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1 Introduction

A microgrid may be defined as a collection of loads and distributed energy resources
(DERs), interconnected via an electrical network with a small physical footprint,
which is capable of operating in (1) grid-connected mode, as part of a large power
system; or (2) islanded mode, as an autonomous power system.

The DERs that constitute a microgrid are often interfaced to the electrical net-
work via a grid-feeding inverter, where the output real and reactive powers are con-
trolled to track a given reference; or via a grid-forming inverter, where the output
voltage magnitude and frequency are controlled to track a given reference.

As the popularity and adoption of the microgrid concept in electricity systems
increases, it becomes necessary to develop comprehensive mathematical models
that can be used for analysis and control design purposes. By utilizing concepts
from circuit and control theory, accurate mathematical models may be developed
for inverter-based microgrids. However, this in turn leads to the development of
highly complex models which are often too detailed for the intended control design
or analysis purposes. It therefore becomes necessary to simplify these models to less
detailed forms which, though less accurate, can represent the phenomena of interest
for each particular application.

The main contribution of this chapter is the development of a time resolution-
based hierarchy of models for inverter-based microgrids. Specifically, the focus is
on microgrids with grid-forming-inverter-interfaced power supplies interconnected
to loads through an electrical network. Using Kirchhoff’s laws, Ohms law, and basic
control law definitions, a microgrid high-order model (tHOm) is developed. Af-
terward three reduced-order models (microgrid reduced-order model 1 (UROml),
microgrid reduced-order model 2 (tROm?2) and microgrid reduced-order model 3
(uROm3)) are formulated from the yHOm using singular perturbation techniques
for model order reduction—the Kuramoto-type model developed in [5] can be ex-
tracted from tROm3. The time resolution for which the reduced-order models are
valid is also identified, and all four models are explicitly presented with the small
parameters used for singular perturbation analysis identified. Finally, a comparison
of the models responses, for a given test case, is presented.

The development of high-order and reduced-order models for inverter-based mi-
crogrids has received significant attention in the literature recently. More specif-
ically, Pogaku et al. [11] present a high-order model for grid-forming-inverter
based microgrids but exclude a discussion on model-order reduction. Anand and
Fernandes [1] and Rasheduzzaman et al. [12] present reduced-order models for mi-
crogrids but the models are obtained using small-signal analysis, which is only valid
within certain operating regions. Kodra et al. [7] discuss the model-order reduction
of an islanded microgrid using singular perturbation analysis. However, the elec-
trical network dynamics are not included in the high-order model presented, and a
simple linear model, which does not fully capture the dynamics of the islanded mi-
crogrid, is used for the singular perturbation analysis. Dérfler and Bullo [5] present
a Kuramoto-type model for a grid-forming-inverter developed using singular pertur-
bation analysis. The electrical network is considered in the analysis and sufficient
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conditions for which the reduced-order Kuramoto-type model is valid are presented.
However, the analysis is not as detailed as that presented in this chapter. More specif-
ically, the time-scale resolution associated with the Kuramoto-type is not discussed,
the analysis is performed for a lossless electrical network, and the high-order model,
on which singular perturbation analysis is performed, is not rigorously developed.
Schiffer et al. [14] develop a detailed high-order model for grid-forming-inverter-
based microgrids. Singular perturbation analysis is then employed to perform time-
scale separation and model-order reduction, as done in this chapter with underlying
assumptions stated. However, though the authors claim that the model-order reduc-
tion can be performed, the small parameters used for singular perturbation analysis
are not explicitly identified, and details of the singular perturbation analysis are not
presented. Also, the time resolution associated with the reduced-order model devel-
oped is not identified. Luo and Dhople [10] present three models for a grid-forming-
inverter-based microgrid which are obtained by performing successive model reduc-
tion steps on a high-order model, using singular perturbation analysis. However, the
singular perturbation analysis is presented in a much less detailed form as is in this
chapter, the time scales associated with each reduced model are not identified, and
the high-order model from which all other models are derived is not explicitly stated
with all the small parameters used for singular perturbation analysis identified.

