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ABSTRACT

A method of processing the received signals in a synthetic 

aperture radar system to remove the effects of atmospheric turbulence 

is proposed. An appropriate mathematical model of the synthetic 

system and the manner in which it is affected by atmospheric turbulence 

is developed. The model thus developed is used as the basis for a pro­

cessing procedure which matches the first few terms of a Fourier series 

to the phase error effect caused by the atmospheric turbulence.

Several examples of a computer simulation are used to illustrate the 

results of such processing.
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I. INTRODUCTION

Since the concept of the synthetic aperture radar system was 

first introduced by Carl Wiley of Goodyear Aircraft Corporation in June, 

1951, considerable effort has been expended in developing it into an 

effective system. It is now recognized as a means of obtaining very high 

angular resolution in radar mapping or surveillance systems. For a time 

there was no need to develop the synthetic system to its full capability, 

since there was no point in having better azimuth resolution than range 

resolution. With the advent of pulse compression techniques, however, 

better range resolution was obtainable and better performance was demanded 

of the synthetic system. It appears that the synthetic aperture system 

development is now approaching a limitation imposed by nature —  atmo­

spheric turbulence and its effect on antenna resolution.1

Variations in pressure, temperature, impurity content, vapor 

content, etc., associated with a turbulent atmosphere cause it to depart 

from homogeneity and results in a spatially varying refractive index.

The predominant effect on a "small" antenna is that the varying refractive 

index introduces a pointing error. This has been recognized for some time 

in the case of satellite or missile tracking where a ground antenna is 

looking up at an angle through the atmosphere. In satellite tracking the 

steering data for the ground antennas is often corrected for elevation 

pointing errors by using a linearized model of the atmosphere (the index 

of refraction is assumed to vary exponentially with height) in calculating 

the needed correction.1  ̂ There has also been interest in ray tracing 

methods, based upon meteorological data, to correct radar data for atmo­

spheric refraction. This has been most successful in elevation angle
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c o r r e c t i o n s ^  but the method is also applied to azimuth corrections.^

Both the velocity and direction of radiation emanating from a 

point source will be affected as it traverses a region with a spatially 

varying refractive index. This would affect the time of arrival, and 

hence the phase of the radiation wavefront, at range R from the source.

The effect on a receiving antenna system placed at range R is to intro­

duce additional phase variations of the incoming signal across the antenna 

system. If the antenna is "small", the phase variation across the antenna 

is essentially linear and the effect is predominantly one of introducing a 

pointing error. The phase variation causes a warping of the phase front 

presented to a "large" antenna, however. For a long receiving antenna 

array the effect is similar to that of introducing phase errors along the 

array.

In the case of the synthetic aperture system there are also other 

sources of phase errors: radar platform motion, instability in the r. f.

source and processor effects. The platform motion can be sensed and cor­

rected for to within the limits of the sensors. Rapid progress is also 

being made in improving the stability of r. f. sources and in the area 

of data processors. However, little attention has been given to correcting 

the effects of propagation through the troposphere.

In this study an appropriate mathematical model of the synthetic 

aperture system is first developed, then extended to include the effects 

of propagation through a non-homogeneous medium (in this case the tropo­

sphere) . An attempt is made here to develop a model of the atmospheric 

effects which best "fits" the experimental data available. A processing 

technique is then developed in which the processor calculates the
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parameters of a phase filter matched in phase to the atmospheric turbu­

lence being encountered.
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II. THE SYNTHETIC APERTURE SYSTEM

1. MODEL AND PRELIMINARY ANALYSIS

It is instructive at this point to develop a mathematical model 

of the synthetic aperture system. Basically it consists of a coherent, 

side-looking radar which is moved in a straight line path at velocity, v. 

Typically it will be a pulse modulated radar. The relative phase and amp­

litude of the returned signal from each pulse transmission is stored for 

later data processing and, since the radar will move some distance, 6x, 

between pulse transmissions, the single radar successively occupies the 

element positions in an array. As we shall see, there are advantages to 

be gained with the synthetic system, but there are also additional design 

restrictions.

Consider the flight path and target geometry of Figure 1, and 

let the transmitted signal be

where A(t) = envelope, typically pulse modulation and is a real time 

function,

Cl>o = carrier frequency in radians per second

It will be convenient to let t be zero when x is zero. In order to obtain 

the complete beam pattern, we shall allow the x coordinate system to move

the array, due to a point target at range R and x = 0, may be written

(1)

threlative to the target. The signal received at the n point, n6x along

b(ngx,t) = Re (2)
where k = constant related to range, reflectivity of target, etc.,
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Figure 1. Basic Geometry
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a  = round-trip time delay to the target from the array position, 

n6x,

F(n6x) = the synthetic array phase and amplitude weighting function used 

by the processor.

We may derive the expression for a  as follows:

f & R 2 +(n6x)2J

f J 1H
h (n6x)2

R2

f l 1 +
(n6x)2O '

CL 2R2

c * *
(nSx)2l
2R J 5

]
(3)

if nSx «  R, which is the case here, and c is the velocity of propagation. 

Substituting (3) into (2) yields

b(n6x,t) = Re<
- t

kA(t -- R + (n5x>
2R

-i2co R
) exp (iwot) exp (— jt2-)

CO
F (n6x) exp (- i~(n6x) 2 ) } . (4)

The array output, E(s,t), for this target is just the summa­

tion of the array returns or

s+N
E(s,t) = ^  b(n6x,t) (5)

n=s-N

for the array in position s (s is the parameter which allows the array 

to move relative to the target). If we let

AR = A<t - T - - £2f |^ >
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2 2since (n6x) 2R , then (5) can be written

r
E (s , t) = Re^kARexp £ico

2R1  s4N
T -J- *  n=s-N

- ico (n6x)
F (n6x) exp (----------) (6)

2. PHASOR FORMULATION

Equation (4) can be represented in phasor form as

-ico (n6x)^
r(n6x,s) = kARF (n6x) exp (---^ ----) (4a)

if it is understood that the phasor is rotating at coq radians per second 

and that -2coqR/c is the reference phase of the phasor. The array output 

for range R and target at x = 0 can be written as the vector sum

s+N -ico (n6x)^
R(s) -  ^ r X T  F (n6x )exp (----- ^ --------- ) .  (7 )

n=s-N

Choosing successive values for s, equivalent to allowing the array of 

2N + 1 elements to move relative to the target, evaluates R(s) at the 

points s. The magnitude of R(s) at the points, s, yields points on the 

antenna beam pattern.

