.9), much of the algebra of multiplying T,

ÒT-—  , — , etc. must be done "inside" of the differential equation 
òv. * dai ~
subroutine. This is more time consuming than when the algebra can be 

done external to the subroutine as in Example 3.1. Despite this fact, 

the time required for the solution (5 iterations) using essential 

parameters techniques was 9 minutes 49 seconds as opposed to the 11 

minutes 36 seconds required using standard techniques. This represents 

a 207, time savings for this example, and the savings would be a 

greater percentage of the total time for a higher order system. Also, 

the equipment saving that would result from using essential parameters 

techniques when solving the problem using analog or hybrid computation 

would be substantial.

The system and model responses for this example are shown in

i = 1 6 (3.9)
i o l

Figures 3.11 through 3.14.



Figure 3.11 System and Model Response of State x^ for Example 3.2.

Figure 3.12 System and Model Respone of State x2 for Example 3.2.



Figure 3.13 System and Model Response of State for Example 3.2.

x,Figure 3.14 System and Model Response of State for Example 3.2.
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3.5 Extension to Multi-Input Systems

The results of the previous sections can be extended to a class 

of linear, time-invariant, multi-input controllable systems. In 

this case, the system is described by the state equations

x = A(v)x + B(v)u ,

y = C(v)x , (3.10)

where

x = n dimensional state vector 

v = r dimensional parameter vector 

u = m dimensional input vector 

y = p dimensional output vector

and A(v), B(v) and C(v) are nxn, nxm, and pxn matrices, respectively, 

which are functions of the parameter vector v. Let the following 

assumptions be made:

(i) Initial conditions in the system are zero.

(ii) The system is normal, i.e. completely controllable from 

any one input acting alone. This means the pairs 

(A,b^), i = l,...,m are all controllable.

The first of these assumptions must also be made in the 

previous results for single input systems. However, in the multi­

input case, this restriction is less severe since arbitrary initial 

conditions can be achieved with an additional input to the system, 

whose corresponding b vector will have components depending on 

initial conditions. In addition, this means other system parameters
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may depend on initial conditions, which are considered as n more 

parameters in this case.

For a linear system with zero initial conditions, it follows 

from the principle of superposition that

1 , 2  m
X  =  X  +  X  +  . . . + X (3.11)

1 .
where x is the component of the response due to u^ acting alone,

2 .
x is that due to etc. By assumption (ii) , transformations

T^,...,T exist which would transform the corresponding single input

systems (with inputs u-,...,u ) into companion form. Now sincel m

dx dx1 dx2 ^ m ox

dv.l dv. + dv. +l l
. . + ^—  , i = 1, . . 

ov.1
(3.12)

it is evident that the desired sensitivity functions are simply 
dx-*- dxm

obtained if
dv. ’ * * ’ * dv.

l l
are known. But from the results of

Sections 3.2 and 3.3, it follows that only one canonic sensitivity

k
model is required for each x to generate . Thus, m companion

i
sensitivity models are needed to generate the sensitivity functions 
dx 1 m

> assuming that z ,...,z can be calculated. This is equivalent 

to determining x \  . . . ,xm since

1 v -1 1 m /m ,-l mz = (T ) x , . . . z = (T ) x 
~  l ~  ~  m  ~

(3.13)

The only way of obtaining x\ .. ., xm simultaneously is by using

m-1 system models with scalar inputs u _ ,...,u in addition to the
1 m

system itself. Since m-1 system models must be used, and only

z^,...,z are required (as opposed to x J‘,...,xm ), it is best to use

m-1 companion system models. Further, since the only parameters in
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the companion models are a^,...,(Xn (the coefficients of the

characteristic equation), it is evident that all the companion

system models are identical. Thus, for a normal system of order n,
dx.

all the sensitivity functions , i = l,...,n, j = l,...,r, can be
°Vj

generated using at most 2m-1 companion models of order n in addition 

to the system itself, as shown in Figure 3.15.

Important points to note in comparing this result with the 

single input results obtained previously are the following:

(1) All of the companion system and sensitivity models are 

decoupled, have a simple structure, and are identical.

This facilitates the analog or digital simulation of 

the composite system.

