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ABSTRACT

For a class of quadratic performance indices the optimal control law is
a combination of maximum effort (bang-bang) and singular. The singular
control law is linear and it is optimal in a hyperplane in the n-dimensional
state-space. For practical purposes it is desirable to restrict the class
of admissible control laws to be linear. This investigation presents a
method of finding a linear control law which is optimal in the sense that
it is the singular control law in the singular surface and the best possible
linear law elsewhere. Classical calculus of variations and the more
sophisticated maximum principle of Pontryagin are the mathematical tools
used; the former provides a simple and straight forward method for obtaining

the singular solutions while the latter is used to extend the linear singular

law to the entire state-space.
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1. INTRODUCTION

1.1 General

In any practical optimization problem the control signal is constrained
in some way. In mathematical terminology, the set U of admissible control
signals u(t) is defined to be a certain set of functions of the real
variable tc In most problems U is defined as the set of all piecewise
continuous functions u(t) such that the absolute value iu(t) j is uniformly
bounded by a fixed number M, Another way of constraining the control signal
is to include it in the performance index. This is done in general by
adding to the performance index a term which is the integral of some non-
negative definite form in u - for instance X u2. For obvious physical
reasons the performance index is then said to include the “cost™ of control.
Consider now the following optimization problem. Given a linear plant

characterized by the equation (in state-space notation)
X =A() x + B(t) u ,
where X is a n X 1 state vector, A, B are n X n matrices and u is the n x 1

control vector, it is desired to find u(t) which minimizes the performance

index

where Q and R are non-negative definite matrices of constants. It is a



u(t) is a linear combination of the state variable of the system, 1i.e.
u(t) = C() x(v) .

Consider now the singular problem, i.e., R=*0. IT the performance index
above does not include the cost of control, it has been shown3*4 that u(t)

is linear when x(t) lies in a certain hyperplane Tin the n-dimensional
state space. However, outside of T the control is made by impulses (assuming
no bounds in Ju]). If u is constrained in magnitude, the familiar bang-bang
control is optimal outside of (portion of J™where the linear control law
satisfies the constraint on the magnitude of u). Therefore, in the case

Rs 0. ) the optimal control is not linear everywhere but only in X10 For
practical reasons one may desire to have linear control everywhere. Therefore
the following question is posed: which (if any) of the control laws given by
u = £ x is the best approximation for the bang-bang control (i.e., the con-
trol which minimizes the performance index) outside of Tr? In the next
paragraph a concise formulation of the problem is presented™ only single
input-single output linear time invariant plants are considered.

1.2 Formulation of the Problem

Consider a linear, time invariant plant described by
() = A x(t) + b u(t) , @
where A is an n X n matrix of constants, X is the n x 1 state vector, b is a

n X 1 constant matrix and u(t) is the control signal. Assuming complete

controllability for system (1), there is no loss of generality3 in taking



A, b, x to have the forms

010 0
A = 001 0
| _-a_-a -a
0 12 n-1
(2)
X =
(n-1)
X

Consider now the functional

XT(® Q x()]dt f ©)

where Q is non-negative definite, n x n matrix of constants. The set u
of admissible controls is defined as being the set of all signals u(t) such

that



and

u(t) = cT x(v) , ®

where x(t) is the solution of system (1) and £ is a n x 1 constant vector.
Since (@) is to be valid at all timés, it is obvious (in view of (6) ) that
the initial conditions must be bounded. Therefore let the set of admissible

initial conditions be X, X being the set of all % such that

”50”—<|§ , ®)

where ||x0 Il = euclidean norm of X . The set I7 is then the set of all
controls given by (5), which satisfy (4) at all times and for any initial
condition satisfying (6). The optimization problem is to find u in U which

minimizes the functional () subject to the restrictions

x(@) = % a)
and

X (@ = o (7b)

Moreover, u must be the singular optimal control on the singular surface.
Denoting the integrand in (@) as F(xX™x, ..."nx"), two cases will be treated
separately: (@ j=I and (b) j>I. Case (@ 1is called the case of singularity
of first order and is treated in the next section. Case (b) is called the

case of singularity of order j and will be treated in the succeeding section.



