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1.  INTRODUCTION

The R i c c a t i  equation needs to be so lved  in the c o n t r o l  theory  and 

the est imat ion  theory .  Most f r e q u e n t ly ,  th is  need a r i s e s  in the s ta te  

re g u la to r  and the Kalman-Bucy f i l t e r  des ign .

No a n a l y t i c a l  s o l u t i o n  o f  the R i c c a t i  equation has been found 

except  in the one-dimensional case .  For higher o rd ers ,  one must use com­

puter techniques to obta in  a numerical  s o l u t i o n .  The conven t iona l  approaches 

f a i l  to  be s a t i s f a c t o r y  f o r  many a p p l i c a t i o n s  o f  reasonably high dimensions.  

The present  work g ives  a way to  avoid that  kind o f  d i f f i c u l t y .

1.1 State  Regulator Problem

Consider the l in e a r  dynamical  system

x -  Ax + Bu ( 1 .1 )

where A and B are nXn and nxm matrices  and x and u are n- and m- v e c t o r s ,  

r e s p e c t i v e l y .

The opt imal c o n t r o l  u* must minimize

J = ^ (x 'Qx + u rRu)dt + x*Tx ( 1 .2 )
t o

where Q, R and T are nXn, mXm and nXn p o s i t i v e  d e f i n i t e  and symmetric mat­

r i c e s .  The matrix Q can be p o s i t i v e  s e m i - d e f i n i t e .

The c o n t r o l  u* is  known to be

u* = - r ' V kx ( 1 .3 )

where K s a t i s f i e s  the R i c c a t i  equation
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K = - KA - a ' k + KSK - Q (1 .4 )

with S = BR_1B/ and K(T) = F.

The b lock  diagram f o r  the optimum system is given in f i g .  1.

(See Appendix A . )

1.2 Kalman-Bucy F i l t e r

Consider the system in Eq. 1.1 modified  to  include  an a d d i t iv e  

white noise  input v ( t )  with

E{ ’v ( t )  v ' ( t ) 3 = Q6 ( t - T ) ( 1 .5 )

The observa t ion  o f  the s ta te  is  made through a measurement matrix C 

and is  corrupted by an a d d i t iv e  white noise  ve c to r  w (t )  with

E{w (t )  w' ( t ) }  = R 6 ( t -T ) ( 1 .6 )

The system equations are :

x = Ax + B(u+v) x ( t Q) = a (1*7)

y = C x + w  (1*8)

We assume the hypotheses o f  o b s e r v a b i l i t y  and c o n t r o l l a b i l i t y  are 

f u l f i l l e d .  The minimum mean-squared est imate  (mmse) o f  x ( t )  from the no isy  

ob serva t ion  is  given by

x = Ax + Bu + K ( t ) C / R“ 1[y -Cx]  ; x ( t  ) = E{a} ( 1 .9 )o

where K s a t i s f i e s
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K = AK + KA' - KC'R^CK + BQb ' (1 .10 )

K ( tQ) = Ef [ x ( t o ) - x ( t o ) ] [ x ( t o ) - x ( t o ) ] ' }

Eqn. 1.10 is  c l e a r l y  the dual o f  eqn. 1 .4 .  The same technique 

can be used f o r  s o lv in g  each o f  them, A b lock  diagram o f  the system is 

seen in f i g .  2 (see appendix A) .

1.3 Statement o f  the problem

In eqns„ 1.4 and 1 .10 ,  a nonl inear matrix d i f f e r e n t i a l  equation 

must be in tegrated  with re sp e c t  t o  t ime.  The i n i t i a l  value is  given in
*

the Kalman-Bucy problem.

In the s ta te  reg u la to r  problem, the f i n a l  value is  a v a i la b le  

which leads to a backward in t e g r a t i o n .  A case o f  s p e c i a l  in t e r e s t  is  to 

f in d  K at a very large time assuming a l l  other  matrices  t im e - in v a r ia n t .

That can be used to f in d  the Wiener f i l t e r  from eqn.  1.10 [ l ] .

Two conven t iona l  methods are c u r r e n t ly  used to  determine K(°°) .

The standard method is  to keep on in te g ra t in g  eqn. 1.4 or eqn. 1.10 u n t i l  

K comes to  a steady s ta te  value [ 2 ] .  That can be s a t i s f a c t o r y  i f  a 

proper ly  varying in te g r a t io n  step  is chosen,  which is o f t e n  the main 

d i f f i c u l t y :  how to c o n c i l i a t e  the speed o f  the procedure with the s t a ­

b i l i t y  in the in t e g r a t i o n .

A second approach c o n s i s t s  o f  s o lv in g  eqn. 1.4  and eqn. 1.10 with 

K = 0.  As e a s i l y  n o t i c e d ,  the r e s u l t i n g  matrix equation is  a lg e br a i c  and 

non l inear .  A Newton procedure can th ere fo re  be app l ied  [ 3 ] ,  f o r  which a 

good f i r s t  guess is  d e c i s i v e .  The main goa l  o f  th is  work is  to  f in d  a 

b e t te r  technique o f  computing such an i n i t i a l  guess.
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The conven t iona l  methods are d i f f i c u l t  to  apply when the system 

analyzed is  o f  a high dimension and when K s low ly  converges to  the steady 

s ta te  s o l u t i o n .

One approach ( s e c t i o n  2 .3 )  reduces the d im en s ion a l i ty  o f  the 

problem by working with decoupled systems.

The second ( s e c t i o n  2 .2 )  avoids  the convergence problem. The 

l a t t e r  is  done by an i n te g r a t i o n  between f i x e d  l i m i t s .  Both o f  them are 

a p p l i c a t i o n s  o f  the embedding p r i n c i p l e .
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2. EMBEDDING APPROACH FOR SOLVING RICCATI EQUATIONS 

2 ,1  Concept o f  embedding

In an embedding procedure,  a problem | and i t s  s o l u t i o n  7] can be 

cons idered  as elements o f  a family X conta in ing  s im i la r  problems and o f  

the family Y conta in ing  the corresponding s o l u t i o n s ,  r e s p e c t i v e l y .  The 

l a t t e r  can be done in eqn. 1.4 i f  A, S or Q are fu n c t ion s  o f  e . e can 

index the elements o f  X and Y so that  Kg£ Y is  the s o l u t i o n  o f  eqn. 1.4  

and A = A ( e ) ,  S = S (e )  and Q = Q ( e ) . The fa m i l i e s  X and Y are c a l l e d  

the problem space X and the s o lu t i o n  space Y, r e s p e c t i v e l y .  Each problem 

x € X and i t s  s o l u t i o n  y € Y are denoted by ( x , y )  £XxY. Moreover,  there 

should be a group G from Y in to  i t s e l f  such th a t ,  f o r  any (x^,y^) and 

^XxY* there is  a g € G with

y l  = S12y 2

That property  can be phrased by not ing  that Y is  the o r b i t  o f  any y€Y, 

s ince  Y = [gy:g€G] f o r  any y€Y, The inverse  o f  a transformation g e x i s t s ,  

i f f  g is  o n e - to -on e  and onto.  This must be the case here to  ensure the 

uniqueness o f  the pair  ( x , y )  through group t rans format ions .

