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MINIMAX CONTROLLER DESIGN

David Matthew Salmon, Ph.D. 
Department of E lectrical Engineering 

University of I l l in o is , 1967

When an uncertain dynamic system is to be controlled in 

an optimal manner, that is when the controller is required to 

minimize a performance index, the controller design requires a 

compromise between controller complexity and system performance.

At one extreme is the optimal-adaptive controller which is d i f f i ­

cult to realize but yields ideal performance, and at the other is 

any overly sim plified controller which yields unacceptable perfor­

mance. The reasonable controller structures for a given system 

can often be determined by the designer in terms of a number of 

free parameters. Then for each structure i t  is desired to find 

those parameters which yield the "best" system performance. This 

thesis develops minimax methods for determining such controller 

parameters.

The concept of performance-sensitivity is introduced to 

meet the usual criticism  of minimax or "worst-case" design, that 

it  is too pessimistic in concentrating a ll attention on the worst 

parameters. Properties of minimax control with a performance- 

sensitiv ity  as the index are developed. It is shown that the 

usually desired range of system properties can be achieved by 

minimaximizing either the system performance index or a perfor-

mance-sens i t iv i t y .



A new algorithm for solving algebraic minimax problems,

regardless of the presence of a saddle point, is presented and 

proved to converge. The rate of convergence, and sim plifications 

which occur when the system is linear or when the index has con­

vexity properties, are discussed. The algorithm is extended to the 

case of time-varying minimizing parameters, and methods and prob­

lems of computation are discussed.

A method of obtaining multi-point optimality with time- 

varying controllers is presented. This method is of particular 

value when the computational d ifficu lt ie s  of finding minimax 

time-varying parameters are prohibitive.

A general approach to the design of controllers for 

uncertain systems is presented. Several examples illustrate the 

u t il ity  and practica lity  of the methods developed.
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1. INTRODUCTION

1.1 General Introduction

It is seldom possible to specify accurately a ll para­

meters of a physical dynamic system. Uncertainties may arise for 

many possible reasons. Sometimes, for example, the environment 

of a system is changeable, as in the case of a je t a ircraft which 

must operate at high and low altitudes. Sometimes the system 

its e lf  changes, as in the case of the fuel-load of an a ircra ft or 

rocket. Often the in it ia l state of a dynamic system is not known 

precisely. It may even be desirable to allow for the deficiencies 

of a sim plified mathematical model of an actual system, by intro­

ducing variable parameters into the model. In a ll of these cases 

it  is more re a lis t ic , when determining the mathematical model of 

the system, to specify ranges of possible values for some c o e f f i ­

cients, rather than to specify fixed nominal values for a ll 

c o e ffic ie n ts .

I f  i t  is desired to control an uncertain dynamic system 

in an optimal manner, that is i f  a performance index is to be 

minimized, the problem of designing the controller can be approached 

in many ways. When the parameters in question can be measured, and 

when an optimal control is known for each set of values of the 

parameters, then at least in theory an optimal-adaptive controller 

can be constructed. Such a controller measures the parameters and 

applies the optimal control accordingly. Although this controller 

yields the best possible system performance it  is inherently
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complex and therefore expensive to rea lize . Consequently an 

optimal-adaptive controller can be ju stified  only in a small num­

ber of specialized situations. Werner has shown that there are 

cases in which a controller exists which is equivalent to the 

optimal-adaptive controller but which does not require direct 

measurement of the parameters [ l}-. Unfortunately the control is 

in terms of an in fin ite series so the fu ll  equivalence cannot be 

realized in practice. In the past a common approach has been to 

design as though the system parameters were fixed at nominal 

values, that is to adopt a nominal-optimal controller. Such a con­

tro ller  is satisfactory when the uncertain parameters have l i t t le  

e ffe ct  on the system or when they are restricted  to small domains.

In general, however, the performance with a nominal-optimal 

controller becomes unsatisfactory as the parameters vary s ig n if i ­

cantly from the nominal values. A variation of this method is to 

design at nominal values of the parameters but to include sensi­

t iv ity  constraints [2 ] .  This procedure is negative in the sense 

that making the system insensitive to the parameter variations 

prevents the possib ility  of improvement as the parameters become 

more favorable and may result in a uniformly poor performance at 

a ll values of the parameters. Of course the situation is changed 

i f  uniformity rather than optimality is desired. In an interesting 

paper [3 ] Dorato and Drenick have proposed treating the problem as 

a game between the controller and nature. There are parallels 

between the control of an uncertain system and the usual game-theory
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problem but there is also a fundamental d issim ilarity. The 

game-theory problem requires the determination of rational strate­

gies for opposing players while the control problem requires the 

determination of a controller only. The game-theory requirement 

of opposing strategies has led traditionally to the defining of 

strategies in probabilistic terms but such a step in controller 

design is usually unnecessary and undesirable.

The fin a l problem which confronts the designer of a 

controller is the problem of realizing that controller and not 

simply determining the controls it  should generate. Usually there 

are two basic limits on the system design, the practical or 

economic limit set on the controller complexity, and the limit on 

acceptable system performance. Within these limits it  is the task 

of the designer to come to a suitable compromise between the system 

performance and the controller complexity. A natural question 

arising in the attempt to reach this compromise is : what is the

best possible system performance that can be obtained from a con­

tro lle r  of given structure? Schoenberger has considered this 

question in specific  cases in the context of systems with known 

parameters [4 ] .  When the system includes uncertain or variable 

parameters, and the control structure is not capable of generating 

the optimal control at a ll values of the parameters, the question 

cannot be answered without f ir s t  specifying how the performance is 

to be evaluated. It is necessary to choose a basis for comparing 

different controllers, or in other words a "supercriterion" [5 ].
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Evidently the supercriterion should be based on the given perfor­

mance index, and take into account the uncertainty o f the variable 

system parameters. One common supercriterion is the expected 

value of the performance index. The most desirable controller 

in this case minimizes the expected value of the index. Another 

common supercriterion is the maximum value of the performance 

index. The most desirable controller in this case minimizes the 

maximum value of the index and is therefore determined by a mini­

max problem. The choice of an expected value as the supercriterion 

is most appropriate when the parameters have known probability 

distributions and when the average performance of a large number 

of similar systems is of major concern. However, the computational 

d ifficu lt ie s  of minimizing an expected value are often prohibitive. 

Minimization of a maximum value is a fundamentally simpler problem 

since for any control the maximum value of an index is usually 

attained at a small discrete set of parameter values while an 

expected value cannot be computed without consideration of a ll 

values of the parameters.

A common criticism  of minimax or "worst-case" design is 

that it  is too pessimistic in concentrating a ll attention on the 

worst parameters. An answer to this criticism  proposed by Rohrer 

and Sobral [6] is to use the maximum value of the system "relative 

sensitiv ity" ( i .e .  the fractional deviation of the performance 

index from optimality) as the supercriterion. This idea has been 

generalized to the concept of performance-sensitivity in this
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thesis. In general, a controller which minimizes the maximum 

value of a performance-sensitivity tends to maintain the system 

performance near optimality regardless of the values of the 

variable parameters.

Properties of the two kinds of minimax controller ( i .e .  

with defin ition  of the supercriterion as the maximum value of the 

performance index or as the maximum value of a performance- 

sensitiv ity) are developed in this thesis through several theorems 

and examples. It is shown that typically  desired system properties 

are achieved with these controllers. A minimax approach to the 

general problem of designing controllers for uncertain dynamic 

systems is developed.

Particularly in the case of time-varying controllers it  

may occur that the system dimensionality prohibits the computation 

of a minimax controller. In this case the desirable method of 

determining the controller with the aid of a supercriterion must 

be abandoned in favor of more heuristic methods. One such method 

which is developed b rie fly  in this thesis is that of multi-point 

optimality. Using this method it  is sometimes possible to design 

an excellent controller with a minimum of computation.

1.2 Minimax Problems

It is well recognized that a saddle-point is one form of 

solution to a minimax problem. This is the type of solution 

desired in game-theory since it  leads to a rational definition of 

opposing strategies. In the present context the important feature
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of a saddle-point is that it  can be located by variational 

means [7 ] . However, in the minimax design of controllers for 

uncertain systems experience has shown that a saddle point occurs 

rarely indeed.

The minimax problem without the assumption of a saddle 

point has received l i t t le  attention in the literature. In the 

general case of time-varying minimizing parameters and time- 

varying maximizing parameters the most prominent available method 

appears to be dynamic programming. Application of the calculus of 

variations to this general case is impractical (see Appendix II 

of [6 ] ) .  An algorithm has been proposed recently for the case of 

time-invariant minimizing parameters and a single time-varying 

maximizing parameter [8 ] . This algorithm uses a gradient technique 

and yields a local solution to the minimax problem under certain 

conditions.

For algebraic minimax problems ( i .e .  when the minimizing 

and maximizing parameters are time-invariant) there appear to be 

three possible methods of solution:

(a) locate a saddle point ( i f  it  exists) and show that 

it  represents a global solution

(b) find an analytic solution to the maximization step 

( i f  it  exists) and then minimize

(c) use a search or iterative procedure.

Since (a) and (b) are seldom relevant to the controller design 

problem considered here only (c) remains. A direct search
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procedure is straight-forward but can only be applied in practice 

i f  there are few parameters involved.

A new algorithm for numerical solution of algebraic 

minimax problems is developed and proved to converge in this 

thesis. The rate of convergence, the methods of computation, and 

the sim plifications which occur in special cases are discussed. 

The algorithm is also extended to the case of time-varying mini­

mizing parameters and the special methods and d iff icu lt ie s  of 

computation in this case are discussed. Several examples il lu s ­

trate the u t ility  of these algorithms in controller design.
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2. TIME-INVARIANT CONTROLLERS

2.1 Formulation

It is assumed that the dynamic system and the scalar 

performance index can be expressed in the form:

x (t ) = f [ x ( t ) ,  u (t ) , v ,t ] ,  x (tQ) = x°(v)
T

J(u,v) = J L [x (t), u (t ) ,  v ,t ]d t  
t o

u (t) € U

v€V (2.1)

where x (t) is an n-dimensional system state vector, f is an n- 

dimensional vector-valued function, u(t) is an m-dimensional 

control vector, v is an s-dimensional vector of unknown parameters 

and in it ia l conditions, t represents time, J is a performance 

criterion  to be minimized, and L is a non-negative scalar function. 

V is assumed to be a closed bounded region in Eg. It is assumed 

that a controller structure has been specified , i .e .

u (t) = u [c, x (t ) ]  (2.2)

where c€W is an r-dimensional vector of controller parameters to

be determined and W is a closed bounded region in E such thatr
c€W => u(t)€U. In the following c is generally referred to as the 

control. By substitution of (2.2) into (2.1) J becomes a function 

of the vectors c and v. For any v€V, the control u^(v) which 

realizes J^(v), the minimum value of J, is the optimal control for
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that v. The controller capable o f measuring v and generating
0,  . .u (v) is called the optimal-adaptive controller.

Definition 2.1 .1 : S (c,v) = F [ j ( c ,v ) ,  J^(v)] is a performance-

sensitiv ity  i f

(a) F is continuous jo in tly  in its two arguments

(b) F > 0 «  J (c,v ) > J°(v)

(c) F = 0 <=> J (c,v ) = J°(v) .

Any continuous function of [ j ( c ,v )  - J °(v)] which is

zero only at the origin and contained in the f ir s t  quadrant, is

a performance-sensitivity. Usually the specifications of a system

dictate the choice of either one of the relative sensitiv ity ,

S (c,v) = 2 , or (particularly when J^(v) may be zero)
J (v)

the absolute sensitiv ity  S (c,v) = J (c,v ) - J ° (v ) . However, the 

defin ition  allows the p ossib ility  of weighting the actual value of 

the performance index, the optimal value of the index, or the 

deviation of the index from optimality, in any desired manner to 

achieve special system properties.

Definition 2 .1 .2 ; c€W is a minimax performance control i f  and only 

i f

max J (c,v ) = min max J (c ,v ). 
v€V cGW v€V

D efinition 2 .1 .3 : c*€W is a minimax performance-sensitivity control

i f  and only i f

max S(c*,v) = min max S (c ,v ). 
v€V c£W v€V
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As demonstrated by the examples in this thesis there 

are many control problems for which one of the two controls 

or c* is appropriate.

2.2 Comparison of Controls: An Example

Consider the second-order system x  ̂ = x^, x^(0) = 1

x2 = -vx2 + u, x2(0) = 0

0 < v < 2
00

9 9 9
J = J* (x^ + x2 + u )d t .

0 ° ------The optimal control is u (v) = -x^ - ( j3+v^ -  v )x2 and
0 / oyields an optimal performance J (v) = v 3 + v  ̂ . An obvious choice 

for the controller structure is simply u (t) = c^ x^(t) + c2 x2( t ) .

Consider f ir s t  a nominal-optimal controller. The choice 

o f vn°m = 1.0 gives cnom = (-1.00,-1.00). As mentioned in the 

introduction an extension of this approach is to design at a 

nominal value of v but to include constraints on the system sensi­

tiv ity  to variation in v [2 ] .  I f it  is hypothesized that a control
it rc exists which is capable of yielding a performance J(c ,v) com­

pletely insensitive to variation in v it  follows that

r 0J(c ,v) = const > max J(c (v ) , v)
v€V

since no controller can perform better at any value of v than the
xoptimal-adaptive controller. It  is emphasized that c is only a 

hypothetical control, representing the ideal result of an attempt 

to make the system performance insensitive to variation in v.
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For this example the minimax performance control c is 

simply the control which is optimal at v = 2, i .e .  c = (-1.00, -.65). 

A suitable choice for the performance-sensitivity is

S (c,v) = JV )  .
J ( v )

The minimax performance-sensitivity control c* (computed by the

algorithm in Section 2.3) is c* = (-1 .20 , -1 .79).

The example in this section was also considered in [6]

where c^ was set equal to -1.00 and the value of c  ̂ required to

realize min max S (c,v) was determined by a graphical procedure. 
c2 v€V

Setting c  ̂ equal to -1.00, which sim plifies the problem, is equi­

valent to making the constraint on the controller that it  must be 

optimal for some value of v. The resulting control is (-1 .00,

-1.30) and it  yields a minimax value o f S which is approximately 

twice that of the value given by c*. It  is concluded that con­

straining the controller to be optimal at some value of v is 

undesirable in this example.