2. SYSTEMS OF SINGULARITY OF FIRST ORDER
2.1 Singular Linear Control Law
In this section performance indices, in which the order of the highest
derivative of x(t) in the integrand is n-1, are considered. First the
so-called singular trajectories are obtained in a simple and straight forward
manner;6 then conditions which the desired linear control law must satisfy
in order to be the optimal control law on the singular surface are derived.

To do so the integrand in the performance index (3) is written as

B XXy - (XXON= £ a Gz G (8)
- s

From the calculus of variations a fundamental necessary condition for an

7
extremum is that the integrand (8) satisfies the Euler-Poisson equation

n-1
£ €))
k=0
From (B)
n
of i-i)
“TK) = 2 iil Qk+l, i U0 (10)
a x

therefore the Euler-Poisson equation is

5+
2 £ _£ (-1) k+1, i+l (9= 0- (11)



It is not difficult to see that the above equation is even in the derivatives

of x, 1.e., It can be written as

n-1 .
2 £ K (XP): 0 (12)
p=6 P
where
K _ )
P J*a gk+l 1 p=20,1..... n-1 as)

k+*=2p

Taking the characteristic, equation associated with (12) we obtain

P(s’g) =2 nE1 K 14
P=0

P(s ) is even in s; therefore it can be factored into a unique product of a
Hurwitz and an anti-Hurwitz polynomial; since the final state of the systenm
is the stable origin (as given by (7) ), the unbounded solutions of (12) must

be discarded. Hence, if one writes

P(s2) = H(s) H(-s) , (a5)

the differential equation which the optimal trajectory must satisfy is

I m i

h,C 0 h 1 . €]

The trajectories given by (16) are the so-called singular solutions.3’4



Since (16) is an equation of order n-1 and the system equation is of order n,

al

the Euler-Poisson equation gives the optimal trajectories only for some init
conditions. These initial conditions form a hyperplane T in the n-dimensional
state space. Obviously IE is the set of all x0 such that

n-1
£ h an

In what follows we derive conditions that the desired linear control law
T
u(®) = £ x(t) must satisfy iIn order that Equation (16) be satisfied by x(t)

when x _ is in %T. To do so the system Equation (1) is written as follows.

o
n-1

£ (al—c[) (Q) =0 . (a8)

The characteristic equation associated with (8) is

n-1
~N(s) = £ (@-e ) s+ si=0 . 9
i=0
IT the solution of (18) is to be identical to the solution of (16) when Xx
-0

is in I7j the system (18) must contain all modes of (16). Hence™ we must

equate
V. s) = Z(s) H(s) , (20)
where Z(s) = (s+z”). Equating coefficients of the same power in s, we obtain
the following relationships:
a -c
o o
Zo h (21)



and

173 7 %M T Mg - - @2

Equation (22) expresses every component of £ (but the first) as a function of
Co' Hence, by imposing the condition that the linear control law u = ch be
the optimal singular control on the singular surface we have reduced the
n-variable problem to a single variable one. Note also that iIf Equations
2) are s;atisfied,7 the control u = EIZ( is independent of Co when x is on the
singular surface (see Appendix A). Another immediate result is the

condition for stability. In view of (20) and (21) the necessary and

sufficient condition for assuring a stable system is simply that
a-c >0 - @3

Note that under the stated end point condition (Equation (7b) ), (@3) 1is a
condition for existence of a solution.
2,2 Extended Linear Control Law

In order to extend the linear control to the entire state space one must

* *
find a vector £ which has the following properties: (@) Its components c®

* * T
i=l,..,n-1 must satisfy (@2); (b)) the control u () = (£ ) x(t) must be
* *
admissible, i.e., u must be in U; (¢) u must minimize the performance index

@), i.e.,

min S(u) = S{u’ )
u€u



IT Pontryagin*s formulation is used, the problem is to find c such that the

Hami ltonian
M (Pj X, ©) =p X -xQ X (@Z))]

is maximized (in £). The maximization is subject to the constraint

2 T T ,2 \%
(25)

for every xq such that (6) holds. Moreover, Equations (22) must be satisfied.