In s e c t i o n  2 .2 ,  the inverse  g  ̂ o f  g w i l l  be an in te g ra t io n  from 

e= l  to  G=0. In s e c t i o n  2 .3 ,  g  ̂ w i l l  be an expansion at 6=1, the value o f  

which is  cons idered  at e=0.  The composit ion  property  o f  groups w i l l  a l so  

ensure uniqueness o f  any pair  (x,y)^XxY.

I f  there is a pair  (x ,y  ) such that  y is  e a s i l y  ob ta ined ,  theno o J o J

any ( x , y )  € XxY can be obtained by a group transformation  and there is  a 

g£G such that T| = g y ^ . *
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In an embedding approach,  g must be given an exact  express ion  and 

a s a t i s f a c t o r y  approximation g' o f  g must be computed, g gen era l ly  

d i f f e r s  from g f o r  two reasons .

A t h e o r e t i c a l  approximation can f i r s t  be made, e . g . ,  by vo lu n tar ­

i l y  truncat ing  an exact  power s e r i e s  expansion o f  K in terms o f  e , as we 

w i l l  see in s e c t i o n  2 .3 .

Second,  because approximative methods have to  be used to  obtain 

a numerical  s o lu t i o n  f o r  g. For example,  an in te g r a t io n  performed with a 

Runge Kutta rout ine  introduces  e r r o r s ,  which can a l s o  be brought by round­

o f f  approximations.  This is  the case f o r  the method o f  s e c t i o n  2 .2 .

The q u a l i t y  o f  the approximation g* can be measured by comparing 

the values o f  funct ions  depending on the so lu t i o n s  T| and g* y . In 

s e c t i o n  2 .2  and 2 .3 ,  l e t  T], x q and g* be , KQ and g*^,  r e s p e c t i v e l y .  The 

fu n c t i o n  is  the maximum o f  the express ion  ( 1 .2 )  over a l l  i n i t i a l  values o f  

the system (1 .1 )  with modulus 1.

2 .2  Embedding f o r  the exact  s o lu t i o n

Consider the op t im iza t ion  problem in s e c t i o n  1 .1 .  One can 

express  the t im e- invar ian t  matrices  A, B, Q and R as the values o f  some 

adequate fu n c t ion  o f  e at e = l .

The R i c c a t i  matrix ,  K as de f ined  by eqn.  1.4  or eqn. 1.10 

depends on e and t .  Let f o r  a l l  e £ [ e Q, e ^ ] ,  A, B, Q and R be cont inuous ly  

d i f f e r e n t i a b l e  funct ions  o f  e .  The unique p o s i t i v e  d e f i n i t e  s o lu t i o n  

K o f  eqn.  1.4 w i l l  e x i s t  i f  there is  a complete c o n t r o l l a b i l i t y  in the 

s ta te  regu la to r  problem* This assumption is  understood from now on. This 

r e s u l t i n g  s o lu t i o n  is a cont inuous ly  d i f f e r e n t i a b l e  fu n c t ion  o f  e f o r
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e€re , e , ] .  Suppose that  th is  fu n c t ion  can be e a s i l y  computed at e . The 
L o 1 °

s o lu t i o n  K = K(e) o f  eqn, 1 = 4 can be obtained  f o r  a l l  from the

f o l l o w in g  d i f f e r e n t i a l  equation

~ ( A - S K )  + (A-SK) / —  = -Ka-a'K£K k-CT (2 .1 )

, dA r  _ dS
where Of -  ^  Q -  ̂

We can use K(e ) as an i n i t i a l  c o n d i t i o n  f o r  the i n te g r a t i o n  o f  eqn.  2 .1 .  

The eqn. 2 .1  is  obtained by d i f f e r e n t i a t i n g  eqn. 1 .4  with re s p e c t  to  e .  

Since the K matrix is  symmetric,  to so lve  eqn. 2 .1  is equ iva len t  to  f in d  

the s o lu t i o n  o f  a l in e a r  system o f  ~ (n + l )  a lg e b r a i c  equations at each 

in te g r a t io n  step  us ing the updated value o f  the K matrix in the second 

member.

and Q = dg
de

2.3  Embedding f o r  an approximate s o lu t i o n

In th i s  case ,  A, B, Q and R expressed 

the f o l l o w in g  s p e c i a l  s t ru c tu re
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The terminal c o s t ,  i f  any, is  the quadrat ic  form o f :

T =

where A^, A^, A ^ ,  A ^  are n^xn^, 0^X0 2 , n 1Xn2 and n2Xnl  m a t r i c e s > 

nl+n2 = n? resPectively.

B f , B , B^ > are n^Xm^, n2Xm2 , n^Xn^ and n^m^ m atr ices ,

m l+m2 = m * resPectively«

The above matrices  are introduced in

K = -KA - A K + KSK - Q K(T,e )  = T (2 .3 )

with S = BR . In i t s  asymptot ic  form, 2.3  reduces to

KA + a ' k - KSK + Q = 0

Again the matrix K depends on e and t .  Eqn. 2 .4  is  a system 

o f  v = -^(n+1) nonlinear a lg e b r a i c  equat ions .  As is  e a s i l y  seen f o r  e = 0, 

the system s p l i t s  in two d isconnected  and simpler subsystems.

Unfor tunate ly ,  such an approximation may be fa r  from optimum 

f o r  e = 1 and the system may even be unstab le .  Assuming that the s o l u t i o n  

K ( t , e )  o f  eqn.  2 .4  is  a n a l y t i c a l  in e f o r  any t € [ t Q,T ] ,  we d e f in e  M as a 

truncated Mac-Laurin s e r i e s  expansion o f  the optimum gain K ( t , e )

(2 .4 )

M = K ( t ,0 ) + s B K (t ,0)  
Be

a mK ( t , o )

Be
( 2 . 5 )

!
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d e r iv a t iv e s

The next pages are devoted to  the computation o f  K ( t , 0 )  and the

òe m
P a r t i t i o n in g  K as f o l l o w s

3K. ( t , 0 )  2 i V ( t , 0 )  ÒK, 9 (t ,0) 2 5 2K ( t ,0 )

Ki + e 4 r — + r - r ^ + - - Ki2 + e - 4 f —  + l r ^ — + -òe

2,

òe'

2,

K + .  — 2Ì K21 + ae
3 K , , ( t , 0 )  ( 2 S l 2 1 ( t , 0 )  SK2 ( t , 0 )  e 2 3 K2 ( t , 0 )

+ I T ' a e 2
+ ' • K2 + c 3e 2 ' a s 2

+ . . .

and l e t t i n g  e = 0 y i e l d

¿ i  = - AlKl + KlS lK l  Qx + K12S2K12
I : |'

( t ,0)  = :tx

k = -K A - a '2k2 + k2s 2k2 - q2+; k ^ k 12

K2 (T ,0)  = T2

( 2 . 6)

(2 .7 )

K12 ' K12G2 " G1K12 k 12(t , o) = 0 (2 .8)

where S. = B.r / ' V .  and G. = A. - S.K.l  i l l  l  i  i i
i  = 1 ,2 .