(2) Since all of the (X^,...,Cl are the same for every model, 

they need be calculated only once as in the single
da-

input case. This also is true for , i = l,...,r.
° i 2

(3) By using companion models of the system, z ,...,z

are generated directly and hence Tn ,...,T need not be2 m

inverted. Thus the number of matrix inversions is the 

same as in the single input case.

(4) The only additional algebraic calculations for the multi­

input case are those of calculating T0 ,...,T and
3T, 3T 2 m_£ __m . _ 1
dv. ’ ' ’ * * dv. ’ 1 "  ’ ‘ * * , r ‘l l

5. The number of required models (2m-1) is independent of 

the number of parameters, as is the structure of the

models.
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Companion Sensitivity Model 1

Figure 3.15 Generation of Sensitivity Functions for Normal 
System with m Inputs.
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Now assuming that the number of parameters to be adjusted in 

th
an n order system would be at least n, and that generally 

2m-l< n, the approach of this section could result in a considerable 

savings of simulation time (or in the analog case an equipment 

savings)o This would be especially true for high order systems 

with only a few inputs. These results could be further generalized 

to non-normal systems which have real eigenvalues and are diagonal- 

izable, but the procedure becomes quite complicated in that case 

and would probably not result in substantial savings.
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4. THE EFFECTS OF PARAMETER CHOICE ON ADAPTATION

4.1 Introduction

From the results given in Chapters 2 and 3, it is apparent

that the sensitivity functions of the companion state of a SILTIV

system with respect to the coefficients of the system characteristic

equation play an important role in sensitivity analysis. It follows

from (2.13) that in general at least one of the sensitivity 
dz^

functions , i = 1,...,n, for each a . ,  j = 1, . . . ,n is needed to

dx
matrix ^  for a system. The question thus arises as to how these 

results can best be used in parameter optimization and adaptive 

control. One possible application of them would be to solve para­

meter optimization or adaptive control problems using the companion 

canonic form of a system, rather than some originally chosen system 

configuration. If this is done, the coefficients of the character­

istic equation of the system (i.e. a) would be adjusted to minimize 

a given performance index. After the solution is obtained in terms 

of a, it would be necessary to adjust the parameter in the original 

system description to achieve the desired a if possible. The 

possibilities and effects of optimization using the companion 

canonic form are discussed in this chapter. (This type of 

optimization is hereafter referred to as an alpha space optimization). 

It is found that there is no particular advantage to such an 

approach. However, in Chapter 5 it is seen that the results of the

determine the matrix
o z ,
[g-^] and subsequently the sensitivity 

J
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previous chapters can be used advantageously in a new approach to 

parameter optimization and adaptive control.

4.2 Alpha Space Optimization Using Feedback Parameters 

Consider the system described by

x = A(v)x + b(v)u ,

y = Cx , (4.1)

where v is an r dimensional parameter vector and all other quantities 

are as defined in (2.1). Suppose that the performance index

T

J(y) = \ J ((y-ym)> Q(y-ym)>dt , (4.2)
o

where ym is the desired system output, is to be minimized by suitable 

adjustment of v. In order to investigate alpha space optimization, 

the performance index (4.2) is written in terms of the companion 

canonic form (Section 2.2) state variables as

T

J(v,Cp = \ J <(C T (v)z(a)-ym ), Q(CT(v)z(a)-ym )>dt , (4.3)
o

A

It is desired to minimize the performance index J(v,a) by adjusting 

a ,  and subsequently by determining v such that the coefficients of 

the characteristic equation of (4.1) are precisely a  , the a  which
A

minimizes (4.3). The gradient components of J(v,a) with respect 

to CL, i = l,...,n, needed for any gradient type numerical 

minimization procedure are given by
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dJ(v,a) T r p. dv. dz= J ( ( C T ( y ) z ( a ) - y m),Q( 2 C | ± -  ^  z (a ) +cT (v) §^-)>dt.  (4.4)
1 o j = l j i i

Thus, as (X is adjusted in an iterative procedure, the necessary

kvalues for v to obtain each a must be determined at each point of

ST d v ithe procedure so that T(v), r—  , and — ^ can be obtained. Since
~ o v . o(X.

J i
in general

k r-, k N a = f (v ) (4.5)

th k
at the k iteration, the equation (4.5) must be solved for v

given a . Obtaining this solution presents substantial difficulties. 