The variation of J with v for the controls cn0m, cr , c, 

and c*, is shown in Figure 1.

Two drawbacks of the nominal-optimal control, cn°m, are 

illustrated by this example. The f ir s t  is the arbitrary nature of 

the choice of vn0m. The second is that by defin ition  a nominal- 

optimal controller is constrained to be optimal at some value of 

v. This is often an unwarranted constraint and in particular it  

is unwarranted in this example as noted above.
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Figure 1. Comparison of controls.
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-£It is clear from the figure that c is in ferior to a ll 

the other controls except in its insensitivity to change as v 

varies, illustrating the obvious fact that parameter insensitivity 

is not compatible with near-optimal performance at a ll parameter 

values when the optimal performance varies widely.

It is also clear from the diagram that the minimax 

performance-sensitivity control c* is a very attractive control for 

this system since J(c*,v) does not exceed the optimal performance 

J^(v) by more than 1.9% at any value of v, yet realization of c* 

does not require the sensing of v nor the variation of any control 

parameters.

The example also illustrates the range of conservatism
Apossible with minimax controls. The minimax performance control c 

in this example trades good performance at a ll values of v for a 

mere 1% improvement at the worst value of v. However, there are 

situations, such as in the example of Section 2.10, where the worst 

performance _is of prime importance.

Finally, i t  should be emphasized that c* in this example 

does not correspond to an optimal control at any value of v. This 

appears to be a common property of minimax performance-sensitivity 

con trols .

2.3 An Algorithm for Solving Algebraic Minimax Problems

Let S (c,v) be any continuous function of two vectors

c£W, v€V, where W and V are closed bounded regions in E and Er s
respectively. It is desired to determine c* satisfying
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max S(c*,v) = min max S (c ,v ). The following algorithm replaces 
v€V c€W v€V
this minimax problem by a series of ordinary minimizations and 

maximizations.

In itia liza tion ; The process may be started either by choice of a 

control c  ̂ or by choice of an in it ia l vector or vectors v^. (I f

S (c,v) is a performance-sensitivity, at least two vectors v0

should be chosen in view of theorem 2 .6 .2 .) For the purposes of 

demonstration assume it  is convenient to choose v v ^ ,  £V
10 , 20 T ,, r 10 20,v T V .  Let Vq = [v , v j .

* 1First iteration : Minimize wrt c€W, max S (c ,v ). Let c be the
m v6vo L

minimizing value of c and define S1 = max S(c ,v ) . 'v
v€V

1 1Maximize wrt v€V, S(c ,v) . Let v be the maximizing value
M 1 1  m M 1of v and define = S(c ,v ) . (I f  then c = c* by the

3.corollary to lemma 2 .3 .1 .) Let be any set of v€v̂  satisfying
a r 1max S(c,v) = max S (c ,v ), Vc€W. Then define V. = V. U [v } .  

v€Va v€V, 1 L

nfch iteration : Minimize wrt c€W, max S (c ,v ). Let c11 be the
v€V , n -1

minimizing value of c and define S = max S (c ,v) .
n v€V .n-1

Maximize wrt v€V, S(c ,v) . Let vn be the maximizing

value of v and define SM = S(cm,vn) . (I f  Sm = SM then c11 = c* byn n n J

the corollary to lemma 2 .3 .1 .) Let V be any set of v€V , satis-n J n-1
fying max S (c,v) = max S (c ,v ), Vc€W. Then define

0 n

v€van v€Vn-1
V = Va U {v11} . n n J

•k
with respect to
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m MTermination: I f  for any integer i  then the algorithm

terminates immediately. Alternatively in view of lemma 2.3.1
s1? - s?

below, suitable termination criter ia  are to stop when -r-i-------- <
„ m  — 1S .l

M m
or when < §£ ŵ ere §  ̂ and %2 are Preset positive constants

iIf for any c there are values of v which yield relative

maxima of S (c1,v) greater than S™, convergence may possibly be

speeded by including these v 's  in V. in addition to v1. (The rate

of convergence cannot be decreased by such additions to V^.)

The algorithm is summarized in Figure 2.

The two lemmas and the theorem which follow prove that

the algorithm solves the minimax problem. Lemmas 2.3.1 and 2.3.2
m Mshow that min max S (c,v) is bounded below by S. and above by S.

c€W vGV 1 1
for each integer i ,  and that {S^} is a monotonic increasing sequence.

Theorem 2.3.1 proves that the limit of the two sequences {s™} and 
r M,iS .J is min max S (c ,v ). It is a direct result o f this theorem 

1 c€W v€V
that c* can be found to any desired accuracy from the sequence { c 1} .  

Lemma 2 .3 .1 :
m MS. < min max S (c,v) < S. for i  = 1, 2, . . .
1 c€W v€V L

Proof: S™ = min max S (c,v) by defin ition
1 c€W v€V. .l - l

< min max S(c,v) since V. ,
"  c€w v€V 1-1

C  V .
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F R - 1 3 3 3

Figure 2. * Summary of the minimax algorithm.
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M iS. = max S(c ,v) by defin ition
1 v€v

Corollary;

Proof;

= min max S (c,v) using lemma 2.3.1 
c€W v€V

i .e .  c L = c* by defin ition  of c*.

> min max S (c ,v ) .

s"1
sm1

= s

c€w v€V
M _ = c*
M m „ , i  . M „ , i  .S. => S . = max S(c ,v) since S. = max S(c ,v)
1 1 v€V 1 v€V

Lemma 2 .3 .2 ; S™, S™ . . . ,  is a monotonic

Proof; S? = min max S(c,v)
1 c€W v€V. , l - l

> min max S (c,v)
" c€W v€v* , i -I
= min max S (c,v) 

c€W v€Vi _2

increasing sequence.
, , _. mby defin ition  of S.J l

. „asince V. , c  V. , l - l  i - I

by defin ition  of V. , i - I

Theorem 2 .3 .1 ; The sequences {s™} and {s^} both converge to

min max S (c ,v ). 
c€w v€V

Proof; I f  the algorithm terminates in a fin ite  number of iterations

the fin ite  sequences {S™} and {S^} converge to min max S (c,v) by
1 1 c€W v€v

Lemma 2.3 .1 . Therefore assume the sequences are in fin ite .

Since S (c,v) is a continuous function and W and V are

compact it  follows that S* = min max S(c,v) ex ists. From Lemmas

2.3.1 and 2.3.2 {S™}L i J
c€W v€V

is a monotonie increasing sequence bounded
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above by S'*. It follows that the lim it ex ists . Let
_  . „ m  *Lim S . = S .
j_—*oo

If i t  can be shown that the sequence - S }̂ converges

to zero it  follows from Lemma 2.3.1 that

m A MLim S. = S = min max S(c,v) = Lim S. ,
i-*00 1 c€W v€V i-»00 1

which is the desired result.

Suppose {S^ - S }̂ does not converge to zero. Then for
r—yu c Mtsome £ > 0 there is an in fin ite  set [S ] of elements of IS .] suchm l

—M A r m-.that S  ̂ - S > £ for Vm. Let 1c j be the sequence of controls cor­

responding to {:S }̂ . Then since {c1”} is an in fin ite  sequence on a

compact set W there is a convergent subsequence { c 11} . Let the
r—Mt AM Acorresponding subsequence of [S^j be [S ^ j. Clearly S  ̂ - S > £ , Vn.

Since S(c,v) is uniformly continuous on W x V ]5 > 0  such

that

|s(ca ,v) - S(c^,v)| < ^ whenever |ca - ĉ J < 6 ,  1 < i < r, Vv€V .

Let cn , cm, m > n, be any two elements of {c 11} where n, 

m, are su ffic ien tly  large that |c  ̂ - c™| < 6, 1 < i  < r. Then

|s(cn ,v) - S(cm,v)| < |, Vv€V . (2.3)

 ̂in An A a A s.Let S , v V , V , , V , be the values defined by them n m - i n
algorithm which correspond to c11, cm. Then

V = va u [vn]n n
and

max S(c ,v) = S(c , v )  = S  ̂ > S + £. (2.4)
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By definition of it  follows that

max S(c,v) > max S (c ,v ), Vi > k, Vc€W .
v€V. v€V.l k

Therefore since m > n

max S (c,v ) > max S (c ,v) , Vc€W .
v€Vm-1 v€vn

Sm = max S(cm,v) > max S(cm,v) > S(cm,vn)
m v€V _ v€Vm-1 n

(2.5)

. ~n ~ since v €V .n
Using (2 .3 ),

_ /Am An.    /An An« &S(c ,v ) > S(c ,v ) - -

Using this result, (2.4) and (2 .5 ),

n . n  /Am *n. ^ p  / n̂ an% fi* .  ̂ ASm > S(c ,v ) >  S(c ,v ) - -  > S + -r > S ,m — L — Z

which is the desired contradiction since S is the lim it of the

monotonie increasing subsequence {S™}.

The defin ition  of a minimax control c* is that it  mini­

mizes with respect to c€W the quantity max S (c ,v ). Since the
M n v€Vsequence of terms S = max S(c ,v) converges to S* = min max S (c ,v ),
n v€V c£W v€V

it  follows that the controls c are minimax controls to any desired

degree of accuracy in achieving S*, when n is su ffic ien tly  large.

I f c* is a unique control it  follows that { c 1} converges to c* . I f

c* is not unique then any lim it point c of { c 1} is a solution for c*.
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cl clChoice of the V.: The set V. is defined to be any set of v€V . ,1 1  J l - l
satisfying

max S(c,v) = max S (c ,v ), Vc£W . (2.6)
v£V? v€V. ,l  l - l

Clearly  ̂ is a satisfactory choice according to this criterion .
clHowever, it  is desirable for to be as small a set as possible 

in order to simplify the succeeding minimization. Thus it  is
cldesirable to retain in only those values of v which are dominant

in the sense of (2 .6 ). Evidently (2.6) requires a strong dominance

in that it  must hold for a ll values of c€W. A weaker form of

dominance is exhibited by the set V. of a ll values of v€V. , atl  l - l
which S1? is attained when c = c L, i .e .  the set of a ll  v€V  ̂  ̂ sa tis ­

fying S (cL,v) = Sm±. Namely, there is by continuity of S (c ,v ), a 

neighborhood N of c 1, in which

max S(c,v) = max S (c ,v ), Vc£N.
v€V. v€V. il  l - l

With most functions S (c ,v ), and in particular those which typically 

arise in control problems, this weaker form of dominance is s u ff i ­

cient for convergence of the algorithm. Furthermore, the informa­

tion required for the determination of is available automatically 

from the minimization step yielding c L. For this reason the sets 

should be used in practical application of the algorithm. I f 

for some function S(c,v) the sequence [s^ - S™} does not converge
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to zero with use of the sets V then the sets can be employed 

in order to guarantee convergence.

Maximin problems: The algorithm is equally e ffective  on maximin

problems, which can be handled as above simply by using the nega­

tive of the pay-off function.

Minimization steps: While minimization wrt c£W of a function such

as cp = max{S(c,v^), S (c,v )}  is much simpler than the original 

minimax problem there remains some d ifficu lty  because the partial 

derivatives of cp do not exist at the minimizing c. Figure 3 gives 

contours of constant cp for the f ir s t  iteration of the example in 

Section 2.2. Methods which evaluate gradients by making pertur­

bations of c are not capable of minimizing such a function. The 

author has used the Rosenbrock rotating coordinate search method 

as given by Wood £93• An advantage of this method is that once 

the search point is on a sharp ridge like the one in Figure 3 and 

the search direction is along that ridge the minimum is quickly 

found. I f  necessary, the direction of the ridge can be determined 

(in two or n dimensions) by the simple expedient of locating it  at 

two nearby points and using this information to compute the d irec­

tion cosines.

Bounds on the number of values of v: Suppose the number of values

of v at which the minimax value of S is attained is n, i .e .  there 

are n values of v which satisfy

max S(c*,v) = min max S (c ,v ).
v€V c€W vev
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C 2

Figure 3. Contours of constant cp.
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Then for a large class of systems the largest number of values of 

v required by the algorithm in the minimization steps is (n + 1). 

Therefore it  is of interest to consider cases in which n can be 

determined a -priori.

I f  (1) S (c,v) is continuous jo in tly  in c and v,

(2) v is a scalar

(3) ^  (c f v) ex ŝts at a-Q c£w v£V,
ov

(4) * .f r v> has at most m zeroes wrt v€V for any c€w,

then the value of n is at most + 1) when m is even, and at most 
nri" 1(—----f 1) when m is odd. This result follows from considering the

possible configurations of S(c*,v) as a function of v.

A weaker result is possible when v is of arbitrary dimen­

sion. I f  S (c,v) sa tis fies  (1) and

(5) grad^ S(c,v) exists at a ll c£W, v€V,

(6) grad^ S(c,v) has no more than m zeroes wrt 

v€V, for any c,

then there are most m values of v at which the minimax value of S 

is attained and which are internal points of V.

2.4 Results for Convex Functions

Often the performance index in a control problem is chosen 

to be convex with respect to the control signal to ensure a unique 

optimal control. Also it  sometimes occurs that the index is con­

vex with respect to the variable parameters. It is therefore of 

practical importance to consider the e ffects  of convexity on the 

minimax problem.
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The following definitions and properties o f convex 

functions which are required later in this section are presented 

here for convenience.

Convexity; A scalar function f(x ) of a vector x is convex wrt 
1 2x€X i f  for any x , x €X,

f[di'x'*' + (l-Ctf)x2] <Qt f ( x ^ ) +  (1-oOf(x2) 

where Oi is any scalar, 0 < Qi < 1. I f

fO x 1 + ( l -a )x 2] < a f ( x 1)+  ( l -a ) f (x 2) 

for 0 < Oi < 1, then f is s tr ic t ly  convex wrt x€X.

Property (1 ) : I f  f(x ) is a continuous scalar function of a vector

x and is s tr ic t ly  convex wrt x€X where X is closed then there is

precisely one value o f x at which f assumes its minimum value.
*

Proof; Since f is continuous and X is closed there is at least 

one value of x at which the minimum of f is assumed. Suppose there 

are two values, xa , x^. Then by the s tr ic t  convexity

f ( X ■¿ - -■)< % f(x a) + h f (x b) = f (xa) = f (xb) .