One of the advantages of the synthetic aperture system is that 

the processor can focus the array at all ranges concurrently. It can also 

steer the beam within limits. This is accomplished by a proper choice of 

F(n6x). F(n6x) can be written

F(n6x) = W(n6x)exp|j.<i)(n6x)| ,

where W(n6x) represents the amplitude weighting function and <£(n6x) the 

phase weighting function. Amplitude weighting is commonly used to reduce 

side lobe levels and phase weighting to focus (or possibly steer) the 

array. For the time being let W(n6x) equal one (uniform amplitude



8
weighting) and <p (n6x) focus the array at s6x translated to range R,

W (n6x) = 1
00

0 (n6x) = -ĵ (n6x-s6x) .

Equation (7) then becomes

s+N 100
R(s) - kA 51 exP (n6x - s6x) - (n6x)R _ XT Rc n=s-N ■]

ioo (s6x)
= kA^exp (

-i2oo n(6x) s
■) exp (-----------)

n

-ioo (s6x)
= KARexp(---—

. ,r <sinl- 
-) --- k

(2N+1) oo o (6x)s
Rc ■]

|ooo (6x )2s j
(8)

The region of interest in equation (8) is usually only the main 

lobe and first few side lobes. If N is large then the small angle approxi­

mation to the sine can be made in the denominator and equation (8) becomes

, c s2 sin 
-100 (sox)

R(s) = kAR (2N+1) exp (■-- ^ ----- ) --- [-
(2N+1)ooq (6x ) s

Rc 3
(9)

(2N+1)ooq (6x) s 
Rc

The magnitude of equation (9) yields the familiar pattern associated with

equally weighted synthetic arrays. It has a maximum of (2N+l)kA at s = 0K
and zeros (nulls) at

s = Rci 7T
2 ’ i = + 1, 2___

(2N+1)ooq (6x )
13(The derivation thus far parallels quite closely that of H. L. McCord.

It differs from his in that the antenna is moved to obtain the pattern,
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rather than the target.)

Amplitude weighting can be used to reduce the level of the side 

lobes, but at the expense of widening the main lobe.

Equation (9) can be made dimensionless by specifying the dis­

tances in terms of the radiation wavelength. We can write

0)_o _ 27Tf = 2JJ\ _  2 V
Rc Rc R R

where R is now to be given in wavelengths. Then (9) becomes

f22 sij27Ti2N+lli5xLj
R(s) = kA (2N+l)exp(-l2^ s5̂  ) ---— ------- 5-

K 277(2N+1)(6x) s
R

where all dimensions are in wavelengths.

(10)

3. MAXIMUM RESOLUTION CAPABILITY AND SOME DESIGN RESTRICTIONS

In order to obtain useful information about a particular target 

from each of 2N + 1 recorded received signals, the target must be within 

the beamwidth of the antenna used with the coherent radar for each of the 

2N + 1 element positions the antenna assumes in forming the synthetic 

array. Therefore, the maximum useful length that a synthetic array can 

have is a function of the range, R, and the beamwidth of the antenna used 

with the coherent radar. The width of the radiated beam, in radians, is 

given by the ratio \/D, where D is the horizontal aperture size of the 

antenna used. If D is measured in wavelengths, this becomes 1/D. The 

maximum useful length for the synthetic array, £(2N+1 )^^]max, Is t*ie width 
of the physical antenna beam at the range R,

D 2N+1>63 max = ! •
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If this maximum length is used in equation (10), then

9 . z2T7s 0Xx
R(s) = kAR (2N+l)exp(-l27Î 6x> ) ■

D
(ID

It is interesting to note that the first zeros of this equation

(often taken as a measure of beamwidth) occur at

, . DSOX = + ~ .

Note that the ultimate beamwidth (and hence the azimuth resolution) is
6 8independent of range and wavelength. * The implication is that finer 

resolution is achievable by using a small antenna, rather than a large 

one, with the coherent radar. This is not the only criterion to be used 

in the selection of the antenna size, however. In the real case there 

will be targets throughout the region radiated by the antenna beam. Since 

the radar platform is moving at velocity, v, there will be a doppler shift 

in the returned signal (a frequency spread in the case of multiple tar­

gets). Because of the finite width of the physical antenna beam, there

will be a maximum doppler shift, (fd) . With a pulse radar this fre-max
quency spread is sampled at the pulse recurrence frequency (FRF).

According to the sampling theorem, the minimum sampling rate must be 

twice the maximum frequency component, (fd) . If the physical antenna 

is pointed perpendicular to v, (fd) is given by

= sin^Tn^max A ¿D

=  X  
D ’

if X^D. Correspondingly the minimum pulse recurrence frequency, PRF,

V
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(according to the sampling theorem) must be

(PRF) . = 2 (f d)min max
~  2v 

D *

However, the PRF is determined by the maximum range to be processed, and 

v must be compatible with the possible speed of the aircraft carrying the 

radar platform. Thus there are other factors influencing the choice of 

the antenna size.