First, the functional relationship indicated in (4.5) is highly non­

linear. Second, if the dimension of v is less than n there may be 

no solution, and if it is greater than n the solution is not unique. 

Investigations of procedures to solve (4.5) for v indicate that

the time required to obtain such a solution (if it exists) at each

k *
point a in a numerical minimization of J(v,a) is prohibitive.

However, there is a special choice of parameters v for which

equation (4.5) has a unique and easily obtained solution. Namely,

if v is the feedback parameter vector k, (v = k) such that (4.1)

becomes

x = (A + bk')x + bu ,

y = Cx , (4.6)

where A, b and C are independent of k, then the companion form 

transformation of (4.6) is independent of k as discussed in Section 

2.4. Then (4.4) becomes
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5 J(k,a) 

5a.i

T
= J <(CTz(a)-ym ), QCT

O

5z

5a.i
>dt . (4.7)

AFurther, if a corresponds to the coefficients of the characteristic 

equation of A in (4.6), then the k required to obtain any a in the

A

numerical minimization of J(k,a) is given by

k = (T1)'1 (aA -ak ) . (4.8)

Thus an alpha space minimization of (4.2) for the system (4.1) 

can be achieved with relative ease when the system parameters are the 

state feedback parameters. The question to be considered now is 

whether there is any particular advantage to performing the 

minimization (4.2) as an alpha space minimization (4.3). In general, 

a conclusive statement cannot be made regarding this question. How­

ever, the following example demonstrates that an alpha space 

optimization may not be more efficient with respect to number of 

iterations or time required despite the important role of the 

companion form of a system in sensitivity analysis.

4.3 Example

The example considered is that shown in Figure 5.3. The para­

meters k, , . ..,k. are to be adjusted to minimize 
1 4

T
J (k) = J <(x-xm ), Q (x-xm ) )dt , (4.9)

o

where xm i s  g e n e ra te d  by the syste m  w ith  v ^ , . . . , V g  a l l  u n it y  and

k ......k, all zero. This minimization was achieved by iteratively
1 4
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adjusting k according to Davidon's method as well as by the alpha 

space minimization discussed in the previous section. The results 

for various values of v. , ...,vQ differing from the nominal values 

of unity are given in Table 4.1. The results show that in this 

example, the adaptation procedure took longer when a was adjusted 

than when k was adjusted. This indicates that an alpha space 

optimization is less efficient (with respect to iterations and time 

required) than a feedback parameter optimization, but it cannot be 

stated conclusively whether this result would be true for a general 

set of system parameters.
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Table 4.1

Comparison of Adaptation Times for k and a  Adaptation

System Parameters Iterations Time Performance Index

v l=v2= ---=v6= 1 '° 0 0 4 5 m i n ,. 25 sec. 3.8775 X 10"4

IIOO
>r—1
T—1II> (CL) 7 5 min,. 42 sec. 11.436 X 10~4

v, = ...=v =1.0 1 0 0 0 6 6 mi n,. 11 sec. 7.1546 X 10"3

v 7=-5, vg= l .75 (a) 17 10 min . 47 sec. 7.6076 X 10~3

v,=...-v =1.0 
1 0 (k) 11 13 min . 45 sec. 1.377 X 10"2

v 7= 6 -> v 8=3 (a) 33 23 min . 14 sec. 1.6588 X 10"2

v f - =v6=l'0 0 0 15 14 min . 7 :sec. 1.9802 X 10"2

v 7=.5, v 8=5. (a) 26 16 min . 38 sec. 2.0930 X 10-2

v =... = v = l .0 1 6 (k) 3 3 min . 51 sec. .76169

v7=vg=10.0 (a) 14 10 min . 26 sec. .83261

v l= .5,v 2=L25,v 3=1.6,v 4= 2. (k) 10 11 min . 36 sec. 1.1628

v 5 = 1.,v 6=1.!v 7=.5,v 8=3. (a) 26 17 min . 51 sec. 1.1447*

* at 11 minutes 23 seconds this was 1. 1627
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5. A NEW APPROACH TO MODEL REFERENCE ADAPTIVE CONTROL