Contradiction.

Property (2 ) ; I f  f^Cx), f 2(x ), are two scalar functions of a 

vector x, and are both s tr ic t ly  convex wrt x€X then max{f^(x), f 2 (x )} 

is also s tr ic t ly  convex wrt x€X.

Proof; max{ f  ̂ [ax^ + (l-flf)x2] ,  f^ax"*- + (l-CK’)x2]}

< max{af1(x1) + ( l - a ) f 1(x2) ,  « f 2(x1) + (1-Q0f2(x2)}

< <*max{f ̂ x 1) , f 2(x1)} + (1-a) maxff^x2) ,  f 2(x2)} .
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Property(3 ): I f  f(x ) is a scalar function of an n-dimensional

vector x and is convex wrt x£X where X is a convex polyhedron

in n-dimensional space then max f(x ) = max f(x ) where X~ is
x£X x€XQ

the set of vertices of X.

Pr£of: Suppose a unique maximum is attained at xa not a vertex of

X. Then there exist x , x2, Qi, such that xa = + (1-dO x2 for

0 < Ot < 1. Therefore

f (x a) = f[o^x1 + (l-cv)x2] < a f (x1) + ( l -a ) f (x 2)

< max{f(x^), f (x 2) } .

Contradiction.

The algorithm in Section 2.3 shows that an algebraic 

minimax problem can always be decoupled into a series of minimi­

zations and maximizations. In a sense the algorithm provides a 

method for finding the values of v at which minimization w ill 

yield the minimax control. The following theorem shows that when 

the function is s tr ic t ly  convex with respect to c the values of v 

required are precisely those at which the minimax value is 

attained when c = c * .

Theorem 2 .4 .1 ; Let S (c,v ) be a function of an r-dimensional vec­

tor c€w and an s-dimensional vector v€V with the properties:

(a) S (c,v) is continuous jo in tly  in c and v, Vc€W,

W€V,
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(b) *V exists and is continuous join tly  in c and 
i

v, Vc€W, W€V, 1 < i < r ,

(c) S (c,v) is s tr ic t ly  convex wrt c€W for each v€V. 

Let c* be the minimax control and suppose the minimax value of S 

is attained only at v \  . . . ,  v  ̂ when c = c*. Let = {v \

v^ }. Let c  ̂ be defined by max S(c^,v) = min max S (c ,v ). Then
0 v€V0 c€W v€V0c = c * .

Proof; By an obvious extension of property (2) for convex functions,

max S (c,v) and max S(c,v) are both s tr ic t ly  convex wrt c£W. Then 
v€V„ v€V0by property (1) cu and c* are unique minimizing values of c.

Suppose the theorem is false and c^ f  c*. Then by the 

uniqueness of c^, and the defin ition  of V ,̂

max S(c*,v) = S (c* ,v i') > max S(c^,v) > S(c^,v^), for 1 < i  < k.
v€V, v€V,0 ’ ^’ 0 
Therefore j] j > 0 such that

0 iSCc^jV1) > S(c ,v L) + j for 1 < i  < k.

Let Ac be the vector, Ac = (c* - c^ ). Then using ( c ) ,

S(ac^ + (l-Ck')c* ,v^) < OtS (c^ v * ) + (l-Q')S (c* ,v^) fo r  0 < 0t < 1.

S(c*-aAc,vi ) - SCc'fcjV'*') < a[S(c^,v^) - S(c*,v^)]

i . e . ,  SCc^jV1) - S (c*-aAc ,v L) > a j for 0 < O' < 1.

This is true in particular for ct arbitrarily close to zero. 

But using (b) ,

S (c* ,vL) - S (c*-0'Ac , v1) = <gradc S ( c , vL) | c=c^ , CtfAc)
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when 01 is a r b i t r a r i ly  small.

( gradc SCc^jV1) ,  Ac) > j where the notation gradc S (c »v 1)\c=c*

gradc S C c*^ 1) has been adopted.

Since a l l  p a r t ia l  derivatives  wrt c^ are continuous

jo in t ly  in c and v there is a p o s it iv e  number d^ such that

(gradc S ( c ,v ) ,  Ac) > 0 fo r  a l l  c€W, v€V, s a t is fy in g  |c^ - c^J < d^,

1 < n < r,  and iv - v L| < d . , l < n < s .  L e t d b e  the number — — 1 n n' — i  — —
d = min d . .  Let N be the region in c -v  space defined by 

l<i<k 1

{N : (c,v)€N »  Ic - c*| < d, 1 < n < r ,  and lv - vM < d,

l < n < s ,  1 < i  < k} .

Then (gradc S ( c ,v ) ,  Ac) is p os it iv e  fo r  a l l  (c,v)€N.

.* .  max S (c*-3A c,v )  < max S (c* ,v )  whenever |(3Ac \ <  d 
v€V v€V n

(c*,v)€N (c*,v)€N
(2 .7 )

fo r  1 < n < r .

A lso , by the d e f in i t io n  o f  V^, ]h > 0, such that

max S (c* ,v )  > S (c* ,v )  + h, Vv£V, (c*,v)#N . 
v€V0

By the continuity  o f  S ( c , v ) ,  3e > 0, such that fo r  any v€V, 

|s(c*-yAc,v) - S (c*,v)|  < — whenever lyAc^j < e ,  1 < n < r .

Vi V.*. S(c*-yAc,v) < S(c* ,v) + — < max S(c*,v) - — < max S(c*,v),
2 "  v€V0 2 v€V0

V(c*,v)gN.

.* .  max S (c* -yA c,v )  < max S (c* ,v )  fo r  |yAc j < e , 1 < n < r .  
v€V v€V( n

(c*,v)gN (2 . 8)
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Let Ac* = 6Ac where 16Ac I < d and |6Ac I < e, 1 < n < r. 

Then combining (2.7) and (2 .8 ),

max S(c*-Ac*,v) < max S(c*,v) = min max S (c ,v ), 
v€V v€V c€W v€V

which is the desired contradiction.

The minimax problem is also sim plified i f  the function

is convex with respect to v as the following lemma shows.

Lemma 2 .4 .1 : Let S (c,v) be a function which is continuous jo in tly

in c and v, Vc€W, W€V, and convex wrt v€V for every c€W. Suppose

V is a convex polyhedron in s-dimensional Euclidean space. Let Vq

be the set of vertices of V. Then i f  c sa tis fies

max S(c,v) = min max S(c,v) 
v € V Q c€W v €V q

it  follows that c = c* the minimax control.

Proof: By property (3) of convex functions

max S (c,v) = max S (c,v) for any c€W. 
v€VQ v€V

.*. min max S (c,v) = min max S(c,v) 
c£W v€Vq c£W v€v

i .e .  max S (c,v) = max S (c,v) = min max S (c ,v ).
v€Vq v€V c€W v€V

c = c* by defin ition  2.1 .3 .
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The following theorem shows that s tr ic t  convexity with 

respect to v also implies a weaker result of the same type as that 

given by theorem 2.4.1 for s tr ic t  convexity with respect to c. 

Theorem 2 .4 .2 ; Let S (c,v) be a function which is continuous jo in tly  

in c and v, Vc€W, Vv€V. Suppose that for each c€W, S (c,v) is 

s tr ic t ly  convex wrt v€V. Suppose also that V is a convex polyhedron

in s-dimensional Euclidean space and that min max S (c,v) is attained
1 k c€W v€V k,only at v , . . . ,  v , when c = c*. Let Vq = { v l , . . . ,  v ) .  Then

there is a neighborhood W^C W surrounding c* such that

min max S (c,v ) = max S(c*,v) = min max S (c ,v ). (2.9)
cGWq .v€Vq v€Vq c€W v€V

Proof: Let be the set of a ll vertices of V. By property (3)

max S (c,v ) = max S (c ,v ), Vc€W, (2.10)
v€V v€V^

and therefore Vq c  V̂ .
Assume that there is no neighborhood Wq of c* which

satis fies  (2 .9 ). Then in each neighborhood of c* there is at least

one control which violates (2 .9 ), so it  is possible to construct

an in fin ite  sequence c \  . . . ,  cn, . . .  satisfying

Lim c = c* 
n-»°o

and

max S(cn,v) < min max S (c ,v ), Vn. (2.11)
v€Vq c0V v€V

Case (a ): Assume = V. . Then max S(cn,v) = max S(cn,v ).
v€V v€V.

Using th is, (2.10) and (2 .11),
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max S(cn ,v) < min max S (c ,v ), Vn, 
v€V c€W v€V

which is the desired contradiction.

Case (b) : Assume c  V ,̂ Vq  ̂ ^1‘ Then there are elements
k+1

of V

k+j£ k+i. k+i.v " ,  satisfying v €V^, v ?Vq. ^rom t îe defin ition

k+i.max S (c* , v) = max S(c*,v) > S(c*,v ) ,  for i = 1, i .
v€v v€Vq

Therefore ] j  > 0 such that
k+i,max S(c*,v) > S(c*,v ) + j ,  for i = 1, I . (2.12)

v€v0

By continuity of S (c ,v ), 3$ > 0, such that

|s(c,vk+i) - S(c*,vk+i)| < j

whenever | c* - ck | < 6 , Vk, for i  = 1, . . . ,  £. Since c11 -  c*,

^m su ffic ien tly  large that

m k+i, k+i,S(c“ tv ~ ‘ ). - S (c* , J~) I < , for i  = 1, . . . ,  Ü. (2.13)

Then using (2.13) and (2.12) 

m k+i, , „ , . k+i
S(c ,v L) < S(c*,v 1) + 2 £ max s (c*>v) - 2 < max s (c*>v)>

v€V, v€V,

for i  = 1, . . . ,  4. Therefore by defin ition  of Vq,

_. m k+i, . v _S(c ,v ) < min max S (c,v) for l  = 1 , . . . ,  a . (2.14)
c€W v€V

Also from (2.11)
mmax S(c ,v) < min max S (c ,v ).

v€V0 c€w v€V
(2.15)
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Combining (2 .14), (2 .15), and using (2 .10),

max S(cm,v) = max S(cm,v) < min max S (c ,v ), 
v€v^ v€V c€W v€V

which is the desired contradiction.

Lemma 2.4.1 shows that when S(c,v) is convex with respect 

to v, and V is a convex polyhedron, a single minimization at the 

vertices of V yields the minimax solution. Therefore whenever V 

has a small number of vertices this is a particularly easy problem. 

I f ,  however, V has a large number of vertices it  is of advantage 

to use the algorithm with attention restricted to the vertices of 

V only. In this connection it  is interesting to note that for

s tr ic t  convexity with respect to v the quantity, max S (c ,v ),
v£vc v0

(where Vq is the set of vertices of V at which the minimax value 

of S is attained when c = c*) has at least a local minimum at 

c = c*, as proved in theorem 2 .4 .2 .

2.5 Rate of Convergence of the Algorithm

First consider the following simple case:

(1) S (c,v) is continuous jo in tly  in c and v, Vc€W, Vv€V,
3. b(2) v is a scalar, v < v < v

(3) * ( c . v> has no more than two zeroes wrt v€V for 

any cGW,

(4) d s.(^?v) exi sts Vc€W, Vv€V, and — 1 < K,
dv dv  ̂ I
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(5) min max S (c,v) = min max S (c ,v ), where V, is the
c€W v£V. c€W v€Vk
set of a ll  v satisfying S(c*,v) = min max S (c ,v ).

c€W v€V
A su ffic ien t condition for (5) is given by theorem 2.4 .1 . From

(3) it  follows that there are at most two elements in and that

i f  there are two elements at least one is on the boundary of V.

Thus the problem becomes a search for the value of v€v, which mayk
be an interior point of V. Consider step by step the application 

of the algorithm in Section 2.3. A crude upper bound on the rate

of convergence to zero of {s^ - S™} can be obtained by assuming
Mat each step that is as large as possible. Possible "worst-

case" configurations for SCc'Sv) are shown in Figure 4.

Assume that the algorithm is started by choosing
dL bVQ = { v , v } .  After minimizing, the greatest possible value for

- a b _„M 1 _ v + v ................... , SSb . occurs i f  v = -----r----- which implies that —  is zero at1 2 r dv
va + vb _  | bS i vb - va _M m __fvb - va}----- -̂---- . Then maxk“  = K ----- ------ and S1 < S1 + Kr----- 7---- *■—  .

2 v€V 3v 2 1 1 4
The set is then = [v a, vb , v^}. After minimizing, the

,M orgreatest possible value for S* occurs i f  v = v + %(v - v )
2 b a 2

i f  v2 = va + ^(vb - va) . In either case < + K-^— - m
4

2 a b aIn Figure 4 the assumption is made that v = v + %(v - v ) .  In

this case it  is clear that the value of v€V, which is internal to, kb , a ,rr  ̂ rv + v b-i . . . .  aV cannot be m the region L-----o-----, v J since minimization at v ,

v , and any point in this region would obviously have given a

value s”  at least as small as S™.



S ( c 2, v )
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Continuing with the algorithm, the possible region for 

the value of v€V. which is internal to V is halved at each itera-
k b a 2

tion with the result that - Sm < —- ■) J Thus for thisn n ,n4
case the maximum possible distance between the upper and lower

bounds of min max S (c,v) decreases by a factor of at least four at 
c€W v€V

each succeeding iteration«

Figure 5 summarizes the application of the algorithm to

the example in Section 2,2 which is of the type discussed above.

The process was started by choosing VQ = {0 .0 , 2 .0 }. The second
. . .  2minimization, giving c , reduced the greatest possible error in

min max S(c,v) to less than 1 . 8%. 
cGW v€V

Unfortunately a re a lis t ic  bound on the rate of conver­

gence when v is of arbitrary dimension is not easily determined, 

but experience with a number of control problems has shown that 

rapid convergence is normal. H euristically, it  is reasonable to 

expect that »  S™ whenever >> S™ since the ( i+ l )St control

represents a compromise between the values of v which led to Sm andl
M in Mthe value of v which yielded S .. On the other hand, when S S .i i i

and c 1 «  c* , rapid convergence is anticipated since the maximizing 

values of v which are on the boundary of V are insensitive to 

moderate control changes while the maximizing values of vm in the 

interior of V need not be determined precisely because 

grad S (c,v) _ .  = 0. These statements are illustrated by
V I C°”  C •'

v=vm
Figure 5.
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S (c,v)

Figure 5. Determination of c* for the example in Section 2.2.
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2.6 Properties of Minimax Performance-Sensitivity Control

Some specific  properties of minimax performance-sensitivity 

control, which are relevant to in telligent application of the algor­

ithm in Section 2.3, are developed in this section. Theorem 2.6.1 

gives conditions under which a -priori bounds can be placed on the 

minimax performance-sensitivity control c* when c is a scalar.