The remainder of this chapter is organized as follows. In Section 2, the follow-
ing relevant concepts, to be used in later developments, are introduced: (1) the gd0
transformation of three-phase variables [9], (2) graph-theoretic notions, and (3) sin-
gular perturbation analysis techniques for time-scale modeling and model-order re-
duction [8] . In Section 3, the microgrid high-order model (4HOm) is developed.
Circuit laws and control design definitions are used to formulate mathematical mod-
els for: (1) the three-phase grid-forming inverter (2) the electrical network of the
microgrid and (3) the interconnected loads . Afterwards the models are combined
to result in the so-called yHOm. In Sections 4-6, small parameters € = 1 X 1079,
& =1x 1073 and &g=1x 10~ ! are chosen respectively, and in each case, the small
parameter is used to perform time-scale separation and model-order reduction of
the tHOm, using singular perturbation techniques, to obtain tROm1, tROm?2 and
UROm3, respectively. Finally, in Section 7, the time resolutions of tROm1, yROm2
and yROm3 are identified, and a comparison between the models responses, for a
given test case, is presented.

2 Preliminaries

In this section, we first introduce the gd0 transformation of three-phase variables
to arbitrary and synchronous reference frames. Next, we introduce graph-theoretic
notions used in later developments to develop models for an electrical network and
its interconnected electrical loads. Finally, a primer on singular perturbation analysis
for time-scale modeling and model-order reduction is presented.
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2.1 The qdO Transformation

Let o/ (t) denote the angular position of a reference frame rotating at angular

itv 0l (7 () _[e) ") (- T
velocity @'/ (¢), and letfdo[ (>](t) [fq[a(‘ ()](t) fd[a ()](t) fo[(x(-/)(t)](t)] de

. . T
note the gd0 transform of a three-phase variable, abc( )= fa ( ) f}E/ ) (1) fy )(t)} )

to the rotating reference frame. From [9], the general form of the gd0 transformation
is given by:

£ e o) = K (@ O).0), (1)
where
) cos(atl) (1)) cos(al) (1) — %’T) cos(al) (1) + %ﬂ)
Ki(@0) = 3 |sin(al?(0) sin(a (1) ) sin(a(o) + %) |
2 2 3 @)
ali) (1) = t oY (1) dr+al)(0)
0

‘ T
Let f;d)()[ o] (1) = [ fq[ ] (1) £ dio t]( ) fé[jijo q (t)} denote the gd0 transformation of
fé b) (t) to a reference frame with angular position wyt. Then we have that:

o () = K (@00)£5).0), 3

where @y denotes the synchronous frequency, and:

cos(ayt) cos(nt — ) cos(nt +
K;(wot) = 3 sin(la)ot) sin (wot 7”) in( @yt +
2 2 2

“hqn
S~—

) : “)

._.N

In a balanced three-phase system the element fé[]( ) of f(() d>0[]( ) is equal to zero

(see [9], pp. 98-99). The gdO0 reference frames in Eqgs. 1 and 3 are referred to as the
arbitrary reference frame and the synchronous reference frame respectively [9].

Synchronous Reference Frame to Arbitrary Reference Frame Transformation

(J) 4%
Consider a three phase sinusoidal variable, f"/ abela) (0 ]( ). Let f 4[]
()

4d0[ol) (1) (t) denote its phasor representation in the synchronous reference frame
and the arbitrary reference frame of the inverter at bus j respectively, and let

(t) and

‘ fU 4dO[] )‘ denote the phasor magnitude accordingly, so that:
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() — ) - ()
?qii()[a)ot] (t) T fq[/a)ot] (t) _de{w()t] (t)7 (5)
70 ) - (j)
f q]dO[oc(j) )] (t) T fq[]a(j) )] (t) _‘]fd{a(-f)(t)] (t)a (6)

where j denotes the complex variable, i.e., j = v/—1. The phasor representations are
related through the expression:

() rd) -s(j
?qiio[a(j)(t)]( D=1 oo 1)exp(=j8 (1)), (M
with

8V (1) :== a (1) — wyr. (8)