The auxiliary variable p in (24) is defined be its components

<P), M i=1J A (26)
(-1

Substitution of (1) into (24) gives
M(p,x,c)=Pn£Tx+pTAx—xTQ£- @n

) 9 - . . ,

Note that if we set \S/Ec = 0, the condition pn(t) = 0 is obtained. This
-

condition leads to the singular solution already obtained. Since the only

term in (27) dependent on c is

NP, X, £) = pnc x , (28)

we have to maximize N(p,x,c) restricted to (25). Furthermore, since (22) is
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to be satisfied, the only variable in c is ¢ . Using lagrange multipliers
J— 0 ”

we set

3c [N(p, X, ¢) + P xTc cT x]1=20 29

Performing the differentiation indicated in (29), we obtain

c
pndc TP X X~ - + - 3c- x =0 G0
o] o
or
3,T 3cT
n 3c £+2P£"£—C x =0 (€D

As is shown in Appendix B, the function pn (© is given by

qTTqgl n-i
PO = Z13, . zZh. () . 32
0 o 1=0

, th - -
Note that p” is the n component of p; p is the solution of

p=-F p+2QX (33)

(see Appendix B), where

F=A+bc (€D
Letting

n-1
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we have

Yyqgiignn T
.8, h - (35)

P.(®

Substituting (35) into (31), we obtain

. 1
\qllqnn h
c -a t2Pc (36)
o o o
Letting
D = J giignn h+ 2P c
c -a @37

it is easy to see that D (a dyad) is of rank at most one and its only (possibly)

non-zero eigenvalue is

&ch
X @ = a<r g_]:l___gl“”_' h + 2 p C (38)
(0] (0] (0]

As (36) is to be true for any x(t), all the eigenvalues of D must be zero.

Performing the differentiation indicated in (38) and setting A.(D) = 0 we obtain

hh:(a—c)hf (39

Equation (39) relates the optimal value of cq to the Lagrange multiplier p,

The remaining problem is to find p in such a way that the constraint in
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u () be satisfied whenever X, is in F1 - A numerical iterative procedure
is unavoidable in general. However, the following considerations considerably

simplify the search for the optimal p (or equivalently, c ). It (22) is

substituted into (28), we obtain

N (P X, C©) = p £ (a.-h.. ) x - p z hT X (40)

z h1 X. Since bv

The only term in N(p, X <¢) which depends on Co isn p0

(35) and (23) p™ has the sign opposite to the sign of th, in order to maximize

N(p, X, © (in c) one has to maximize z,- That is,7 to make c, as small as the

constraint in Ju(®)] allows. This result confirms the intuitive notion that
a -c
the free pole at - ————- should be placed as far as possible from the origin.

Note that Equation (39) also carries this information since a loose constraint
in Ju] should result in a "small™ value for P and hence a "large"™ value for

(@ -¢c ). On the other hand, since (nhote that c cT is of rank one)

max U2(0) max Xo S & X, “4D

'io 1l kB Xo '< kB

a necessary condition for c to satisfy the constraint in |Jul for all x such
by -0

that ||Ixq 1l kg is

Il kK v2
cc < o “2

Condition (42) is by no means sufficient in general. However, if xxx is
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Lyapunov function for system (1) Equation (42) is also sufficient (because
- - 2 2

in this case |[Ix®M] T < [|Ix II" ).

2.3 I1llustrative Example

Given the system equation (Figure 1)

00
X = u 43
and the performance index
@
J <» . iI*> « ,
o]
find a linear control law
u=c¢c X+ C, X , 45
o 1 “45)

such that u minimizes the performance index (45) subject to the following

restrictions

XxX@ =0} Ju® < 5, (46)

From the performance index, the Euler-Poisson equation is

x — X =0 ; “@n

the stable part is found to be

X+ XxX=0 “48)



Figure 1. System for Example 2.3.
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Therefore,
(49)
From (21) and (22)
z0 = - c0 (G0)
G
Equation (42) gives
2 + (c -DH2< 5 52
s o < 5. G2
Then cq must satisfy the inequalities
-1 < c, <20 63
But co< o for stability; hence, the optimal cO lies in the interval
-1< C,< O - €D)
On the other hand (39) gives
Z7:OC (62C +1)3 65)
and, therefore, P should lie in the interval
-0 < P < - 1/3 . (56)

