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Abstract

This report presents a detailed stability analysis of an adaptive composite control strategy for
flexible joint robot manipulators. Our so-called slow/fast control strategy, consisting of a slow
adaptive controller designed for a rigid robot together with a fast control to damp the elastic
oscillations of the joints, was first derived in previous work of the authors and its performance
was detailed by both simulations and experimental results. We now present the mathematical
details and rigorous stability proofs of our algorithm. Using the composite Lyapunov theory for
singularly perturbed systems we present sufficient conditions for adaptive trajectory tracking.
For point-to-point motion we show that there is always a range of joint stiffness for which
convergence is achieved and we quantify the region of convergence. For tracking of (smooth
and bounded) reference trajectories we give sufficient conditions for closed loop stability and
uniform boundedness of the tracking error. A residual set to which the tracking error con-
verges is quantified. We also show that for special classes of trajectories, which include step
responses generated from reference models and certain joint interpolated trajectories we can
achieve asymptotic tracking. We argue that these results are the best that one can expect
without additional compensation of the slow subsystem such as with integral manifold based
corrective control.
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1 Introduction

The dynamics and control of robot manipulators taking into account the joint flexibility is an
interesting and challenging problem, which is attracting attention from an increasing number of
researchers. A recent survey, in fact, [22] lists nearly one hundred references dealing with various
aspects of this problem, such as feedback linearization, robust control, observer design, and adaptive
control.

In the present report we consider the adaptive control problem. Our algorithm, which has
appeared previously in [21], [5], and [6], is a composite control law consisting of a slow adaptive
control designed on the basis of a rigid robot model and a fast control designed to damp the
elastic oscillations at the joints. Such a control strategy is intuitively appealing since it is simple
to implement and it exploits the considerable body of knowledge that exists for the adaptive
control of rigid robots. This control strategy has been investigated via computer simulation and
by experiments performed on a single-link, flexible joint mechanism with excellent results [7]- [8].
However, the stability properties of this approach have not been rigorously investigated before now.

2 Synopsis

In this section we will summarize the main results to follow. Since the actual mathematical details
are quite involved, the casual reader may gain an understanding of our main results by reading
only this section, while the more interested reader can press on.

In the last several years several globally convergent adaptive control algorithms have appeared
for rigid robots (See the survey [14]). These algorithms are either adaptive versions of the computed
torque approach [3],[13], or they exploit the passivity structure of rigid robot dynamics [19]. In the
case of flexible joint robots both of the above approaches fail [22]. As a result, finding a globally
convergent adaptive control law which is independent of the joint stiffness is a formidable and still
unsolved problem. However, in most practical situations, the joint stiffness is large relative to other
parameters in the system. Singular perturbation techniques can thus be used to separate the slow
dynamics from the fast dynamics and control each separately using so-called composite control
strategies [12]. The fast dynamics involve the joint forces and the slow dynamics involve the link
variables.

It usually turns out in practice that the joint resonant modes are poorly damped and this,
in fact, is largely the source of the problem associated with joint flexibility in robot control. Our
approach can be explained intuitively then as follows: a fast feedback control law is first designed
to damp the oscillations of the fast variables. Once the fast transients have decayed, the slow part
of the system should appear nearly like the dynamics of a rigid robot, which can then be controlled
using any number of techniques. Our strategy is then summarized as

controlcomposite = control3QV+ controlfast (1)

where controlsiow is designed using a rigid robot model and controljast is designed solely to provide
sufficient damping of the fast dynamics. Any number of techniques for the control of rigid robots
can be used to design controlsiow in the above equation. In this report, we base our design of the
slow control on the algorithm of Slotine and Li [19] because it is globally convergent in the absence of



joint flexibility, and because its implementation requires only position and velocity measurements.
It is significant that our fast control involves only joint velocity measurements. In this way we
achieve robustness to parameter uncertainty without the need for acceleration and jerk as would
be required by nonlinear feedback linearization results.

Once we have stabilized the fast dynamics with the fast control term, our system can be
thought of as the rigid robot model (and rigid adaptive control) with high frequency, stable, un-
modeled dynamics represented by the joint flexibility. Once our algorithm is understood in this
way, comparisons can be made to some well-known phenomena in adaptive control. For example,
the results of Rohrs, et. al. [16] and loannou and Kokotovic [9] suggest several ways in which such
a system might become unstable, even though the slow system is globally convergent and the fast
dynamics are well damped! These so-called “instability mechanisms” include:

< 1) Reference trajectories which are “too fast.” In other words, if the bandwidth of the
reference trajectory is in the same frequency range as the joint resonance, this resonance can
be excited and drive the system unstable.

e 2) Parameter drift. The estimated parameters do not necessarily converge to their true values
even in the rigid robot case without persistency of excitation conditions on the reference signal.
However, it can be shown for rigid robots that the parameter errors are bounded [19]. In the
presence of unmodeled dynamics, or in the presence of external disturbances, the parameters
can drift along an equilibrium manifold until an instability results [15].

= 3) High Gain instability. This type of instability, when the controller gains are too high, is
actually due to the loss of passivity of the flexible joint robot dynamics and can occur even
for non-adaptive algorithms [1].

For these reasons, any composite control strategy for flexible joint robots is not likely to be
globally convergent independent of the joint stiffness and/or the reference trajectory. In this report
we show the following:

= For Point-to-Point motion, i.e., for tracking constant reference inputs, there exists a range of
joint stiffness for which the parameter error is bounded and the equilibrium solution is locally
asymptotically stable with respect to the tracking error. The stability region is precisely
guantified.

< For arbitrary trajectories we give sufficient conditions guaranteeing stability and show that
the tracking error converges to a residual set, which we quantify. For a special class of
trajectories, including step responses generated from a reference model and joint interpolated
trajectories we show that the tracking error converges to zero. This result is slightly stronger
than existing results in the literature on adaptive tracking of nonlinear systems and comes
about by exploiting the particular structure of robot dynamics. To achieve this, however, the
parameter update law of [19] must be modified by the ~-modification scheme of [9] and [10].

Our method of proof is based on the composite Lyapunov theory presented in [17] and our
results are similar to the adaptive feedback linearization results in [25]. Our tracking results, in
fact, can be thought of as extending the results of [25] from the regulation problem to the tracking
problem. The extension is non-trivial and exploits particular nature of robot dynamics and the
robot tracking problem.



The report is organized as follows. After defining the notation and terminology in Section 3,
we detail the modeling of our system in Section 4. Section 5 gives the detailed derivation of
the composite Lyapunov theory applied to our class of systems. Section 6 uses these Lyapunov
calculations to derive regulation results, i.e. Point-to-Point motion, while Section 7 presents our
results on tracking. Finally, some conclusions axe drawn in Section 8.

3 Notation and Terminology

In what follows, we use the following standard notation and terminology [4]: R+ will denote the
set of nonnegative real numbers, and R n will denote the usual n-dimensional vector space over R
endowed with the Euclidean norm

Rnxn <,~0” the set of all n x n matrices with real elements. For each matrix A £R nxn, we define
the induced matrix norm of A corresponding to the Euclidean vector norm

IAl2= {ANII[(ATA)}i) 3)

where AmaxX[AtAj is the maximum eigenvalue of ATA. We define the standard Lebesgue spaces
Loo <md Tj2 as

LN(R+)={/ :R+ — &R n such that f is Lebesgue measurable and H/H”™ < o0} (4)

where the L™-norm, |J4/IPO, is defined by

Il/lloo = e55 SP 11/(011 > (5)
t€[0,00)
L?(R+) = {/ : R+ — »Rn such that f is Lebesgue measurable and \N\\ < oo} (6)

where the Lj-norm, [V]I2, is defined by
fe0

m = b wm fd t- w

Denote Bx C R2n, B# C Rr, By C R 2n the closed balls centered at x = 0,0 = 0, andy = 0
respectively, and let

B=BxXB# XBy CR2nXRr XR2n. ®



4 Singular Perturbation Model

The dynamic equations of a flexible joint manipulator are given by [20]

~(ai)gi + C'(qi,qi)gi + g(qi) + -K(qi - q2) = 0 9)
Jg2 - gi - g2 = LUk, (10)

where the vectors gi E Rn and q2 G R" represent the link angles and motor angles, respectively,
£>(qi) is the n x n inertia matrix for the rigid links, J is a diagonal matrix of actuator inertias
reflected to the link side of the gears, C(qi,qi)qi represents the Coriolis and Centrifugal terms,
g(qgi) represents the gravitational terms, and K is a diagonal matrix representing the joint stiffness.
For notational simplicity we will assume that all joint stiffness constants are the same in which case
K may be taken as a scalar. The composite control law uc that we consider is given by [21]

uc = u,(qi,q!,f) Fuy(q!,q2), (11)
where,
u/ = Kv(qi - q2). (12)

Kv is a constant diagonal matrix, and us is designed using the following rigid model, obtained by
letting the joint stiffness K tend to infinity, [20]

(D(qi) + J)qi + C(qi,qi)gi + g(qgi) = u3. (13)
We define the variable
z := K(q2 - qi), (14)

and we assume that K is 0 (1/c2), and Kvis 0(1/c), so that we may write

K=~KX ; Kv= K2 (15)

where K2 are 0(1). By substituting the control law (11) into (9)-(10), and using (14)-(15), we
obtain the singularly perturbed system [21]

0 (gqi)gi +C(qi,qi)qi + g(qi) z (16)
e2Ji -feKiz + K\z = Ki(us - Jqi). a7

Let us now choose uaas the adaptive control law of Slotine and Li [19] designed for the rigid system
(13). We should point out at this point that any control law for rigid robots that provides global
tracking can be used as part of our analysis. For example the adaptive inverse dynamics schemes
of Craig, et. al. [3] and Middleton and Goodwin [13] could just as well have been used instead. We
have chosen to illustrate our analysis using the algorithm of Slotine and Li because of its elegance
and simplicity and because it does not require joint acceleration for its implementation. The whole
adaptive system can therefore be written as



i) Plant:

mD(qi)qi + C(qi,qi)gi+g(qi) = z (18)
® Ji+ eK2i+ Kiz= K2u, - Jin). (29)

ii) Controller (designed for the rigid plant (13)):

ud= (@) + J)a + C(qi,qi)v + g(qi) - KDr, %0

where D, J, C and g represent the terms in (13) with estimated values of the parameters, Kd is a
diagonal matrix of positive gains,

gi =qi- qd, v=g9d- Agqi,r=qi- v = + AqQi, a=v. (21)

A is a constant diagonal matrix, and qd(t) is the reference trajectory which is at least three times
continuously differentiable.

iii) Parameter Update Law:

0 = _r-1Yr(qi,qla,v)r, (22)
where T is some symmetric, positive definite matrix, 0 = 0 — 6 is the parameter error, and
(D(gi) + J)a + C(qi,qi)v + g(qi) = Y(qi,qi,a, v)O. (23)

Y (qi,gi,a,v) is an n x r matrix of known functions (regressor), and 6 is a r-dimensional vector
of parameters.