Eqn. 2.8  is  homogeneous with f i n a l  values being ze r o .  Thus,

K12 = 0 f o r  a l l  t  and the f i r s t  term K ( t , 0 )  o f  the s e r i e s  o f  eqn.  2 .5  is

where YL = K ^ t j O )  and K2 = K ( t , 0 )  are obtained from decoupled s o lu t i o n s
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by ¿1 = -KlA -  A'KX + KlSlKl  - Ql (2 .9 )

Kx (T ,0)  = Tl

K2 = - K2A2 - A2K2 + K2S2K2 '  ^2 ( 2 . 10)

k2 (t ,0 )  = t 2

With the c o n t r o l l a b i l i t y  hypotheses assumed, those equations reduce to

K1A1 + A1K1

k2a 2 + a 2k 2

k i s i k i  + Qi = 0

K 2S 2K 2 +  Q2 = 0

( 2 . 11)

(2 .12)

in the time invar iant  case .  These two problems are s im i la r  t o  the o r i g i n a l  

one,  but with d im e n s io n a l i t i e s  reduced approximately by a f a c t o r  o f  four

i f  n1 ~  n .

The computation cont inues  in a sequence o f  s t e p s .  At step j ,  

d^KCt 0) ij = l , 2 , o o . , m ,  the term ----- t̂ 2—L = KJ is obtained.  (From now on,  d e r i -
J 1 2  vat ives  with re s p e c t  to e w i l l  be denoted by s u p e r s c r i p t s ,  e . g . ,  K , K ,

. 1 „1  1 1 A , B , S , S , e t c . . . . )

Theorem 1 below summarizes the procedure ,  showing that there 

are only two d i f f e r e n t  forms o f  steps j f o r  j = 2 i  and j  = 2 i + l .  The 

proo f  o f  the theorem and express ions  f o r  F \  F ^  and F are 

given in appendix C .

Theorem 1

(a) when j = 2 i ,  at  e = 0
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K2 i  = B2 l K ( t , 0 )  _
.  2 iBe

K2i
1

0 K

0

2 i

i  = 0 , 1 , 2 , . . .

That i s ,  K2  ̂ = 0 and the n^xn^ and n^Xn^ symmetric matrices  K.2*' and K2  ̂

are obtained from eqns. 2 .11 and 2.12 f o r  i  = 0. For i  > 0,  they are 

obtained from the decoupled l in ear  equations

¿21 _ „21  „ - „ 2 1  2 i - l
K1 K1 G1 G1K1 '  F 1

K^CT.O) -  0

¿21 _ „21 _ , 2 1  _ 21-1
K2 K2 G2 G2K2 F 2

K ^ d . O )  = 0.

(2 .13 )

(2 .14 )

where = A^-S^K^ and = ^2_^2^2* ^1^  ̂ and ^2^  ̂ not ^e Pen<  ̂ on

K^n f o r  n = 2 i ,  2 i + l , . . .  . For the t im e - in v a r ian t  problem, we have to

so lve

2 i  / 2 i  2 i - 1
Ki  Gi  + Gi Ki  -  -F i (2 .15 )

K2 1q2 + = - F22i_1

(b)  when j  = 2 i + l ,  at  e = 0

K2 i + l  _ B2l+1K ( t , 0 )

Be 2 i + l

n i • „2i+l n j „21+1l = 0 , 1 , . . .  i . e . , K ^  = 0  and = 0.
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2 i + 1The n^xn^ matrix is  obtained from the l in ear  equation

K2 i+ l
12 K"l2" ^ 2  + G1K12 - F12

(2 .17 )

K12+1(T,0) = °

where f 4  does not depend on f ° r n "  2 i + l ,  2 i + 2 ..............  For the time-

invar iant  problem eqn. 2.17 y i e l d s

2 i + 1 G' K2i+1
K12 G2 + G1K12

(2 .18 )

An examination o f  eqns.  2 .1 5 ,  2 .16  and 2.18 shows that the

homogeneous parts are the same f o r  a l l  i ' s ,  T here fore ,  the c a l c u l a t i o n s

o f  the s e r i e s  2 .5  become e s p e c i a l l y  expedient  f o r  the t im e - in var ian t

problem, s ince  only three invers ions  o f  matrices  are necessary  to  obtain

d K^yO) £or a -Q i ' s and those matrices  do not exceed in d im en s ion a l i ty ,  
- s i  2de

2 .4  Performance Analysis  o f  the approximate s o lu t i o n

In t h i s  s e c t i o n ,  the quest ion  o f  q u a l i ty  o f  approximation is 

examined. Let J „ ( e )  represent  the performance index in eqn. 1.2 obtained  

using the opt imal c o n t r o l l e r  in eqn.  1 .3 .  The system f o r  th is  case is

x = (A-SK)x (2 .19 )

Let JM( e ) be the performance index in eqn. 1.3 obtained us ing 

the matrix M o f  eqn. 2 .5  as an approximation to  K. The system f o r  th is  

case is

x = (A-SM)x ( 2 . 20)
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The performances o f  the two, systems are eva luated  by comparing

the Mac-Laurin s e r ie s  expansions o f  J ,  and J • In appendix D, theM K

f o l l o w in g  theorem is proved.

Theorem 2

Let JTr(e )  and J (e)  be d e f ined  as above,  with M as the m. th-  K M
order polynomial o f  eqn.  2 .5 .  Then the f i r s t  2nrt-2 terms o f  the Mac-Laurin

s e r i e s  o f  J (e)  are equal to  the corresponding 2nd-2 terms o f  the 
M

Mac Laurin s e r i e s  f o r  J ( e ) ,  i . e . ,K

d XJM
de e=0

d 1! K
de e=0

i  = 0 , 1 , . . . ,2mf1

Thus the m th -order  approximation M o f  the opt imal gain matrix K r e s u l t s  

in a (2mfl)  th -o rder  approximation o f  the optimum performance J .̂.

For example, with m = 2,  that i s ,  by s o lv in g  one eqn. 2 .1 5 ,  one 

eqn-; 2.«16 and one eqn. 2 .1 8 ,  JM approximates to  the f i f t h  order in e .