For more information concerning the synthetic aperture radar 

system, including sample radar pictures, see references 1, 6, 8, 11, 13

and 16.
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III. THE ATMOSPHERIC TURBULENCE PROBLEM 

The development of the previous chapter assumed an ideal system 

(the radar and processor), operating in an ideal, homogeneous propagation 

medium. In this chapter we shall assume an ideal system and develop a 

mathematical model to show the effects of a non-homogeneous propagation 

medium (the troposphere).

1. THE EFFECT OF ATMOSPHERIC TURBULENCE

The troposphere is in a continuous turbulent motion. There are 

both horizontal and vertical fluctuations of temperature, pressure, and 

humidity which cause a departure from homogeneity and result in a spatially 

varying refractive index. The spatial autocorrelation function for the 

refractive index is normally assumed to be a function only of the distance 

between the two points at which the index is measured and not of their 

location in space. The width, i , of the autocorrelation function for the 

refractive index is a measure of the scale of the atmospheric turbulence.

As such it would be expected to depend to some degree on position and time. 

Some form of exponential correlation function is most commonly assumed.

If we consider a point source of radiation, we would expect a 

ray emanating from it to undergo a series of random phase delays as it 

encounters first more dense then less dense regions of the troposphere. 

Bending would also occur as it traversed a path to a receiving antenna.

The lengthening of the path caused by bending, however, has only a second 

order effect on the phase reaching the receiving antenna. If an appro­

priate correlation function for the refractive index is assumed, then an 

approximate correlation function for the phase at a distance R from the
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source can be derived. It is sufficient for our purpose here, however, 

to assume that the autocorrelation function for the phase is a function 

of the distance R and of the spacing of the two points at which the phase 

is measured. The width of the phase autocorrelation function we shall 

refer to simply as the "correlation length". It is likely that 

some form of exponential correlation function would be appropriate for the 

phase also.

If the dimensions of the antenna are small compared to the cor­

relation length, then the signal from the point source arrives at the 

antenna as essentially a plane wave, but the apparent direction of arrival 

may differ slightly from the straight line path between source and antenna. 

The atmosphere has introduced a phase error with essentially constant 

gradient across the antenna, effectively causing a pointing error. This 

pointing error would be a function of space and time. Moving the antenna 

to a new location where it was "looking" through a different volume of 

space should lead to a different pointing error. On the other hand, the 

atmosphere does change with time, although relatively slowly. If the 

antenna is left fixed, the time change of the atmosphere would lead to a 

changing pointing error.

The pointing error associated with a "small" antenna is not of 

primary interest to the problem being developed here, since resolution is 

not affected. We can, however, gain some insight about the "turbulent 

atmosphere" by pursuing it further.

A pointing error equivalent to that caused by the atmosphere 

could be effected by introducing a linear phase change across the antenna. 

It seems reasonable to assume that we can consider the "lumped equivalent"
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of the atmosphere as a phase error across the antenna.

If a "small" antenna is used to observe the signal from a point

source placed some distance away, the apparent direction from which the

signal is coming will change slowly with time. Over a long period of

time one would expect the atmospheric effect at the "small" antenna to

go through similar variations to what would be expected if the antenna

were moved through the atmosphere at constant range from the point source.

Over a long period of time, assuming that each observation of pointing

error took place in a time short with respect to the time of variation of

the atmosphere, the statistics of a large number of observations would

give statistics concerning the effective slope of the wavefront reaching

the antenna. Such experimental readings were made at White Sands Missile
4Range in New Mexico. The azimuth pointing error readings are of impor­

tance here. The statistics of a large number of azimuth readings showed 

no significant departure from a Gaussian distribution. The mean observed 

value corresponded almost exactly to the geometric azimuth angle, with a 

standard deviation of about 0.12 milliradians and peak observed deviation 

of approximately + 0.50 milliradians. The distance between point source 

and antenna was about 45 miles.

If we now consider an antenna which is long compared to the 

phase correlation length associated with the atmosphere we might observe 

a "phase front" similar to that shown in Figure 2, where Figure 2 shows a 

representative member function of the set of possible phase fronts* The 

effect of such a phase front on a small antenna would be one of steering 

and the possible pointing errors versus position on the curve would be a 

reasonable fit to the statistics above. For a "small" antenna the curve
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Figure 2. Member Function of the Set of Possible

Radiation Phase Fronts
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of Figure 2 represents pointing errors ranging from +0.5 to -0.35 milli- 

radians. Actually observations indicate that there would be a somewhat 

higher frequency variation superimposed on such a phase front, but that 

its amplitude would be small. We shall neglect this in this develop­

ment. We would also expect that the amplitude of the phase front 

(amount of phase error) is a function of the range to the source. Sub­

ject to reasonable assumptions it has been shown to be directly propor-
1 9 12tional to range. The results of other experiments, * are in substan­

tial agreement with the above results.

For an antenna that is long compared to the correlation length, 

the phase front reaching the antenna, under the above assumptions, would 

be distorted in some fashion similar to Figure 2. The non-homogeneous 

atmosphere is seen at the antenna as a "phase noise". We are assuming 

then that the atmospheric turbulence effect can be considered as a multi­

plicative noise at the antenna, a noise which is a function of the dimen­

sion along the antenna.

2. MATHEMATICAL FORMULATION FOR A SINGLE TARGET

As pointed out in the previous chapter, synthetic arrays 

designed to give very high resolution could be quite long, and they are 

likely to be long compared to the phase correlation length of the atmo­

sphere. To obtain the synthetic array beam pattern, the array of 2N + 1 

elements is moved perpendicular to a line representing the range to a 

single target (see Figure 1). In this way it is possible to represent 

the real case when phase noise due to the atmosphere is present. The 

target and the equivalent phase noise at the plane of the antenna stay
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fixed in space and the antenna of 2N + 1 elements moves relative to the

noise and target. This is in contrast to a more conventional approach to
XXincluding atmospheric phase noise in the synthetic system, but was 

deemed necessary to obtain a true picture of the effect of atmospheric 

turbulence. The development of Chapter 1 is compatible with this approach 

and will now be extended to include phase noise..