The plant (18)-(19), the controller (20), and the parameter update law (22) are now trans-
formed into a more suitable singularly perturbed form, namely, (see Appendix A for details)

x = Aix + $0 + A3y
S m < 0= —Tipx (24)
. ey = A2y + eA™MB2U,

or equivalently,

. Y $ A3
p= /( lpW) - _T<p onxn P + onxn (25)
= 0(*,P,y,e) = A2y + cA21B2u,

where

- X = a -7 9 GRr 2n, with the nonsingular linear transformation T (26)



-LiXn OnXn

= 27
A 4xn @)
0=0- OERr and (£>(qgi)+ J)a+ C(qi,qi)v + g(qi) = y(qi, gi,a, v)0, (28)
-p-= e R (29)
0
. . —A Inxn 2nx2n
= = 30
Al = Al(x,qd.qd) mAf(qi)_1[C(qi.qi) + KD] awxn 9 R (30)
M (qi) = D(qi) + J, (31)
$ = $(x,qd,qd,qd) = Onxr E R 2nxr (32)
9¢.4¢.4 AT(qi) 1i'r(qi, qi, v,a) '
Onxn OnXn 2nx2n
A3 = X, = 33
A20AD = g1 axn R 33)
= re R rxr is some symmetric positive definite matrix, (34)
= v?(x,qd,gd) = Orxn y T(qi,qi,a,v) ERrx2n, (35)
OonXn -LiXn 2nX2n
- = 36
A2= 30ki -3-xk2 CGR (36)
onXn 2nXn
- = 37
b2 g CR (37)
e u=u3- Jql (38)
ey= 4+ A2x52u GR2n where z = K{gq2- qi) = *A%i(g2- (39)

£Z

5 Analysis of the Singularly Perturbed System S

System S is a nonautonomous nonlinear singularly perturbed system in the standard form [12]. p
is the slow variable, and y is the fast variable. The analysis of system S follows the techniques of
Composite Lyapunov Functions for nonlinear singularly perturbed systems developed in [17]; see
also [12].



5.1 Boundary Layer System

The boundary layer system, denoted «Bb, is defined as

Sh o A =< (ip,yW jizo) =0 2, (40)

where r = i/e is a stretching time scale. A2, given by (36), is a constant Hurwitz matrix, Let P
be the symmetric positive definite matrix that satisfies the Lyapunov Equation

AlIP + PA2 = -Q, (41)
where Q is a positive definite matrix. We choose the Lyapunov Function Candidate
W(y) = yTPy. (42)

Then the time derivative of W along the solution trajectories of &b is obviously

W=--"¢T) = [Vy%)fi(i,p,y.f=0)
= yTQy
< -WQ]J Iyll- “3)

Hence, the time derivative of the Lyapunov Function W along the solution trajectories of the
boundary layer system 5b satisfies

"Vp GR2n+r, Vy GR2n, Vi GR+

w = [vy*(y)IT”,p,y” =0) < -07IMI2 (44)
&2 = AminlQ] with Q satisfying the Lyapunov equation (41).

5.2 Reduced System

The reduced system is defined by setting e = 0 in 5, that is,

A\ $ A3
= = 45
P f(t. p.y) . -Tip Onxn P+ o Y (4)
0 = G5f(i,p,y,e = 0) = A2y. (46)
Since A2 is invertible, the algebraic equation (46) has the unique root
y = 0. 47
The reduced system, denoted 5r, is obtained by replacing (47) into (45)
ST : p=/(t,p,y =0)= "11 $ (48)

— Unxn



or equivalently,

Aix + $0

\ & =-r™x.

i X

Fact 5.1 : The reduced system STis equivalent to the adaptive rigid-joint system, that is,

Al $

P= —Tip 0nXn

(D@ +*Jg + CigingOai + g(qi) = ua
< Ua= (i)(qi) + J)a+ C(qi,qi)v + g(qi)-/i'Dr

ke = -ry T(qi,qgi,a,v)r,

(see Appendix B.)
O

(49)

(50)

A consequence of Fact 5.1 is that we can use the same Lyapunov Function Candidate as that

of the adaptive rigid-joint system [14], [23], namely,

V = irrili(qi)r+g”~A~™qgi +
= "Mgir,™) = V(x,*) = V(p)
ip TPvp,
wher&

‘*2AtKd  OnxXn Onxn
Pv = Onxn M (gi) OnXn
OnXn Onxn r 1

Fact 5.2 : The time derivative of V along the solution trajectories of < is

vV = =
= —XTRX
where
. 0 2ATK DA-A tKd.
~ [ -K®%A Kd

(see Appendix B.)
O

[VpV(p)]T/(i,p.y = 0)

is positive definite.

(51)

(52)

(53)

(54)

Hence, the time derivative of the Lyapunov Function V along the solution trajectories of the

reduced system ST satisfies



53

\p € RZ+r, W6 R2, Vi€R+

v = [vpV(P)ITf(t,py=0 <-ai |[MR
2ATKDA -A tKd

0!j — -“mint-P]

0 i

R =

-K 1A K

Interconnection Conditions

d

(55)

The first interconnection condition of interest involves the relationship between the slow part of
the original system, p = /(t,p,y), and the reduced system ST. Precisely, we want to evaluate

[Vp~r(P)ITU(*,P>y) “ /(*,P>y = 0)]. Recall that

~(P) = ¢(PTAVD.

Consequently,

[VpV(p)] =

i(p? +JIV)p
% "AtKd + KIK

OnXn
onXn

From the expressions of f(t, p,y) (

/(t!va) - /(Cvpvy = 0)

Combining (57) and (58), we obtain

Hence,

xI o

xI 8"

OonXn
= X

InXn

= XTSy

"AtKd + KIA

onXn
Inxn
Onxn

Oonxn

onxn

< WS BIE IME-

onXn
onXn

OnXn
onxn
OnXn

onXn
2M (qi)
onXn r-

A\ 3

1> onxn

P+

¢3
OnXn
OnXn

onXn
onXn

Oonxn
Af(qi) 1
OnXn

onXn
2M (qi)
OonXxn

J

onXn r
OonXn i
1+ (r-1)T <+

As
OonXn

onXn
OonXn
r-1+ (r-1T _

£F>

Ai $
TV OnXn
onXn

onXn

M (cu)-1 onxn

OnXn

OnXn

(56)

(57)

(59)



Vp € R2n+r, Vy 6 R2', Vi€ R+
[VP(P)Ir [/(<>p,y)-/(«,p.y = 9] < AM,]]yli-

Oxn QOnxn
— * — S =
ft =1PII*=1 InXn  Onxn

(60)

The second interconnection condition of interest involves the relationship between the fast
part of the original system, ey = £f(i,p,y,c), and the boundary layer system S\> Precisely, we want
to evaluate [VYW(Y)]T[K*p.,Y, € —4(i, p,y, e = 0)]. Direct substitution gives

[Vy~(y)ITb(*,P>y>€)-g (ttp,y,€ = 0)]
= [2Py]T[A2y + eAj1B2u - A2y]
= 2eyrPA2 (61)

~N\
Recall from Appendix A, equation (281), that P2 = A2 nxn- Hence, (61) becomes

[Vy*(y)ITb("P,y,0 -$(t,p,y.€ = Q)]
2eytPA21B2u

2oyTPA2 A2 VN
Onxn

= 2eyTP XN
Onxn
“4xn
<2ellyl12 lIP1I2. : , Uy (62)
and therefore,
vy~ (y)ITW *,p,y,<O-0(*,p,y,* = 0)] < 2lylI2 IIPIR. Il (63)
Fact 5.3 : let
F = InXn+ JD(qi)"L, (64)
du . , du. du 3
t) = ] 65
PO 2 gagdrwadi+w /7 d* (69)
then,
u= -F l[JID@i) 1 onxnjy+ -t qi) 1C(qi,qi)qi
+i’-1JEI(q)-'g(ql)
= “(X.y,0,0,5,00.0p), @6)
and,
= EAN 1 _ _E_NAN_Aiv - N
u=F o;[AIX+ f A3y] + €F dyA|y Pd(BVX + Fp(t). (67)

10



(see Appendix B.)

|

For V(x,d,y) G B, assume the following

(al)
du 1 du
at o =i ) 63
FaAY +iFoy AY < ke -k2) MR, €8)
where
k3 = sup (69)
B L2
k2 = sup"E8%A2 = sup|li{-i-1[jntg.)-1 0.x, ]}a2l
b Idy © B v
= Sgp J£>(qi)_l Oonxn \A2].’L‘2' (70)
(a2)
< fud |MI2, (71)
FATifix < k02 [IXIR, (72)
de
du
" 73
Frealx - BIKER, (73)
and hence,
If-du. ~du 1 du-~
74
m dx 1 dd dx <A ps (74
where
ki = &oi + ko2 + ko3. (75)
- (a3)
N\ < KA(t). (76)

Note that the existence of the various constants ki in the above estimates requires only continuity
of the functions involved since the set B is compact. Under the above assumptions (al)-(a3), we
conclude that V (x,0,y) GB

INI < Ki |IXIR+ (AB+ Q) |IVIR+ KA4(t). 77

1



Combining (63) and (77), we therefore conclude that
MYMWIr[3(i.P.y.e)-s(i,P.y,.c = 0] < Z2IMI2 k2 IME
< 2cl|y[1211-Plla {* LIM12+ (&3+ ifcj) ||y R+ *4(1)|

< {2 1PIla@S + i* D} ylil + 2fac |PIR2 IMR IMR + 2¢®4() IMR IPIR2 . (78)
Hence,

"Vp GBx x Bfl, Vy GBy, Vi GR+

[VYWMW)ITE(p,y,0- gt.py,«= 0]
< «M +772) IMil + «ft W2 MR+ tp(i) IMR
71 = 2||P|i2fS3

72 =2||P||i2f2 (79)
Al = 2 |IPII2*1
li(i) = 2 |IPIR2 &4(i)
P satisfies the Lyapunov equation (41)
~3, and k4(t) are given by (al) —(a3).

Remark 5.4: From the analysis of the reduced and boundary layer systems, it is clear that their
domains of attraction are R 2n+r and R 2n respectively. Let

Sir={p GBx x B0 :vXp) < cr) (80)

be in the domain of attraction of the reduced subsystem STand cr is the largest constant such that
fir is contained in Bx xB . Similarly, let

n* = {y 6 By : W(y) < ch) (81)

be in the domain of attraction of the boundary layer subsystem b and @ be the largest constant
such that flb is contained in By.