I )0 = o (02088 (0)) = fifo (1) sin(8Y) 1)), )
T oy 0 = gl 0 sin(8Y (0) + £, (Veos(8V 1)), (10)

and

s 0= m(,)]o)cos( ())+f s @), an
' by Deos(3P@),  (12)

which can be compactly written as:

f((ifl)o[a(f)(r)] (t) - K2(6(j) (t))f;{i)O[a)ot] (t)7 (13)
; . —1
@) = (K280 0))) €0 @), (14)
with
G) (1Y cos(8U) (1)) —sin(8V) (t))
K, (8 (1)) = [sin(&f')(t)) COS(5</)([)) (15)

Figure 1 is a graphical representation of Egs. 13—14, from where it follows that:

4 O =318 0= (001 051510 ) 300380

<f(a(1 () +jft) o )) exp <j (5(1)@)—7;))

and
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() y-0)) _ (
Loty ® ~iiat ) =

! S =if5h () exp(=i89) (1))
= (g @+, 0) exo (j (390)+ ’;))

ale"” ()]

(1)
fq[a(“(t)] (t)
f ([J'() ; ('[)
> ([yt]

UINTY) . N 3

d[ept]

deD )

dle (t)]
v
d[w,t]

Fig. 1: Graphical representation.

Phase Angle Dynamics

The transformation matrix in Eq. 15 is a function of §\/)(¢). From Eq. 8, the evolu-
tion of 81/)(r) is governed by:

A8V ()  dal(r)
a7 ar ™ (18)

and since from Eq. 2 we have that /) (r) = %, it follows that:
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dd\)(r)
dt

= oY1) — ay. (19)

2.2 Graph-Theoretic Notions

The topology of an electrical network can be described by a connected undirected
graph, ¢ = (¥,&), with ¥ denoting the set of buses in the network, so that
¥V ={1,2,...,|¥|},and & C ¥ x ¥, so that {j,k} € & if buses j and k are electri-
cally connected. For a graph ¢ with |£| directed edges and n nodes, we define the
incidence matrix to be a |£'| X n matrix

M= [m,:,'] .
where

[mij] =1 if edge j is directed into node i,
[mij] =—1 if edge j is directed away from node i,

[m;j] =0 if edge j is not incident on node i.

Let S:={|¥|+1,...,|¥|+|&]|} and define a one-to-one map, p : & — S such
that every e € S is arbitrarily assigned to exactly one edge {j,k} € &, so that
p ({ j ,k}) = e. Consequently, we can represent the resistance, inductance and cur-
rent across a line extending from bus j to bus k as: R(¢), L(®) and 1(¢) (¢) respectively.

Without loss of generality, we assume that a net load is connected to each bus of
an electrical network (if no load is connected, the net load connected is zero). Let
v () C ¥ denote the set of buses connected to an inverter-interfaced source, and let
3 (A) C ¥ denote the set of buses not connected to an inverter-interfaced source,
so that () Uy (Y) =9 and ¥ Ny (Y) =0, with ¥ 7) = {1,2,..., |77},
and ¥ ) = {7 )| +1,|7 )| +2,...,|7]}. For a network with n nodes, let
S = {|V|+|E|+1,...,| | +|&| + ¥ )|}, and define a one-to-one map, p' :
v 58, p v ) — () such that:

o forbus j € ¥7), p/(j) = ¢ where ¢ €S is arbitrarily assigned to exactly one
node j € ¥ () and
e forbus j € ¥ "), p/ (j) = ¢ where e’ = j.
Consequently, we can represent the resistance, inductance and current injection of
the net load at bus j as: R(e’), L) and 1(¢) (t) respectively, where ¢’ € S’ if j € v (7)
and e’ = jif je ¥,

2.3 A Primer on Singular Perturbation Analysis

For the development of reduced-order model i, we consider the high-order model
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(t):fl( (l),Z,’(l‘),W,‘(l‘),Sj), (20)
&iti(1) = gi (xi(t),2i(1), wilt), &) , @
0=~ (X,([),Zi(l),wi(l),&'i). 22)

Standard Form. When we set & = 0, the state space dimension of the high-order
model reduces because Eq. 21 degenerates into an algebraic or transcendental equa-
tion, and it follows that:

0 = g; (Xi(1),Z(t),W;(1),0), (23)
0 = h; (Xi(2),Z;(1),W;(1),0), (24)

where the bar (7) notation is used to indicate that the variables belong to a system
with & = 0.