5.1 Introduction

In the previous chapters, various approaches to model reference 

adaptive control and parameter optimization problems have been 

discussed, and new results utilizing the companion transformation 

for SILTIV systems were developed to facilitate the implementation 

of these approaches. In this chapter, a new approach to the model 

reference adaptive control problem for single-input, linear, time- 

invariant systems is presented. The actual system is forced to have 

dynamic characteristics similar to the model by causing the eigen­

values of the system matrix A to be exactly the same as the eigen­

values of the model. This guarantees that the state vectors of the 

companion canonical form of the system and model are identical. The 

norm of the difference between the transformations relating the 

actual system output and model output to their companion states is 

selected as an index of the difference between the system and model 

responses. By minimizing this performance index, the system and 

model outputs are then forced to be close in norm. This approach 

is shown to involve only algebraic manipulations of the system A and 

b matrices and minimization of an algebraic function. The advantages 

of this technique over those requiring minimization of an integral 

square error between the system and model outputs [l,3] are that no 

system simulations are required, no averaging time for the integration 

is required, the result is independent of the system input as a time



function, and the system and model need not be repeatedly excited 

in real time optimization as in some model reference adaptive 

schemes.

Motivation is given for the new approach to the model following 

problem in the Section 5.2. A discussion of the numerical 

implementation of the technique is given and an example is considered.

5.2 Motivation of the Approach

In the approach to be presented, it is assumed that the system 

and model are of the same order. This is certainly the case in 

model reference adaptive control when the model chosen is the system 

with all parameters set to their nominal values. In previous 

approaches [l,3], it has often been true that a model of lower order 

than the system is chosen. This has sometimes been desirable, for 

example when the model is simulated by analog means and a lower order 

model implies less equipment. However, it will be seen that no 

system simulations are required in this approach, and hence it is 

not a disadvantage to define a model of the same order as the plant.

The linear, time-invariant system to be controlled is described 

by the state equations

x = A(v)x + b(v)u

Y = Cx , (5.1)

and the model is described by
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x = A(u)x + b(t>)uîn/ rsj r*j rx/

y =Cx
FP-1716

Figure 5.1 System Consisting of Controller and Plant.

U0 +/~\ U

n +

SYSTEM 
x = A(u)x + b(u)u
< v  r \ j  rw» r s j  r s j

$

FP-1714

Figure 5.2 System with State Feedback Added.
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where

m ,. .x, x are n dimensional state vectors

m ,. .
y, y are p dimensional output vectors

v is an r dimensional parameter vector 

u, u q are scalar inputs.

The form of the controlled system is shown in Figure 5.1. It is 

desired to adjust v to make y and ym as close as possible in some 

sense. The method of achieving this will be to minimize a measure 

of the norm Uy-y^l . One way of doing this is to actually minimize 

a chosen norm by an iterative procedure. This has been done 

previously [l,3] for the norm

lly-ym|| = \  J <(y-ym ),Q(y-ym )>dt . 
o

However, such a minimization requires repeated simulations of the

dynamic system and sensitivity equations which is time consuming.

The approach here is to minimize a bound on the norm ||y-ym|| , and

it is shown to result in an optimization involving only algebraic

equations (as opposed to differential equations). As shown in the

considered examples, this approach can lead to a fast numerical

minimization procedure, and the results are very close to those

obtained by actually minimizing ||y-ym|| .

Since experience has shown that a special choice of state

variables may lead to an easier numerical minimization procedure,

consider any two nonsingular, time-invariant, linear transformations

T and T of the system and model state vectors, and denote the m
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mtransformed states by z and z , so that

N m m m x = T(v)z, x = T z 
~ ~ ~ ~ m~ (5.3)

Note that in general T is allowed to depend on v.

In terms of the transformed state variables, the problem of 

causing y to follow ym by minimizing the norm of their difference 

becomes

min ||Cx-Cmxm|| = min ||cT(v)z-CJT_zm || . (5 .4 )
v ~  m ~ ~ m m~

It would be desirable if the eigenvalues of the system could be 

forced to be the same as the model, since these characterize the 

unforced response of the system. The system and model may then be 

called "dynamically similar." Further, since the eigenvalues of a 

system are invariant under any nonsingular linear transformation, 

the system would be "dynamically similar" to the model independent 

of the choice of state coordinates.