Theorem 2.6.1 also shows that in this case the minimax value of S (c,v) 

is attained at more than one value of v when c = c* . Theorem 2.6.2 

generalizes the latter result to controls of arbitrary dimension. 

Theorem 2 .6 .1 ; Let J (c,v ) be a performance functional to be mini­

mized, where c€W is a scalar and v£V is an s-dimensional vector, 

with the properties:

(1) J (c,v ) is continuous jo in tly  in c and v,

(2) ^\J(c,v) exists and is continuous jo in tly  in c and v,

(3) for each v€V 3 a unique function c^(v)GW, continuous 

in v, such that J (c^ (v ), v) = J^(v),

(4) f j J i c . v )  

0

c=-  = 0 => J (c ,v ) = J°(v) . 
v=v

Let S (c,v) = F [j,  J ( v ) ]  be any performance-sensitivity which 

s a t is fie s :

(5) F[J, J°(v )] is a monotonic s tr ic t ly  increasing 

function of J for each vGV.

Then i f  c* is the minimax performance-sensitivity control:
1 2  1 2  1(a) 3 v , v , €V, v f  v , such that S(c*,v ) =

2S(c*,v ) = min max S (c ,v ).
0 c€W v€V 0(b) min c (v) < c* < max c (v) .

v€V v€V
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(Condition (3) implies that the assumed controller structure 

u(t) = u [c ,x (t ) ]  is capable of generating the optimal performance 

at any v€V. Condition (4) implies that J (c,v ) is stationary wrt 

c only when c is optimal.)

Proof: Since c^(v) is continuous and defined for every v£V it

forms an s-dimensional hypersurface T which cuts the (s+1)- 

dimensional c-v space.

Let A be the region, {A : (c,v)€A <=> c£w, v€V,

c > c^(v)}

B be the region, { b : (c,v)€B «  c€W, v€V,

c < c°(v )}

0 / \01 — mm c (v)
v€V

3 = max c^ (v ). 
v€V

In the case that 0i = |3, c^(v) is constant, c* = c^(v) = 

01 = (3, and S(CY,v) = 0, Vv€V, so that the theorem is tr iv ia lly  

satisfied .

Therefore assume Qt < (3.

It is claimed that the function of c , max S (c ,v ), has
v€V

(c,v)€A
the properties:

( i )  it  is a monotonic s tr ic t ly  increasing function of c, for 

Vc€W, c > Oi,

( i i )  it  is a continuous function of c,

( i i i )  min max S (c,v) = 0 . 
cGW v€V
c ^  (c ,v)€A
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Proof of ( i ) :  From (2 ), (3) and (4 ), J (c,v ) is a monotonic 

s tr ic t ly  increasing function of c for each v£V, (c,v)€A, c > 01.

Then using (5 ), S (c,v) is also monotonic s tr ic t ly  increasing for 

each vEV, (c,v)€A, c > 0i. Since maximization over v does not 

a ffect the monotonicity the result follow s.

Proof of ( i i ) :  Continuity follows d irectly  from (1) and the

defin ition  of performance-sensitivity.

Proof of ( i i i ) :  By defin ition  of Oi and A, every (Ck',v)€A sa tis ­

fies  (a,v)€T, so that S(Ctf,v) = 0 for every (a,v)€A. Therefore

max S(CY,v) = 0. Since S(c,v) > 0, it  follows that 
vGV
(CV ,v)GA

min max S(c,v) = 0. Similarly max S (c,v) has the properties: 
c€W vGV v€V

(c,v)€A (c,v)€B

(iv) it  is a monotonic s tr ic t ly  decreasing function of c, for 

Vc€W, c < ¡3,

(v) it  is a continuous function of c,

(v i) min max S(c,v) = 0. 
c€W v£V
c<(3 (c,v)€B

Also since V = A U B

max S(c,v) = max { max S (c ,v ), max S (c ,v )} . (2.16)
v£V v£V v€V

(c,v)£A (c,v)£B

From (i)  through (vi) it  is clear that max S (c,v) and
v€V

(c,v)€A

max S(c,v) are equal at a unique value c of c , & < ~c < 3, and 
v£V

(c,v)GB
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using (2=16) it  can be shown that c = c * . (Assumption of the

contrary leads to the contradiction, max S(c*,v) > min max S (c ,v ) .)
v€V c€W v€V

Therefore
min c^(v) < c* < max c^(v) 
v€v v€V

and

max S(c*,v) = max S (c* ,v ). (2.17)
v£V vGV

(c,v)€A (c,v)€B

Let v be a value of v satisfying max S(c*,v) = S (c* ,v ). If
v€V

(c*,v)€r than max S(c*,v) = 0 and (a) is tr iv ia lly  satis fied . I f 
-  ,

(c*,v)£r then using (2.17) there are two values v , v , of v, such 

that (c*,v^)(EA, (c*,v^)€B, and (c*,v^)£T ( i .e .  v^€V, v^€V, v  ̂ f  v^) 

satisfying

max S(c*,v) = S(c*,v^) = S(c*,v^). 
v€V

Theorem 2 .6 .2 ; Let J (c,v ) be a performance functional to be mini­

mized, (c€W, v€V) with the properties:

(1) J (c,v ) is continuous jo in tly  wrt c and v,
dJ( 2) is continuous jo in tly  wrt c and v, 1 < i  < r ,

(3) for each v£V 3c^(v) such that J (c^ (v),v ) = J^(v),

(4) gradc J (c,v ) c=-  = 0 ^ J (c,v ) = J (v ) . 
v=v

( (3) implies that the assumed structure u(t) = u (c ,x (t ) )

is capable of generating the optimal performance at any v€V. (4) 

implies that J (c,v ) is stationary wrt c only when c is optimal.)
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Let S (c,v) be any performance-sensitivity such that the minimax 

performance-sensitivity control c* is an interior point of W and 

such that

(5) as
ÒC . is continuous jo in tly  wrt c and v, 1 < i  < r.

l
Then the minimax value of S is attained at two or more

1 2  1 2distin ct values of v, i .e .  ]v , v , £ V ,  v # v , such that
1 2min max S(c,v) = S(c*,v ) = S (c*,v ) .

c€W v€V
Proof: Since S(c,v) > 0 the statement of the theorem is tr iv ia lly

correct i f  max S(c*,v) = 0. Therefore assume max S(c*,v) > 0. 
v€V v€V

SL 3.Suppose max S(c*,v) = S(c*,v ) where v is unique.(2 .18) 
v€V

By assumption S(c*,v ) > 0 which implies grad S(c,v) c=c*
v=va

f  0

(using (4) and the defin ition  of S ) . Therefore Jj such that
as
ÒC c=c*

v=va

a s= a 4 0. Assume a > 0. By continuity of (using (2))

3d > 0 such that > 0 for c£W, v€V, satisfying

c i - c*l 5  d» i  = 2» •••» r , and |vk - v | < d, k = 1 , 2 , s.

Let N be the neighborhood of (c*,v  ) so defined, so that

as(c,v)
a c .

j
> o, V (c,v)6N. (2.19)

Ac in the

Let Ac~* be an r-vector with a single non-zero component
th *j row, 0 < Ac < d. Clearly (c* - Ac~*, v)€N whenever

( c* , v ) € N .  Then using (2.19)
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max S(c*-Ac^,v) < max S(c*,v) = S (c*,va) .  (2.20)
v€v v€v

( c * , v ) € N  ( c* , v ) € n

Also, using (2 .18), > 0, such that

S (c*,va) > S(c*,v) + h, Vv€V, (c*,v)$N. (2.21)

By continuity of S (c ,v ), > 0 such that for any v€v

|s(c*-Ac^,v) - S(c*,v)| whenever Ac < 6 . (2.22)

Then using (2.22) and (2 .21),

S(c*-Acj ,v)<S(c*,v)+ | fS (c* ,va) -  |<S(c*,va),Vv€V,(c*,v)iN , and Ac<6 . 

Therefore

max S(c*-AcJ,v) < S(c*,va) whenever Ac < 6 . (2.23)
v€v

(c*,v)$N

Let Ac* be Ac-̂ for any Ac < 6 and Ac < d. Then combining (2.20) 

and (2.23)

max S(c*-Ac*,v) < S (c*,v&). 
v€V

But from the defin ition  of c* and (2 .18), S (c*,v&) = min max S (c ,v ),
c€W vGV

which gives the desired contradiction.

If a < 0 a similar argument shows that max S(c*+Ac*,v) < S(c*,va) 

which also gives a contradiction.

Since a performance index is normally chosen so that it  

w ill yield a unique optimal control and no loca lly  optimal controls, 

condition (4) of Theorem 2.6.2 is often satisfied  in practice. In 

Section 2.7 it  is shown that, in particular, (4) is satisfied  by
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linear systems with quadratic indices and linear state-feedback 

con trollers .

Theorem 2.6.2 shows that there is an interesting d i f ­

ference between minimax performance controls and minimax perfor­

mance-sensitivity controls when the controller structure is 

capable of optimality at any single value of v. In the case of 

the former it  is possible for the minimax value of the index to 

be attained at only one value of v as in the example of Section 

2.2. When this occurs the minimax control is the optimal control 

at that value of v. In the case of the la tter, regardless of the 

particular performance-sensitivity chosen, the minimax value is 

always attained at more than one value of v (for illustration  see 

the examples in Sections 2.2 and 2 .9 ). This implies that the con­

tro l c* compromises between d ifferent values of v. Such a com­

promise rarely results in a control which is optimal at any single 

value of v€V. It is therefore undesirable when minimizing the 

maximum value of a performance-sensitivity to constrain the con­

tro lle r  to be optimal at some value of v.

2.7 Results for the Linear Case

Since the special case of a linear system with a quad­

ratic performance index is important in automatic control theory 

it  is of interest to consider here some results for this case.

Assume that the dynamic system and performance index can

be expressed in the form:
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x(t) = A (v)x(t) + B(v)u(t) , x(t^) = xQ(v ),
00

J(u,v) = h J [x '(t)Qx(t) + u '(t)R u (t)]d t  
o

v€v

where x (t) is  an n-dimensional state vector

u(t) is an s-dimensional control vector 

v is an r-dimensional time-invariant vector containing 

unknown system parameters 

V is a closed bounded region in Er 

A(v) is a time-invariant n x n matrix 

B(v) is a time-invariant n x s matrix 

Q is a constant, positive semi-definite n x n matrix 

R is a constant positive defin ite s x s matrix.

It  is assumed that the elements of A, B, and x^, are continuous wrt 

v, Vv€V. The desired form of control is assumed to be constant 

state feedback. I f  the system is completely controllable for each 

v€V it  is well known [10] that there is a unique optimal control 

for each v€V given by

u°(v) = -R_1B'Kx(t) (2.24)

where K = K(v) is the positive definite solution of

KA + A'K - KBR_1B'K + Q = 0 . (2.25)

The corresponding optimal value of J is given by

J [u °(v ),v ] =% x '0Kx0 . (2.26)

It is desired to find minimax state-feedback controllers of 

form u = Cx(t) where C is an s x n constant matrix. Let c€w be 

an (s x n)-dimensional vector containing the elements of C. W is
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assumed to be a bounded closed set such that x = (A + BC) x is 

asymptotically stable, Vv€v, whenever c€w.

Claim 2 .7 .1 : For any control, u = C x(t), c€W, the value of the

performance index is given by

= % Lx0 (2.27)

where L is positive defin ite and is the unique solution of

Proof:

Then

(A + BC) 'L + L(A + BC) + Q + C 'RC = 0.
CO

Let J (t) = % J [ x ' ( ct)Qx (ct) + u' (a)Ru(a)]dc. 
t

J(t) + % x 1 (t)Q x(t) + k u ' (t)Ru(t) = 0

and

(2.28)

(2.29)

Lim J(t) = 0  (2.30)
£-»00

since c€W implies asymptotic s ta b ility . As a solution to (2.29) 

and (2.30) try J(t) = % x '( t )L x (t ) .  Then

^ [ x '( t )L x ( t ) ]  = | ^<x(t), Lx(t)> = <x(t), Lx(t))+<x(t) , Lx(t))

= x ' ( t ) [ (A + BC)'L + L(A + B C )]x (t).

Substituting into (2 .29),

x '( t ) [ (A  + BC)'L + L(A + BC) + Q + C’RC]x(t) = 0.

Therefore J(t) = % x '(t )L x (t )  sa tis fies  (2.29) for a ll x (t ) i f  L

satis fies  (2 .28). Also Lim x '(t )L x (t )  = 0 since Lim x (t ) = 0,
t-*00 t-»00

Vc€W.

. * . J (t) = \  x '( t )L x ( t ) , Vt.
00

J(0) = % J [ x ' (t)Q x(t) + u' (t)R u(t)]dt = % x (0) 'Lx(O) = % x^LxQ. 

Uniqueness of L follows from the known fact that a matrix equation
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GX - XE = D has a unique solution for X i f  G and E have no common 

eigenvalues. In this case the requirement of asymptotic s ta b ility  

implies that every eigenvalue of (A + BC)' has a negative real 

part, and every eigenvalue of -(A + BC) has a positive real part.

Positive definiteness of L follows from the fact that
00

XqLxq = J [ x ’ (t)Qx(t) + u '(t)R u (t)]d t  > 0 , VxQ i  0 . 
o

ties S = 

as:

and

Then using (2.26) and (2 .27), the performance-sensitivi-

—---- j  ' '̂V̂  and S = J - J^(v) can be expressed respectively
J  (v)

t / \ T0. v x ' (L-K)xns(c>v) = Ji£i .Y) “ J_(v) .  _0--------- 0
J°(v) xoKxo

S(c,v) = J (c ,v) - J (v) = Xq(L - K)xq .