Since the optimal c” should be the smallest possible, the numerical procedure

starts upon our letting ¢ = -1 (or alternatively , P = -1/3). In this
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T
particular case since the function V(t) = x () x(t) is non-increasing,

av

G - 4o ., G

the optimal value of c0 is -1. The singular surface F1 for this example is
shown in Figure 2. Also in this figure is shown the set X of admissible
initial conditions plus the initial condition xT = ———— (-1,-2); for this

o
particular initial condition u2(o) = 5. The reader mag wonder why Equation (39)
was derived since it was stated that cO should be chosen as the smallest
possible value satisfying the constraint in Ju(t)]. Indeed (39) is not
necessary for purposes of calculation in the first order case; however an

equation similar to (39) will be necessary in the higher order case, as will

be shown iIn the next section.



Figure 20 Sets X3 1

for Example 2,3,

and initial condition 50

17
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3. SYSTEMS OF SINGULARITY OF ORDER j
3ol Singular Linear Control Law

In this section performance indices in which the integrand is

F(x, )= E DK (58)

are consideredo As before”™ the singular trajectories are obtained; then

conditions which the linear control must satisfy in order to be the optimal
law on the singular surface are derived» First, in view of (68) the Euler-
Poisson equation is of order 2(n-j). Proceeding as in Section 2, we obtain

the stable Euler-Poisson equation

n-j
E hi 0» (9)

The singular surface is then the hyperplane Tj, defined as the set of all

x0 such that

,) ]
ng: i (>'<(+)k) =0, k=0,1..j-1 e (60)

The conditions on c are obtained by equating the polynomial H (s) (given by 19)

to the product of two polynomials as follows:

HT® = 2() H () ) (61)
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where
n-j i
H.(s) E h s, =1 . 62
J 1 n“J ©2)
In view of (62), Z(s) is a polynomial of order j in s. Equating terms of the
same power in (61), we obtain
j -
al—c.I = E h]—R zk ; |—O3 1»,,,n-1 (63)
k=0
If we solve the Ffirst j equations of (63) for the zk*s as functions of
vV Vv ..C. the remaining (n-j) c”s will then be given by
e T L eI TEOL S - RER L G
Therefore, analogous to the special case j=lI, the restriction that the linear
control law be optimal on Tj reduces the n-variable problem to a j-variable
problem. Again, stability is assured if the polynomial Z(s) is Hurwitz.
3.2 Extended Linear Control Law

Using PontryaginTs formulation one arrives (as

problem of maximizing in £ the function N(p, X,

©)

the constraint relation As before,

(25).

conditions, 1i.e., Equation (64).

set

£) + P xT £ £T x]

Performing the differentiation in (65),

Using the Lagrange multiplier technique,

in Section 2) at the

(given by 28), subject to

c must also satisfy the singularity

we

(5

we arrive at



As shown in Appendix B, p~(t) 1is given by the following;

-1 n-3 O)
pn(t) = 'E Pl TX »

where the coefficients P, are functions of c Cc C. Let h re-

1 o 177" j-17”
present an nxl vector such that: (@) its first m-1 components are zero;
_ _ _ th . _ ,
for i < m+n-j } the (m+i)— component is h™ and (¢) for i > m+n-j~ the
component is zero. With this notation we can write

P (D = o X!
=

Substituting (68) into (66), yields

20

6"

®

=

(m+1i

(68)

j i
JEl P,h +2Pc X=0"m=0, ... j-1. (69)
i=0 ac.
Let
j-1
D P h +2 P £ ., m=0, j-1 (70)
1=0 m
As before is recognized to be a matrix of rank one, the only (possibly)
non-zero eigenvalue being
X@®) = - j’ElPhi+2Pc 1
®C)= - - 1)
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Hence, in order to make (69) true for all x(t) we need

X @®)=0 m=0,1:... j-1 - D)

The j Equations (72) are then solved for the c™s, 1 = o, ...j-1, as functions
of P. Again the choice of the Lagrange multiplier P is made through an
iterative procedure. Analogous to the case j=lI, Equation (42) gives a
necessary condition that the c™*s must satisfy.