9
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3.  EXAMPLES

3 .1  An R-C cable

The problem is t o  design  a feedback c o n t r o l  which f o r c e s  the 

vo l tage  along a cable  used f o r  the transmission o f  e l e c t r i c a l  power to 

ze r o .  The nominal vo l tage  and power are 220 kV and 500 MW, r e s p e c t i v e l y .

A complete computation accord ing  to  the s a fe t y  ru les  y i e l d s  the f o l l o w in g  

l in e ar  c h a r a c t e r i s t i c s  f o r  the cab le :

l in e ar  re s i s t a n c e  

l in e ar  reactance 

l in e a r  admittance

0.0283

0.0262
__ l_
5300

ohm/km. 

ohm/km. 

s iemens/km.

One may n e g le c t  the reactance  and study an R-C model o f  the c a b le .  The 

l in e ar  capaci tance  computed f o r  the l in ear  admittance at 50 Hz i s :

C = 0 .6  p,F/km.

The equ iva lent  impedance f o r  the r e s t  o f  the network is  0.01 

p . u . ,  r e s i s t i v e  f o r  s i m p l i f i c a t i o n :

1 p .u .  o f  r e s i s t a n c e  = 96.6 Q

The power d e l i v e r e d  to  the r e s i s t i v e  load is  assumed to  be 250 MW. 

The equ iva lent  r e s i s ta n c e  i s :  R = 195 Q.Li

Suppose that one can measure the vo l tage  at the po ints  given in 

f i g .  3.  The equ iva lent  model is  b u i l t  with TT c e l l s  in f i g .  4.  The values

*Accord ing  to  Belgian Standard - See r e f .  [ 4 ] .
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o f  the components are:

R1 = 0.283 Q R. = 0.283 Q 4

C1 = 3 tiF C4 = 6 p,F

R2 = 0,142 Q R5 = 0.182 Q

C2 = 4 o 5 |jlF C6 = 1.5 M.F

r3 = 0 o 283 n R = 0.966 n s

C3 = 4 .5  \i¥ R_ = 195 n1j

The equations o f  the system in the normal form with the e ^ ' s ,  

i  = s , . . . , 6 ,  as s ta te  v a r i a b l e s ,  are d escr ibed  in [8 . ] .  These are:

de . 

i  dt

de ..
i  I T

d e ,. __6
’5 dt

e . M - e ,  e . - e . l + l  l  l - l  i
R. R. ,l  l - l

e -e  E - e 1

R, R

_ e 5 ' e 6 

RL R5

i  = 2 , 3 , 4 , 5 .

The matrix A conta ins  only  terms o f  the form a . ,  a. n . a .J l i  i - l , i  i + l , i

with

-  ±  , _L 4- j _ -  N
a i i  C. ( R. + R. '  ̂1 1 1-1

a .i + 1, i  R. C .i i + l
_ 1

, i , i+1 R.  C.i  3 1 1
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The matrix B is  a column with the f i r s t  element being 

and the other ones zero .

The elements o f  the. matrices A and B are given below:

R C- S 1

-1in sec

al l = -1.525 106 a43 = 0.59 106

a12 = l . t e 106 a44 = -1.18 106

a21 = 0.81 i o 6 a45 = 0.59 106

a22 = -2.43 106 a54 = 0.81 106

a23 = 1.62 106 a55 = -2.43 106

a32 = 1.62 106 a56 = 1.62 106

a33 = -2.43 106 a65 = 4.86 106

a34 = 0.81 i o 6 a66 = -4.86 106

b, == 0.345 106 with b. := 0 i = 2,1 l
A performance index o f  the form ( 1 .2 )  is  used without  a terminal 

6 6c o s t  (F = 0 ) .  Q = 10 I 6 and R is  10 , s c a l a r .  C le a r ly ,  one can reduce 

A, B, Q and R by a f a c t q r  o f  10 in

- A ' k - KA + K B R ' V k - Q = 0 (3 -1 )

without  any change f o r  the s o lu t i o n  K.

The time- invariant s o lu t i o n obtained by the standard method

0.796 0.931 0.870 1.11 0.790 0.263
0.931 1.755 1.677 2.176 1.567 0.522
0.870 1.677 1.911 2.495 1.821 0.608
l o l l 2.176 2.495 4.365 3.338 1.123
0.790 1.567 1.821 3.338 3.268 1.134
0.263 0.522 0.608 1.123 1.134 0.480
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The zer o th -o rd e r  approximation f o r  decoupled subsystems is given 

by part ion ing  A in 3x3 submatrices .

A =

0.530 0.402 0.257

Ki  ■ 0.402 0.709 0.468

0.247 / 0.468 0.516

1.139 1.043 0.360

K2 = 1.043 1.657 0.599

0.360 0.599 0.303

approximate s o lu t i o n  ,2.5 obtained  f o r  m = 2 is  :

0.614 0.566 0.444 0.334 0.247 0.083
0.566 1.029 0.833 0.639 0.486 0.163

M = 0.444 0.833 0.930 0.712 0.564 0.190
0.334 0.639 0.712 3.087 3.176 1.144
0.247 0.486 0.564 3.176 4.489 1.750
0.083 0.163 0.190 1.144 1.750 0.818

The procedure o f s e c t i o n 2 ,2 can be implemented by express ing

A(e ) f o r  e = 1 as f o l l o w s :

-1 .525 1 . 18e 0 0 0 0
0.8 le -2 .43 1 . 62e 0 0 0

A(e) = 0 1.62e -2 .43 0.81e 0 0
0 0 0.59e -1 .18 0 . 59e 0
0 0 0 0.816 -2 .43 1 . 62e
0 0 0 0 4.86 -4 .86
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B(e) = (0 o345 0 0 0 0 0 ) '

Q ( 0  = i 6 

R(e)  = 1.

The s o l u t i o n  K(e) o f  eqn. 3 .1  f o r  e=0 is a 6x6 diagonal  matrix 

whose elements are computed below.
2S is diagonal  with a l l  zero  elements except  S ^  .

The f i r s t  element o f  K(e) f o r  e = 0 s a t i s f i e s

-0 .690  k u  + b ^ k  2 - 1  = 0 (3 .2 )

The others  can be computed from

- 2 a . . k . . - 1 = 0  (3 .3 )

Note that K ( e ) ,  f o r  e = 0,  must be p o s i t i v e  d e f i n i t e  and r e a l .

To ensure that ,  a l l  the s i x  subsystems are d isconnected  at e = 0 and 

completely  c o n t r o l l a b l e .  In the case o f  the l a s t  f i v e  subsystems, where 

no c o n t r o l  o f  the s ta te  is  a v a i l a b l e ,  the asymptot ic  s t a b i l i t y  is required  

only. K(0) is  found to  be:

K(0) = d iag  (0 .299 ,  0 .206 ,  0 .206 ,  0 .424 ,  0 .206 ,  0.103)

In tegrat in g  eqn 2 .1  with 250 steps from e=0 to e = l ,  we obtain  

the exact  s o l u t i o n  without  any s i g n i f i c a n t  change.