5.4 Composite Lyapunov Function for the Singularly Perturbed System S

Consider the following Composite Lyapunov Function Candidate for the singularly perturbed sys-
tem S

V(p,y)=(-«0V (p) + «<W (y) , 0<rf< 1, (82)

which represents a weighted sum of F(p), the Lyapunov Function of the reduced system Sr, and
VF(y), the Lyapunov Function of the boundary layer system S\> The derivative of V along the
solution trajectories of S is

v(py) = (- d{[vPOIT/(*.p.y)} + e{[vyw(y)lro(t.p.y.e)}

12



= (I-"){IvPYPIT/("p.y = 0)}

+(i -d) {[vPv (ITI/(<, p.y) - /(*,p.y = O)]}

+7 {[VyW(y)]rsr(t,p,y.€ = 0)}

+7 {[vy*(W")]Tb("p,y?) - s(t,p,y.e = 0)]}.

We now substitute equations (44),(55), (60), and (79)

V(py) < -(1- dax|Mli+ 1- dfa [KR2 IME- -a2]livig
+7 {< 7i + ~72) IMII+ 02 IMR IMR + €fit) IMRI

= -1 - d)al |MR+ {(1 - IGi + d32} WAL MR
+ {-7«2 +d(7{ + "72)} |yl + dfi(t) |MI2

= -(1- d)ai WA+ {(1- d/3 + a3} MR IMR
- 1%(02- 72) - a7[j |l + dn(t) IMR.

Let

n2 = (vdfi(t) - ¢VI5|IMP

V(<) + j dlly|li-dMi)]y]12-

Hence,
dp(t) IMR = —n2+ dfj2(t) + ~d |MR
< dfi2(t) + jd\\y\\l,
and therefore,

V(py) < -(1- dai MR+ {1- d/al+d32} [N2 IMR
- IM@2- 72) - d{7; + )] IMR+ dfi2(t).

Define

. 1
7h=71+ 4.

Equation (87) is written

V(p.y)<- xll2 IMI2 Pd |M|y|||2 + dn2(t),

where,
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(89)

€6)

(87)
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[ @- dax _ (1-i)fh+dfh 90
d- [ ~H=E£"g@a2_72)_d7I (90)

From the expression of V, we observe that the right hand side of (89) consists of a quadratic
expression and the term dp2(t). First of all note that the quadratic term does not include the
state 0. Also, Pj, can be made positive definite for some range of €. It will be shown next that
/i(i) is zero if the desired trajectory is a constant vector. Consequently, we can obtain regulation
results. In the section that follows these regulation results, we consider arbitrary trajectories and
give sufficient conditions guaranteeing stability and show that the tracking error converges to a
residual set, which we quantify. To achieve this, however, the parameter update law of [19] must
be modified by the a-modification scheme of [9] and [10].

Recall from assumption (a3) that

H*>(*)12 A M *), (91)
where
F = Inxn+ JD(qi)-1, (92)
/.n du . du . A\l (3 (93)
P{t) = ’
and
Mi) = 2]|P[li2foA(i). (94)

Note that F is a bounded function since D (qi) and D{qgi)-1 are bounded matrices for all gi. Three
important cases on the nature of /;(t) are of special interest:

1. Case 1: In the regulation problem, the desired trajectory qj is a constant vector and hence
all higher derivatives of g™ are zero and S becomes a time invariant system. All the equations
derived earlier hold except for two differences. First, none of the terms is an explicit function
of time any more. Second, /;2(f) in (89) is zero as is clear from (91)-(94).

2. Case 2: If the desired trajectory is three times continuously differentiable with bounded
derivatives, so that q qj, qj~ E L%, then V(x,0,y) E B, equation (93) implies that p(t),
and hence p,(t) is a bounded function of time (/i(E) E Loo). So 3 p, a positive real constant
such that fi(t) < p VEER+.

3. Case 3: Ifqd, qd, g3 EL~ADLA, thenV (x,0,y) G B, equation (93) implies that p(t), and
hence fi(t) E LE DL”, and furthermore lim*_o0oqgf = 0, and limt—,00 qd = 0. For example,
the class of bounded desired trajectories which are eventually constant fits into this category.

6 Regulation Analysis

Since Zi(t) = 0 as discussed in Case 1 above, the time derivative of the Lyapunov Function Candidate
V along the solution trajectories of S is simply given by

14



V(x,e,y)< - pg X II2 (95)

IME

where

- dai N
Pd = i{a2_j2)_ dil _ (96)

It is emphasized that the constants ai, ¢*2, /?i, [?2>7i, and 72 are the same as those in the
previous section. It should be just kept in mind that all quantities used to derive them are time
invariant. We have the following result

Theorem 1 (Regulation) Assume

1. assumptions (al)-(a3) are satisfied V(x.,Q,y) G B.

2.02-72>0.

Then, the equilibriumx=0, 6 = 0—6 = 0, andy = 0 of system S is stable for all e € (0, €d) such
that

_ «l(«2 -72) (97)
«171 + 4d(i-2] K1 ~ <001 + dfc]2
and an estimate of the domain of attraction is given by
fid = {(x,0,y) GB :V(x,0,y) < min[(1- d)cr,dcb]} . (98)
dd C B and cr and @ are given by (80) and (81) respectively.
Moreover, V ~x(0),0(0),y(0)) G fid we get
g = 0 (99
iy =0 @)
Jim 0(t) —o0. @01)
In addition we have
« the maximum value of €d occurs at d* = and is given by
«l(«2 ~ 72)
— =g — (102)
€T «71 + 0102
The corresponding estimate of the domain of attraction is given by
fidx = {(x,0,y) GB :V(x,0,y) < min [(1 —d*)cr,d * , (103)
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« the largest estimate of the domain of attraction occurs at d = Q+® and is given by

fix=fij= {(x.0y)6B: _ +EM <il. (104)

The corresponding upper bound of e is

ai(a2- 72
ed = €d=d = ( ) (105)
ai7i + 4)(i— dL« O 1+ d

Proof of Theorem 1. The quadratic term in (95) is negative when Pd is positive definite, i.e.
when

[(A- d)ax] -(a2- 72)- ¢7i >-[(1-d)/Ji+d/y; (106)

id(l - d)at(a2- y2)- d(1- d)al71 > i [1- d)/?i + dO2? (107)
<>

I<i(l - Wia2- 72) > 1[(1- 1+ dfaf+ (1 - <0i7i (108)

7"i("2 - *>> 4d(it T)[(l - d/3i + IR+ aivi (109)

€< ai(«Z- 72) - U (]_10)

ai7i + “« )Pl + dfo]d

Given cr and c&from (74), (75), respectively, an estimate of the domain of attraction of the singularly
perturbed system S is given by

Qd= {(x,0,y) EB :V(x,0,y) = (1- d)F(x,0) + dW(y) < min [(1 —d)cr,dcf]]. (1)

Up to this point, we have V(x,0,y) is a locally positive definite function and V(x,0,y) < 0
\c E (0, €(i), V(x,0,y) E Hj, and Wt > 0. We conclude therefore that the equilibrium x = 0, 0 = 0,
and y = 0 of S is stable in the sense of Lyapunov.

To show (99)-(101), we now exploit the invariance theory for autonomous systems [27]. Let
the invariant set M denote the subset of fld defined by

M = {(x,0,y) € Sid mV(x,e,y) = O}. (112

It is clear from (95) that V(x,0,y) = 0at x = 0,y = 0, and VO. To find the nature of O in this
set, we replace x = 0 and y = 0 in the original full system S (24)

f x= Aax + $0 + A3y 0= %0
=\—|'_<8>< =<;=0 (H3)
[ ey= A2y + (A21B2u <=0 =0 0 = eA21B2u.
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After replacing the expression of u from (67) we obtain

'0= %0 £ =0
<b=o \ $0- 0 Yo_—oo (L)
kO=eA~B2F ~ 0 ) o
Consequently,
M =j(x,0,y) £fid : x=0,y =0,0 =0,y0=0], (115)

and M is the largest invariant set of S.

Note that fij is bounded. In addition, V is bounded from below by zero over the set fij,
and V < 0 V(X,0y) £ fir. Hence any solution (X(E), O(i),y(£)) of S starting from fid remains
in it. Furthermore, V —* 0 as t —» oo and V —* Vo, w is a constant. From the invariance
theory of autonomous systems, we conclude that solutions (X(£), 0(t),y(t)) of S starting from fid
converge to the invariant set M, and hence, V(X(0),0(0),y(O)) £ fid, we achieve lim*__>0x (i) = 0,

lim*— 00 y(£) = 0, lim*—>®0(t) = 0, and limf—>0 YO - O.

Next, referring to Figure 1 we have that the value of d for which € achieves its maximum
can be determined by minimizing the numerator of (110) and can be easily verified (see [12]) to be

"~ R Fjripz- o

Therefore

* «l(«2 “ 72)

€ T ed=d* = e

The corresponding estimate of the domain of attraction is obtained by replacing d by d* and is
given by

fid* = fid=d* = {(x,0,y) £ B : V(x,0,y) < min[(1- d*)cr, <fcj} . (118)

The largest estimate of the domain of attraction is obtained from (111) by maximizing
TMAE[ (I —d)cr,dcb]. Clearly (see also[12]), this minimum is maximized if d is chosen as

d=d= ——, (119)
cr+
for which
min [(1 —d)er.di\ = (1 —djor —deb = T @20)
o+
Hence,

17



€<j

Figure 1: Upper Bounds of e
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ft* = ftNj = ﬂ(x,o,y) £ B :V(x,0,y) < CV‘l(J:

cr +

121
b)\ . (121)

Note that for d = d

V = @ -d)V
o + 122
cr -fcb cr+ cb ( )
Therefore,
N
- creb G .y+ O w< Qd _\_/___1__\{\_/_< 1,1 (123)
cr't a4 aTO g4 d crcb

and (121) becomes
ft4, j x,8,y)SB,a i2 +a>2c<i (124)
i y) s .

The corresponding upper bound of e is

ai(oi2- 72
€ ~ €&d=i ~ ( ) (125)
<171 + 43(1=35K1 _ d)ft +

O

i
i
transformation given by (27), we conclude that limt_~ qgi = 0 and limt__,oogx = O.