Equation O'), rewritten such that all units of length are in 

wavelengths and hence dimensionless, becomes

R(s) = kARexp (•i27T(s6x) R
2 s+N
“) 51 exP("n=s-N

-i47Tn(6x) s 
R (12)

where the target is at x = 0, lithe array is uniformly weighted and 

focused at range R and x = s6x.

In our model atmospheric turbulence causes a multiplicative 

noise term which is a function of x and is of unit amplitude (this exludes 

any multi-path transmission):

FN (n6x) = exp Q i0(n6x)] ,

Including this, R(s) becomes

R(s) = kA^xpC-1-2̂ 5*) ) 5  exp
n=s-N

2 s+N r
-i 4^ Sx> S  0(n6x) (13)

In order to include the main lobe and the first few side lobes, the 

range of s would be -B/2 C  s C  B/2, with B even.

The multiplicative noise and array lengths being considered 

are such that 0(n6x) only goes through a small number of "cycles" in the

distance (2N+B)6x, implying that the first few terms of a Fourier series 

should provide an approximation to the noise with little error. We can
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write the approximation as

0(n6x) = (14)

using this, equation (13) becomes

R R £ exp £ [ “R(s) = kA^exp (L exp l - i | ^  S+ ZIa_cos (■
27T(mn + b )m

m m 2N+ B )

(15)

It is quite common to use amplitude weighting to reduce the 

magnitude of the pattern side lobes. Cosine squared weighting is perhaps 

the most common. Equation (15) can be written to include this as follows:

R(s) = kARexp ( ¿ M | M  > r cos2(l i B ^ I )exp | i ^ M  8 + ST a ^ o s ( £ £ ^

(16)
Note that the noise enters in as a phase modulation in equations 

(15) and (16). One would expect the effects of the noise phase-modulation 

to be similar to that of phase-modulation of a carrier frequency: namely,

that low modulation amplitude gives rise to only an upper and a lower side­

band of significant level and displaced from the carrier by an amount pro­

portional to the modulation frequency. Increasing the level of modulation 

gives rise to an increasing number of sidebands of significant level, 

separated by an amount proportional to the modulation frequency. The ' 

energy for these sidebands must come from the carrier, so that as the 

sideband levels increase, the carrier level decreases. It is possible to 

put all of the carrier energy into the sidebands. Analogous to the car­

rier, we have the main lobe of the pattern, to the sidebands, undesired 

side lobes. The side lobes for "low frequency" modulation may fall within
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the main lobe and tend to broaden it, while higher frequencies cause dis­

tinct side lobes. An additional effect to be noted, analogous to ramp 

modulation of a carrier, is a beam pointing error.

Equations (15) and (16) were solved for representative values

of a and b for m ranging from one to six. Curves showing the results, m m
with only one harmonic at a time are shown in Figures'3 through 14,

illustrating that the behavior is analogous to the phase modulation.

Figures 9 through 14 show the effect of such "noise" terms if cosine

squared amplitude weighting is used. For each of these curves a for them
harmonic used was set at pi radians, b = 0. The resulting pattern dis­

tortion is severe and would essentially destroy the usefulness of the

array. Lower values of the a were also used, with similar, but lessm
severe, distortion resulting. In comparing the effect on the uniform 

weighted with the effect on the cosine squared weighted, it will be noted 

that the pattern is perturbed less for the first harmonic with cosine 

squared weighting. For the higher harmonics, the distortion caused is 

quite similar. It should be noted that the symmetry exhibited by the 

curves of Figures 3 through 14 exists only if the period of the phase 

modulation is harmonically related to (2N+B)6x, the length associated 

with the number of elements used in processing.

The results with single harmonics, however, can only be used 

as a guide to the behavior when the harmonics are used in combination to 

approximate phase noise. Taking the magnitude of R(s) is a non-linear 

process and superposition does not hold. Figures 15 and 16 show an example 

of the perturbed beam patterns for uniform and cosine squared weighting,

respectively, when the harmonics are used in combination to produce the 
phase front shown as Figure 17.
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Relative target coordinates in Ax
Figure 3. System Output Beam Pattern, Uniform Weighting, No Noise and First 

Harmonic Phase Noise at 1.0X Peak to Peak

Relative target coordinates in Ax
Figure 4. Beam Pattern, Uniform Weighting, Second Harmonic, 1.0X Peak to Peak
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Figure 5. Beam Pattern, Uniform Weighting, Third Harmonic, 1.0X Peak to Peak

Figure 6. Beam Pattern, Uniform Weighting, Fourth Harmonic, 1.0X Peak to Peak
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Figure 7. Beam Pattern, Uniform Weighting, Fifth Harmonic, 1.0X Peak to Peak

Figure 8. Beam Pattern, Uniform Weighting, Sixth Harmonic, 1.0X Peak to Peak
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Relative target coordinates in Ax
Figure 9. Beam Pattern, Cosine Squared Weighting, No Noise and First Harmonic

Figure 10. Beam Pattern, Cosine Squared Weighting, Second Harmonic, 1.0X Peak to Peak
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Figure 12. Beam Pattern, Cosine Squared Weighting, Fourth Harmonic, 1.0X Peak to Peak
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Relative target coordinates in Ax
Figure 14. Beam Pattern, Cosine Squared Weighting, Sixth Harmonic, 1.0X Peak to Peak
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Figure 15. Beam Pattern, Uniform Weighting, Perturbed by Phase Front Shown in Figure 17

Relative target coordinates in Ax
Figure 16. Beam,Pattern, Cosine Squared Weighting, Perturbed by Phase Front Shown in Figure 17
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Relative array coordinates in Ax

Figure 17. Simulated Radiation Phase Front, First Six Harmonics Used
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3, MULTIPLE TARGET ANALYSIS