3.3 Illustrative Example

Given the system equation

X =u , (@3

and the performance index

x2 (t) dt 74)

find a linear control law u(t) such that it minimizes the performance index

(74) subject to restrictions

x(o) =x, IlIx Il < 1 (75)

and

x() =0 (76)
and

u2(® < 2 . an
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The Euler-Poisson equation degenerates to x=0. Hence

1 0
,1
> h™ = €6))
0 1
From (64) we obtain
z0 = —co 79)
and
zl -, (80)
From Appendix B}
@1
and
1
cc B2
o'l
Therefore
tl, °] (€S))
and
3cT
— =fo , Il .
ger L 7 @D
Equation (72) yields
2P00+E:O (85a)



Hence

The system equation is then

c X-Cc _ x=0; (1))

that is a damping rationof 0.5. The value of cq is restricted by (42) to lie
in the interval

-1 <c < 2 . (88)

For stability, c_ <0; hence the optimal c lies in the interval
° o

—1§co<0 . (89

The reader may verify that the solution

c.=-1 (90)

minimizes the performance index; moreover since V(t) = x Xx is non-decreasing,

av

dt 2x2 ® D

it satisfies the constraint in u (t).
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40 CONCLUSIONS

An optimization problem with a new kind of constraint has been presented
Besides the usual constraint in magnitude, the control signal is restricted
to belong to the class of linear controlsO Because the performance index
(a non-negative definite quadratic form) does not include the so-called
“cost of control'”, singular solutions are present,, The linear control law
obtained, besides being optimal on the singular surface, is optimal outside
of it in the sense that no other linear law gives a smaller value for the given
performance index while satisfying the magnitude constraint for all admissible
initial conditionso The computational procedure involved in a given problem
is straight-forward and easily executed» The extension of these results to

multi-input systems is foreseen as a simple theoretical (although perhaps

computationally arduous) task.
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APPENDIX A : SOME CHARACTERISTICS OF THE LINEAR
OPTIMAL CONTROL

In what follows some characteristics of the linear optimal control law
are derived. All the derivations are for the general case; i.e., for systems
of singularity of order j. As we know the control is given by

n-1 i
X

u@®@) = E ¢,
i= 1

® . (A.1)

Substituting (63) into (A.1) we obtain

n-1 . n-1 n-1
u= E a ®_ E E 1 z (A.2)
1=0 i-o k=o

Interchanging the order of summation in the second term of (Ac2) and then

letting i.-k= we arrive at

u = E E X (A.3)

Since hg=o for & > n-j, the second term in (A.3) can be separated into two

terms as

n-1 _ o =
E 2 NEKR (kth=2z E v+ gz ¥l p, WO (A.4)
k:O k )Q:O k=0 k =0

Substituting (A.4) into (A.3), and since z .= 1, we obtain
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n-1 I S I n-j .
u= £ a. V- £ 7m G £ z £ h_ <) (A, 5)
- k i ’
1=0 =, K=o *=0
Let
n"l /X n-1-j
uS: £ a.1 G} £ h  (Ix]J) (Ac6)
1I=0 1=0
and
J:1 n-j
u “£ z —_éi £  h_ x’(l.) (A.D
ns -0 K BJK i=o i 9
then
u® = u @® +u (©® 0 (A08)
On r_ we have
J
IIJ -
"eln, W@ =0 ; (A09)
1=0
hence, on J1 we have
J
Us ® =0 (AJO)

Therefore the control u(t) can be considered as a sum bf two signals unS ®

and u (©); the former is zero on T. and hence, the latter is the only

control when x(t) is in ré- Obviously u (©) is independent of the coefficients
~ s

c ,d C.. .

o7 1 Jj-1

Consider now the system equation

n _
£ oa ®wo = U @® +u (® (A011)
1=0
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Substituting (A.6) into (Adi) and since a™=I™ we can write the following,

a Ew (xi)(t) U ® jEI 5 ho ()
_ A = = z — _ |
cd i=o 1 ns ke K gt¥ =0 1 X ?b (A.12)
Letting
n-j
s = E n Do (A013)
i=o 1

we write for (Acl2)

E (A 19

Therefore g(t) is the solution of (A.14) and as so depends only on €, ¢,

c 1,0 In the particular case j=I

g(t) = g(o) e Zot (A.15)
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The auxiliary variable p(t) is defined in the text by Equation (26).