Remark 6.1 Note that since limi_ >0x = 0and x = T Z‘ with T being the nonsingular linear

Remark 6.2 The results of Theorem 1 can be viewed from two converse directions. First, for a
desired region of attraction ftj, the constants ai, a2, Pi, P21 71, and 72 limit the range of e for
which regulation is guaranteed. Therefore, the larger the desired region ftj is, the smaller the range
of €is and hence the larger the stiffness K of the joint must be to guarantee regulation. Second,
for a given stiffness value K, that is e, the region of attraction ft™ for which all inequalities leading
to ai, a2, Pi, p2, 71, and 72 are satisfied is given by ftj satisfying (98).

Remark 6.3 One major assumption in Theorem 1 is that a2—72 > 0 so that remains positive.
To determine under which conditions this assumption is satisfied, recall from (44) and (79) that

— ~min[Q] (126)
72 = AWP\i2k2
= 2 |IPIR2sup I[ ID(qi)~1 OnXn A2 (127)
.

2

where P satisfies the Lyapunov Equation (41), namely,

AlP + R2= - Qm (128)
From (128), it follows

da< 2 [|A2 |IPla, (129)
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or equivalently,
Iani2-2]JALLIi21IFlli2<o0. (130)
For a special choice of Q, we can make a2 = AminfQ] = |IQJ2. Therefore, using (127),

<*2-72 = Q2 —2 11M129P " (qi) ‘nxn (2 (131)

«2-72 > 10k~ 2\NPNaM  « sup M (q1)-1]2- (132)

Consequently, we have the following conservative sufficient condition

11011«-2 M all™la sup | IM@Qi)-1] >0 => «2-72>0, (133)

that is, even though (see (130)) [IAII2 —2 NI IIPII2 < 0, the term sup”™ PZ)(qi)_1 W2 has to
be small enough to make |2 —2]IPlli2 lI2Rsupg PBD(qi)~1J)2 > 0. This sufficient condition
is implying that the relative "size” of J and D(qi) is an important factor in the stability of the
system. Simulation results for an experimental flexible joint system 1 («<7 = 0.004, D = 0.031) have
shown that the system becomes unstable when J > 1. Nevertheless the above sufficient condition
predicts that stability is insured only for values of J < D = 0.031. This shows that this sufficient
condition is quite conservative.

Remark 6.4 The condition <2 —72 > 0 occurs even if another adaptive control strategy ur* is
used instead of ur. The reason is that 72 originates from the expression which is independent

from the choice of ur (see Fact 5.3 and the derivations that follows.)

Remark 6.5 In terms of gi and g2, the fact from Theorem 1 that limi_+®0y (t) —O is interpreted
as follows. Recall that

z crKi(g2- qi)
(134)
ez . 7T7™i(gq2-qi)
and
z
y = ., *+A21BU
4 A21A2 O
cz Onxn
z (135)
€Z + ~oJ'’
So
_ z=u G —qi = lu=K 1u 136
y=0 ez= 0 g2- gi=0," (136)

1For a description of the system, see the section entitled “A Simulation Example” later in the report.
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Since limi—-00qi = qd, and lim*»sqi = 0,

Aj+ K IU (137)

Hence, in regulation, the equilibrium points x and y are independent of e (i.e. lim*__>0qi = g
for all e < 6d, and limf__ >0z = u for all e < e”.) On the other hand, lim*_>0g2 depends on e.

7 Tracking Analysis

The regulation (set point tracking) results presented above are similar to the adaptive feedback
linearization results in [25]. The tracking (of time varying signals) results presented below can be
thought of as extending the results of [25] from the regulation problem to the tracking problem.
The extension is nontrivial and exploits the particular nature of robot dynamics and robot tracking
problem.

7.1 Non-robustness of Tracking

The purpose of this section is to show that based on the Lyapunov analysis presented so far, the
tracking of time varying desired trajectories is not robust in the sense that signals are not guaranteed
to remain in the domain B. Specifically, it will be shown that parameter drift instability mechanism
is not guaranteed to be stopped by the slow adaptive control law used so far. Recall from (89) that
the Lyapunov function candidate for the singularly perturbed system S satisfies

V(p,y)<- IMR IMR Pd IIIIJ;I|22 + dprtt (138)
where
(1 _ d)Ql _ (i-<Qft+<W»

Pd = ) (139)
. I («2 - 72) - <71

As shown in the regulation case, Pd is positive definite for e 6 (0,ej) where

ai 2 - 72)

u - (140)
ai7i + 4~ faj[(l - dP1+ :
In the case where fi(t) is bounded, (Case 2 and Case 3 above), (138) is written as
V(p,y)<- IMR IMR Pd + dp?. (141)

ly]l:

Define the set
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B:={(M2JIO IMI: (x.6.,y) 6 B} c R+. (142)

B is a prism containing the origin and extending along the positive |, O] ., IMI2 axes. Figure 2
shows a three dimensional view and two side views of the prism B. Now define the sets

P#:= ulixiz> e j.llyyeB: [IxXI2 IMRJ Lx]li < d/i2v, (143)
and,
r
j(aMI», O\ 'J';;i > dff
= B\Vp. (144)

The set V/~ is a subset of an elliptic cylinder enclosed in B extending along the 6 axis, and with
an elliptic cross section in the MR — IMR plane defined by

allxll, + blix + clyl2 < d\?. (145)
where

= (1 —d)a\ (146)

b = -{(1-d)(h+ dfa} (147)

c - ™Na2_72)_drl. (148)

The axes of the ellipse, denoted x' —yY', are obtained by rotating the |X|[2-1lyll2 axes by an angle d
given by 2

cot(2i?) = & (149)

Equation (145) is written in the x' —y' axes as

a\x")2+ c'(y)2< dp?, (150)

or simply,
*l 1 ]

(*2 . 'f 1, (151)

{¥) {¥)
where

a' = acos2($) + 6cos(?) sin(j?) + csin2(i?) (152)

ce = Aasin2(i?) —6sin(i?) cos($) + ccos2(M?) (153)
(see Figure 3 for a typical situation.) Hence, V (IXII2, 6 ,|IMP G V can be positive or

négative, and V (IIxI12.11611 1IvlI2) G£>£ V < 0.

We now define the set

2Consult any Calculus book, for example [26].
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Figure 2: Set B

23

» lixil



24



1= {(IlxI2>H 2'I]yy e B: V(x,0,y) < c}, (154)

where ¢ is the largest positive real number such that X C 8. To find the nature of X, recall that

V(x,0,y) = (I-d)V (x,0) + <W(y)
-(i - d)pTPvp + dyTPy
2ATKd Onxn .
¢Cl*” d)X" onXn Af(CJI) x+hi - + dyI’Py
< XXIMR+ A 6 + AyijlylR1l (155)
where
B sup 2Ar JfE nxn
2 B onXn
Ang = | (i- OAp«(r-1)
= dAmax(P). (156)
Now let
IMIj + Xs 2+ As |MIl < c, (157)

then, the set X defined above is a subset of an ellipsoid defined by

-2
2+IMI <L

) () (1)

The case where X fl VE ™ 0, is shown in Figure 4.

(158)

Based on the above discussion, we conclude that the Lyapunov analysis does not guarantee
boundedness of signals. Figure 5illustrates a possible scenario of how signals might leave the domain

8. The initial conditions (] |x(f= Ol12, |#(i = 0) | ,\Wt= 0]]2 e XfIDJ where V < 0. Hence,

we know that for subsequent times, as long as (| [x®112, 110112 >1ly("M)II2) ISstiH in ~nX>], it either
moves to a lower level curve determined by V < ¢\ < c for some real c\, or remains in the same level
curve. In addition, ([Ix®112, 1100112, [IYOI12) can either remain in X fl X>£, or it may converge to

Vjx where V has unknown sign. Hence, inside V  the sign of V is not necessarily negative, and we
can not conclude where (] Ix®I12>]11"0]12»IlyCOIb) might converge. In fact, as shown in Figure 5,

it is conceivable that ||M]j2 grows while (1Ix®112, 110011 . ||y(i)l12) 1Sstill is 'Dfi until it leaves
the domain 8. Figure 6 shows other possible scenarios in which (] [x()]]2, HA(O ||25IIy(")||2) leaves
the domian 8 due to the growth of ||]"O]J2 inside X>™ We therefore conclude that a parameter
drift instability mechanism is conceivable in which (JIx®112, 1*W ]2, lly(01l2) leaves the domain

8 because |]0®]12 grows while (JIx®112, |1MO11251lyWIK) Is m Such a mechanism is possible
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Figure 4. Case ZnzZ£x 0
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Figure 5. Possible Parameter Drift Instability Mechanism

27



Figure 0: Other Possible Parameter Drift Instability Mechanisms
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because the set Vp (in which the sign of V is unknown) has a cylindrical shape that extends along
the whole 0 axis. A robust adaptive control law in which such an instability mechanism would

not happen would result in a set Vjx that does not extend along the whole axis as will be
shown in the next section.

7.2 Robustness Via the fixed cr-modification

In the tracking analysis that follows, we modify the parameter update law in (24), using the fixed
~-modification scheme [9]. The singularly perturbed system & becomes

X Aix+$0+Azy

< 0= <X —@YO (159)
key = A2y + eANIB2\x

where a > 0 is a scalar. The reduced system now becomes

Aix+§)

—r<~x —aTo0.

X

160
0 (160)

The boundary layer system «&b is still defined by equation (40).

The analysis of system & is very similar to that of the original singularly perturbed system
«S. In fact we use the same Lyapunov functions candidates V (for the reduced system «5*) and W
(for the boundary layer system <Sh) Consequently, the Composite Lyapunov Function Candidate
V(p,y) given in (82) is also used for the singularly perturbed system &a. Recall that the time
derivative of W along the solution trajectories of &b satisfies (44). We summarize the changes that
result from using the a-modification scheme. The details are given in Appendix B.

Fact 7.1 : The time derivative of the Lyapunov Function V along the solution trajectories of the
reduced system & satisfies

Vx GR2n, VO GRr, VWWGR2n, V*GR+
Vo= [VpVI(p)IT/(t,P,y = 0) < -«! |M2- \a + & mil

(161)
AmInLEl > 0 R = 2AtKdA -A tKd
— "min(] T KIA Kd
Recall that O is the constant true parameter vector.
(I
Fact 7.2 : The time derivative of u is given by
u=FNMNAIx+ $0+ Ayl + "FNA Y - (T(px + (rTAj + Fp(t). (162)

O
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Fact 7.3 : Assume
- (a2)

EA d < &oi | 2» ( same as in (a2))
Fd/\e(TA +1TO) N N2 2»

Aix < &3 |XIB., ( same as in (a2))
2

and hence,

(Fo-Ai- x- €FATO +
& I ae

de ax

where
—&0i N2 *h &3

Under (al), (a2);, and (a3), we have V (x,0,y) EB

INI < MR+ @B+ ifcd) MR+ K.
The second interconnection conditions is therefore given by

Vp EBx XxBq, W EByY, Vi ER+

[vyYWWIT[s(i, .y, f) - Y, c= O]
< «M + 772) lylll + &3 [Mli IMR + ex |2

7i=2]|P]]i2*3

72 = 2 |IPK2 k2

02 = A\NP\Ni2k[

ti*) = 2||P]i2fcA(i)

P satisfies the Lyapunov equation (41)

k[,k2,k3, and ké(t) are given by (al), (a2)', and(a3).