In either case the sensitiv ity  S(c,v) is a rational function of 

the elements of c and v. The matrix L is defined in terms of the 

independent linear equations in the elements of L given by 

(2 .28), and therefore an analytic solution for L is possible 

(although tedious) for reasonably high dimension n. The matrix 

K, however, is defined in terms of the independent quad­

ratic equations given by (2 .25). Isolation of the positive 

defin ite solution for K in analytic form is too d i f f ic u lt ,  in 

general, for n > 2. In this case a solution can be found by deter­

mining the steady-state solution of a set of f ir s t  order

d ifferen tia l equations [ 10] .
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The following claim shows that condition (4) of Theorem

2 , 6.2 is satisfied  by any linear system with a quadratic perfor­

mance index and a linear state-feedback controller.

Claim 2 .7 .2 : grad£ J(c,v ) = 0 «  C = -R_1 B'K.

Proof: Let Ac be an arbitrary f ir s t  order variation in c, and let

AC, AL, and AJ, be the corresponding variations in C, L, and J. 

Then

gradc J (c,v ) = 0 <=> AJ = %x ÂLXq = 0 for arbitrary ( f ir s t  order) AC
(2.31)

Let C become C + AC in (2 .28). Then

[A+B(C+AC)]' (L+AL) + (L+AL)[A+B(C+AC)] + Q + (C+AC)'R(C+AC) = 0.

Expanding, neglecting second order quantities, and subtracting 

(2.28) gives,

(A + B C ) ' AL + AL(A + BC) +  (LB + C'R)AC + A C ' ( B ' L  + RC) = 0 .

(2.32)

Case (1 ); (B'L + RC)  ̂ 0. By comparison with (2 .28), AL is posi­

tive defin ite (and AJ = % xoALxO * °) when ^ LB + C'R)^C + AC'

(B'L + RC)] is positive defin ite . But this is the case whenever 

AC = CYP(LB + C'R) ' where Oi is a scalar, 0 < 0i «  1, and P is any 

positive definite matrix. Therefore AJ  ̂ 0 for arbitrary f ir s t  

order AC when (B'L + RC)  ̂ 0.

Case (2 ): (B'L + RC) = 0. Then (2.32) becomes independently of

AC,

(A + BC)'AL + AL(A + BC) = 0 ,

which has the unique solution AL = 0, which in turn implies AJ = 0,
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Summarizing cases (1) and (2 ),

(B'L + RC) = 0 => gradc J (c,v ) = 0 

(B'L + RC) i  0 => gradc J (c,v ) t  0 .

. ’ . grad^ J(c »v) = 0 «  C = -R ^B'L.

Substituting C = -R ^B'L into (2.28) gives,

LA + A'L - LBR_1 B'L + Q = 0,

which is identical in form to Eq. (2.25) in K. But (2.25) is 

known to have a unique positive defin ite solution for K [1 l ] . 

Therefore since L is positive defin ite , L = K, and grad£ J(c,v ) =

0 »  c = R^B'K.

Convexity with respect to in it ia l conditions: It is well known

that the optimal controller for a linear system with a quadratic 

performance index is optimal for a ll in it ia l conditions. However, 

this property does not extend to controllers of form u(t) = Cx(t) 

i f  there is reduced feedback ( i .e .  i f  some states are not available 

to the con tro lle r ), and it  may not extend to the case o f complete 

feedback i f  there are variable system parameters. It is there­

fore necessary at times to consider the range of system in it ia l 

states as a set of variable parameters included in the vector v.

The following claim is of interest in view of the fact that the 

minimax problem is sim plified when the pay-off function is convex 

with respect to v (see lemma 2.4.1 and theorem 2 .4 .2 ).
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Claim 2 .7 .3 ; For a linear system with a quadratic performance 

index J, and a linear feedback controller, J (c,v ) is s tr ic t ly  

convex with respect to that part of v which represents the 

variable in it ia l states.

Proof; Let v be the vector of variable in it ia l states. Then from 

Claim 2.7.1 J =  ̂ v ' L v  where L is positive defin ite . Let va, vb , 

be two d istinct values of the vector v. It is necessary to show 

that

aJCv3) + ( l -a ) j (v b) > j[ava + ( l -a )v b] for 0 < a < 1 .

But this is the case since

a j(v a) + (l-oOJ(vb) - J[ava + ( l -a )v b]

= a (va)'L va + (1-a) (vb) 'Lvb - [»v 3 + (1-Q')vb] ' lCcyv3 + (l-a )v b]

= Ctf(l-oO(va " vb) 'L (v a - vb) > 0, 

by the positive definiteness of L.

2.8 Minimax Controller Design

In those cases where a controller can reasonably be 

specified in terms of a time-invariant vector c and where the 

system complexity is such that the available computational f a c i l i ­

ties are adequate to solve the minimization and maximization 

problems required by the algorithm in Section 2.3 the following is 

a reasonable approach to the design of the controller.

(a) Choose an appropriate performance index or per­

formance-sensitivity based on the system 

specifica tion s.
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(b) Choose a controller structure from physical or 

other considerations,

(c) Determine the minimax controller parameters.

(d) Evaluate the resulting system performance.

(e) I f the performance is unsatisfactory choose a 

different controller structure (probably more 

complex). Repeat from (c) until a satisfactory 

compromise between system performance and controller 

complexity is attained.

This procedure places emphasis on the physical realiza­

tion of the controller in contrast to the computation of an 

optimal control which places fu ll  emphasis on the mathematics of 

the process and none on the physical realization. Thus in compari­

son with the optimal-adaptive controller the resulting minimax 

controller w ill sacrifice  some system performance for controller 

rea lizab ility  but may sacrifice  l i t t le  performance for a con­

siderable reduction in controller complexity.

While the computational requirements for a minimax 

design are non-negligible they are often warranted in practical 

situations since the procedure is only applied in the system design 

stage and since the method offers the p ossib ility  of attaining 

excellent performance with a controller which is easily realized.

2.9 A Fuel-Time Optimal Example

Consider the position control of a unit mass moving in a 

straight line under the influence of a limited force.
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Let y (t) be the position of the mass,

be the desired position of the mass,

u(t) be the force applied, |u(t)| < 1 .

It is desired to find the control u(t) for which at some time T,

y(T) = y^, y(T) = 0, and for which the fu e l-t  ime performance index
T

J = J (k + |u(t)|)d t, k > 0 ,
o

is minimized. By defining x^Ct) = y (t) - y , and x2 (t) = y (t ) ,  

the system equations become

X1 = X2 

x2 = u(t) .

The actual value of k is chosen according to the relative importance 

of minimizing time or fuel. In the following k is taken to be 1.0.

It may happen for a number of practical reasons that the 

e ffective  thrust is variable. For example, the actual mass may be 

variable, or the quality of the fuel or the motor parameters may 

be variable. Therefore consider the following system:

X1 = X2

x2 = v u( t ) , .5 < v < 1.5, |u(t)| < 1,
T

J = J (v|u(t)| + k )dt, k = 1 . 0 . 
o

The performance index includes the term v|u(t)|, corresponding to 

the assumption that the fuel consumption is proportional to this 

term and not |u(t)| alone.

The optimal adaptive control for this system can be 

derived by standard methods and is shown in Figure 6 . The corres­

ponding optimal value of the performance index for an in it ia l
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Figure 6 . Optimal-adaptive control for the fuel-time example.

ro 
ro
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condition (§^, l*2) as shown in Figure 6 is

J°(v) = (| k + 2v + kvgkv) t a -  (1 + ^  + kgkv)£ 2

where

and
k + 4v

5kv 2kv

Since the physical realization of this controller is

d i f f ic u lt ,  assume a controller with two constant parabolic switching

curves as shown in Figure 7. For an in it ia l condition § 2)

there are two types of trajectory, as shown in the figure, according

to whether v > ~ ~  or v < .-  2cl  2cl

For v > -r-̂ — it  can be shown that -  2c t

J (c,v ) = (k + v )tb + (vtb - I 2 ) ( 2vc1 + kcL + kc2)

where

S  = + £ « 2  + 2v ? i ) / d +  2vc2>]% •

For v < ——  it  can be shown that 
2ci

j ( c ,v )  = (k + v )tb + [ ( 5 2 + 2v I 1)/(X  + 2vc2)]^b

where b =
k(c2 - c i)  (k+v) ( 1+a) 

+(l-e) v (l-a )

and a = [ ( 1  - 2vC;l) / ( 1  + 2vc2) ] 2 .

In deriving these results it  has been assumed that the

switchings are ideal.
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*2

Trajectories with constant switching curves 
for the fuel-time example.

Figure 7.



54

From the form of J (c,v ) and J^(v) it  follows that the

performance-sensitivity S (c,v) = ~  ̂ i s independent of
J  (v)

the in it ia l state (§^, i f  ^  = ® or i f  is 3 known constant.

In the following the special case of = 0 is considered, i .e .  

the in it ia l position is arbitrary but the in it ia l velocity is zero.

The minimax performance-sensitivity control c* for this 

case can be found by the algorithm in Section 2.3. The choice of 

VQ = { .5 , 1.5} leads to exact convergence with a single iteration, 

giving c* = (.78 , 4 .72). The corresponding minimax value of the 

performance-sensitivity is .29 so that the deviation of the per­

formance from optimality is always less than 30%. Figure 8 shows 

the variation with v of S (c* ,v ), J (c* ,v ), and J^(v).

It  is interesting to note that c* is quite dissimilar 

to an optimal control. In fa ct, with v in the range .5 to 1.5, 

the range of values of c  ̂ for optimality is 2.33 to 3.00, while c* 

is 4.72.

Several extensions to the approach taken here are pos­

sib le . For instance, the case of arbitrary but bounded in it ia l 

states ( i .e .  position and velocity) is of interest. For this case 

v would be a three-dimensional vector with two of its components 

representing x^(0) and X2 (0) . For this case it  would also be 

interesting to choose switching curves of simpler form, such as 

straight-line segments. Such controllers could also be specified

in terms of a time-invariant control vector c.
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J(c*,v)
J°(v)

Figure 8 . System performance as a function of v 
for the fuel-time example.
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2.10 Position Control of a String of Vehicles

Figure 9 represents a string of three electron ica lly - 

coupled vehicles. The system equations are

m.

6f.
m.

6yl II 6yl

6ŵ = ■• 6y

6y2
a

' m2 6y2

6w2 II o> 'C ro - 6y

6y3
01

’ ” 3 6y3
6f.
m. (2.33)

t hwhere 6y  ̂ is the velocity  deviation of the i vehicle from the

desired string ve locity , 6ŵ  is the deviation from the desired

spacing, Of is a drag coe ffic ien t linearized about the nominal
t i lstring velocity , nu is the mass of the i vehicle, and the control

t i lsignal 6f^ is the incremental force applied to the i vehicle.

The performance index is
00

J -  % J [I0(6w* + 5w*) + (6f* + Sf* + 6f j ) ] d t .

This system was presented by Levine and Athans in a recent paper 

[12 ]. Theoptimal control for Oi = m̂  = m̂ = m̂ = 1 is derived in 

that paper and it  is indicated that the resulting transient perfor­

mance is satisfactory.

Since the masses of the vehicles would vary in an actual

system let —  = v . , —  = v „, and —  = v_ where v, , vn, and v~ are m̂  i m̂  z m̂  3 1 2  3
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8w2

—  S y j , S f 3 * » ^2

^ 3 ^ m 2 L
m i

sy i » Sii

F R -1257

Figure 9. A string of three vehicles.
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in the domain [.667 , 2.0] (corresponding to vehicles able to 

transport twice their own weight). Since 0i is dependent on the 

string velocity  le t  Cl = v  ̂ where v^€[.75, 1.25].
i-d6cl 1Realization of the optimal adaptive control, c ,

requires the sensing of v  ̂ through v  ̂ and also requires that the 

entire 5-dimensional state vector be fed to each vehicle. It is 

apparent that an optimal adaptive controller for a string of say 

f i f ty  vehicles would be unrealistic from an engineering viewpoint. 

Therefore assume a controller of the form

6f i = c L byl  + c2 6w1

6f 2 = c  ̂ + c^ 6y2 + cj. 6w2

5 f3 = C6 6w2 + C7 6y3’

i .e .  the incremental force applied to each vehicle is allowed to

depend only on the velocity  of that vehicle and the distance

between it  and the adjacent vehicles. By virtue of the system

symmetry it  is reasonable *-o make the restrictions c<- = -c^,

c , = - c _ and c_ = c , .6 2 7 1
Since the values of the controller parameters w ill

depend on the in it ia l state let 6w^(0) = v,., 6w2(0) = v^,

Sy^O) = v^, 6y2(0) = Vg, and 6yg(0) = v^. It is assumed that v^

and v., are in the domain [ -5 , 5] while v.,, vn, and v_ are in the o / o 9
domain [ -3 , 3 ]. (The fact that the controller parameters are 

dependent on the in it ia l state is a price that is paid for assuming 

a simple controller. It can be argued, however, that the optimal
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system is unnecessarily versatile with respect to in it ia l condi­

tions since for any practical system there are many states that 

w ill never arise and are consequently of no in terest.)

As formulated above, the system has a four dimensional 

control vector c and a nine dimensional parameter vector v.

s imply

The performance-sensitivity chosen for this example is

S (c,v ) = J (c,v ) - J .deal (V)

where (v) is the value of the performance criterion  corres-

mal 
(v)

j .  ̂ ideal ,ponding to c the optimal adaptive control. The performance-
. . .  .  ̂  ̂idealsensitiv ity  S -  -  , . is not suitable for this problem

ideal^ '
because ^¿¿ea^(v) i s zero at some values of v.

Computational aspects of minimaximizing J (c,v ) and S (c .v ) ; As shown

by the algorithm in Section 2.3 these minimax problems can be

solved by a series of minimizations of form mincp(c) where cp(c) = 
r 1 kmax[S(c,v ) ,  . . . ,  S (c,v ) } ,  and a series o f maximizations of form

max Y(v) where Y(v) = S(c ,v ) . Experience with the Rosenbrock 
v€V
rotating coordinate search method [ 9j has shown that each minimiza­

tion or maximization requires about (40 x n) computations of cp or 

Y, where n is the dimension of the variable (n > 2). By using this 

figure the computation time for each iteration of the algorithm can

be estimated i f  the time required for computing J(c,v ) and J. (v)idea lv '
is known.