The high-order model is in standard form if and only if, in a domain of interest,
Egs. 23-24 have r > 1 isolated real roots for Z;(r) and W;(r). Let Z;(¢) = (x:(1))
and W;(t) = V; (X;(r)) be isolated roots of Eqs. 23-24, it follows that:

%i(1) = f; (%i(t), Zi(), Wi(1),0)
— /i (%(0). & (%)) % (%)) ,0) 25)

Time-Scale Separation. Let 7; = -. We perform a two-time-scale asymptotic ex-
pansion of x;, z; and w;, having some terms defined in a #-scale and others in a
T;-scale.

General asymptotic expansion procedures use two power series in & to represent
x;, z; and w;, individually. The coefficients of the first series are functions of ¢, and
those of the second are functions of 7; (see [8], pp. 11-12).

Truncating the asymptotic expansions to only the first terms, it follows that:

x;(t) = X;(t) + % (7)), (26)
zi(t) =~ Zi(t) + Z(7), (27)
wi(t) = Wi(t) +Wi(T), (28)

where the bar (7) and tilde () notations are used to describe the ¢-scale and 7;-
scale variables respectively. Substituting the truncated expansions into the high-
order model, we obtain:

);(i(l) + é%}? = ﬁ ()_(,'(l) +ii(fi),2i(t) + ii(Ti),\TV,'(l) +\7V,'(T,')78,') , (29)
8,‘i,‘(l> + didlii_fl) =g ()_(i(t) —l—i[(fi),ii(l‘) +25<T,'),V_V,'(I) + Wi(T[>785) s (30)

0=~n ()_(,'(l‘) —l—f(,'(T,'),i,'(t) —l—i,’(T,’),V_V,'(l‘) + W,’(T,‘),E,') . 31
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Assumption 2.1 X;(0) =0, and X;(t) satisfies Eq. 25

Given the above assumptions and setting & = 0, it follows that X;(7;) = 0, and

Xi(t) = fi (%i(0), (1) + 7 (), Wi(1) + Wi(7:),0) , (32)
) — g1 (5100 20) + 315, %(0) + W(5).0). (3)
0 = 7; (X:(0),%;(0) +Z(7), Wi (0) + Wi(7;),0) , (34)

%(0)=xi(0), Z(t)=G (%)), Wi(t)=Vi(%i(r)) and %(0)=2(0)~%(0).

For the standard high-order model, a distinct solution W;(7;) = V; (Zi(ri)) exists for
Eq. 34, and the model can be simplified to:

(1) = fi (%i(0),2:(0) + (1), %) + ¥, (5(5)) ,0) o
di;(r?) — g (%(0),2(0) +7(%), %i(0) + ¥, ((%,),0) ). G0

The expressions in Eqgs. 35-36 represent an approximate time-scale separation of the
high-order model dynamics to fast-time-scale, 7;, and slow-time-scale, ¢, dynamics.

Sufficient Conditions for Model-Order Reduction. Tikhonov’s theorem provides
sufficient conditions for which the approximate time-scale separation above is valid
for model-order reduction (see [8], pp. 10-11).

Assumption 2.2 The equilibrium 7;(t;) = 0 of Eq. 36 is asymptotically stable in
%;(0), and 7;(0) belongs to its domain of attraction.

Assumption 2.3 The cigenvalues of % evaluated, for & = 0, along X,(t), Z;(t),
have real parts smaller than a fixed negative number.

Tikhonov’s theorem states that if the high-order model is in standard form, and
Assumptions 2.2 and 2.3 are satisfied, then, with error O(§;), the high-order model
can be approximately described by a slow model,

%:(0) = £i (%0, (%) ¥ (%) + % (0),0) G7)
and a fast model,

di,’(f{) .
dar;

where
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so that
x(1)=%(1)+0(e)  and  z(1) =%(%) + G (%)) +O(&).