O

(163)

(164)

(165)

(166)

(167)

(169)

(169)

Fact 7.4 : The time derivative of the composite Lyapunov Function V(x, 0,y) (82) along the

solution trajectories of Sa becomes

V(p,y)< - Pa .-~ da
[ylli

where

2+« dia libili + dog(t), (170)



@ - d)ai _ (i-0ft+<«5

o
' ANa2_ 72) _ d7l

(171)

Note that the difference between P'dand Pd given by (90) is that (2 in Pd is replaced by (2 in Pd.
O

We have the following result.
Theorem 2 (Fixed ™-modification, Boundedness of Tracking Errors) Assume

1. Qdi Qdi £ L7, so that 3 pa positive real constant such that p(t) < p Vi ER+ (Case 2
above).

2. (al), (a2)7, and (a3) are satisfied V (x,0,y) E B.

5. a2- 72> 0.

Define the sets V )7 and 72T as follows:

Vrac= IMIabILIYIIR€B : [1IX2 IMI - Pa ”;TE
+ ¢(1 - d)° \\N < - d)°nom+ d|52 (172)
and
= {(W]2 Jell IMID € : V(x,0y)<c’}, (173)

where c/\fq ¢s the smallest positive real number such that vV  C 1Zp&x

If p and o are such that 74x<J C T, then 3 an upper bound of e, namely,

= «(012 - 72) (174)
«111 + JAfCTjK1- d)Pi+ <W °

such that all the solution trajectories of the singularly perturbed system Sa starting in X converge
to the residual set 1Zjia Ve E (0, d) (Refer to Figure 7.)

Proof of Theorem 2: Recall that the Composite Lyapunov Function of the singularly perturbed
system Sa is (see (82))

(I —d)v(p) + dw(y)

- d)pTPvp + ~dyTPYy, (175)

V(%,0,y)

where Py and P are given by (52) and (41) respectively. Using Assumption 2, the time derivative
of V along the solution trajectories of Sc is given by (170)
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Figure 7. The a-modification Case
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v(p.,y)< lyll: ~— P) T Q- ll'+ 12 - dalpliL+V (i).

where Pdis given by (171). Similar to the case in the proof of Theorem 1, and using Assumption 3,
the matrix Pd is positive definite when

< ¢a:= Q1012 - 72) a77)

«In + mfcajia-'OA +W
Using Assumption 1, (176) becomes
vipy) < - 2 i Pd iyl -~ (I-d)a
RPN 2, aro- (178)

Define the sets

(x> 9 AMDe ~: [IM2 IME Pa

[yll:
+51-d°ml <5( - d° 1w+ o||52 (179)
and
Vit - IM la»||8|L»llylla) €B: [ it llyll:  P$ lyll:

+¢(1 - dall > 1(1 - d)a Ip i+ dp?

= B\V~". (180)

The set V (XTis a subset of an ellipsoid. To see this, note that

lyll: P l'l*y*ﬂf +1@- dasll' < (1 - dalplli+ dp? (181)

can be written as

al I}l + slIMR IMR+ dMR+ 5 9 R <s\\OW. + dffi | (182)
where

= a= (1 —d)a\ (183)

b = - {1- d)/3i + (184)

c = c=~(2- 72)- djl (185)

d = 5(l-d)a. (186)

This is the equation of an ellipsoid with axes x'-y'- 9 |, where the Xx'-y' axes are obtained by

rotating the ||><||2—| |y||2 axes by an angle 9 given by
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cot(2d) = & ¢ (187)
Equation (182) is written in the X' —y' — axes as
g!(X'Y + ¢(y'Y +s 0]2< s|[0]j2+ d/T, (188)
or simply,
*!\2 J\2
(*0 . O) ; <i (189)

(IWU+'t*2\ 1 ¢1INIL+A2

where

& = acos2(0) + 6cos(i?) sin(d) + csin2(d) (190)

cf — asin2(d) —6sin(d) cos(d) -f ccos2(d). (191)
Hence, V (JIXIk, O ,IMPR £ <NV can be positive or negative, and V (] |X]R, >iiyii2
E V < 0. (See Figure 7.) Also, define

ftpy» = { (IxI2»H 1,.1|y||})) e B : V(X,0,y) < <*.,}, (192)

where c¢”a is the smallest positive real number such that V ~ C TZ”. If ji and a are such that
Hii># C X (see Figure 7), choose initial conditions such that (] [xt = O)]J2, [I0t = Oll . lIy$ = 0l12

€ (J\Hz*) C T>1 We conclude that V(x,0,y) < 0 as long as (] Ix®II2, [10®112, | 1y(0ll2) is
outside 7 If (J1xG = 012, 1ot = Oll . |Ily(= O]l2 starts inside 7Zpi, or if it reaches 17;j for

some time t > 0, then (] |x®]|2,i0(0 |2»1]y("™I2) remain in 72~ for all subsequent t. Hence we
conclude that all solution trajectories starting in X converge to the residual set H .. O

Remark 7.5 Similar to the regulation case, the maximum value of €d occurs at

d* = (193)

- A —
Pi+ 02
and is given by

€* —&g=d* —-«--i-g-(i-i-t~o702)'
«171 + P1P2

Choosing d —d* fixes the size of V™ a, and hence that of the residual set 7Zjii(7Z. If the size of TZV is
changed by choosing another d, then a smaller upper bound €d results as it is clear from Figure 1.

O
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Remark 7.6 The advantage of introducing the fixed cr-modification is that the tracking errors and
the parameter errors axe ensured to converge to a residual set under the conditions of Theorem 2.
As far as the desired trajectory is concerned, it is only required that the latter is bounded and is
three times continuously differentiable with bounded derivatives. The price paid by introducing the
fixed a-modification is that no conclusion about the convergence to zero of the tracking errors can
be made even under further restrictive conditions on the desired trajectory such as those of Case 3
above. Moreover, using the switching cr-modification of [10] for the class of desired trajectories of
Case 2, Theorem 2 still applies, and no conclusion about the convergence to zero of the tracking
errors can be made. In the next section we show that for the class of desired trajectories of Case 3,
the tracking errors converge to zero if the switching cr-modification of [10] is used.

7.3 Asymptotic Tracking with the switching a-modification

In this section we use the switching cr-modification of [10], and show that for the class of desired
trajectories described in Case 3 above, the tracking errors converge to zero, and all other signals
are bounded. The singularly perturbed system with this modification becomes

x = Aix -f§0 + A3y
i 0= —r<ox—asTs (195)
key = A2y + eA2 I B2u,

where as is now given by

0 it 11OIR <«O
0w
B(t) = < < srll - T it 00 < 11€@II2 < 200 (196)
Vo if 180112 > 200-

(To is a positive scalar design parameter. 9qis chosen such that

IOk < #o, (197)

and hence, it reflects our knowledge of the true parameter vector 6. Determining Qyis possible
since in general the true parameters have known upper and lower bounds.

Assume

e (a2)/l: which consists of assumption (a2); with cr, and (@ replaced by as, fc', and 2
respectively.

Consequently, Pdgiven by (171) when (a2)xwas assumed, is now denoted Pd and is given by

P)- (198)
122= 72) - e7i
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We have the following result
Theorem 3 (Switching ~-modification, Convergence of Tracking Errors) Assume

1 aqn, G fl Lrq, so that 3 p a positive real constant such that p(t) < p Vi GR+,
and p(t) GL2 (Case 3 above.)
2. (al), (a2)", and (a3) are satisfied V (x,0,y) G B.

3.02-72>0.

Define the sets V p>0 and as follows:
V- — * . N
Ha.|*|2llylQes: [Ha llylla] Mia
£ (1 - do|fly <i(l - libili + 1, (199)
V- =B\V- (200)
and
= {(IIxlla>||8L>llylla) 6 B W v(x-8.y) < c»»0}. @o1)
where ¢ &) is the smallest positive real number such that
* py0 Q Riso
«V (Ha-H 2-llylla) 6 \'(*Vo nv-"™)}, |d|a>
If p, €0, and 0o are such that C X, then 3 an upper bound of e, namely,
& oli(a2 ~ 72) ¢o2)
a7l + - d)fo +

such that all the solution trajectories starting in X converge to the residual set 'Fp™ Vi G (<> €».

Furthermore,
tl_micoxg) =0 (203)
t_I_|_rr>1(1)yg) - 0. (204)
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Proofof Theorem 3: Using Assumption 2, the time derivative of V along the solution trajectories
of S(& is given by (see the proof of Theorem 2)

= ‘ M ‘ H
- . P ' -(i - d)(7s 9
v(py) < lyll: J IM12 3 ( )

+ -(1 - d)(7s W + dv2{t), (205)

where P% is given by (198). Using Assumption 3, it is clear that the matrix P'J is positive definite
when

et o aial-112) (206)
ai7i + 4d(i-d) K1 ~ <001 + dP2]2
Using Assumption 1, (205) becomes
Vi) < -DixIi2 iz Agg - -G @
L, g
L2(1 = (207)
Define the sets
Vg « 2> GS [IMI Fd, iz
+¢(1 - g < (1 - o |||l + (208)
and
m=\(IMI2. . dlylla) 68 [ M2 g P ™ "; ;
+ 1@ - d)a0 ||If > 1(1 - el + d\?
= B\V,O0. (209)

The set X>D is a subset of an ellipsoid as was shown for the case of X>\(T in the proof of
Theorem 2. Now define

= (1 127 (2 01y [12) V(x,®,y)<cR,0}, ¢10)
where cMd)is the smallest positive real number such that
aQ P

« 7\Jico

Vo (IMI2.]®] |2 11y]12) 6 HI, >
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If p, <70, and Oo are such that 7Zji0 C 1, then as shown in the proof of Theorem 2 for the fixed
~-modification, we conclude that all solution trajectories starting in X converge to the residual set

and hence x(f) G ,6{t) G , and y(t) G L~. Furthermore, the Lyapunov function
candidate V is uniformly bounded. To show the convergence of the tracking error to zero, we first
note that it is easy to check (see the proof of Fact 7.1 and Fact 7.4) that the time derivative of the
Lyapunov function given by (205) is equivalently written as