While it is interesting (and necessary) to consider the behavior

of the beam pattern (single target) when the synthetic array is subjected 

to phase noise, we should extend our discussion to include the effects

assume that the processor operates op each range independently (actually 

a small range interval, determined by the effective pulse width of the 

modulation used). As an approximation to actual target structure, we will 

use point targets (at the range to be processed) with random spacing, 

reflection amplitude and phase. For later convenience in the computer 

simulation let the allowed target locations correspond to the antenna ele­

ment positions translated to the range, R. The signal received at the 

n*"*1 point, n6x along the array, will be the vector summation of the signals 

returned from all of the targets within the beamwidth of the coherent 

radar antenna when it is at position n6x, taking into account the differ­

ences in transmission path lengths. Following a development similar to 

that of Chapter 1, we can write the phasor equation, analogous to equation

coherent radar used» in radians, A(k) is a constant related to range to 

and reflectivity of the target at location k, and f(n,k) is a function 

accounting for differences in path lengths and phase centers of the target.

when multiple targets dre within the individual element beam. We shall

(4a) as

(17)

where F(n6x) is as defined for equation (2), <P is the beamwidth of the
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A(k) will be zero unless k corresponds to a target location and Qx] is to 

be interpreted as the largest integral value of x.

+ P(k)Jf(n,k) = 2jt

= 277

[ 2 -̂ R2 + (n6x - k5x)

S  + <n5x ~ kŜ  + p(k)
¥ R

-  27 2R +  <nSxR- kSx>2 + P(k )l ,

if (n6x - k6x)^cR, which is the case here.

Substituting (18) into (17) and simplifying yields

r(n6x,s) = F(n6x) k
_R
26x

A(k)exp <-i 277

- [ - i s

(n-k)2(6x)2 + p(k)
R

>
J

As before, the array output is the summation of the r(n6x,s),

s+N
R(s) = r(n6x,s),

n=s-N

where r(n6x,s) is defined by (19).

For uniform weighting, F(n6x) takes the form

r v ,i277(n-s)2 (5x)2>F(n6x) = exp (-- *— — *— )  ,

which focuses the array at s6x translated to range R. Then
R ?

S + N  . \ 2 , c  y . 2

R (S) = Z .  exP (l27r n p S (Sx) ) 
n=s-N

[ - 26x

(18)

(19)

A(k)exp I
(20)

Since this is already in a form that is convenient for computer use



there is no point in altering its form. For cosine squared weighting, 

R(s) becomes

30

R 0 >  = 5Zcos2(IL%L£l)eXp ( Ì M n 2 £ i ! i M Ì ) Z A (k)exj n 2N R k

+ P(k)

(n-k)2(6x)2
R

(21)

Actually equations (20) and (21) illustrate the division between summa­

tions performed by the processor and summing performed naturally at the 

coherent radar antenna. The second summation in each equation occurs at 

the radar antenna; while the first summation must be performed by the 

processor.

as was done in equations (15) and (16). However, some thought must be 

given as to what the noise terms should look like in the case of multiple 

targets. In the case of multiple targets, each target would have a dif­

ferent multiplicative noise term at the array due to atmospheric turbulence, 

since the path between each and a given array element position is differ­

ent. However, the paths for adjacent targets do not differ significantly 

and one would expect them to have nearly identical noise terms. In fact, 

since we can also define a phase autocorrelation function (and a correla­

tion length) for the atmospheric turbulence effects at the targets at 

range R, we would expect nearly identical noise terms for a group of 

targets which are well within the correlation length. If the range of 

sSx for one processing interval, -B6x/2 ̂  s6x <. B6x/2, is set to well 

within the correlation length, then a single noise term gives a good 

approximation to the effect of the atmosphere on targets within the

We would like to be able to add the atmospheric noise terms in
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interval. This noise term would become progressively worse as an approxi­

mation for targets outside the interval as the distance from the interval 

increases. For relatively low noise level it seems reasonable to assume 

that targets far enough outside the interval to be affected by signifi­

cantly different noise terms have little effect on the targets within the 

interval. The undesired side lobes from such targets become insignificant 

in magnitude in the interval being processed. This is equivalent to 

assuming that only one noise term need be associated with all of the tar­

gets influencing the processing within the interval.

Including the noise term, R(s) becomes

A(k)exp

(22)
for uniform weighting and

R(s) = ^ c o s 2(^|— ^)exp
n

27T (mn+b ) m-----— )2N+B '

(23)

for cosine squared weighting.
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IV. A SOLUTION TO THE ATMOSPHERIC TURBULENCE PROBLEM

1. RESTATING THE PROBLEM

The development of the last chapter concentrated on what the 

effects of the atmosphere are. If one considers possible means of remov­

ing the effects, the problem takes on a somewhat different character.

The object of any processor would be to gain optimum information 

about the A(k) of equations (22) and (23). The data (recorded received 

signals) it has to work with are corrupted by multiplicative noise due to 

the atmosphere. Subject to the assumptions made, we know the general 

character of the multiplicative noise; although we must recognize that the 

Fourier representation used is only an approximation to the actual noise 

(for finite K).

After considering the possibilities, one is led quite naturally 

to the conclusion that what is needed is an adaptive matched filter: a 

filter that is matched to the atmospheric phase noise affecting the inter­

val being processed. Adaptive in that it must "learn" by some means just 

what the phase noise is in order to achieve the matched condition. All 

that is available to "learn" from are the recorded received signals from 

the range (or ranges) being processed.

2. THE PROCESSOR

Various means of obtaining the desired information about the 

phase noise by averaging techniques were considered and then discarded as 

unworkable. One method that was successful for the model used is to con­

sider the problem as a "simple" control problem. Let the matched filter 

phase be the control variable and adjust it according to some
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criterion —  some definable function that can be either maximized or mini­

mized as the case may be.