F ig .  5 gives a comparison between the performance ind ices  

de f ined  in eqn. 1.2 f o r  T = 00 obtained by using the M approximation o f  K 

and m = 0 ,1 , 2 .
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The i n i t i a l  c o n d i t i o n  f o r  the s ta te  vec tor  is

* Q = ( 3 , 2 , 1 , 0 , 1 , 2 )

F ig .  6 presents k ^ e ) ,  k - ^ e )  and k16(6) obtained  by the method 

o f  s e c t i o n  2 .2 .  This can be in te rp re ted  as a measure o f  the i n t e r a c t i o n  

between subsystems, when 6 in cr e a s e s .

3 .2  A more coupled  system 

Let

A =

2 1 2 2 1.6 1.6 1.6
3 1 2 2 2 .4 0.8 1.6
2 3 2 1 0.8 2 .4 1.6
1 1 1 1 1.6 1.6 0.8
1.6 0.8 1.6 0.8 0 -1 -1
1.6 0.8 1.6 1.6 5 5 0
0.8 1.6 0 0.8 0 2 1

and
Q =
R =

2 3 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 1 0 0
0 0 0 2 5
0 0 0 0.5 -0 .7
0 0 0 0 0

diag (10 ,10 , 10,10, 10 ,10 ,1 )
diag ( 2 , 1 , 1 , 1,10)

Note that most o f  the elements o f  A are o f  the same order o f
magnitude, which does not suggest a su i ta b le  decoup l ing .  Assume that the
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f o l l o w in g  p a r t i t i o n i n g is  made f o r  6 = 0 .8 .

2 1 2 2 2 2 2

Ar 3 1 2 2 4 = 3 1 2
2 3 2 1 1 3 2
1 1 1 1 2 2 1

—

2 1 2 1 0 -1 -1

A21* 2 1 2 2 A :
2 5 5 0

1 2 0 1 0 2 1
— -

I f  e = o , the s o lu t i o n s  o f  the ten non linear s ca lar equations

o f  eqn. 2 .9  and s ix nonlinear s c a la r  equations o f  eqn. 2 .10 are ,

r e s p e c t i v e ly

1.28 -0 .11 0 .78 0.30
-0 .11 4 .10 1 .91 -2 .96

Ki " 0.78 1.91 8 .07 -5 .11
0.30 -2 .96 -5 .11 10.43

2.12 3.03 1 .06

K2 = 3.03 12.00 6.55
1.06 6.55 15 .23

The s o lu t i o n o f  the
“s.

twelve l in ear  s ca la r  equations o f  2. 18 f o r

j = 2 i+ l  = 1 is

0.67 1.60 0 .22
0.22 0.35 3 .02

K12 -0 .66 -3 .2 0 -14 .87
2.39 6.56 13 .41
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and the so lu t i o n s o f  the ten l in e ar  s c a la r  equations o f  2.15 and the

l in e ar  equations o f  2.16 are ,  r e s p e c t i v e l y :

0.46 0.09 1.04 -0 .1 6

0.09 0.81 -3 .5 0 3.59

Ki  = 1.04 -3 .50 37.86 -31 .16
-0 .16 3.59 -31 .16 25.60

-0 .07 -1 .35 0.97

K2 ■ -1 .35 -7 .87 -5 .79
0.97 -5 .79 32.19

From , k2 , k ^2> and K2 , form M f o r  e = 0 .8 .

1.43 -0 .08 1.11 0.25 0.53 1.28 0.17
-0 .08 4.36 0.79 -1 .8 1 0.18 0.28 2.42

1.11 0.79 20.18 -15 .08 -0 .52 -2 .5 6 -11 .89
M = 0.25 -1 .81 -15 .08 18.63 1.91 5.25 10.72

0.53 0.18 -0 .52 1.91 2.01 2.60 1.37
1.28 0.28 -2 .5 6 5.25 2.60 9.48 4.69
0.17 2.42 -1 1 .89 10.72 1.37 4.69 25.53

The standard method would g ive  as an optimal K fo r e = 0.8

.—
1.38 -0 .20 1.59 -0 .26 0.41 1.13 -0 .51

-0 .2 0 4 .34 0.46 -1 .75 0.10 -0 .48 2.59
1.59 0.46 31.09 -24 .58 -1 .10 1.97 -21 .67

K = -0 .26 -1 .75 -24 .58 26.82 2.25 1.10 18.74
0.41 0.10 -1 .1 0 2.25 2.08 2.34 1.26
1.13 -0 .48 1.97 1.10 2.34 9.58 0.66

_-0 .51 2.59 -21 .67 18.74 1.26 0.66 23.95
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obtained from 28 coupled nonl inear equations o f  the form o f  eqn. 2 .3»

In Fig« 7, performances achieved with z e r o t h - ,  f i r s t -  and

second-order  approximations o f  K are compared with the opt imal performance

J f o r  d i f f e r e n t  6 in the in te r v a l  [ 0 , 1 . 1 ]  and f o r  an a r b i t r a r i l y  chosen K
i n i t i a l  c o n d i t i o n .  Observe that ,  desp i te  s u b s ta n t ia l  d i f f e r e n c e s  in some

elements o f  M and K, Jw f o r  m = 2 remains w ith in  157. o f  the optimum J f o rM K

the range o f  6 cons idered .

3.3 A s t r i p  winding m i l l

F ig .  8 g ives  a short d e s c r i p t i o n  o f  a s t r i p  winding m i l l ,  f o r  

which a tens ion  r eg u la tor  problem is  des igned .  The s ta te  v a r ia b les  are 

the tens ion  x^ and the angular v e l o c i t y  x^.  The c o i l  diameter p which 

slowly  var ies  from p=l to p=3 s t ron g ly  in f lu en ces  the system dynamics. For 

example, the c o i l  moment o f  i n e r t i a  increases  81 times during the proc ess .  