Pursuing this approach, it will become apparent that a 

particularly suitable transformation to use in (5.3) and (5.4) is 

the transformation to companion form, previously discussed in 

Chapter 2. The companion canonical form of the system (5.1) is 

then

z =

0 l 0 0 0

0 0 1 0  .. 0
z + •

• 0

-a. -a0 -a 1l 2 n
—

(5.5)
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Since 0^, . . . ,<X are the only parameters in state description of the

companion system, it is evident that they completely determinze z. 

Further, a^,...,(Xn are uniquely determined by the system eigen­

values, and vice-versa. Thus, if the system eigenvalues are forced 

to be the same as those of the model by requiring

a  =

m

—  “ m■a- a ,1
m

l

•

n
!P

n

ma an n

(5.6)

it follows that z = z . Thus, the problem in (5.4) becomes a

mminimization with the equality constraint a  = a  , and then

min ||y-ym|| = min || (CT(v) 
v ~ v

C T ) « 1  m m ~ (5.7)

From this, it follows that

min ||y-ym|| < min £||CT(v) - C T ||} ||zm|| , (5.8)~ m m  ~v v

where the operator norm indicated in (5.8) is some matrix norm.

Suppose now that the upper bound on min ||y-ym|| indicated in (5.8)
v  ~  ~

is minimized. Then the minimization problem in (5.7) becomes the 

constrained algebraic minimization problem,

min ||CT(v) - C T || , (5.9)~ m mv

with the equality constraint a = am . Thus, by choosing to minimize 

the upper bound indicated in (5.8) rather than ||y-ym|| , the problem 

is an algebraic optimization. This minimization indicated in (5.9)
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is logical, since if z = zm , then in order for y to be close to ym 

the difference of the transformations relating y and ym to z and zm should 

be made small. This is exactly what is indicated in (5.9). Further, 

the considered examples show that minimization of this bound can 

produce good results in making y close to ym . A suitable norm in 

the space of considered matrices has been found to be

(Ct..(v) - C tm .)2 , 2 . . il ~ m lj ' * (5.10)

although other choices for the norm may yield good results in 

particular cases.

The question arises as to whether any desired am can be achieved 

by the adjusted system. However, it was shown in Section 2.4 that 

any desired eigenvalues (with corresponding a ™ , ...,a™) can be 

achieved in a system by using state feedback, and the feedback 

vector in the single input case is given by

k = (T'(y))"1 (a-am ) (5.11)

where a and T 1(v) are the coefficients of the characteristic equation 

and companion transformation of the system (5.1), respectively.

Assume now that state feedback is added to the controller of system 

(5.1), so that it is as shown in Figure 5.2. The system is then 

described by

(A(v)+b(v)k')x + b(v)uQ = Â(v,k)x + b(v)u ~ ~ ~ ~ ~ o (5.12)

For a system in this form, the constrained minimization (5.8) becomes

min ||T(v,k) - T J  
v,k

(5.13)
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subject to the equality constraint

a(v,k)

a i ( v , k )

an ̂ »¡9

(5.14)

Now due to the invariance of the companion transformation under state

feedback (Property 2.3), it is evident that the minimization in (5.13)

is independent of k. The problem then is simply a non-constrained

minimization with respect to v of ||t ( v ) - T II , and the condition -------------  ~ ~ m

(5.14) is satisfied after the optimal v is found by solving (5.11) 

for the feedback vector k. Thus, by choosing the controller structure 

of Figure 5.2, the designer can greatly facilitate the computational 

solution.

5.3 Numerical Implementation of the Method

The algebraic optimization of (5.13) and (5.14) involves the 

minimization

min J(v) = min ||c t (v )-C T || = min 1  EE (Ct. .(v)-C t?.)2 • (5.15)
v ~ v ~ m m v 2 ±j ij V '  m ij'

The required minimization can be carried out by a variety of optimi­

zation techniques. As was mentioned previously, the method used 

here is Davidon's method [Appendix i]. This requires generating 

the gradient of the performance index. For (5.15), the gradient 

components are given by

■N T St.
(grad J(v)). = (V J(v)). = = EE (Ct. .(v)-C tm.) 5--^v ~ 7k v ~ k dv. . . v i j  ~ m l i 7 bv,k ij J J k

. (5.16)
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A method of generating r-- 1 , i,j = l,...,n, k = without
k

knowing the functional dependence of T on v was given previously

in Section 3.3. Using these algorithms, and assuming the functional

dependences of the system matrices A(v) and b(v) are known, one can
dT(v)

pointwise generate T(v) and , k = l,...,r with relative ease
k

on a digital computer. These results were implemented in the 

example given in the next section.