V(x,0,y) < - X PJ il - Nil- d)o,0 T{t)b(t)+
yll:

< < (iMi+ IMID- ¢(1- d)<ieT(t)8(t) + dn\t). (211

where for € <

= —/min (Pd) - (212)
Q

We have the following Fact (see Appendix B for proof)

Fact 7.7
-a,eT(t)0{t) <0 Vi 6 R+. (213)

O

We now integrate both sides of (211)
it fix N AN

Jg V(x,0,y)<ft < -jf — (JIx®I)2 + Ny®]1) dt - -(1 - d)al0(t)d(t)dt
+ [ d[i2(t)dt. (214)
Jo

Taking the limit, rearranging, and recalling that V is uniformly bounded, we obtain

roo 1 roo 1 A rco

I — (3t + in(i)III.) M + Jo ¢(i - d)a,e(mt)dt- jo dfi2(t)dt
< V(x(0),0(0),y(0))- lli_rgDV(x(T),O(T),y(T))
< o00. (215)

Since f.i(t) G L2, we conclude that

roo 1 . roo i

Jo - (PO + Ny dt+jo 5(1- d)o,9{t)0{dt < 00. (216)

From Fact 7.7, we have as6(t)9(t) > 0. Note therefore that both integrals in (216) are positive,
and consequently both integrals are bounded. Hence, x(i) G L7, y(t) G Ljn, and combined with
the previous boundedness result we conclude that x(t) G L"Nft and y(t) G LMLftL~. From
the boundedness of x(i), 0(i), and y(t), we conclude that x(t) G (see (24).) Furthermore,
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using (77), we have from (24) that y(i) E L~. Consequently x(f) and y(t) are both uniformly
continuous. Since in addition they are elements of L7, we conclude that

lim x(t) =0 (217)
t_l_[_rgooy{/t) = 0. (218)

|

Remark 7.8 In the switching ~-modification scheme presented above, an upper bound 9qon the
norm of the true parameter vector O is assumed to be known as described by equation (197). The
size of the residual set 7 to which all states X(i), y(f), and 0 (t) are insured to converge depends
on #o- In general, the larger #o is, the larger the residual set 777 becomes. Since the tracking
results are local, a conservative choice of 9 may not insure the existence of a residual set 7Z;jf(0
inside the domain B. Note that a conservative choice of 9q can result from the fact that in (197) all
elements of 0 are equally weighted even though they may not be of the same order of magnitude.
To make the use of the switching (7-modification scheme more efficient in a local context, note
that in general we know an upper bound on the magnitude of each individual element 9 of the
true parameter vector 0. Hence, we can modify the use of the switching cr-modification scheme as
follows

x = Aix + $0 -f A3y
Be < ¢ =-iVX-r£o (219)
. ¢y = A2y + eATlB2u,

where
E = diag [(73i,cS2, =m=,gsr\ e R rxr, (220)

and each st is now given by

f )
0 it 10i(t) |< i
Osiff) = < <0 {, g iy it Q0 <] »(9) 1< 250 i= 1,20 r. (221)
k "0. it 1<) 1> 2%

(Joi is a positive scalar design parameter. 9¢ is chosen such that
19i |< 90i i= 12e=er, (222)

Fact 7.9 : Using the modified switching (7-modification scheme as defined by (219)-(222), the
results of Theorem 3 hold (see Appendix B for details.)

O

7.4 A Simulation Example

References [6] and [7] contain experimental results that show the effectiveness of the proposed
composite control technique. In these references, experiments showed excellent results for tracking
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a slow desired trajectory (step response generated from a second order linear system) with no
modification in the parameter update law. Of course, good tracking of a time varying desired
trajectory is not guaranteed in general as predicted by the stability analysis in this report. In the
simulation example that follows, we consider a sinusoidal desired trajectory (Case 2), and illustrate
the following points

< Without modification of the parameter update law, parameter drift instability mechanism is
possible.

< Adding ~-modification to the parameter update law, we get boundedness of all signals, but
nonzero tracking errors (Theorem 2.)

The hardware of a specially constructed single-link flexible-joint arm is shown in Figure 8
(see [6] and [7].) The dynamics of this system (see Figure 9) are modeled as

Igi + Mgl sin(qi) + k(gi - g2) 0 (223)
Jh + Bqg2 - k(gi - g2) = uc. (224)

Nominal and true values for the arm parameters are shown in Table 1. The related rigid model,
obtained in the limit as k — oo, is

(/ + J)gi + Bgi + Mgl sin(qi) = us. (225)
The damping coefficient B is assumed to be known. We define the parameter vector 0 as

"Rl I+ J!

226
02 Mgi (226)
The design of the rigid control law us is now based on the rigid model (225). Using the algorithm
of Slotine and Li [19] for this term, the complete control law with correction is uc = us + Uf

ul3 = Oia+ 02sin(qgi) + Bv - Kpr ,Uf = Kv(gi - ¢2). (227)
Recall that

9 = Qi~ qd, (228)

v = qd- AS$i, (229)

r = ¢h+ Xaqi, (230)

A = - é‘?\ (231)

where qd{t) is the desired trajectory. We choose for the desired trajectory qd{t) a sinusoidal function
given in Table 2.

Choosing T 1 = diag(71,72), the parameter update law with the modified switching a-
modification is given by 3

0i = -7iar-71«301 (232)
2 —2sin(g\)r —")2as292, (233)

where

3As discussed in Remark 7.6, either fixed or switching <« modification can be used in the results of Theorem 2.
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Flexible Joint

Figure 8: Sketch of Experimental Hardware

Icji + Mglsinfq,) +k(gl _g2j-0
Jqg2+ Bqg2-k(gl-g2)=u

Figure 9: Model of Single-link Flexible-joint
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0 it 1~¢0 < 00*

(i) - i toeh 4 i.) Qi <] Gi(t) \< 260 i= 1,2 (234)

<. if I®|> 200,

The gains used in the control law and the parameter update law are shown in Table 3.

The simulation results shown in Figure 10-Figure 12 illustrate the parameter drift instability
mechanism as predicted by the analysis (compare with Figure 5.) The states remain bounded
for sometime, then the parameter estimates rapidly diverge and all the states become unbounded.
Introducing the a modification in the parameter update law, the signals are bounded as predicted
by Theorem 2. Note that the tracking errors do not converge to zero but remain bounded.

8 Conclusions

In this report we have given stability proofs for a composite adaptive control law for flexible joint
robot manipulators. The complexity of the analysis points out the difficulty of the control problem
for this class of systems. Although our results give only sufficient conditions for local stability
it can be argued, based on what is known about the behavior of adaptive control systems, that
this is the best one can do without additional compensation. One promising approach to extend
these results would be to incorporate the integral manifold based corrective control idea. We are
currently investigating this extension. In addition we have already produced some experimental
results of this scheme for a single-link, flexible joint mechanism that we have constructed [6].
Further experimental results, including an illustration of the instability mechanisms shown in the
simulation example, are under investigation.
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Parameter Nominal Value True Value

Link Inertia:/ (kg —m2) 0.031 (1+0.5)0.031=0.0465
Rotor Inertia: J (kg —m?2) 0.004 - 0.004

Rotor Friction: B (N —m —sec/rad) 0.007 0.007
Nominal Load: Mgl (N —m) 0.8 (1+0.5)0.8=1.2
Joint Stiffness k (N —m/rad) 5 5

Table 1. Nominal and True Values of the Arm Parameters

~Y W Amplitude A Frequency u
A sin(<jj t) 0.1 17

Table 2: Desired Trajectory

Gain A  Kd Kv 7i 72 <@ 002 #H01 #02
Value 10 0.2 0.2»/2 0.001 10 100 0.1 0.051005 1.212

Table 3: Control Law and Parameter Update Law Gain Values
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Figure 10: Parameter Drift Instability Example : 9N\
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2.5.

02

Figure 11: Parameter Drift Instability Example :
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1.2

0.8
-0.4
.0.8
t (sec)
0. 12.5 25. 37.5 *50.

Figure 12: Parameter Drift Instability Example : d\
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9 Appendices

A Singular Perturbation Model Development

The original singularly perturbed adaptive control system is defined as follows.

i) Plant:

£(qi)qi+ C'(qi?qi)qi + g(qi) = z (235)
e2Jz + c/frz + Kiz = Ki(WMB — Jqi). (236)

ii) Controller (designed for the rigid plant (13)):
us = (.D(gi) + J)a + C(qi,qi)v + g(qi) - KDr, (237)

where D, J, C and g represent the terms in (13) with estimated values of the parameters, Kd is a
diagonal matrix of positive gains, and

v = qd - Aqi, (238)

r=qi - v =gqi- qd+ Agi = gx + Aqi, (239)

a = v = qd-Aqi, (240)

qi _ qi i Qd- (241)
Note that

qi = r + a, (242)

qi = r + v. (243)

A is a constant diagonal matrix, and gd(i) is the reference trajectory which is at least three times
continuously differentiable.

iii) Parameter Update Law:

0 = -r_ly T(qi,qi,a,v)r, (244)
where T is some symmetric, positive definite matrix, 0 = 6 — 0 is the parameter error, and
(-D(ai) + J)a + C(qi,qi)v + g(qi) = ~(qi,ql?,\)0. (245)

Let’s take equation (236) and rewrite it as
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€2z = —eK2z —K\z + /ilils — JOp). (246)

Premultiplying both sides by J-1, we obtain

62: = -J-1K2Z2-J -1K1z+ J-1K2(u3 - Jqj). (247)
Define
z
= 248
w o7 (248)
and
u = us - Jqi. (249)

Using (248)-(249), equation (247) can be written in matrix form as follows

€z Onxn -fnXn z onXn
6W = u. 250
€2z J~1Kx €z " & ( )

Hence, we can write equation (247) as

£W = A2w + B2u, (251)
where
OnXn 4xn 2nx2n
252
Al — 1K\ -J~-xk2 ©R * (252)
and
B? J(inlxlz\ GR 2nXn (253)

w and u are given by (248) and (249) respectively.

Now let’s consider equation (235) and rewrite it for convenience

~(qgi)gi + C'(qi,qi)gi + g(qi) = z- (254)

We add and subtract u in the right hand side of (254)

£(qiqi + C'(qi,.qi)gl+g(Qi) = u+z- u. (255)

Now, we replace the expression of u from (249)
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£(qi)qi + £(qi,qi)qi + g(qi) = us- Jgi + z- u,

[-D(qi) + J]qi + C(qi,qi)qi + g(qi) = u3+z- u.
Next, we replace (242)-(243) and obtain

[D(qi) + J][r + a] + C(qi,qi)[r + V] + g(qi) = u3+ z- u,

[D{qi) + J]r + C(qi, qi)r = u3- g(qi) - [-D(qi) + J]Ja- C(qi,qi)v +z- u.