There fore ,  i f  one adopts a quadrat ic  performance index to  opt imize  th is  

system, the feedback matrix must depend on p.  Numerical values o f  a 

p a r t i c u la r  p lant  [ 5  ] are used to  c l a r i f y  the computational procedure ,

= and th ere fo re  e€[-| , l ]  
P

where G
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0,

a21k22 = °  ( 3 ‘ 4 )

where a ^ ,  a ^ ,  . . . ,  q22 , k , k 12, k22 are the obvious elements o f

A, B, Q and K. The s o lu t i o n  o f  eqn.  2 .1  in s e c t i o n  2»2 is  equ iva lent  to

~dkl l e+0 .2e2kn -6500 0
-1

k11+0 .2ek211de

dk12 2 0 . 5k12+5kl;L2
5e+0 . 1e k^2 4 . 5+0 . 5e+0 . 1e ku - 325Cde +0 .2eku k12

dk22 0 10e+0 . 2e2k12 9 0 .2ek22+ 10k12de
L— - _̂

(3 . 5)

The R i c c a t i  equation ( 1 .4 )  becomes, when K =

b l k l l  " 2al l k l l  “ 2a21k 12 °

b l k l l k 12 " a 12k l l  " a22k 12 " a l l k 12

b l k 12 ’  2a12k 12 ” 2a22k22 " q22 °

Thus, at each in te g r a t io n  step  in the method o f  s e c t i o n  2 .2 ,

dKthe procedure requ ires  the s o l u t i o n  f o r  —  o f  eqn.  2 . 1 .  This is  equ iva lent  

to  perform the operat ion  o f  eqn.  3 .5 .  This opera t ion  is  simpler than 

so lv in g  the system 3 .4  f o r  d i f f e r e n t  e .  Results  are a v a i la b le  in r e f .  [ 5 ] .

• •
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4 o l  Standard Method

The subroutine UJERIC has been developed f o r  s o lv in g  eqn. 1 .4 .

A d e s c r ip t i o n  o f  UJERIC is  given f o r  the t im e - in v a r ian t  case .  A more 

general  rout ine  is a l so  a v a i la b l e

D e scr ip t i o n  and use o f  UJERIC

UJERIC (A,B,Q,R,RICC,ACR,S,VECT,N,M,TO,TF,LL,RICCN,RAC,JOI,ERR) 

Refer  to eqn.  1 .4  f o r  the meaning o f  the arguments given below.

A : nxn matrix A

B ». nxm matrix B

Q : nxn matrix Q

R : m-. dimensional ve c to r  whose components are the 

d iagonal  elements o f  R

RICC : nxn R i c c a t i  matrix K

S : nxn matrix S = BR ^B/

ACR, RICCN, RAC : nXn work matrices

VECT : n-dimensional work ve c to r

N ,M : n,m as de f ined  f o r  eqn.  1.4

TO, TF : i n i t i a l  and f i n a l  time o f  in te g r a t io n

LL : number o f  in te g r a t io n  steps  between TO and TF

JOI : RICC is  pr inted  every (JOI+ l ) th  steps  with the time 

at which i t  has been computed

ERR : i f  the l a r g e s t  element o f  K is  smaller in modulus 

than ERR, the routine  stops  in tegra t in g .T h a t  t e s t  is 

performed on RICC, when i t  is  being pr inted
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An in te g r a t io n  by the Runge Kutta method is  performed in UJERIC. 

Moreover the f o l l o w in g  subrout ines  must be included in the program:

RICCATI : computing one step o f  in te g r a t io n

DOTK : computing K

SCOMP : computing S from B and R

IMPMAT : p r in t in g  matrices

A,B,Q,R, and RICC = K(TF) must be read be fore  c a l l i n g  UJERIC.

N9MjTO,TF,LL,JOI and ERR are de f ined  in the arguments o f  UJERIC, when i t  

is  c a l l e d .

A f low  chart o f  UJERIC is  given in f i g .  9a. F ig .  9b g ives  a 

survey o f  the in te r a c t i o n s  between the subroutines  c a l l e d  by UJERIC.

4 .2  Exact Embedding Method

Eqn. 2 .1  is so lved  by a rout ine  o f  the type INTEGRE. The second 

member is  supposed to conta in  only -Ka-a 'K.

D e s c r ip t i o n  and use o f  INTEGRE

INTE GRE(A, S , RIC,RICN, RICE, RICSTOR, SECV, Q,AROND,E 0 ,EF, 

AMAT,VECMAT,N,M,LL,JOI,AE).

The arguments have the f o l l o w in g  meaning in eqn. 2 .1 :

A : nxn matrix A

RIC : nXn matrix K

S : nXn matrix S = BR ‘̂ B/

EO ,EF : i n i t i a l  and f i n a l  value o f  the

N,M : usual. d e f i n i t i o n  o f  n and m
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LLjJOI : same as in UJERIC (see s e c t i o n  4 .1 )

AE ° nxn matrix Oi

RICN,RICE,RICSTOR,AROND are nxn work matrices  with AROND = A-SK

SECV,VECMAT : nnl-dimens iona l  work vec to r s  with nnl = -|(n+l)

AMAT : nnlXnnl work matrix

A,RIC and S must be read or computed be fore  c a l l i n g  INTEGRE and s p e c i f i c  

values must be assigned  in the l i s t  o f  arguments f o r  E0,EF,N,M,LL and JOI. 

Moreover,  the f o l l o w in g  subroutines  must be included in the

program:

STEPINT (computes one step o f  in te g ra t io n  by Runge Kutta)

DKE , . dKN (computes ™ )

CAROND (computes A-SK from A,S and K)

MATCOEF (computes the nnlxnnl matrix o f  c o e f f i c i e n t s  f o r  the

l in ear  system in eqn. 2 .1 )

SOLRES ( s o lv e s  Ax = b f o r  x)

IMPMAT (p r in t s  m atr ices )

SECM (see below)

Depending on the second member, minor changes are introduced 

in 3 s teps :

1. F i r s t  the rout ine  SECM is modi fied  as f o l l o w s .

This rout ine  computes the second member o f  eqn.  2 .1  denoted SM 

I t  s to res  the upper t r ian gu lar  part o f  the symmetric nxn matrix SM in to  

the nnl-d imensional  ve c to r  SECM by the f o l l o w in g  ru le :
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SECT [  ( 2 n - i + l ) —~  + ( j - i + 1 ) ]

= S M ( i , j )  f o r  j > i  and j , i <  n

This is  done by the procedure o f  f i g .  10.

2.  I f  any new array X is  needed bes ides  A, B and RIC, X is  

included  a f t e r  JOI in the arguments o f  INTEGRE, a f t e r  E in the arguments

o f  STEPINT and a f t e r  N in the arguments o f  DKE. I t  should a l so  be mentioned 

in the l i s t  o f  SECM.

A statement DIMENSION X ( l )  must be added in the dimension f i e l d  

o f  STEPINT, INTEGRE, DKE and SECM.

3.  Any matrix or vec to r  X in eqn.  2 .1  varying with e ,  except  

RIC, must be computed by a subroutine

XC0MP(X,E), E standing f o r  e

These subroutines  w i l l  be c a l l e d  a f t e r t t h e  statements 8001 and 8002 and 

one statement a f t e r  8004 in a l i s t i n g  a v a i la b le  f o r  in te r e s te d  re a d e rs .*

I f  S depends on e ,  apply step  3 above,  otherwise  compute S by 

SCOMP b e fo re  c a l l i n g  INTEGRE.