5.4 Example

Consider the system of Figure 5.3. Without the state feedback 

parameters (shown dotted), this system is a realization of an 

arbitrary fourth order transfer function (from u to x^) if suitable 

values for v^,...,Vg are chosen. The state equations for the system 

are

— — —  — ~  -i ~ ~ — —
X-

o0(>>i>>1 x, V, X,1 i / 1 2 1 1 1

x_ 1 -v0 1 0 x„ 0 x„2
= 3 2 + 2

x„ 0 v_ -v_v. -v_v_ x_ 0 x„3 -n30<±3030 3 3

x, 0 0  1 -V- x. 0 x.4 6 4 4
—  — —  _ _  _ _

+ 0

0

0

u . (5.17)

Suppose now that this system is to be controlled in a model 

reference adaptive scheme, where v^,...,v^ are to be adjusted to 

compensate for changes in v_ and v Q . The model used in this case/ O
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L r,— I
lkj»i

j

F P -1718

Figure 5.3 Fourth Order System of Example 5.1.
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is the system with the nominal parameter values v°,...,v° all

unity. The state equations of the model are thus

•m

.m

.m

.m
x4

— - — —  —

-1 -1 0 0 m
x i

1

1 -1 1 0
m
X2
m

X3

0

0 1 -1 -1
+

0

0 0 1 -1 m
X4

0
__ —  —

(5.18)

and the companion transformation and coefficients of the 

characteristic equation of the model are

T = m

1.0 3.0 3.0 1.0 3.0

oCM 2.0 1.0 0.0 m3 CC
6.0

1.0 1.0 0.0 0.0 7.0

1.0

oo oo

0.0 4.0

(5.19)

Consider first the case where the output vector is exactly the state 

vector, y = x. For 5% changes in v^ and v Q from the nominal, v_, =

1.05 and Vg = 0.95, the computation of v^,...,v^ and k^,...,k^ 

according to the method of the paper required 6 iterations which 

took 31 seconds. The computed values for v and k were

1.024 _  —

1.000 0.010
0.992 It = 0.081
0.971 ) -0.080
1.070 -0.048
1.020 —  —

(5.20)

and the companion transformation for the system (5.17) corresponding 

to the values in (5.20) is
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0.99322 3.0037 3.0061 1.0243

2.00300 1.9903 1.0243 0.0000

0.99321 0.9731 0.0000 0.0000

0.97039 0.0000 0.0000 0.0000

The performance index 

(5.19) is J = 1.44 X 10"3 .

Ild-C T II corresponding to (5.21) and 
m m

It is evident that the system and model

companion transformation are very close. Note that k  ̂ and v^ to­

gether constitute only one parameter adjustment. The step responses

x^,...,x^ along with the corresponding model states are shown in 

Figures 5.4 through 5.7.

As a matter of interest, these results are compared with those 

of Example 3.2, in which the same system was considered and in 

which v was adjusted to minimize the integral square error criterion

T
J(y) = | j  <(x-xm ), Q(;-xm )>dt • (5.22)

O

In that case, using essential parameters techniques, the solution 

for the optimal v* required 5 iterations and 9 min. 49 sec. of 

computer time. The excessive solution time for that approach was 

due to the repeated solution of the system and model state equations.

The integral-square-error for the system in Example 3.2 was found

-4 -4
to be 3.1597 X 10 , while the value was 6.2875 X 10 for the

parameter values given in (5.20). The important point to note is

that the solution in this example was obtained in 31 seconds, while

each iteration in the integral-square-error minimization required

approximately two minutes. Thus, it is apparent that one of the
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Figure 5.5 System and Model Responses of State for Example.



Figure 5,6 System and Model Responses of State for Example,

Figure 5,7 System and Model Responses of State x^ for Example.
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advantages of the approach to the model following problem presented

in this chapter is the short time required for obtaining a solution.