Now replace u3from (237)

[ D(qi) + JIr + C(qi,qi)r = [-D(qi) + J]a+ C(qi,qi)v + g(qi) - KDr - g(qi)
[D(gi) + /1Ja - C(qi,qi)v + z- u,

[-D(qi) + J]r + [C(qi,qi) + KOIr [-D(qgi) + J]a + C(qi,qi)v + g(qi) + z - u,

[D(qi) + J]r + [C(qi,qi) + Ab]r = y(qi,qi,v,a)0 + z - u.

Define

Consequently, using (239)-(240),

qi Aixn  Oxn qi
r A " 4i

Also, define
M(qi) = D(qi) + J
Using definitions (263) and (265), equation (262) is written in matrix form as follows

x = di

r

-A Inxn qi . (@91
-M(qi)-1C(qi,ql) +Kd] Onxn r Ai'(qi)_liMqi,qi,v,a)

onXn Oonxn z + O
Af(qi)“1l 0OnXn cz

Hence, we can write equation (266) as
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(264)
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X = Aix + 40 + A3w 4 -Oiu. (267)

where
Ai = Ai(x,qd,qd) = A 4xn g g2nx2n (268)
o -M (qi)_1[C(qi.qi) + onXn
$ = $(x,qd,qj, qd) = ot 6 R 2nxr, (269)

N (qi)-17r(qi? ¢115v ,a)

Onxn Onxn 2nx2n
A3 = A3 , d) = 270
ad = i1 awn  CR (270)
. onXn 2nXn
01 = 0i(x,qd) = - GR (271)
(x,qd) M (qi)!
The Parameter Update Law (244) is now rewritten in terms of x as follows
0 = -r_1y T(qi,qi,a,v)r
= -r1 orxn yr(qi,gi,a,v) qu (272)
Hence, we can write (272) as
0 = — 1™, (273)
where
Vv= ~(x,qdqd  axn yT(gi,gi,a,v) cRX2n (274)
Remark al : Note that using (249) and (235) we obtain
u = ua- Jqi
= u,- JD(qi)_1[z- C(qi,qi)qgi - g(qi)]
= ufxAw.q”™gd.qj). (275)

Remark a2 :Up to this point we have transformed the original singularly perturbed system given
by the Plant (235)-(236), the Controller (237), and the Parameter Update Law (244) into an
equivalent set of singularly perturbed equations given by a slow subsystem, equations (267) and
(273), and a fast subsystem , equation (251).

To make the stability analysis even more tractable, let’s further define [2]

y = w + AJ102U. (276)
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Using this definition of y, we can write
ey := ew -f eA2IB2ix (277)

We now substitute in (277) ew from the equation of the fast subsystem (251)

A2W + B2u + eA2 1B2u
A2[w + AEIB2u] + eA21B2u
— A2y + eA21IB2u. * (278)

ey

Hence, the fast subsystem in terms of the fast variable y is given by
ey = My + eA2 IB2u. (279)

Let's now express equation (267) in terms of the new fast variable y.

Remark a3 : We should verify that
A3W -f i%iu = Aly. (280)
To see this, note first that it is easy to verify that

InXn

B2—a?2 (281)
OnXn
Consequently,
AJANB? ada2xa2 M g MO
Onxn OnXn
Onxn Onxn —\nxn OonXxn (282)
—Af(qi)-1  onxn OonXn -M{qi)-1_
Using (282) and the definition of y, equation (276), we conclude that
A3w + Riu A3w + A3A2 XB2u
A3w + A21B24\
Aly. (283)
Equations (283) suggest that we write (267) as follows
X = Aix + $0 4-A3y. (284)

In summary, the original singularly perturbed system given by the Plant (235)-(236), the
Controller (237), and the Parameter Update Law (244) are transformed into an equivalent set of
singularly perturbed equations given by a slow subsystem, equations (284) and (273), and a fast
subsystem , equation (279). To conclude, we write the resulting system of equations into two
equivalent forms both of which are helpful in the analysis,
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x = Aix + $0 + A3y
< 0= —T-1<%
key = A2y + €A21B2u,

or equivalently,

— /(i _ Ai $
p=Iipy) = 4 ¢
k€y = 0(*»p»y,O = A2y + tA21B2u,

P+

where

-A

Al = i4i(x,qd,qd) = M (qi) 1[C(ai.qi)

M (qi) = D(qi) + J,

$ = $(x,qd,qd,qd) = O

AfigiJ~rY Xqgnrgita)

A3
Onxn

Tnxn 2nX2n
+ A'd] OnXn

GR2nxr

Oxn onxn 2nn

A3 = A3(x,qd) = A(qi) 1 onxn GR

r g Rrxr is some symmetric positive definite matrix,

<P = Y?(x,qd,qd) = Orxn Y T(qi,qi,a, V)

0=0-9 and (2?(qi) + J)a + C(qi,qi)v+g(qi) = Y(qi,qi,a,v)O0,

AD = Oonxn fnXn GR2n><2n
OnXn 2nXn
2= 59ki CGR

u= u*- Jqgi,

4
— i? = -
y= ., *+A2linU z= AT(@
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qgi) = M#172 - qi)

(285)

(286)

(287)

(288)

(289)

(290)

(291)

(292)

(293)

(294)

(295)

(296)

(297)

(298)
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B Detailed Verification of Facts

Fact 5.1 The rigid joint plant, the adaptive control law, and the parameter update law are given
by

(-D(qi) + J)qi + C(qi,qi)qi + g(qi) = us
< u3= (Z)(qi) + J)a + C(qgi,qa)v + g(qi) - KDr (300)
>b=-r-1r T(qi,ql,a,v)r.

Combining the plant and the Controller from (300), and recalling from (265) that gi) = D{qi) +
J, we obtain

us
M (qgi)a + C(qi,cn)v + g(qi) - KDr. (301)

~(ai)gi + C'(qi,qi)qi +g(qi)

Using the fact that qi = r+ a and qi = r + v (see (242) and (243)), equation (301) becomes

Af(qi)[r + a] + C(qi,qi)[r + v] + g(qi) = us
= M(qgi)a + C(qi,qi)v + g(qi) - KD*, (302)

M(qi)r + C(qi,qi)r+[M(qi) - M(qi)]a

+ [C'(qi,qi)-C'(qi?qi)]v + g(qi)-g(gi) + ~r>r = o, (303)
M (qi)r + [C(qi,qi) + tfD]r+[M (qi)a + C(qi,qi)v + g(qi)] = O, (304)
M (qi)r+ [C(qi,qi) + KD]r - y(qi,qi,a,v)0 = 0. (305)

In matrix form, equation (305) is written as

X = qi
r

—A fnxn qi OnXn
+

-M (qi)_1[C(qi,qi) + KD] OnXn r M (qi)-1Y (qi,qi,v,a)
= AiX + $0. (306)

From Appendix A, it is obvious that

O = -r_1yr(qlqgi,a,v)r
= -r~Vx. (307)

Thus, we conclude that
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(D(qi) + «)qi + Ciqijqidqi + g(gi) = u3
i us= (E>(qi)+ J)a + C(qi,qi)v + g(qi)- KDr

kO=-r~1:r(qi,qgi,a,v)r

J x = AiX + $0
\e=-r-Vx

<=>

I p= - 308
P — Onxn P (308)

O

Fact 5.2 The Lyapunov Function Candidate for the reduced system STis
F(p) = ¢rTM (qi)r+ qfATKDqgl + i OTT 10. (309)

The time derivative of V along the trajectory solution of ¥ is

v = [vPYE)IT/("p.y =0
= rTAf(qi)r + irTM (qi)r + 2qfAFKd™1+ 0TT~I9

= rT[-C(qi,qi)r- Kdt+ y(qi,qgi,v,a)0] + irTM(qi)r + 2qfATKDqgl + 0TT~10
= irT[M(qi) - 2C(qi,qi)]r - rTKDr + 2q'(ATKDqgl + rTy(qi,qi, v,a)0 + OTT~x0

= - teKdt+ 2qfATKDqi + rTy (qi,qi,v,a)0 + OTV~l[~ryT(qi,qi,v, a)r]
= - teKdt+ 2qfATKDqgl + rTy(qi,qi, v,a)0 - OTy r(qi,qi, v,a)r
= —TKNT+ 2qiATKDqi
= - teKdr + 2qfAt/Td [r - AqJ
= —TKE>r + 2qi ATKpr —2ci(ATI(dAqi
= —VTKdt+ qfAtKd* + *TKpAqi - 2cfiATKoAQg\

T ' 2AtKdA  -AtKd' i

- kdA Kd r

— —XTRx. (310)

where

_ [ 2AtKdA -A tKd

311
—KgA kd ( )

We should show that R is positive definite. It is clear from above that

-XTRx = - teKd*+ 2qfATKddi
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= -lii + qfAT]KD[ii + Aqi] + 2qfAtKd”™\
= —qiT/"Dgi —qi A'XjAqi —q fATKpqi —q fATKnAqi + 2qfATAqi
- _qfATKdAch- §i' KDqi

+ ATKDA Qwn  gi

-T
a a Onxn KD qi
; - qi
qi o F g (312)
where
R = ATKdA O (313)

Onxn R d

Clearly R* is positive definite, and R can obtained from R* using the nonsingular linear transfor-
mation T as follows. Recall that T was defined as

x=r 9 <= 4 _7 4 . g [IXnoOnn (314)
ii qi A -fnXn

Hence (312) can be written as
-xtRx = -XT(T-DrR"T -1x. (315)

Since definiteness is invariant under nonsingular linear transformations, we conclude that R, simi-
larly to R*, is positive definite.
O

Fact 5.3 Recall that

u = us- Jqi

= wus- JD(qi)-1[z- C(qi,qi)qi - g(qi)]

= us- JD(qi)_1z + «/™(qi)_1C(qi,qi)qgi + IJD(qi)_1g(qgi) (316)
u-f ID(qi) 1z = us+ ID(qi) ~(qi, qi)gi + JE(qi) Xg(qi) (317)
u+ Jb(qi) 1 Omn 2o+ JE)(qi) 1C(qi,qi)qi + ID(qi) ~(qi). (318)

6Z

Substituting from (39), we obtain

u+ JD(Qi) 1 onn]{y- A2IB2w} =
us+ «/jD(qi)_1C(qi,qi)qi + IJD(qi)_1g(qi) (319)