F ig .  11 d escr ibes  the in t e r a c t i o n  between the subroutines  c a l l e d  

by INTEGRE.

The output o f  the subroutine is  K(e) pr inted  at a frequency 

ad justab le  by the values o f  JOI, LL, EO and EF.

*A va i lab le  at CSL FORTRAN 60 Master.
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4 .3  Approximate Embedding Method 

Computation o f

The equation 2 .2  is  so lv ed  f o r  by the subroutine KPRIMC. I t  

i s ,  however, necessary  f i r s t  to  compute and f o r  the decoupled  system. 

In th is  ca s e ,  B ^ »  an<̂  ^12 are assumec* t0 be z e r o .  As seen fu r th e r ,

minor c o r r e c t io n s  are needed to  t r e a t  other ca ses .

D e s cr ip t io n  and use o f  KPRIMC

KPRIMC(D,EM,VECMAT,S1 ,S 2 ,R I1 ,R I2 ,A 1 ,A 2 ,C 1 ,C2,ACOM,VECSECM,PRIMK,N,NU)

R efer to  eqn. 2 .2  and 2 .18 w ith  i=0 f o r  the meaning o f  the arguments given 

be low I

RII n^Xn^ matrix

RI2 n2Xn2 K~ matrix

SI n^Xn^ matrix d e fin ed  as B^R^B^

S2 n2xn2 matrix d e fin ed  as

Al ni Xni matrix A^

A2 n2Xn2 matrix A„ 2
Cl n1xn2 matrix A ^

C2 : n2Xnl matrix

N ,NU n ,n l as d e fin ed  in s e c t io n  2 .3

VECSECM,VECMAT ;
nl n2 work v e c to r

ACOM n^n^Xn ^n  ̂ work matrix

EM and D : nl Xnl matrix and n2Xn^ matrix G

PRIMK • nlXn2 matrix
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R II ,  RI2, S I ,  S2, A l ,  A2, C l ,  C2 must be read b e fo re  c a l l i n g  KPRIMC. N 

and NU are de fin ed  in the l i s t  o f  arguments.

I f  has a more genera l s t r u c tu r e ,  minor changes must be made 

in KPRIMC and AIDE su brou tin es .

AIDE computes n]Lxn2 matrix F °2 and s to re s  i t  in VECSECM with 

the fo l lo w in g  index correspondence

VECSECM [ ( i - l ) n 2+ j ]  = VECSECM(JOAN)

^12 ^  i~ 1 , .  . .  , n^, j = l , .  . . , n2/

JOAN must be present in the arguments o f  AIDE, when AIDE is 

c a l l e d  in KPRIMC at i t s  usual p la ce .

I f  any new array X is  needed f o r  AIDE, a statement o f  the type 

DIMENSION X (1) must be in serted  in AIDE and KPRIMC

2Computation o f  K^

K1C0MP is  the subroutine used to  so lv e  e q n s . 2 .15  and 2 .16 f o r
2 2K̂  and K2 , r e s p e c t iv e ly .

D e scr ip t io n  and use, o f  K1C0MP

K1C0MP(A1,Rll,S1 ,S2 ,C 2 , PRIMK,AMAT,SECM,N1,N2 »VECTINC, AROND) 

A1,RI1,S1,S2,C2,PRIMK and N1 have the same meaning as in KPRIMC.

AMAT : nnlxnnl work matrix

SECMjVECTINC : nnl - work v ecto rs

AROND : nl Xni  matr:Lx A^-S^K^
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The output is  the v e c to r  VECTXNC g iv in g  the upper tr ia n gu lar
2

part o f  by the fo l lo w in g  index correspondence:

VECTINC [ j + ( i - l )  Hj] = K ^ ( i , j )

A l ,  RI1, S I , S2, C2, and PRIMK are read b e fo re  c a l l i n g  KlCOMP.

N1 and N2, w ith  the obvious d e f i n i t i o n ,  are assigned  values in the arguments 

o f  KlCOMP being c a l l e d .  M oreover, CAROND, CALSECM, MATCOEF and SOLRES 

must be present in the program,
2

For the computation o f  K , ju s t  permute 1 and 2 in d ices  and 

instead  o f  PRIMK introduce i t s  transpose PRIMKT. Change the dimensions 

o f  AMAT, SECM, VECTINC and AROND a c c o r d in g ly .  For example, permute n  ̂

and n  ̂.

A f low  chart shows to  use KPRIMC and KlCOMP to compute M.

( f i g ,  13 ,)
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5. CONCLUSION

Two embedding methods have been presented fo r  the s o lu t io n  o f  

the R i c c a t i  equ ation . They requ ire  le ss  computer time than the conr 

v e n t io n a l  methods used so f a r .

The method o f  s e c t io n  2 .3  in troduces  a new e v a r ia b le ,  in terms

o f  which K is  expanded in MacLaurin s e r ie s  around e . A l l  d e r iv a t iv e so
d \

m at e are obtained from decoupled eq u ation s .  The performance index 
de
a s s o c ia te d  to  such an expansion o f  the nth order in e is  accurate  up to  

the (2 n + l)th  o rd e r .  This property  along with the red u ct ion  o f  d imension­

a l i t y  s tro n g ly  pleads in fa vor  o f  th is  method.

d2 iK d2i+1KFor T -  00 in eqn. 1 .4 ,  the terms — y r  and — 1 are the s o lu t io n s
de deZ

o f  l in e a r  systems o f  a lg e b r a ic  equations which d i f f e r  only by the second 

members f o r  s u cce ss iv e  i ' s .

On the other hand, the embedding method in s e c t io n  2 .2 ,  using an 

e - in te g ra t io n  w ith  f ix e d  l im its  o f  e ,  has a speed independent on the 

system analyzed , s in ce  there is  no convergence d i f f i c u l t y  in v o lv ed .  More­

o v e r ,  the method o f  s e c t io n  2 .2  can be used to  compute the K matrix f o r  a 

given range o f  a s low ly  varying  parameter as in example 3 . Another a p p l i ­

ca t io n  is  the s e l e c t i o n  o f  Q and R to  ensure a good response f o r  the 

system [ 6 ] .  One. can c o n s tr u c t  Q as a fu n c t io n  o f  e and use eqn. 2 .1  where 

Oi and £ are z e r o .  A s a t i s f a c t o r y  K can then be s e le c t e d  from the fam ily  K(e)
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FR-1984

Figure lo Linear system w ith  optim al co n tr o l»
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Figure 2 » Kalman Buey f i l t e r
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Figure 4» R-C model o f  the transm ission  cab le
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Figure 5. Performances o f  d i f f e r e n t  methods f o r  example 1.
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Figure 6. E f f e c t  o f  cou p lin g  on K matrix fo r  example 1„
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Figure 7» Performances o f  d i f f e r e n t  methods f o r  example 2„
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Figure 8 Constant speeding winding p r o c e s s .