Consider now the case where y = x^, a scalar output. Then

c' = (0,0,0,1) and only the differences t. .-t?. for i = 4 are 
~  i j  i j  J

considered in the performance index to be minimized. The computation 

of v^,...,Vg and k^,...,k^ in this case required 1 iteration (8 

seconds). The computed values for v and k are

1.05 _ _
1.00 0.053
1.00 tr - 0.048
1.00 > K - -0.050
1.00 -0.048
1.00 —  —

and the companion transformation for the system (5.17) corresponding 

to the values (5.23) is

1.0 3.0526 3.1053 1.0526

2.0 2.0526 1.0526 0.0000

1.0 1.0000 0.0000 0.0000

1.0 0.0000 0.0000 0.0000

The performance index ((CT-C^T || corresponding to (5.24) and

(5.19) is 3.797 X 10 7 , and it is seen that the last two rows of T

are essentially identical to those of T in (5.19). Since them

system and model companion states z and zm are identical, this

implies the system and model outputs x^ and x™ are identical also.

Again as a matter of interest, the integral square error of (5.22)

-4was found to be 2.846 X 10 . This is a better result than that

obtained by the integral square error minimization, and the solution 

time was only 8 seconds!



65

It is interesting to note that only one parameter, v^, is

changed in this case. The closer correspondence between x, and x^1
4 4

as well as the shorter solution time are perhaps to be expected,

since all the effect of adjusting v is concentrated toward making

only four terms in T(v) close to those of T , rather than on making~ m

all 16 terms of the transformations the same. In fact, since 3 of

the elements of the last row of T and T are identically zero, onlym j  •> j

the term t ^  is affected. It is also interesting to note however,

that in this problem the step responses of all the states x^,..„,x^

for the case y = x^ were closer to the corresponding model responses 

than in the previous case when y = x. These responses are shown in 

Figures 5.4 through 5.7.

Because of the interesting results obtained in the case y = x^,

where only one term of the transformation to companion form is

involved in the minimization, it is of further interest to consider

the case when y = x^ (i.e c' = (1,0,0,0)). Then all four non-zero

terms in the first row of the transformation will be forced to be

close to the corresponding terms of T * In this case, the
m

computation of v^,...,v^ and k^,...,k^ required 26 seconds. This is 

to be expected because more terms are involved in the minimization 

than in the second case. The computed values for v and k were

1.0001 r—  —
1.0000 0.0500
1 o 0172 * h = 0.292 X 10‘5
1.0164 -0.0181
1.0010 -0.0520
1.0172 —
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and the companion transformation for the system (5.17) corresponding 

to the values (5.25) is

1.000 3.000 3.000 1.000

1.933 1.983 1.000 0.000

0.966 0.950 0.000 0.000

0.950 0.000 0.000 0.000

The performance index CT-C T corresponding to (5.26) and
m m

(5.19) is 2.71 X 10 The first rows of T and T are essentially
m

identical, and this implies since z = zm that x^ = x™. Again this

is a good result. Considering all the states, however, the integral-

-3
squared-error of (5.22) in this case was 7.0325 X 10 . This is

considerably higher than in any of the previous cases. However, 

the problem here was to make x^ close to x™ ignoring the responses 

of the other states. Indeed this was achieved, and the higher 

integral-square-error cannot be considered to indicate a poor result. 

Again, the system responses are shown in Figures 5.4 through 5.7.

From this example, it is apparent that good results can be 

obtained when forcing a system to follow a model using the new 

approach to model reference adaptive control presented in this 

chapter. The particular advantages of the approach are that the 

optimum parameter values are obtained quickly and no system or model 

simulations are required. A short solution time is certainly 

desirable in adaptive control. Further, if this approach was used 

in a model reference control scheme, the model would only have to 

be defined, not built. Finally, no repeated excitation of the plant
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and model would be required as is necessary in the integral-square- 

error type of optimization [3]. This could be a definite advantage 

in an on line adaptive control problem.
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6. CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

The thesis has demonstrated how the companion canonic form 

for single-input, linear, time-invariant control systems can be used 

to advantage in parameter optimization and model reference adaptive 

control problems. The advantages of using the companion canonic 

form are derived from three useful properties of the companion form 

and transformation which were presented in Chapter 2. These properties 

are the Total Symmetry and Complete Simultaneity Properties of the 

sensitivity functions for companion form systems and the invariance 

of the companion transformation under state feedback.