The high-order model may be reduced to the form in Eq. 37, which is indepen-
dent of Z;(7;). In subsequent chapters, Eq. 37 is called Reduced-Order Model i.

Time Resolution of Reduced-Order Model i. Given Assumptions 2.2-2.3, it fol-
lows that the eigenvalues associated with the fast dynamics in the high-order model
have strictly negative real parts. Choosing a small parameter & such that —8% is
greater than the real part of eigenvalues associated with the fast dynamics, then
the fast model in Eq. 38 reaches equilibrium Z;(7;) = 0 in 5¢; seconds, after it is
perturbed from an equilibrium state. As a result, the time resolution for reduced-

order model i is approximately 5€; seconds.

3 Microgrid High-Order Model (4tHO)

In this section, basic circuit laws are used in conjunction with notions introduced
in Section 2 to develop a High-Order model for a grid-forming-inverter-based AC
microgrid operating in islanded mode. First, a model is developed for the three-
phase grid-forming-inverter which includes a three-phase inverter model, a LCL fil-
ter model and a voltage magnitude controller model. Next, a model for the three-
phase electrical network is developed, and afterward a three-phase load model is in-
troduced. Finally, the three-phase grid-forming-inverter model, the network model
and the load model are combined to form the gHOm.

3.1 Inverter Model

A 3-phase inverter coupled with a battery, an LCL filter and a voltage magnitude
controller is adopted in this work (see Fig. 2 for a diagram). An averaged model, as
opposed to a switched model, is used to describe the 3-phase inverter dynamics (see
[15], pp. 27-38, for more details).

Inverter Averaged Model

For an inverter connected to bus j of a microgrid, let VL()]C), uldd (1), e (1), &) (r)
and v{/) (t) denote the dc voltage at the inverter input, the Pulse Width Modulation
(PWM) output voltage of the inverter, the internal voltage of the inverter, the LCL
capacitor voltage and the voltage at bus j of the network respectively. Additionally,
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BATTERY THREE-PHASE INVERTER LCL FILTER
O [OEETORNE) ()
& u;"(?%] *\J} ija(-f(t) 10 e () TR0 I?T(t) 0)
2 WOt fb'it) rq“’ Nw el () 1 'hL(t) vg”(t)/J
o i = T *
’ o (¢ () M e () 10 i i) Vi')(tk
v ¢

% {F {’] fom I:o(n I:D(J)
0 10 10

ez == C(J)T

l Outer Voltage-Control-Loop |
=+

Inner Current-Control-Loop

Fig. 2: 3-phase voltage-sourced inverter at bus j.

11

etwork

let £()(r) and i"/) (r) denote the inverter output current and the filtered inverter out-
put current respectively. Then the dynamics of the LCL filter, shown in Fig. 3, can

be described by:
LCL FILTER
()t (O TORNG) ' j
~ r | (O]
s R . U =
) t r(J') 14 @) | i r(i)
Ué”(t). §tz;(>) > eb (t) A AAA—]
_ D (t MOBTS ey 1) ¢
u® () &V [ A, c ()f\,lyﬂ_w
£ £ (i) £
rO(J rol rOJ)
SURTERIGRE(
L

Fig. 3: LCL Filter at bus j.

e “
()
diy)’ (t .
DA 0D 1) 1) (1)~ ),
(j) _
B 00 ) o)),

v ()
Vg (1)
v (1)

(39)
(40)

(41)
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5(J)
adég’ (t (j j
) edt( ) _ —i )+ V1), “42)
5(J)
sdey(t i j
) elzit( ) _ _i(J)(t)+§Z§J)(t)7 (43)
5(J)
N dég (j j
CmeT(f) = D0+ D), )
L ag) , N .
léj)w _ —e((zj)(t) . rméa(j)(t) +M¢(zj)(l), 45)
1 = oD 1) 1D e )+l ), (46
L ag) _ N .
9O ) DD 0+l ), “7)
)= (-0 + &) ) + ), (48)
e () = (=) )+ ) 1) + & @), “9)
)= (<) + 90 i)+ 1), (50)
where léj ), 1) and ¢) denote the inductances and capacitance of the LCL filter
respectively, and r(()j >, f"éj ) and /) denote the inverter and filter resistances.