In Section 2.7 it  is shown that an analytic solution for 

J (c,v ) is possible in the form J(c,v ) = x  ̂ L xQ, where L is a



60

5 x 5  symmetric matrix, and x^ is the in it ia l state. An analytic 

solution for L requires, in the case of this example, the solution 

of 15 simultaneous linear equations. Since such a solution is 

excessively tedious the alternate approach can be taken of appending 

to the system equations (2 . 33) the equation

y4 = 5(6w* + &w22) + .5(6f* + 6f* + S f*), y4 (0) = 0,

and using J(c,v ) = Lim y , ( t ) . In practice adequate accuracy is
t-*o°

obtained by taking J(c,v ) =§= y^ (4 ). Computation of ^¿¿ea^(v) 

more d if f ic u lt ,  requiring the steady-state solution of a set of 

15 simultaneous, firs t-o rd er , nonlinear, d ifferen tia l equations 

(see Section 2 .7 ). In this case also the steady-state solution 

is achieved with su ffic ien t accuracy in four seconds of system 

time.

It is evident that the minimax problem with J (c,v ) is

easier than the problem with S (c,v) since J .,  . (v) is not requiredideal
in the former case. The minimization steps in the latter case are 

no more d if f ic u lt  as the values of v are fixed and J . . , (v) can 

be computed beforehand. However, the maximizations require com­

putation of Jj_(jea^(v) at each step of the search. For this reason 

four values of v were included in the sets in an attempt to 

speed convergence and reduce the number of maximizations required.

It is noted that a hybrid computer with an analog 

fa c i lity  capable of solving for J (c,v ) or Jideal(v) in a fraction 

of a second is ideal for the minimax problems considered here. The 

overall computation time with such a computer would be a few minutes.
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Computation of c* : The algorithm terminated at the f i f th  iteration,

yielding (c^, c2> c3> c^) = (-1 .11 , -2 .27, 2.10, -2.65) and S* =

min max S(c,v) = 59. The minimax value, S*, was attained at 
c v€V

10v = (.667, 2.00, .667, .75, 5.0, -5 .0 , 3.0, 3.0, 3.0)
1 1V = (.667, .667, .667, .75, 5.0, -5 .0 , -3 .0 , -3 ,0 , -3.0)
12v = (.667, 2.0, 2 .0 , .75, 5.0, 5.0, 3.0, 3.0, 3.0)

and other values symmetrical with these.

Computation of c : The algorithm terminated at the second iteration ,

yielding ( c ^  c2 , c3 , c^) = (-2 .25 , -2 .78, 1.51, -2.77) and J* =

min max J(c,v ) = 445. The minimax value,. J*, was attained at 
c v€V

= (•. 667, . 667, .667, .75, 5.0, -5 .0 , 3.0, -3 .0 , 3.0)

= (•. 667, .667, . 667, .75, 5.0, 5.0, 3.0 , 3 .0 ,-3 .0 )

and other values symmetrical with these.

Nominal optimal control: For comparison, a controller of the same

form but optimal for a nominal v was computed. The chosen value 

of v was

vn°m = (1 .0 , 1.0, 1.0, 1.0, 5.0, -5 .0 , 3 .0 , -3 .0 , 3.0)

nomand the resulting control c was given by (c^, c2> c3 , c^) =

(-2 .1 , -1.51, 2.02, -2.6l5).

Evaluation: Table 1 gives the values of J and S for the controllers
. a nom j ideal _ 10 1 1 , 12 nom a , ^c*, c , c , and c , at v , v v , v  , v ,  and v. Figures

10, 11, 12, 13, 14, and 15 illustrate the corresponding transient

responses. It should be emphasized that v ^ ,  v^\ and v ^ ,  are
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Figure 10. Transient responses at v = v ^ .
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11Figure 11. Transient responses at v = v
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12Figure 12. Transient responses at v = v
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Figure 14. Transient responses at v = v.
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the values of v which yield  the worst performance in terms of S 

for c*, while v and v represent the worst performance in terms of 

J for c.

The nominal optimal control cn0m, while equivalent to

cideal at vnom> i eacis to a high value of J and a very slow response

at other values of v (Table 1 and Figures 12 and 15). The minimax

performance-sensitivity control c* gives a more uniform performance

as v varies but sometimes leads to considerable overshoot (Table 1

and Figures 11, 12, and 15). The minimax performance control c is

superior to cn°m and c* since it  gives a transient response which

is neither very slow nor very oscilla tory  for any v.
idea 1A comparison of c with c shows that the former

control causes slightly  more overshoot at some values of v (Figures 

1 1  and 14) and sometimes leads to a slightly  slower response 

(Figure 12) but these differences are relatively  minor. In view 

of the considerable reduction in controller complexity the minimax 

performance control c is a very attractive choice.

TABLE 1

Values of J and S

10V 1 1V 12V nomV AV V
idealc 129, 0 188, 0 196, 0 297, .0 413, 0 440, 0

c* 188, 59 247, 59 255, 59 312, 15 459, 46 471, 31
Ac 227, 98 205, 17 268, 72 311, 14 446, 33 446, 6

nomc 175, 46 220 , 32 364, 168 297, 0 421, 8 562, 122
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It is not unreasonable that the minimax performance 

control should be suited to this system since the rapid (or ideal) 

correction of major state errors is v ita l while non-ideal correc­

tion of minor errors is of l i t t le  concern.

The successful computation of the minimax performance 

control c and its  adequate performance suggest several interesting 

avenues for further research. I f  i t  is agreed that the performance 

with c is closer to the ideal than the system requires, then the 

investigation of an even simpler controller is indicated. For 

example, the force applied to each vehicle could be allowed to 

depend only on the velocity  of that vehicle, and the distance 

between it  and the preceding vehicle. Another interesting avenue 

of investigation would be to evaluate the performance of strings 

of four or more vehicles with the controller parameters c 

obtained for a string of three vehicles. In the case of unsatis­

factory performance the next step could be to compute c for strings 

of four and more vehicles. I f  the controller parameters thus 

obtained quickly converge to a lim it, then the p oss ib ility  of 

having a small number of possible gains in each vehicle, to be set 

according to the number of vehicles in the string, could be 

considered.

The p oss ib ilit ie s  discussed above give an illustration  

of the general design approach presented in Section 2.8.
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3. TIME-VARYING CONTROLLERS

3.1 Introduction

It is assumed here as in Section 2.1 that the dynamic

system and the performance index can be expressed in the form:

¿ (t )  = f [ x ( t ) ,  u (t) , v, t ] ,  x ( tQ) = x °(v ),

j(u ,v ) = J L [x (t), u (t ) ,  v, t]dt 
o

u(t)€U

v€V . (3.1)

The present chapter is concerned with the class of problems where 

the controller structure is specified in terms of a time-varying 

vector, i .e .

u (t) = u [c ( t ) ,  x (t ) ]

where c(t)GW is an r-dimensional time-varying vector, and W is the 

allowable domain of c (t ) such that c(t)GW => u(t)€U.

In the following the notation [c  ( t ) ]  is used to indicate 

consideration of c (t ) over the entire range t^ < t < T.

i-flftion 3 .1 .1 : Ec(t)3€W is a minimax performance control i f

and only i f

max J ( [c ( t ) ] ,v )  = min max J ( [ c ( t ) ] ,v ) .  
vGV [c(t)]€W  vGV

Definition 3 .1 .2 : [c*(t)]€w  is a minimax performance-sensitivity

control i f  and only i f

max S ([c * (t ) ] ,v )  = min max S ( [ c ( t ) ] ,v ) .
[c(t)]€W  v€V
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The choice of a controller structure with time-varying 

parameters greatly increases the d ifficu lty  of determining minimax 

controls since each element of the control vector must be deter­

mined at in fin ite ly  many instants of time. Therefore in many 

cases i t  should be questioned whether the arbitrariness of the 

proposed structure is necessary. For example, i f  it  occurs that a 

time-varying minimax parameter can be closely  approximated by a 

small number of orthogonal polynomials (such as Chebyshev poly­

nomials) then it  is evident that the minimax problem could have 

been restated with only the time-invariant polynomial coeffic ien ts  

to be determined. This approach, which reduces the problem to the 

time-invariant case considered in Chapter 2, may prove to be the 

most practical method for computation of minimax time-varying 

controls when c (t )  is of moderate or high dimension.

In some cases the enormous freedom remaining after the 

choice of a time-varying controller structure may be used to deter­

mine a good controller by more direct methods than solution of the 

minimax problem. Section 3.4 , t it le d  "Multi-point Optimality," 

gives some results in this area, and the example in Section 3.5 

demonstrates that the resulting control may be so close to op ti­

mality at a ll parameter values that solution o f the minimax 

problem to obtain further improvement is not warranted.

In spite of these interesting p oss ib ilities  it  is 

desirable to be able to solve the time-varying minimax problem
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directly  without reducing it  to a time-invariant problem or by­

passing it  entirely . This is simply because the minimax controller 

parameters give the best possible performance for a given structure 

(at least in the sense of minimizing the maximum value of the per­

formance index or the performance-sensitivity). As noted in the 

introduction of this thesis the fundamental design compromise is 

that between the system performance and the controller complexity. 

Other compromises are ju stified  only in the face of prohibitive 

computational d ifficu lty  or when the control obtained by some 

method is so close to optimality at a ll values of the variable 

parameters that further computation is unwarranted.

The present chapter considers the direct computation of 

time-varying controls and also presents some preliminary results 

in the area of time-varying controllers which exhibit multi-point 

optimality.

3.2 An Algorithm for Time-Varying Minimax Problems

Let S ( [c ( t ) ] ,v )  be a continuous functional of the r-

dimensional vector c ( t ) 6W, t^ < t < T, and the s-dimensional

vector v€V. It  is assumed that a norm, || \\, has been defined on

W and that W is a compact domain. It is assumed as in the time-

invariant case that V is a closed bounded region in E . It iss
desired to determine [ c * ( t ) ]  satisfying

max S( [ c * ( t ) ] ,v )  = min max S ( [ c ( t ) ] ,v ) .  
vGV [c(t)]€W  v€V
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The minimax algorithm for this time-varying case is 

obtained simply by substituting [ c ( t ) ]  for c in the algorithm for 

the time-invariant case presented in Section 2.3. The algorithm 

defines the sequences {s ? } ,  {s^} , { [ c n( t ) ] } ,  {v11} , and the sets 

V and Va for n = 1, 2, . . .

The two lemmas and the theorem which follow prove that 

the algorithm solves the minimax problem.

Lemma 3 .2 .1 : S™ < min max S ( [c ( t ) ] ,v )  < S1? for i  = 1, 2, . . .
1 [c(t)]€W  v€V 1

Corollary; Si = ^ = Lc* ( fc)3 •

Lemma 3 .2 .2 : S™, S™» . . . ,  is a monotonic increasing sequence.
*

The proofs of these lemmas follow exactly the proofs 

given for Lemmas 2.3.1 and 2 .3 .2 .

Theorem 3 .2 .1 : The sequences { S™} and {s^} both converge to the

lim it

min max S ([c ( t ) ] ,v )  .
[c(t)]€W  v€V

Proof: Since S ( [c ( t ) ] ,v )  is a continuous functional of c (t )  and

is a continuous function of v, and W and V are compact, it  follows

that S* = min max S ( [c ( t ) ] ,v )  ex ists . Then from Lemmas 3.2.1 
[c(t)]€W  v€V

and 3 .2 .2 , {S™} is a monotonic increasing sequence bounded above
m Aby S*. It follows that the limit ex ists. Let Lim S. = S.

i-CO L

If it  can be shown that U1C aC4UCULC

to zero it  follows from Lemma 3.2.1 that
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m * _ i4Lim S. = S = min max S ( [c ( t ) j ,v )  = Lim S ., 
i-*00 1 [c(t)]€W  v£V i -*30 1

which is the desired resu lt.
r M nhSuppose 1S  ̂ - S ĵ does not converge to zero. Then for

—J4 J4
some & > 0 there is an in fin ite  set fs } of elements of f s . }  such

nr l

that - S > &, for Vm. Let ILc (t)J j be the sequence of controls 

corresponding to £s^} . Since { [ T V ) ] }  is an in fin ite  sequence on 

a compact set W there is a convergent subsequence { [ c n( t ) ] } . Let

[ c ( t ) ]  be the lim it. Let the corresponding subsequence of {s^} be
M-, A M *S } . Then S - S > £, Vn. nJ n — *

By continuity of S ( [c ( t ) ] ,v )  there is for each v a 

6 (v) > 0 , such that

| s ([c (t ) ] ,v )  - S ([c (t )] ,v )|  < |

whenever ||[c(t)] - [c(t)]|| < 6 (v) . Since v is in a compact subset 

V of Eg it  follows that the continuity is uniform wrt v€V, i .e .

^6 > 0 , such that

| s ([c (t)]  ,v ) -S ( [c (t ) ]  ,v) |< | whenever ||[c(t)]-[c(t)]|| < 6 , Vv£V .
(3.1)

Let [ c n( t ) ] ,  [ c m( t ) ] ,  m > n, be any two elements of 

{ [ c n( t ) ] }  where n, m, are su ffic ien tly  large that

||[cn(t )]  - [c(t)]|| < 6 ,

and
l| [c"(t)] - [c(t)]|| < 6 .

Then us ing (3 .1 ),

|S([cn( t ) ] ,v )  - S ([cm(t)],v )|  < |, Vv€V. (3.2)
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Let s” , vn, V , V , Va corresponding to [ c n(t ) ]  and m n m- 1  n °
[ c m(t>] be as defined by the algorithm. Then

v = r  u {on}n n J
and

max S ([cn( t ) ] ,v )  = S( [ cn( t ) ] ,v n) = S > S + £. (3.3)
v€V  n "

By defin ition  of V. it  follows thatl

max S ( [c ( t ) ] ,v )  > max S ( [ c ( t ) ] ,v ) ,  Vi > k, V[c(t)]€W
v€V. v€V,l k

Therefore since m > n

max S ( [c ( t ) ] ,v )  > max S ([ c ( t ) ]  ,v ), V[ c (t)]€W.
v€vm- 1 v€Vn

S“' = max S ([cm(t ) ]  ,v) > max S ([ cm(t ) ]  -, v) .
v€V . v€Vm- 1  n

Therefore since v^V ,n

S® > S ([cm( t ) ] ,v n) . (3.4)

Also, using (3.2)

S“ > S ([cm( t ) ] ,v n)>  S ([cn( t ) ] ,v n) - f  .m

Using this result and (3 .3 ),

S® > S ([cn(t ) ]  ,vn) - | > S + | > S, 

which is the desired contradiction since S is the limit of the

monotonie increasing subsequence { S^}.
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As in the time-invariant case it  follows that the

controls [ c n( t )3 are minimax controls to any desired degree of

accuracy in achieving S* = min max S ( [ c ( t ) ] ,v ) ,  when n is
[c(t)]€W  vGV

su fficien tly  large. I f  C c*(t)] is a unique control the sequence 

{ [ c n(t )]3 converges to [ c * ( t ) ] .  I f  [ c * ( t ) ]  is not unique then 

any limit point of { [ c n( t ) ] }  is a solution for [ c * ( t ) ] .
3.In practical application of the algorithm the sets 

should be chosen according to the method outlined for the time- 

invariant case.