The recorded received signals from range R could be written as 

s (n6x) = A (n) exp Q9(n)J,

where ®(n) = *9(n) . + 0(h) . , in radians. The system output for asignal noise
focused, uniform weighted array would be

s+N
R(s) = £  A(n)exp

n=s-N f 2ïï (n -s  ) 2 (6 x )2 +  Q (n)
R (24)

Let c(n) be a phase correction function that we would like to match to the 

atmospheric noise, i.e., by some means make

c (n) = O(n) noise

If c (n) = O(n) . , thennoisenoise f  -x

R(s) = ^  A(n)exp/i^27r(‘n~̂ '> + 0 (n) - c(n)J| (25)

yields the desired system output. We must first devise some means of 

computing c(n), however.

Consider the effect of the atmosphere on £he beam pattern (system 

response to a single target); peak gain is reduced, undesired side lobes 

are introduced, the main lobe is spread out and there may be pointing  ̂

error. Intuitively one would like to define the criterion function in 

such a way as to put a premium on increasing the gain, narrowing the beam 

and reducing sidelobes. Beam pointing error could be considered as a 

separate problem. One possible criterion function which does this is 

maximizing the variance of the magnitude of the system output, R(s).

Maximum va riance  o f |r ( s) | is  a lso  c o n s is te n t w ith  the in t u i t i v e  n o tio n

of maximum sharpness.
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The variance of the magnitude of the system output, R(s) can 

be written as 0
B B

(26)

where R(s) is defined by equation (25).

It would then seem to be just a simple matter of adjusting c(n)

to obtain the maximum variance, V , and c(n) would then be optimum.max
However, no improvement (increase in V) will be noted if c(n) is adjusted 

over only a small subset of the array elements at a time. It must be 

adjusted simultaneously over all of the elements used in processing an 

interval and in such a way as to maintain a continuous curve for c(n).

One is led naturally, then, to consider using a Fourier series (or pos­

sibly a series of orthogonal polynomials) for c(n). Since coefficients 

for the Fourier series must be computed, only a limited number of terms 

can be included. We can write the series approximation to c(n) as

K 27T (mn+ bm)
C(n) = V m COs( 2N + B m=l

),

which is the same approximation that was used for the atmospheric noise 

in Chapter 3.

Equation (25) then becomes
n -

R(s) = $~A(n) exp Ji j
n

L

27T(n-s)2 (6 x )2+ Q (a) 
R

K
Im=l

277 (mn+ b ) / ma cos (■m 2N + B .(27)
- if

The criterion for establishing values for a^ and b^ is to adjust them 

until the variance defined by equation (26) is maximized.
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3. COMPUTER SIMULATION

In order to run completely controlled experiments to evaluate 

the effectiveness of determining c(n) by adjusting the a^ and to 

maximize the variance of |r (s)| , the complete system (including targets) 

was modeled on a CDC 1604 computer. The simulation was done in essentially 

two parts; the received signals from multiple targets at range R were 

computed and recorded as data, then this data was used as the input to 

the processor.

A. GENERATION OF THE RECEIVED SIGNALS

At range R from the synthetic array, data for multiple point 

targets was generated. Pseudo random numbers were used for target ampli­

tude, spacing between targets and phase of the targets. Targets were 

placed along a line at range R throughout the beam of the coherent radar 

for all of its positions, n6x, over a region corresponding to 4N6ix. The 

4N "received" signals were computed from

where <P = coherent radar beamwidth in radians,

A(k) = target amplitude received from location k and 

P(k) = phase of target (reflects location of phase center). 

These 4N recorded signals, (s(n6x), were processed according to

s:+N - , N
R(s) = A(n)cos (^oiT' )exp

n=s-N L

277 (n-s)2(6x)2
R + © (n)]\ , (29)
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to  o b ta in  the  "no n o is e " system o u tp u t, cos ine  squared w e ig h tin g  and 
focused a t range R and s6x.

Pseudo random numbers were filtered using an integrating type 

filter to obtain 4N numbers to be used to simulate the atmospheric phase 

noise. The "bandwidth" of the filter was selected to yield the phase cor­

relation length desired for the particular simulation. The peak to peak 

phase noise desired was obtained by multiplying the 4N numbers by a con­

stant. These 4N numbers, simulating atmospheric phase noise, were then 

added to the ©(n), forming a new s(n6x). The system output was again 

computed, using equation (29), to obtain the perturbed output. By pro­

ceeding in this fashion, data is obtained that can be used in evaluating 

the effectiveness of the processor. The computed c(ri) can be compared 

to the actual noise used and the final system output, using the computed 

c(n), to both the "no noise" and with noise system outputs.

B. COMPUTING c(n)

The received signals, s(n6x), with the noise included were 

processed according to equations (27) and (26) as described in Section 2.

evaluated each time new values for the a and b are tried. This takesm m
time so only a limited number of harmonics can be used (six were finally 

used). There is also some interdependence between the harmonics which pre­

cludes the possibility of "taking them out" completely one at a time.

An iterative technique was decided upon wherein the initial variance is 

first computed and then the processor starts out with the first harmonic.

The variance of must be

A low value for a^ is set and then b^ is varied through a range equivalent
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to 360 degrees to locate the phase angle which yields the highest var­

iance. If the maximum variance so located is higher than the initial 

variance, it replaces the initial variance as a standard for comparison. 

The corresponding value for b^, together with the value a^, is used in 

the cosine as the first approximation to c(n). The second harmonic is 

then treated in similar fashion to find the maximum variance value for b ^ .  