IT we let
T
F=A+bc (Boi)
then the system equation can be written as
X = F X (Bo2)
Therefore, the Hamiltonian function is written as follows,
n T T
M(p, XJE)=P FXx -x Q x (B»3)
Let V M be a vector whose coordinates are given by
Y . ° Bo4
X a(l;}) @4
Using (26), we obtain
- T
p=-VXM=-F p+2QXx » (B.5)
In order to find the differential equation that the n- coordinate of
p satisfies we proceed as follows,, First (Ba5) is differentiated m times

with respect to t, yielding
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D L T 20 @ (B06)

As we know

0 1 0 000O00O0

0 0 1 00O0O

@B..D
f F f
o 1 2 n-1
where
fl = CI— ai (B08)
Letting m = n-1 in (B06) we obtain
(@) n-1) n-1)
nt P T T (pn = QQ ~>1 B.9
From (Bo6) and for m = n-2, we have
n-1) n-2) n-2)
(Pn—i v (Pn—g ” n_Q (Pn + [2 Q ("x2)] (Bol0)
n-1
Substitution of (B,,10) in to (B09) vyields
(Boll)
n n-1) n-2) n
(p)n T e (Qn T -2 E5<n %n—Z =[2s “i"] £ 2l
n n-
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It i | h h . Limi f
t is now clear that pn_2 and then pn_3 pn_47 etc - can be eliminated from

(B.11) by repeated pse of Equation (B.6),, IFf this is done, we finally arrive

at the following differential equation.

£ CD1If. (= £ (D1[2Q , (8.12)

i=o i=o i+l

where

f = -1 (B.13)

The solution of (B.12) provides the desired p (t). Note Ffirst the identity

(B.14)

i+l i

£ DI [2Q A
L J

) £ (-1)1 kl g £1 )
1—0 =

i»e,,, the right hand side of (B.12) is the left hand side of the Euler-Poisson

equation. In view of the factorization expressed by (15) we have
n-1 A ; ™ A q_k)
E 2q . ] "E D' h. 2o "En . (Bol5)
i=o n-g+l.n-g+l o Vde B0 K

From (63) and (B.8) if follows that

T = - E h V4 (B"16)

The left hand side of (B.12) is then written as
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¢!t ﬂ(g =2+ (D't E h_k k%% (Bol7)
i=o0 - i=o k=0
Expression (B,,17) is easily simplified to
n i v
ey f (p5< 5 -1 h d | E’ Iyl 7, p)in ] (B.18)
i=o dt k=0

In view of (B014), (B.15) and (B,18), Equation (B.12) is now

Z (1)1 h d 2 Dk oz Q) - 2<r o s (D), (B019)

1=0 1 dtl k=0

where g(t) is given by (A.13)0 Since x(0) = S both pn(t) and g(g) must be

bounded (in fact, poo) = g(@) = o) ; hence, if we define y(t) by the

expression

y® = \E, GOkl zp G ® - 249 o1 o J9® (B.20)

y(t) must be bounded. But the only bounded solution of the equation

E (-1)1 ht (Y\t) =0 (B.21)

is y(t) = 0. Hence, the desired p~M(t) is a solution of the equation y(t) = O,

i.e., a solution of
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S,<DkL z, PO =2 g

n-j+I,n-j+r 9(® - (8.22)

i, k+1 k _ . _
Note that the polynomial g D z s is a anti-Hurwitz; therefore the

k=0 k

initial conditions pn (o), pn (o), etc,, must be such that none of the natural
modes of (Bc22) are excited« Hence, only the forced solution is different
from zero« Since we know that p (©) = o whenever x(t) is in the singular

surface F. > the forced solution should be of the form

Jj-1 _
P® = "z P @y (B.23)
i=0
The coefficients are obtained by substituting (B.23) into (B.22), For

the cases j=1,2 and 3 the values of P™ are the following:

@ jJ=1
(B«24)
® ji=2
q
-1,n-1
P [‘ZO "y (B.25)
I:)O
P, = (B.26)
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