Minimization Steps: While the algorithm has sim plified the indi­

vidual steps in comparison with the original minimax problem there 

remans some d ifficu lty  in the minimization steps. When a minimax 

control is to be determined the minimization is constrained by 

the system d ifferen tia l equations and requires the solution of a 

two point boundary value problem. Consider the minimization with 

respect to c(t)€W, tQ < t < T, of

m ax{J([c(t)] , v1) , . . . ,  J ( [c (t )3 ,v k)}

where a performance functional J has been taken for sim plicity.

The method to be described is also applicable to the performance- 

sensitiv ities S = —— - Cv)  ̂ and s = J - J^(v), with minor modi-
J (v) ! k

fica tion s. Since the different vectors v , . . . ,  v , relate to

changes in the system or its in it ia l state the problem may be 

considered as involving k systems;
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x1 = f (x 1 ( t ) ,  c ( t ) ,  v1, t) = f 1 (x1 ( t ) ,  c ( t ) ,  t ) ,  x 1 (tQ) = x j ,

'k _ _k, k, . ,, v . k,^ v kx "  = f (x ( t ) ,  c ( t ) ,  t ) ,  x (tQ) = xQ ,

T 1 1 T 1 
J 1 = J L(x ( t ) ,  c ( t ) ,  v ,t )d t  = J Lx(x ( t ) ,  c ( t ) ,  t )d t ,

*0 *0

Jk = = J Lk(xk( t ) ,  c ( t ) ,  t )d t ,(3 .5 )
t 0

where each x 1 and f L is an n-dimensional vector«

It is desired to find c ( t ) ,  tQ < t < T, to realize

cp = min max{j ( [ c ( t ) ] ) ,  . , . ,  J ( [ c ( t ) ] )}  . 
[c(t)]€W  1 k

type. I f ,

There are two types of solution to a problem of this

for any j ,  the optimal control [c ^ (t )]  . is such
v=v~J

that maximization over the J. with this control yields J. then it
1 J

is evident that [ c ( t ) ]  = [c ^ (t )]  .. More commonly no optimal
v=vJ

control sa tisfies  the requirement and [ c ( t ) ]  is in e ffe ct  a com­

promise between several values of v -̂ . In this case it  is expected 

that cp w ill be attained at these values of v when [ c ( t ) ]  = [ c ( t ) ]  

and that removal of the corresponding to other values of v would 

not a ffect the result.

The most promising approach to problems of this type 

appears to be by a variation of one of the "gradient in function 

space" methods. Since the problem is already made unwieldy by the 

requirement of considering k systems* the simplest of these methods, 

steepest descent of the Hamiltonian is presented here.
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Form the k Hamiltonians and k sets of adjoint equations 

corresponding to the k systems:

H1 = p1 = -grad^ H^ p1 (T) = 0,

Hk = Lk + <pk, f k>, pk = -gradx Hk> pk(T) = 0. (3.6)

(a) Guess a solution for c ( t ) ,  t^ < t < T.

(b) Integrate the system equations (3.5) forwards in
1 ktime and store x ( t ) , . . . ,  x ( t ) , J^, . . . ,  Jk*

Set J = max J .. 
maX l<i<k 1

(c) Integrate the adjoint equations (3.6) backwards in 

time. At each step improve the estimate of c (t )  

according to
i j k dH.

c . ( t ) new = c . ( t ) old - £ 2  k — l i < i < r
i l . , i be. — —J=1 J l

where & and the k  ̂ are chosen by appropriate rules

based on past iterations and discussed below, 
newIf at any step Jmax > J then c ( t ) nGW should bemax

rejected and the value of £ reduced. I f J new < J old then itmax max
may be possible to speed convergence by increasing &. The values

of the k . should be altered at each iteration in such a manner as J
to increase the emphasis on those Hamiltonians corresponding to the 

larger performance indices, i .e .  the following rules should be 

followed:
k

( i )  2  k. = 1
j= l J
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( i i )  J > J => Cr^)new > ( -2 )old m n vk vkn n

One realization of the second rule is to use simply 
1c J" Ic

f m*new _ nup m.old , _ ^ T
^  (1T ) for each Jm > Jn’n n n

where (3 is a small positive number, say 0 < {3 < 1,

Providing the k̂  are chosen appropriately the convergence 

properties of this method are similar to those of the analogous 

method in computing a single optimal control. Often the method of 

steepest descent of the Hamiltonian gives good in it ia l convergence 

but very slow fina l convergence and in these cases it  can be 

regarded as a method of obtaining an approximate solution. When 

either the system equations are highly non-linear or the perfor­

mance index is far from quadratic and the method of steepest descent 

is not capable of yielding even an approximate solution, a "gradient 

in function space" method based on second variations should be con­

sidered. However, such a method typically requires the integration 

o f n + %n(irfl) simultaneous d ifferen tia l equations for each system 

in the reverse-time steps. When k sets of system equations must 

be considered i t  is apparent that quite small numbers k and n w ill 

be su fficien t to saturate most computational fa c i l i t ie s .

3.3 Results for the Linear Case with an Open-Loop Controller 

When the system is linear, the performance index is 

quadratic, and the controller has an open-loop structure, the mini­

mizations required by the minimax algorithm reduce to a simple form
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of two-point boundary value problem. Since the optimal control

can be generated for a ll in it ia l states by a linear state-feedback

controller the choice of an open-loop controller is unusual but it

may have practical application where the in it ia l state is within

a small region of state space and the state variables are not

available to the controller.

For sim plicity the method is presented in terms of a

performance functional J and two values of v. Given

x = A(v)x + B(v)u, x (tQ) = xQ(v)
T

J ([u (t ) ] ,v )  = % J (<x,Qx> + (u,Ru))dt 
t 0

1 2and given two values v , v , of v it  is desired to find the control 
-  . 0u(t) , t < t < T, which realizes

_ 1 9
J = min max{ J ([u (t)] ,v ) ,  J ( [u (t ) ] ,v  )} .

[u (t>]
1 2By substituting for v and v the equations become

x 1 = AjX1 + BjU1, x i ( t o) = x0*

*2 2 . 2 , . 2 x = A2x + B2u , x2 (tQ) = X0*
T

Ji ~  % l  ((x^'jQx1) + (u 1 ,Ru1))d t
t 0
T

J2 = % J (<x2 ,Qx2> + (u2 ,Ru2) )d t . (3.7)
t 0

If the optimal control for v = vi , [u ^ (t)] is such
— 0that J. > J with this control then clearly [u (t )]  = [uu(t )]I K  iV=V

Therefore when only two values of v are being considered it  is 

useful to f ir s t  check the optimal controls. I f  [u (t ) ]  is not an



81

optimal control it  follows that = Ĵ  when [u (t ) ]  = [u ( t ) ] .  

(Assumption for instance that + & when [u (t )]  = [u (t )]

leads to a contradiction in the following way. Since [u (t ) ]  is 

not optimal at v = there exist perturbations [ 6u (t)] which 

reduce J^. By continuity, the perturbations can be chosen s u ff i ­

ciently small that the change in J is less than &. Thus [u (t )]  

does not realize J, which is the desired contradiction.)

Assuming that [u (t ) ]  is not an optimal control the prob­

lem can be restated as follow s. Find [u^(t>] = [u (t )]  which 

minimizes while satisfying the constraints:

(1) Ji = J2 »
( 2) [ u V ) ]  = [u2 ( t ) ] .

Constraint (1) can be handled by minimizing J = + \ij^ where |i

is a scalar weighting factor. Let
' r  iX

X  =

r inu
A " q 0 "

A
R 0

u = 2u
Q =

0
R =

0 p.R

A = A1 °

lo a2J
B = B1 °

U  BjJ

so that x = Ax + Bu 

and 

De f ine

J = k J (<x,Qx) + <u,Ru))dt. 
t„

E[x, t] = min J (%<x,Qx> + %(u,Ru) + <X»u^-u2) ) da (3.8) 
t<J<T t

where constraint (2) has been appended to the composite performance
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index J with the r-dimensional Lagrange multiplier By the con­

tinuous form of dynamic programming (3.8) becomes

dEv, . dE = u
(3.9)

min {^<x,Qx> +  ̂ <u,Ru) + (X .u^u2) + = ° .
u(t)

Taking the gradient with respect to u ( t ) ,

 ̂ a r \ / se\ _
R u  +  L J  +  < B ’^ >  = 0

where u is the minimizing value of u.

1 2The Lagrange multiplier \  w ill be chosen so that u = u as

required by constraint (2 ). Also since u^(t) can be expressed in 
1 1 2the form u (t) = C^(t) x (t) + C^(t) x ( t ) , u (t) can be written

u(t) =
_ 1 „ 2 -,Ĉ x + C2X

1 + „ 2C-x CnxL 1 2 J

= Cx. (3.11)

Substituting into (3.9)

%(x,Qx) + %(Ôx,ft Ôx) + (Ax + BCx,^-) + ~~ — 0OX o t (3.12)

As a solution for E try

E [x ,t] = %<x,Kx) . (3.13)

By substituting (3.13) into (3.12) it  is seen that (3.13) is a 

non-trivial solution i f

K + KBC + C'BK + KA + A'K + C'RC + Q = 0 (3.14)

Also, since by defin ition  E[x,T] = 0, K(T) = 0.
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Let K = where each K. is an n x n matrix. 1 Then substi­

tuting into (3 .11),

Since u1

R_1(B'
- 1 Ki xX + Bi CM

*4
s — (Bi K' x1 + B' K,li v 2 2 2 4

X)

X)

X =
1+p, (Bi Ki

B2 K2 1 , B2 K4 2- 2— 2 i x 1 + (B K , - - 2—= )■/■
p. 1 2 p.

and u1(t) = u2(t) = C ^ t) x1(t) + C2(t) x2(t)

where -R- 1

Cl (t) = I *  (Bi K1 + B2 K2 }

-R- 1
C2 (t) = I S  (B1 K2 + B2 V  ■ (3 ' 15)

Thus the procedure for computing [u (t ) ]  is :

(a) Choose a value of p, > 0 .

(b) Solve (3.14) in reverse time (using (3.11) and 

(3.15) as needed) and store K(t) as a function of 

time.

(c) Solve the system equations (3.7) forwards in time 

and use (3.15) to generate u^(t).

(d) I f   ̂ J2 adjust the value of the scalar multiplier 

p* and repeat from (b) .

Generally a small number of iterations should be s u ff i­

cient to determine p, with adequate accuracy. The method can be 

extended to minimization at k values of v but the extension may
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not be practical since in general simultaneous, f i r s t -

order, non-linear, d ifferen tia l equations must be integrated in 

the reverse-time steps.

3.4 Multi-Point Optimality

The following design method, which evolved from a discus­

sion between the author and Professor P. Kokotovi^, has not to the 

author’ s knowledge been previously applied to controller design.

Suppose an open-loop controller is specified for a given 

system with one input. Then it  is possible for the controller 

to generate the optimal control at any one value of v. Suppose a 

closed-loop structure with two time-varying parameters is specified . 

Then (providing the given structure is appropriate) it  should be 

possible for the controller to generate the optimal control at any 

two values of v. In general (providing always that the structure 

is appropriate) n arbitrary controller parameters provides the 

p ossib ility  of n points of optimality. I f  the system has normal 

continuity properties, and if  the number of points of optimality 

is su ffic ien tly  large in comparison with the size of the domain V, 

the controller w ill generate nearly-optimal controls at a ll values 

of vGV.

Consider the design of a feedback controller for the n-

dimensional system:
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i ( t )  = f ( x ( t ) ,  u ( t ) , v, t ) ,  x (tQ) = x °(v ),
T

J ( [u (t ) ] ,v )  = J L [x (t), u (t ) ,  v, t ]d t , 
fc0

u(t)€U, u (t) a scalar, 

v€V, v s-dimensional.

It is assumed that the system has a single input for convenience

of presentation but this is not an essential requirement. Assume

that a linear state-feedback controller is desired, i .e .

u( t) = c (t) + E c ±(t ) x i (t) . (3.17)
i= l

Let c (t) be the (n+1)-dimensional vector with components, cQ( t ) ,

. . . ,  cn( t ) .  In general, it  is possible to compute the optimal 

control u °(t , v1) as a function of time, for each value v1, by 

standard variational methods. Corresponding to each v 1 and u °(t , v 

there is a vector of optimal state tra jectories x (t , v ) .  Then 

using (3.17) the following equations can be written:

u ° (t ,v 1) = c0 (t) + c ^ t )  x ° (t ,  V1) + . . .  + cn(t) x ° (t ,  V1)

u °(t , vn+1) = cQ(t) + c L(t) x ° (t ,  Vn+1) + . . .  + cn(t) x ° (t ,  v” 1"1) ,  

i .e .  using matrix notation u  ̂ = Xc(t) where

0 u

Providing X is non-singular for tQ < t < T there is a unique solu­

tion for c (t ) , tQ < t < T, namely

c (t )  = x ' 1  u° (3.18)

r o , u  iU (t ,  V ) r -, 0 / U1 x ^ t ,  v ) o .„  I n 1. . .  xn(t ,  V )

0 . n+lN Lu (t , v ) -
and X = * 0 /4_ n+lN _ 1 x 1 (t ,  V ) . . .  x ° (t ,  vn+1)_
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for which the controller (3.17) generates the optimal control at 
1 n flv , v . It  is well known that a matrix X is non-singular

when its determinant jxj is non-zero which implies in turn that 

no two rows or columns of X are linearly dependent. There are a 

number of possible reasons for rows or columns of X to be linearly 

dependent and for many of these the d ifficu lty  can be overcome.