In Chapter 3, the Total Symmetry and Complete Simultaneity

Properties were used to show how the sensitivity functions of the

th
state of a SILTIV n order system with respect to any number of

th
parameters can be obtained using only one n order canonic sensitivity 

model of the system in addition to the system itself. The Leverrier 

algorithm was extended to facilitate use of the results of the chapter 

in digital or hybrid computer sensitivity analysis and in parameter 

optimization. This result can yield important time and equipment 

savings when applied in parameter optimization and model reference 

adaptive control problems. The result was then extended to multi­

input normal systems.

In Chapter 4, a study of the effect of solving a parameter 

optimization (or adaptive control) problem in the parameter space of 

the coefficients of the characteristic equation of a system was 

made. It was seen that this alpha space optimization cannot be
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achieved for an arbitrary set of adjustable parameters in a system« 

However, in the case when the system parameters are the state feed­

back parameters, such an alpha space optimization can be achieved.

In the example considered, it was found that there was no apparent 

advantage to performing an alpha space optimization as opposed to 

direct adjustment of the feedback parameters.

In Chapter 5, a new approach to solving the model following 

problem for single input, linear, time-invariant control system design 

was given. The method consists of forcing the system to be "dynamically 

equivalent" to the model by causing the system eigenvalues to be the 

same as the model. The index of the difference between the system and 

model responses chosen to be minimized is the norm of the difference 

between their companion transformations. This is then an. algebraic 

minimization with an equality side constraint. By utilizing the 

invariance of the companion transformation under state feedback, it 

was shown that the constrained algebraic minimization problem could 

be reduced to an unconstrained minimization, if a controller including 

state feedback was chosen. Finally, an example demonstrated how the 

approach of Chapter 5 can lead to a fast solution of the model 

reference adaptive control problem.

There are several suggestions for further study that follow 

from the results of this thesis. The first is to investigate further 

the possibility of extending the results of Chapter 3 to multi-input 

systems. Perhaps there is a canonic form for multi-input systems 

which has properties comparable to those demonstrated in Chapter 2
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for the companion canonic form for single-input systems but which 

requires less than 2m-l dynamic models to generate the sensitivity 

functions for an m input system. The author investigated this 

possibility with no noteworthy results. Another important question 

to consider is whether the results of Chapters 2 and 3 could be 

extended in some sense to non-linear systems.

Finally, further study and application of the new approach to 

the model reference adaptive control problem presented in Chapter 5 

could be fruitful. In particular, it would be interesting to 

investigate the possibilities of a minimax type of design utilizing 

these ideas as well as their application to systems with stochastic 

parameter variations. Perhaps results could be obtained which would 

eliminate the necessity for an adaptive controller in a wide range 

of problems.
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APPENDIX I

Davidon's Method

Davidon's method is a numerical technique of minimizing a

*
scalar function of a vector J(v), i.e. a method of determining v 

such that

J(v ) = min J(v) . (A.l)
v

The basic procedure begins with an initial guess, v°, for the

•k
minimizing v and iteratively determines what the next value chosen

for v should be to be nearer the minimum. The iteration procedure 

, . , stat the l+l step is

i+1 = v 1 - a LHLgrad j| (A. 2)

where

a 1 = positive scalar constant step size, determined 

at each iteration.

H1 = positive definite symmetric matrix which is 

updated at each step of the minimization.

The steps to be implemented in a minimization procedure using 

Davidon's method are as follows:

(1) Choose H° = I (rxr identity matrix).

(2) Having v L and H1 and (V J) , find a 1 such that

J(v1-a1H1 (VvJ)i) = min{ J(v1-XH1 (7vJ)i)} .
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Then form according to (A.2).

(3) Find (V J ) .,, and define v v 1+1

yL è (V J).,, - (V J). . ~ v yi+l v v 1

i+1(4) Form the matrix H by

H1+1 = H 1 + A 1 + B 1

where

A 1 =

and

B1 =

(a1H 1'7 j I. ) (a1H lv j I. )
V ' l  v ‘i

(-a1H 1V J/.)T yL v i i

(HÌyÌ)(HÌyÌ)T

f ivT i  i
(y ) H y

Return to step (2) and repeat the process, continuing until some 

predetermined stopping criteria (indicating the minimum is obtained) 

are satisfied.

Proofs of covergence as well as justification of the updating 

procedure for H1 are extensively discussed by Fletcher and Powell 

[27] and are thus not given here.
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