In a balanced three-phase system, the 0 axis component of the gd0 transforma-
tion is equal to zero (see [9], pp. 98-99). To reduce the dimension of the model in
Eqgs. 39-47 and describe the controller dynamics (to be presented later) as a DC
command tracking task instead of a sinusoidal command tracking task, the model
in Egs. 3947 is transformed to a two-phase model using the gd0 transformation
presented in Section 2.1.

Then, by using the expression in Eq. 1, the LCL filter dynamics for the inverter
at bus j, in its arbitrary reference frame, is given by:

(,)d’;[awtn(t) () ) (170 :0)
! g ggatn o) = O O o 0y (0 F €0 ()
()
Ve G
(/)
dit’ (1)
() _dlaD 01N () g _ ;)
B = @ O 000 O = 70000 () F gty ()
()
— vdj[a<j) ) (1), (52)

(1) , 4 .
G)__aleVD 01N () D a0 5 ()
(DAL ) (=D D @), o)
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(,)défi{lz(f>(t)](t) D) (e ) ()
¢ g e T @O 0 O F Signgy (1) G
delD ) (0
() PN () (D gl) () (1) £ )
W T i D T Syt @) @ kTS g0y (1)
0
4ty ) 43
dé(” )
dloV ) (D 0 (7))
W g = i@+ T Ok TS 0000 () =76 Sy ) *)
0
+u dj[a(j)(t)](t)7 (56)
5 _(_ 0 ) 40
1ot ) (1) = (_’q[a<f><z>] 1)+ & a0 (’)) o+ 6D
0 _(_ 0 ) 40
€ g1atn (") = <_’dj[a<ﬂ 01O+ Eatatng (t)) o i@ G8)

Henceforth, the dynamics of the filtered inverter output current, the LCL capacitor
voltage and the internal voltage of the inverter at bus j, as given in Egs. 51-54
and Eqgs. 57-58, are expressed in the synchronous reference frame, using Eq. 14, as
follows:

o didma ) (G):0) () )
1) = = = iy (1) = @01 iy (1) F €0y () = Vyla (1), (59)

w [dt =yl i;{;ot} (1) —r (j)’}(zﬁooz]( )+e! [2004( )—Vfﬁ,o,] (), (60)
50)
Ldeé (1) .
[@o1] )] A7)
C(J)qT - lqj[wot]( )~ ance d[cont]( )+‘§q[wo,]( )s (61)
)
2 410 (1) :
d
(1)$:"([) () ancDefl () +E il (), (62)
) (1) = (=it 0+ & 0) 767 600 1), ©3)
eizj[)wof] (1) = (45/[2%[] (1) + 5;{2,0,] (t)) i)+ eﬁ,[zoot] (t). (64)

Inverter Voltage Magnitude Controller

For voltage magnitude control, we adopt an outer voltage-control-loop and inner
current-control-loop structure (see, e.g., [6]). Let (i)(J) ( ) and y[ii) ]( ) de-
note the state variables for the voltage and current Proport1onal Integral (PI) con-

() ()

trollers respectively, let e e () (t)y=e rala ) (0]

() denote the voltage magnltude

controller reference, which implies that ei )[a( J (l>]( ) =0, and let 5 il ( ( ) =
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()
rq[a(j)
following variables:

0] (r)— jérg[)a( )] (t) denote the current controller reference. We define the

50) ) ) 0 )

rato ) ) = it ) () F (’qwﬂ(m ()= Eavri )) o, (69)
) _ () (0 ()

i) (1) = (’J[am 01~ Eatatn )) i (66)

The controller dynamics can be described by:

()
49 1))

i i)™ a0 ) (67
()
A9 i@ :
dleW 0] _ () 50
gt ) Eatnn @ (68)
()
ay e .
a1 () e
i Sula) T S )@ (69)
()
i ® :
dleD O] 2 () _ g0
g ortat o))~ Calati o)) (70)
Feedback Linearization To implement the adopted control structure, feedback lin-
earization is employed [3, 15]. Let KI(,{; and Kf(,jy) denote the proportional controller
gains for the voltage and current controllers respectively, and let K1($> and KI(){) denote

P : () @)
the corresponding integral controller gains. Let érq[a( )] () and ér Jlo) (’)2 ()t) denote
J
ralo iy ®)
0 (Z)](t) denote the g-axis and d-axis voltage-control-loop outputs respec-

the g-axis and d-axis current-control-loop outputs respectively, and let u
()
rd|a
tively. Using identical controllers on the g-axis and d-axis, and employing feedback
linearization, the controller outputs are given by:

and u

) _ ) (40 50) (/) 4
i) (1) = X5 (erfz[wﬂ(z)] () = atni )) 555 Byt ) ()

2 (1 () (£)c o)
+v<f>(’q[a<f><t>]<’>+“’ e e ) 70
DC

0 _ ) (a0 ) () ()
it ) 1) = o <e,j,[a<,-> 01O~ Lot )) K13 Pyt )

2 () ) (1)) 50
7 (’d{a<-/’><r>1 (1) = @) e oy 1) ) 72)
DC

()
() VYo [ (<0 () () o)
gt ) = 73 (KPJY (éwf[wﬂ(zn(”_5q[ja<f><r)](t )>+K’; ”qfa<f><r)](t>>
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+oDORe ) O+ 0 (73)

()
Voc | o) [ ) (40 50) () 4 (J)
= | %y <KPJ¢ gt a0y ) K18 800 iy @

q[a ) Kly (t )> + ol )Ké‘yc(ﬁé%(n(x)} (1)
) )
+ KPy (t) ( ) ( ) gd{a(/‘)m] (t) +eqj[a(j)(t)] (t)7 (74)
()
() _Vee [ (£0) () (D))
Ut ) = 3 <"PV (‘grd[omm (1) = Ciiati ) (t)) Ty Yd[am(,)](t))
) () £ G) )
— oV ()l &) e @ (75)

()
Voc | o) [ ) (50 5() () 4 ()
= | <KPJ¢ a0 ~ a0 ©) ) + 556 8yt ) @)

) 5 m) ~ 000

() () ) (1)) g () ()

+ KPJY ldj[a(j)(t)] (1)~ w(J)(t)loj éq[ja(f)(z)] () +edjoc oy ) (76)
) .e)
rato0) 1) = Hrati o
neously by the inverter PWM mechanism, so that u((;[()x( Ao (t)=u

(0 0
gt 0] ) = Hrafath ) (-

Assumption 3.1 The voltage u( (t) is synthesized instanta-

()
el iy ®) and

Normalized Inverter Model

For ease of analysis in subsequent developments, we normalize the inverter model
using the base variables VD(JQ), S() and @y, where Vg]Q) denotes the rated peak line to
neutral voltage of the inverter at bus j, S¢/) denotes the rated three-phase voltam-

peres of the inverter at bus j, and @y denotes the nommal or synchronous frequency.

. (/) 7U)
We define the base variables 11(35 : ZS(I.) , Zz% = D,‘)?, LE))Q = ﬂ C( J) . l(/) ,
3VDQ DQ a)OZDQ

(J) (J)
%9 i . i .
CDL()é = CI‘))()Q and F ). % for current, resistance, inductance, capacitance, volt-

age controller state Varlable, and current controller state variable of the inverter at
bus j respectively. Henceforth, capitalized notation is used to indicate normalized
quantities.