I f ,  for example, the system dimension has been overstated and is 

in fact (n -1 ) then two columns w ill be linearly dependent at a ll 

values of time. If the dependence is recognized the number of 

states fed to the controller and the number of controller para­

meters can be reduced accordingly. It sometimes occurs that two 

or more rows of X become linearly dependent for a ll values of 

time past a certain point. It is probable in this case that the 

optimal controls corresponding to the rows involved are also 

linearly dependent or equal. Therefore a smaller number of inde­

pendent controller parameters is required and again the dimen­

sionality of X may be reduced until a non-singular matrix results.

It is obviously not essential to the method that a ll of 

the system state variables be fed to the controller and it  is 

obviously not essential that the controller structure be restricted 

to linear feedback. It is, however, essential that the controller 

structure be appropriate for the given system. Fortunately in 

this regard there are many control problems where the structure 

is suggested by physical considerations.
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The choice of suitable values v 1 at which optimality is 

to be attained is important to the success o f the method. Generally 

a minimax criterion  such as minimization of the maximum deviation 

from optimality is appropriate. However, it  is usually not worth­

while to solve this minimax problem accurately because of the com­

putation involved. The multi-point optimality method is primarily 

of value in the cases where a good set of controller parameters can 

be found with a minimum of computation.

3.5 Speed Control of a Rotary Shear

A rotary shear is basically a ro lle r  with a cutting 

blade with the function of cutting a continuous sheet o f material 

into specified lengths. When a change from one length to another 

is required it  is desirable to change the speed of rotation quickly 

to avoid wastage of material and smoothly to avoid excessive 

stress of the material. It is assumed in this example that the 

in it ia l speed has been normalized to unity and the fin a l speed to 

zero. This problem has been presented by DeRusso, Roy, and Close, 

in [13] .

The system equations are;

* 1 = *2, -5 < x 1 (0) < .75,

x2 = - .25 x l  - .2 x2 + lOu, |u(t)| < .2, .0 < x2 (0) < .2,

y2 = x2 ’ ly2 ( t ) l -  °2,
where u is a scalar, x^, x2, are the state variables, y  ̂ is the 

cutting ro lle r  speed and y2 is the drive motor torque. The
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constraints on the magnitudes of u (t) and y2 (t) are necessary to 

avoid saturation of the system. The desired trajectory for y^(t) 

is

y^(t) = % ( l  + cos

and is shown in several of the figures which follow . It is con­

venient to define a two-dimensional vector v to represent the 

unknown in it ia l conditions:

V1 = x ] / ° )  » - 5 < v l  < .75 ,

v2 = x2( ° ) » °* 1  v2 -  ,2 ‘

It is assumed that a linear state-feedback controller is desirable. 

Quadratic performance index: Since the system equations are linear

and the specifications are stated in general terms it  is reasonable 

to f ir s t  consider a quadratic performance index. The index proposed 

in [1 3 ]is

1° A O  A 0 0
j  = h  J [ .OeSCy.Ct) -  y . ( t ) )  + .021(y2 (t) - y ( t ) )  + u ( t ) ]d t

0

where y^Ct) = % y ^ (t ) . With this index the optimal controller of 

form

u(t) = cQ(t) + c L(t) x 1 (t) + c2 (t) x2 (t)

generates the optimal control at a ll values of v. It can be 

derived by standard methods [ 10] and is given by

u°(t) = 10[g 2 (t) - k2 (t) xx(t) - k4 (t) x2 ( t ) ]

where
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¿ i  - y  - 100 k 2 + *272 = °>

1c Ic
¿2 + kl • ~5 - “ 4 - 100 k2k4 = °>

k. + 2k_ - .4k. - 100k, + .021 = 0, 4 2 4 4
• OO — x.

gx - —  - 10S2k2 + ° 068( 1 + cos Yö  ̂ = °*

1 , S2 .02 Itt . TTt
S2 + 81 '  “ 5 '  100 S2k4 - ” 40" Sln 15 = ° ’

k1 ( 10) = 0 , 

k2 (10) = 0, 

k4 (10) = 0, 

g1(10) = 0, 

g2 (10) = 0.

The response with this control, c ^ ea\  is given for two extreme 

in it ia l conditions in Figure 16. It is seen that the trajectory 

y^(t) follows yd(t) closely  and smoothly but unfortunately the 

constraint on y2 (t) is violated by this control at some values of 

v. Ignoring this fact for the moment it  is of interest to consider 

a simpler controller of form

u(t) = cQ(t) + c i ( t )

in comparison with the complete state-feedback controller given

by c idea l. A suitable performance-sensitivity is S ( [c ( t ) ] ,v )  =

d ([c (t)]>v) - ^£<jea^(v) where c (t )  is now two-dimensional and
i.d0ci 1dideal^V̂  tke va ûe 3 associated with c . By an exten­

sion of Claim 2.7.3 to the case of time-varying linear systems it  

can be shown that J ( [ c ( t ) ] ,v )  and can written in the

J ( [c ( t ) ] ,v )  = <v,L1 v> 

Jidea l(v) = < v ’ L2 V>

form
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Figure 16. Comparison of controls for the rotary shear example
with a quadratic index.
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where and are positive defin ite matrices. Since 

J ( [ c ( t ) ] ,v )  > at values of v it: f o l l°ws that

(1, -̂L ) a Pos t̂:*'ve sera:i--def in ite matrix and S ( [c ( t ) ] ,v )  is con­

vex with respect to v. By an obvious extension of Lemma 2.4.1 it  

follows that [ c * ( t ) ]  can be obtained with a single minimization of

max{S([c(t ) ] ,v1) , S( [ c ( t ) ] , v 2) , S ( [ c ( t ) ] , v 3) , S ( [ c ( t ) ] , v 4 ) } ,

where v^=  ( .5 , 0 . ) ,  v2 = ( .5 , .2 ) , v = (.75 , 0 .) ,  v -  (.75,

.2 ), are the vertices of V.

The method of steepest descent of the Hamiltonian as 

described in Section (3.2) was used to solve this minimization 

problem. When [ c ( t ) ]  = [ c * ( t ) ]  the minimax value of S is attained 

at v2 and v3 only, i .e .  these are the values of v at which the 

greatest deviation from optimality of J occurs when [ c ( t ) ]  -  

[ c* ( t ) ] .  The response of the system with [ c * ( t ) ]  is shown in 

Figure 16. It  is clear from the poor response obtained that com­

plete state feedback is essential for satisfactory control of 

this system.

Non-quadratic performance index; In order to generate a controller 

which satis fies  the constraint on y2 (t) the following performance 

index is proposed in [13]:
10 , o A 2 y2( t )  16 2 i

j=J>J [  . 068 (y1( t ) - y ^ ( t ) ) 2+ . 021 (y2 ( t ) - y 2( t ) )  + .021(— ^ ) +u ( t ) ] d t .

0 y2 (t) 16
The addition of the term (— —̂ ) greatly complicates the problem.

For instance, to obtain the optimal control in the form u(t) at 

any given value o f v it  is necessary to solve the two-point boundary
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value problem associated with that value of v. Since the index 

is so far from quadratic the method of steepest descent of the 

Hamiltonian is not capable of solving for an optimal control, and 

it  is necessary to consider a method based on second variations.

In one such method [14] a second-order Taylor expansion of the 

performance index is made about a nominal tra jectory. Then by 

linearizing any plant non-linearities about the nominal trajectory 

the approximate index may be minimized by using the theory for 

linear systems with quadratic indices. By making a number of 

iterations the optimal control may be generated for any given value 

of v. The optimal controls generated in this way have the desired

form
u °(t) = c0(t) + c 1(t) x L(t) + c2(t) x2(t)

and are optimal for linear variations of the plant about the 

nominal-optimal trajectory to the extent that the performance 

index is approximately quadratic. The approach to the controller 

design taken in [13] is to adopt such a control c . The 

nominal value of v chosen was v110™ = (.75 , .2 ). The response of 

the system with cn°m at v = (.75 , .2) is optimal and is shown in
• u nomFigure 18. However, it  is not unexpected to find that with c 

the system performs poorly at other values of v as demonstrated 

by Figure 17 which gives the response at v = ( .5 , 0 .) .

Since c (t )  is three-dimensional and a second-variations 

method is needed to compute an optimal control a considerable 

amount of computation is required to obtain a minimax control.



93

Figure 17. Comparison of controls for the rotary shear example 
with a non-quadratic index at x^O) = 0.5 , x2 (0) = 0 . 0 .
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Figure 18. Comparison of controls for the rotary shear example 
with a non-quadratic index at x^O) = 0 . 75 , x2 (0) = 0 . 2 .
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Therefore, the method of multi-point optimality described in 

Section 3,3 becomes attractive. With the assumed controller struc­

ture, optimality at three distinct values of v is possible. 

Experience has shown that the choice of three well-separated 

values of v leads to an X matrix with a determinant which is 

positive at t = 0 and which tends towards zero as time progresses. 

An inspection of the system responses shows that this is simply 

because the optimal tra jectories are virtually identical from 

t «  3.5 to t = 10 regardless of the value of v. Therefore, the 

approach adopted was to use the control parameters obtained from 

inversion of X for 0 < t < 3, to use the average value of the 

three sets of nominal-optimal control parameters for 3.5 < t < 10, 

and to convert gradually from the former method to the latter in 

the range 3 < t < 3.5.

The choice of the three values of v is not a c r it ic a l 

one for this system since any three widely separated values of 

v€V yield a good controller. With the values (.5 , .1 ), (.725, 0 .) ,  

(.725, .2 ), the resulting control parameters c (t )  = (CY(t), |3 (t) ,

Y (t )) are as shown in Figures 19 and 20. These time-varying 

parameters are no more d iff ic u lt  to realize than those required 

for the nominal-optimal control cn°m but the performance with 

c (t )  is clearly superior as demonstrated by Table 2 and Figures 

17 and 18. In fact the controller represented by c (t )  generates 

controls which satisfy  a ll the constraints and are so nearly
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Figure 19. Time functions required to realize c ( t ) .
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Figure 20. Time functions required to realize c ( t ) .
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optimal at a ll values of v£V that any further computation is 

not ju stified .

TABLE 2 

Values of J

V J optimal nom, . c (t) c (t )

( .5 , 0 . ) .00017 .00586 .00028

(.5 , . 1 ) .00024 .00383 .00029

(.5 , .2 ) .00080 .00371 .00082

(.625, o. ) .00158 .00460 .00173

(.625, . 1 ) .00228 .00323 .00245

(.625, . 2) .00344 .00372 .00366

(.75, o. ) .00695 .00994 .00725

(.75, . 1 ) .00838 .00925 .00869

(.75, . 2 ) .01039 .01039 .01075
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4. CONCLUSIONS

4.1 Summary

The design of controllers for uncertain dynamic systems 

has been considered within the framework of minimax methods. 

Emphasis has been placed on the problem of realization of the con­

tro lle r . With the introduction of performance-sensitivity, minimax 

methods have been shown to allow the range of system properties 

which is typically desired. An algorithm capable of solving alge­

braic minimax problems regardless of the presence, of a saddle-point 

has been developed and applied. The rapid convergence and useful­

ness of the algorithm in controller design has been illustrated 

by several examples. In fa ct, experience shows that convergence 

in one or two iterations is normal when there is only one variable 

system parameter. Properties special to minimax performance- 

sensitivity  control have been developed. The sim plifications 

which occur in the minimax problem with convexity assumptions, 

and also when the system is linear and the performance index 

quadratic, have been discussed. The minimax design of time- 

invariant controllers has been shown appropriate for a large class 

of systems with uncertain parameters.

The methods developed for time-invariant controller 

design have been extended to time-varying controllers but the 

problem here is more d if f ic u lt  and the case for minimax control is 

weakened in practice (but not theory) by the severe computational 

requirements. The d ifficu lt ie s  arise partly because a controller
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can usually be specified only in terms of several free parameters 

whereas in contrast an optimal control as a function of time defines 

only one parameter. Thus computation of the controller parameters 

is fundamentally more d iff ic u lt  than computation of an optimal con­

tro l which in it s e lf  is usually a d if f ic u lt  problem. However, 

there are practical systems for which time-varying minimax con­

tro llers  can be found by the methods presented in this thesis, and 

as the methods for solving two-point boundary value problems are 

improved and computational fa c i l it ie s  become more powerful the 

areas of practical application are bound to increase. Two a lter­

nate approaches to the design of time-varying controllers have been 

presented. The f ir s t  is to simply redefine the problem in terms 

of time-invariant parameters as discussed brie fly  in Section 3.1, 

and the second is to use the method of multi-point optimality 

presented in Section 3.3. In the latter method advantage is taken 

of the dimensionality which causes the computational d ifficu lt ie s  

discussed above.

Several examples have been presented. They illustrate 

the u t ility  and practicality  of the methods developed for design 

of both time-invariant and time-varying controllers.

4.2 Problems for Further Study

Although this thesis has restricted consideration to 

system parameters which are unknown but time-invariant (or which 

vary slowly in comparison with the speed of system operation) it  

is evident that the philosophy contained herein and some of the
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methods are applicable to systems with time-varying parameters.

The case of a time-invariant controller and time-varying system 

parameters is o f practical interest, for example, in the control 

of an airplane or radar antenna subject to wind gusts of specified 

properties. Also the case of a time-varying controller and time- 

varying system parameters is of interest, for example, in missile 

intercept problems. There may be problems of this type which can 

be treated by extensions of the methods in this thesis.

While it  is believed that minimax design methods for 

time-invariant controllers have attained a satisfactory state the 

chapter on time-varying controllers raises more questions than it  

answers. There is room for much improvement in the methods of 

computation of minimax time-varying controllers. It also appears 

likely  that the broad area suggested by the section on multi­

point optimality w ill be a fru itfu l one for further research.
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the index has convexity properties, are discussed. The algorithm is extended 
to the case of time-varying minimizing parameters, and methods and problems 
of computation are discussed.

A method of obtaining multi-point optimality with time-varying controller 
is presented. This method is of particular value when the computational d iff i  
culties of finding minimax time-varying parameters are prohibitive.

A general approach to the design of controllers for uncertain systems is 
presented. Several examples illustrate the u tility  and practicality of the 
methods developed.