If the maximum variance here is greater than the standard for comparison 

(the highest variance previously obtained), then the a^ and b^ are used 

to add to the approximation to c(n) and a new standard is set correspond­

ing to the maximum variance achieved here. This procedure is repeated on 
thth rough the K n harmonic, then the  cyc le  th rough harmonics one to  K is  

repea ted . The p rocessor con tinues to  c y c le  th rough the harmonics in  
th is  fa sh io n  u n t i l  no fu r th e r  improvement ( in c re ase  in  va riance  o f  
|r ( s ) J) can be ob ta ined . The p rocesso r has now made i t s  bes t e s tim a te  
fo r  c (n ) .

It was found, during early cycles of the processor, that on any 

given cycle it may or may not locate the correct phase value for a parti­

cular harmonic, but that over a number of cycles it would average out to 

the correct one. This indicated that it was not necessary, nor desirable, 

to check closely spaced phase points —  values of b^ equivalent to 30 

degree increments were adequate. Enough cycles to allow the phase to 

average out were obtained by setting the value of a^ equal to 0.01 k.

C. PARAMETERS OF THE SIMULATION 

To form the synthetic array the vehicle (normally an aircraft) 

would travel a straight line path at velocity, v, carrying the coherent
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radar with an antenna beamwidth, 0. It is common (although not necessary) 

to have the antenna pointed normal to the path of the vehicle. A value 

of 0.05 radians was used for 0 in the simulation —  it being considered 

a typical value. Based on this 0, we can arrive at other parameters for 

our simulation. The maximum doppler frequency, (fd) , is

(fd)max

( b2v sin(p
A

d) /\/ d) isince sin(— ) = — , for small 9. Using the sampling theorem, we find that 

the minimum pulse repetition frequency, PRF^^, required is

PRF _ 2v9
min \

The pulse repetition time, PRT, is 1/PRF, or

PRT . =: . .max 2v9

The distance traveled between pulses of the coherent radar, 6x, becomes

6k = v(PRT), 

or

^Xinax. 2^

= 10A

using <f> =  0.05 radians. This was the value used in the simulation.

In the interest of conserving computer time, the length of the 

array and the range to the targets were scaled down, while the multipli­

cative noise was not. A value for N of 100 was used and most of the 

computer runs were made with a range, R, of 80,00Q\.

A considerable number of computer runs was made with different
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parameters for the noise and targets. All were made using a focused 

processor, part with cosine squared weighting and part with uniform 
weighting used in the computation of c(n). Uniform weighting proved to be

the best. Different methods of computing the a^ and b^ of the approxima­

tion to the phase noise were also tried, but the best method was the one 

described in Section B.

It was determined early in the computer simulation runs that 

it would be desirable to find some method of decreasing the processing 

time. It seemed reasonable that if the higher frequencies in the received 

signal could be filtered out prior to processing that it would be possible 

to use just some fraction of the elements in the processing. The highest 

frequency contributed from the interval being processed is less than 

one-fifth of the highest doppler frequency being received. By filtering 

it was possible to allow the processor to operate with every fifth ele­

ment, resulting in a five-fold decrease in processing time. The pre­

filter used was an integrating type. A small number, L, of the recorded 

signal returns, s(n6x), was steered to "look" toward the center of the 

region to be processed, summed with cosine squared weighting and recorded 

as p(n6x) of a new filtered array. This process was repeated, each time 

shifting the L recorded returns by an amount 6x, until 2N + B (the number 

of elements required in a processing interval) of the p(n6x) were com­

puted. Mathematically the pre-filtering operation is
, L 

n+ 2
p(n6x) -

t=n- \ #A( t )COs2(2 ^ ) e x p | i [M 6 x 2 1 i n ^ n + Q (t )  ) > (30)

where L is even. A value of L equal to 30 was used. Swch a filter does
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not have sharp cut-off characteristics. The magnitude of the system out­

put is down to about 50 percent at the ends of the processed interval, 

relative to the center value, when such a pre-filter is used. It de­

creases ijn approximately exponential fashion outside the interval.

It must be emphasized that the only reason a pre-filter was 

used was to decrease the processing time.

Representative results of the computer runs are shown as Figures 

18 through 31. System outputs for "no noise", with noise and after noise 

processing are shown. In the following figure, the original phase noise 

used and the residual noise after processing are presented, the residual 

noise being found by subtracting the approximation, c(n), from the original 

phase noise.



Figure 18. System Output Before and After Noise Processing, Run 1
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Figure 19. Phase Noise and Residual Phase Noise After Processing, Run 1



Relative target coordinates in Ax

Figure 20» System Output Before and After Noise Processing, Run 5
-p>u>
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Phase Noise and Residual Phase Noise After Processing, Run 5Figure 21.



Relative target coordinates in Ax

Figure 22. System Output Before and After Noise Processing, Run 6



Figure 23. Phase Noise and Residual Phase Noise After Processing, Run 6



Relative target coordinates in Ax

Figure 24. System Output Before and After Noise Processing, Run 7
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Relative array coordinates in Ax

Figure 25. Phase Noise and Residual Phase Noise After Processing, Run 7



Figure 26o System Output Before and After Noise Processing, Run 8
4>
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Relative array coordinates in Ax

Figure 27. Phase Noise and Residual Phase Noise After Processing, Run 8
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Relative target coordinates in Ax

Figure 28 « System Output Before and After Noise Processing, Run 10
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Figure 29. Phase Noise and Residual Phase Noise After Processing, Run 10



Figure 30. System Output Before and After Noise Processing, Run 14
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Figure 31. Phase Noise and Residual Phase Noise After Processing, Run 14
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V. DISCUSSION OF RESULTS

As might be expected, the processor described in the previous 

chapter is effective only over some region of the possible parameters. 

Figures 18 through 31 were chosen to illustrate, in a sense, the boundar­

ies within which it might be expected to perform satisfactorily. In all 

cases illustrated some improvement in the system output is noted. How­

ever, the estimate of the phase noise, c(n), was not always the best. It 

was found that when the amplitude of the noise was less than approximately 

two radians peak to peak and with negligible frequency content higher than 

that used in the processor (sixth harmonic), then the c(t^ found was a 

good approximation to the phase noise about three-fourths of the time. 