Figure 9. Flow chart  o f  UJERIC. FR-1990
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FR -2 0 0 8

Figure 10. Flow chart o f  SECM.
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FR-1991

Figure 11. In te r a c t io n  o f  the subroutines c a l l e d  by INTEGRE.



Figure 12o Flow chart  f o r  KPRIMC and KlCOMP,
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FR-1992

Figure 13 Flow chart f o r  the use o f  KPRIMC and KlCOMPo
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APPENDIX B

1 .TComputation o f  -  J‘ (x 'Q x+u 'Ru) dt

t o

Assume u = -R '*'B/ Fx f o r  the system x = Ax+Bu. F is  not n eces ­

s a r i l y  the R i c c a t i  matrix as d e fin ed  by eqn. 1 .4 .  The normal equation o f  

the system with the feedback c o n t r o l  is

x = (A-SF)x x ( t  ) = x B . lo o

C a ll

\  J T ( u / Ru + x 7Qx)dt = ^ x 7 ( t ) P ( t ) x ( t )  
t 1

By d i f f e r e n t i a t i n g  eqn. B . l  w ith  re s p e c t  to  t ,  one obtains

P = - (A -S F ) /  - P(A-SF) - FSF - Q B.2

where P(T) = 0. The performance index is

J 1
2

/x o P (t  )x  o '  o B .3

For the t im e -in v a r ia n t  ca se , eqn. B.3 holds where P ( t Q) s a t i s f i e s

(A -SF)7P + P (A-SF) = -FSF - Q B .4

provided the system B . l  is  s t a b le .
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APPENDIX C 

Proof o f  theorem 1.

D i f f e r e n t ia t e  eqn. 2 .2  w ith  re s p e c t  to  e j  times and l e t  e = 0 

Kj = -K^A - A'Kj - j(K~5‘ 1A1 + A1 K^"1)

+ ò JKSK

dc
- QJ K(T ,0) = 0

e=0

Denote by ' d ’ any square matrix o f  the form

C . l

where d.. and d are submatrices and
o d2 /  1 2

denote by 'a '  any square matrix o f  the form

N otice  that ad = a , da = a , ad = d

and dd -  d. Note a lso  th a t ,  a t  e = 0, A = d, A1 = a, A2 = 0, S = d,
1 _ 2 _ 1 2

 ̂ ~ a > S  ~ d ,  Q = d ,  Q = a and Q = 0 .  From eq n s . 2 .9  and 2 ,10 ,

K = d. Then, f o r  j  = 1, a l l  terms in equations C . l  which do not depend on

KJ are o f  the type ' a ' .  Hence, the equations f o r  K* and K* are homogeneous

so that K* and K* must be zero  f o r  a l l  t ,  s in ce  they are zero  at time t = T.
1

K is  thus o f  the type 1a * .

The same check can be repeated f o r  j  = 2, and i t  is  e a s i l y  

v e r i f i e d  that the term independent on KJ is  1 d ' so that = 0 f o r  the



49

same reason» Then assuming K is  ' a ! , the independent term o f  eqn. C . l  

f o r  2 i  d i f f e r e n t ia t i o n s  is  ' d ' , hence = 0. S im ila r ly  f o r  one more

d i f f e r e n t i a t i o n ,  except that the independent term is  ' a ! , hence 

and ' = 0 which completes the p r o o f .

E xpressions f o r  the independent terms are :

2 i+ l

F 12 = An K2 + K 1A 12 " K 1S 12K2 + Q12

Ri = 2G21K21
+ 2K [2G ^  - K lS2K l  +

2R12S2K21

F 2 = 2GX2K 12 + 2R21G 12 '  K2S2K2 + 2K211S 1K 112

F 12 = S G ^ K 2 + 3K2g J 2 - 3KF2S2K2

- < * [2s J lK[ 2 -  3K1S12I^ 2 1

K

*12

1
;21

,2
>1

.2
‘ 2

1
12

,1
>21

,1
*12

= A

= A

1 1 Tr 1 - 1  /
12 S 12K2 -  S t K12

s i
= BlR l  Bl

1 1 Tr „ 1 - 1  /
21 S2 1 K1 S 2K21 S2 B2R2 B2

2b u r ; 1b u

i  - 1 i ' 
2B21R1 B21

= Kl '
21

y
’12

Bn R^ B2 + b i r 'i 1b21

The n o ta t ion  A™ must be understood as the matrix obtained by:
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1. d i f f e r e n t i a t i n g  A m times with re sp e c t  to  e

2. s e t t in g  e to  zero

3. e x t r a c t in g  the submatrices from Am p a r t i t io n e d  as

4. transposing  A™ as expressed in eqn. C. 2,  i f  needed, 

example,

B2iRI lBi +
l '
12

C.2

For
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APPENDIX D 

Proof o f  theorem 2

The optimum performance J isK

JK = -  < x s Kx >
t=t

and the performance J o f  the system in eqn. 2 «20 i s J = -  < x Px>
a M 2 *

t=t

as shown in appendix B. P = P ( t , e )  is  the s o lu t io n  o f  the l in e a r  equation

P = -P(A-SM) - (A '-M S)? - MSM - Q D . l

w ith  P (T ,e )  = 0.

To v e r i f y  eqn. 2 .2 1 ,  i t  is  s u f f i c i e n t  to  prove th a t ,  at e = 0,

the matrix

T = P-K D. 2

and i t s  f i r s t  2mfl d e r iv a t iv e s

r 1 = d ^  ( t  »e ) 
Be1 e=0

i  -  1 ,2 ,  » „ „ s2m-h 1

are z e r o ,  f o r  a l l  t e [ t  , t]

From eqns « 1 .4 ,  2 .5 ,  D . l  and D«2

r = -rG - G'r - emfl(rsA + ash

mf 2- € ASA
D.3

r ( t , e )  = 0



^  J.

where G = A-SK and A = Z — —  K1 .
i=m+l L*

C le a r ly ,  f o r  e= 0 s eqn. D.3 y ie ld s  r ° ( t , 0 )  = 0»

Proceeding by in d u ct ion ,  assume that r ^ ( t , 0 )  = 0 fo r  

j  = 0 , 1 , . . . , i .  D i f f e r e n t ia t in g  eqn. D.3 i+1 tim es, i t  is  seen that the 

d i f f e r e n t i a l  equation  f o r   ̂ is  homogeneous, provided i  < 2nri-l.

S ince T ^(T ,0) = 0 , r^+ ^ ( t ,0 )  = 0 . Hence r ^ ( t , 0 )  = 0 f o r

i  = 0 , 1 , . . .  2m fl, which proves eqn. 2 .2 1 .
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