55



{Inxn ~ ~(qi) 1 Oxn A21B2] U=

- [apb(qi) 1 OXn ]y + us+ JI>(qi)“1C,(qi,qi)qi + «TD(qi)" 1g(qi). (320)

Recall from Appendix A, equation (281) that B2 = A2 ™" then (320) becomes
OnXn
I Inxn — 1 OnXn —Inxn u =
OonXn

JD(qi)~l Onxn vy + us+ JD(qi) IC(quqgl)qi + IJD(qi) g(qi) (321)

{inxn + JD(Qi) u=
JjD(qi) 1 Onx, y + us+ JD(qi) XC(qi,qi)qi + ID(qi) X(qi). (322)

Define
F = Inxn+ JD(QL) \ (323)

then (322) is written
Fu=- JD(qi)"1 Onxn vy + u3+ JD(qi) xC(qi,qi)gi + JD(qi) ~(qi). (324)

To invert F, we use the Modified Matrices Formula ([11], page 656) which states that for A and C
nonsingular m X m and n.x n matrices, respectively, we have

[A+ BCV]-l = A-1- A~IB[VA~'B + C“1]"1 *“1. (325)
Using the following correspondence A *— »/,xn, B * %</ C <— %jD(qi)-1, and V & >7nXn, then

F-1 = pinxn + 3D{qr) 1]"1= [Inxn + JD (qi)~lInxn]l~1 = /nxn - J[J + ~(gi)]"1. (326)
Hence, F~x is a well defined matrix, and we can write (324) as

u= - F~1 JD(qi)-1 Onxn ly + F_1u5+ F~1JD(qi)“1C(qi,qi)qi

+  F~1ID(qi)_1g(qi). (327)
Recall from (20) that

uz = O@d)+ J)a+ C(i,gv+ g@i) - Kd*

= us(x,0,qd,qd,qd). (328)

Equations (327) and (328) imply that
u= u(x,y,0,qd,qdqd), (329)
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and therefore

du du. du. du~ du. du. du @
A — <U = (330)
dt dxX+ dyy + dO + dqgj” dg”™ + dqj
Define
du , du* . du _(3) (331)
it W *d+ Weé*d
then
du du du du-
u= X+ — vy + -~-d + p(t). 332
at  ax* Tday Y Taod T PO (332)
We now replace the expressions vi a, v,
du du. . - .. du.l , du. . .. e
Uz dF = dxAIX+  + Asyl+ dyT7A2y + a+ 52UL+ A [ “ <ML+ (e (333)
Rearranging (333), we obtain
rr du du. 4 - , . . 1du . du” .
[wfrxn - gNAB jlu = MN[AIX +'80 + A3y] + -A2y - NMIN\sx + p(t). (334)
Note that
du du _7
4xn avAn ®@ — Mmxn— , %' —inXn
d OnXn
du N
— IfiXn mn
d OnXn
— nxn A F 1 *AE(gi) 1 omxnjj- ™"
OnXn
I»Xxn-~i~rqgi)"l
Inxn-F-1[F —/,xn]
Fi. (335)
Equation (334) becomes
F o= SPaix 450 4314 A% 2 - v+ pe (336)
*u= " X -N - N X ,
dx €dy de P
and
0= F-7p[Aix 4 $0 4 A3y] + -F-~-Aly - F-SIVpx 4 F/>(t). 337
u Zrox[l ix 4% yl et dy y Brvex (1) (337)

O
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Fact 7.1 The Lyapunov Function Candidate for the reduced system S? is the same as that of the
reduced system <3, namely,

V(p) = ¢rTM(gi)r + qfh?KdGi + [0TT 16. (338)

Using the derivations in the proof of Fact 5.2, we conclude that the time derivative of V along the
solution trajectories of Sf is

[VvP*(P)Ir/(® p,y = 0)
-r JKdr + 2qfATKogi + rlF(qi,qi, v,a)0 + 6* T~10
-ttkat+ 2qfATI(d™i + rTY (gi,qi,v,a)G+ OTV~X[-rY r(qi,qi,v, a)r - aT0]
—ttKdt -f 2qFATK pgi —cr0TO

= _xTRx —aQTo, (339)
where R is given by (311). Note that

290 = o9 0 +0)

\Y

= <70'0- 00'O0. (340)
Let
= 260 +0T0+ o000, (341)
Hence
00" 0= .02+ | 0TO + °0TO. (342)

Combining (340) and (342), we get
<JOTO = <700. 02. “&0. o010
< - 0 0+-0TO. (343)
“ 2 2

Using (343) in (339), we get
V< -x - 100+ - 070, (344)

We thus conclude that

Vp GR2n+r, Vy GR2n, Vit GR+

V= [vPYIT/(i,p,y =0 <—a |[ke—\o  +\[d
Gl = Amin[~] ~ 0. (345)
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Fact 7.2 Note that u is the same when the cr-modification scheme is used. Hence, using (332) (see
the proof of Fact 5.3), we conclude that

u FATAIX+*e + AYy]+2tF Ay + F N+ Fp(b)

FALA,X +3$0 + Ayl + if| "A 2y - (I>x + «T6) + Fp(t). (346)

O

Fact 7.3 (169) is derived exactly like the second interconnection condition given by (79).

|

Fact 7.4 The Composite Lyapunov Function Candidate for the singularly perturbed system Sa is
given by (82), namely,

V(py) = (I-d)U(p) +dW(y) , 0<d<1l (347)
The derivative of V along the solution trajectories of S is given by (83)

v(py) = (i- d{[lvpF@E)IT/(t.p.y)} + *{Ivy*(V)IT".p.y ")}
= (=M ) {LvPr(p)]T/(ipy = 0)}
+(1 - {[VP(MITI/(i,PY) - f{t, Py = 0)]}
A {vyr ()1 py e = o))
+7{IVy ITO P.Y. " - att p.y.e = 0)]}. (348)
We now substitute equations (44),(161), (60), and (169)
V(py) < -(1- dax]|Mll- @ - d-cr +(i-~ K
+(1 - d)Pi l|x||2l]yn2 ~ ?aZ [lyll
+T 1€7it o 72) liylli + 22 |12 IMI2 + €fit) IMRI - (349)

Using (85) and (88), we can write (349) as

V(p,y)< - lly[l:  Pa - 7U - d)a
y M )
+ AL - d)a NN+ d/j2(b), (350)
where

1 _ d)ai - (I~dfotd2
Y . 351
(1-Qih+dfi 9{02 72 dAim (351)
O (352)
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Fact 7.7

asdT(1)0(t) = <, (V(t) -  0()
sa oI~ - asoT{t)6
> s [17(i)[2 16,12
A IR (AN/)L - 7+ 70 - TN
N PEMII2([[FW[2- o) +*. |[*(0]2(«0 - P1I2) (353)
> 0 (354)

(354) follows from (353) using (196) and (197).
|

Fact 7.9

Let's rewrite the equations of the singularly perturbed system S% for convenience
"'x = Aix + $0 + A3y
SE < O= -r~x - TEO (355)
key = A2y 4eAjnu,
where

E = diag[<7si,(72,---,(Tsr] G R rxr. (356)

and each o3t is given by

0 it 10K < di

> A
< _
=<0 (o T i @< KD < & (357)
°0i if 10i(t) |> 260i

Using the same analysis methodology as in the original switching a-modification scheme, we first
follow the lines of Fact 7.1, and choose the same Lyapunov Function Candidate V for the reduced
system. It is easy to verify that the time derivative of V along the solution trajectories of the
reduced system is given by

V =.xt£Ex - OTEOQ, (358)

where R is given by (311). Note that

-Or£0 = -eTY,6- 6TEO. (359)

Define
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:= diag [y/v~i, eee y/aN\ = (360)

= ]eTEO + + 0TSO. (361)

Hence,

-0TEO = - e2+ ~Ot£0 + \oty,o. (362)

zi )

Combining (359) and (362), we get

-0 TEO

-0TZ0 - E2+ (0TSO + (/0TZO

N

-ie TEO + Iflr EO. (363)
2 2

Using (363) in (358), we get

F < -xTHx -‘|20 TEO + ’2\eTSO (364)
< Cel IMI2 A oAy HO 112 » (365)
where
£1 = ~mm[Y (see (55)), (366)
Cm ’'= min{<rsi,Cs, ===, c ST}, (367)
*=  max{c7sj,CS2i o=, X&r}. (368)

The time derivative of u is given by

A i A A
u=F" AIX + M +A3y] + R (I>>(369)’EO) + Fp(t).
Assume

(a2)/7: which consists of (a2),; with ca, k", and 0% replaced by S, k and 0" respectively.

Consequently, P'J given by (198) when (a2)wwas assumed, is now denoted and is given
by
i . (\-d)fa+dw
Py = (- dai 2 _ (370)
-Q=£*FB L i

Assume the following
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1 qd, g™, g~ GL2flL~", sothat 3// a positive real constant such that jj,(t) < x Vi GR+,
and //(/) G L2 (Case 3 above.)

2. (al), (a2),//, and (a3) are satisfied V(x,0,y) GB.

3.¢c2- 72> 0.

Similar to the proof in Theorem 2 and Theorem 3, the time deriyative of the Lyapunov
Function candidate V along the solution trajectories of S can be verified to be (using (365))

V(py) < llyl|2 -

+ (1 - d)<SMDIR + (371)

where PJ[ is given by (370). Similar to the case in the proof of Theorem 1, and using Assumption 3,
the matrix P is positive definite when

0:1(02 - 72)

€< ef = (372)
ai'7i + ~ + dP2}2
Using Assumption 1, (371) becomes
W12
vipy) < - MR IMR T, 5A ¢ da
- 8 gl
+ N1 - d)aM JR + dfi2. (373)
Define the sets
Aust= {CH 2 JIel12 [Iylf2) 65 [z fIvll2 ] i,
+5(1- <oxxpel < L(d- x|l + dp?}, (374)
and
n* -Ulwl2. »us 1) € B Pj
. IMla .
+5(1- arQ 1> 1(1- ty 2 w2+
= B\ PPIE (375)
where
(g := min{<70i,C702,--*,C70r}, (376)
a™ = max{o-0i,<702,--*,iTor}. (377)
Now define
= (X 2 »[p|L >lly[l2) € B: V(x,0,y) < cAE}, (378)
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where is the smallest positive real number such that

Vo (IMTG 182 . 1y]12) 6 A > WenXE ke

If 2, aO-, and #on * = 1,2,*** r are such that T”~e C X, then using the same reasoning as in
the proof Theorem 3, we conclude that for the range of e defined by (372), all solution trajectories
starting in X converge to the residual set T ~e?furthermore,

t“%@x(/t) =0 (379)
tEm’my(vt) = 0. (380)
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