Under these conditions the processor may, however, leave in a steering 

slope. Figures 18 and 19 are representative of the runs yielding a good 

approximation to the phase noise, while Figures 22 and 23 illustrate a 

relatively good approximation, but with a residual steering slope.

Figures 20 and 21 illustrate a run which, from the characteristics of 

the noise used, should have yielded a better noise approximation,'c(n), 

than was obtained. It is believed that this resulted due to the magni­

tude characteristic in the processing interval, caused by the use of the 

pre^-filter, in combination with this particular set of target parameters. 

However, it does lead one to consider possible means of allowing the pro­

cessor to avoid using a poor estimate of the phase noise for c(n).

Figures 28 through 31 illustrate the behavior when the phase 

noise used has significant "frequency" content higher than that used in 

the processor. Even if the processor was allowed to use higher harmonics, 

it could not be expected to function as well on noise with significant
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"high frequency" content. Undesired side lobes caused by the phase noise 

move further from the main lobe as the phase noise "frequency" is increased, 

as is illustrated in Figures 3 through 14. The phase noise, through the 

side lobes created, may cause an interaction between targets. It is 

possible that the interaction may have such an effect upon the variance 

of |r (s)| as to allow the processor to proceed toward a false maximum for 

the variance, resulting in a poor approximation for c(n). The results 

of a number of runs show that marginal results are obtained when the 

"frequency" content of the phase noise is similar to that of Figures 29 

and 31.

It would be expected, based on the degree of beam pattern dis­

tortion shown in Figures 3 through 14, that the processor would not func­

tion well on much higher phase noise levels than approximately two 

radians peak to peak. Trial runs were made with peak to peak levels near 

four radians to illustrate the behavior. The results of two of these 

runs are shown in Figures 24 through 27. They represent the relatively 

good results that occurred on approximately one-half of the high level 

runs. Figures 24 and 25 deserve special comment. On this run the pro­

cessor found an approximation, c(n), that converted the original phase 

noise into essentially two regions of nearly the same slope and separated 

by a step in phase of approximately one wavelength. A phase step of 

exactly one wavelength has no effect on the system output. The net 

effect was that the resulting system output was quite good but with a 

pointing error.

When the noise is such that most of the time a good approximation
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to the phase noise is obtained, then it should be possible to modify the 

processor in such a way as to allow it to avoid using a poor approxima­

tion for c(n), in any given interval. One would not expect the correla­

tion nor amplitude characteristic of the atmospheric turbulence phase 

noise to change significantly from one processing interval to the next.

If the processor is modified such that it "remembers" such statistics for 

a time, then it can compare them over several processing intervals. If 

one interval is encountered that deviates significantly, then it would be 

an indication that more processing should be done. There are two possi­

bilities for obtaining a better approximation for c(n) for such an inter­

val.

It will be noted that if the interval is small compared to the 

length of the array, which it will be, then most of the array elements 

used for the interval in question were also used for the intervals to 

either side. Since we have assumed that the processed interval is small 

compared to the correlation length, then the phase noise must be quite 

similar to that of the adjacent intervals and the processor could just 

use the appropriate portions of the c(n) obtained for the adjacent inter­

vals as the c(n) for the interval in question.

Alternatively we might just have the processor try processing 

for a slightly different range such that a new set of targets are used in 

the processing. Runs were made which do show the processor is somewhat 

dependent upon the target parameters, so this procedure might yield a 

better approximation for c(n). In fact, if processing time would allow 

it, the processor might be allowed to process a number of ranges for each 

interval and then use the average approximation found as c(n). A good 

approximation for c(n) would be more probable i f  this were done;
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VI. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER WORK

1. CONCLUSIONS

This study has developed a realistic model of the atmospheric 

turbulence effects on a synthetic aperture radar system. It proved use­

ful in a deterministic, rather than statistical, approach to showing what 

the effects of atmospheric turbulence would be on a synthetic aperture 

system.

The processing technique developed demonstrates the feasibility 

of processing the recorded radar data to remove the effects of atmospheric 

turbulence. With such processing, longer useful synthetic arrays could 

be formed, thus improving resolution. However, since the processing 

described in this study is only effective over a somewhat limited region 

of phase noise parameters (as was pointed out in the discussion of results), 

we cannot say with certainty that we have removed the atmospheric limita­

tion on resolution completely.

It would appear that the processing technique described here 

might also be effective in removing some of the other sources of phase 

errors in synthetic systems, since they may have characteristics similar 

to those assumed for the atmospheric turbulence.

2. RECOMMENDATIONS FOR FURTHER WORK

There are several areas that should be investigated to extend 

and/or verify the usefulness of this study. The model of the atmospheric 

turbulence was developed as the best "fit" to available data. Experiments 

should be performed that investigate the effects of the atmosphere more 

fully on frequencies of interest in synthetic radar work.
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This study tacitly assumed an infinite signal-to-noise ratio 

for the signals being processed. Since the received signals would be 

corrupted to some extent by additive Qaussian noise, the effect on the 

processor should be investigated. Target scintillation, caused by a shift 

in phase center with aspect angle, was not investigated. Its effect on 

the processor should also be considered.

Doing all of the processing via a digital computer as was 

done in this study may not be optimum, from the standpoint of processing 

time. Analog or optical processing may prove to be much faster. Optical 

processing would have the advantage that a significant range interval 

could be processed simultaneously with the azimuth processing. That is, 

processing in two dimensions could proceed at the same time.^ This would 

require a modification of the variance criterion, in that the processor 

would then use the variance of the magnitude of the system output in two 

dimensions. This would automatically make the approximation to the phase 

noise the average over some range interval and hence more probable that 

the approximation found is good.
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