Substituting Eqs. 71, 72, 74 and 76 into Eqs. 55-64 and normalizing the resulting
system of equations, it follows that the LCL filter dynamics can be described by:
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()
L) dlq[wol](t) . o ‘ .
L _ () () R a0rC)) (/) RTLV;
o ar B e = ey (O F Eglany () = Viiay (), 7
()
L) dld[wot](t) o . .
L 6T _ p() ) (J) R740))
N i () = B L (1) + Eiay (1) = Vi (1), (78)
~0)
c) qu[woz]([) 0) N .
e _ . _ il =)
o0 ar = Ll ) T C ey (0 F E (), 79)
S al)
c) dEd[wol](t) ) N A
cr _ ) pU) =)
o ar Ll 1) O B (1) F E (), (80)
=) () ) )
Ly Z o)™ _ _YocKey Ko piy
dr 7 qlali (1) 2 glo) (1)
(J) - (7)
0O 0 g0 oy oK L
Py dlad) (1)] 2 qlal)()
() ) ) U) ) )
oKy Ko piy gy Yocker R g
2 rglot) (1) 2 4l (1)
() )
gy R ) 20 g &1)
0 2 gla )\
=20) ) ) )
Ly Eaai) ) _ ) (1) Ko Ree piy
@ dr Py alald) (1) 2 dla) (1)
() V<j) () '
() OV() () pl) ockiy )
Pr L)+ =5 Liiati
() ) ) ) i) )
Vo Key Kpy () ) vocker i g
2 rd[ald) (1)] 2 dlold) (1)]
() )
vk
(J) DCPy | =())
(RO 2 )“d[awn(”’ (82)
Wy () =) 5() ., p())
Egt 0 = (<o 0+ Zfog (0) B + £y 0, (83)
W oy (g0 =) 5) . pl)
Edfwot] (t) - (_Idfmot] (t) + “dfa)ot] (t)) Roj + Ed][wot] (t)? (84)
and the controller dynamics can be described by:
()
do’ (1) , _
N A0 N0 50)
o a - Laeom O Egan ) (85)
()
doY’ (1) , _
I T e Al £0)
o a - Laae DT Ean - (80
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() .
are’.. . (t) ‘ Lo 0} .
1 P 2 e pl) 20V(1) () p i)
o dr Ve o)) T it ) )+ o = O E g )
=) () ) () p0)
= 210 0) O T Ky Pyain )+ Ko E iy () D
() .
ar
1Mo 2 -2V 50 o gDp0) g
(O)) dt Ve d[aD (1)) oyVpc qla) (1)) PO " aali) (1)
=) () ) ) p0)
I0) ®) Ko d)d[oc(i) (1)) (¢) +Kp Erd[a(.f)(z)] (1), (88)
where
) () () )
e A B kY =28, kY = K19 ZD0
S ] _ : .
A g

Voltage and Frequency Droop

Let Dg) and Dg) respectively denote voltage and frequency droop coefficients. Fol-

lowing [4], we assume that the reference voltage Er(; [)a( M) (t) and the frequency

set-point /) (¢) for each inverter are obtained from the following droop laws:

() _e L (o0 p)
Eran) = E" 0 (@ -070), (89)
E
. 1 ‘ .
(1) — () _ pl)
o) =+ (P9 =PPr)). (90)

with the dynamics of the filtered reactive power, Qj,j) (t), and real power, P}j ) (1),
described by:

1 dof () ) G gl G g0
o a Y () + E g 1000 () — Egiagg Olgiag (1), OD
)
1 dP (1) () G gld) RN
20 a0 FE ey Ol O+ Egjay Ol (1) O2)

where, for the inverter at bus j, Eéj ) is the voltage droop law constant, wﬁj ) is the

filter cut-off frequency, and Pr(j ) and ng ) are real and reactive power generation
set-points respectively.
Substituting Eq. 90 into Eq. 19, the time evolution of /) (r) can be described by:

GHAsY®) Gy i)
p <2 = B ), 93)
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3.2 Network Model

Assumption 3.2 All lines connecting the network buses are less than 50 miles long.

Given Assumption 3.2, [2] shows that the short transmission line model is a good
approximation to describe the terminal behavior of the network. Using the per-unit

normalization (see [2], pp. 157-163), let Vq([{l))o q (r)— de([JZ)Ot] (t) denote the normal-
ized voltage at bus j, and let R(), L(¢) and I;fc)uot] (t) — jIﬁM (t) denote the nor-

malized resistance, normalized inductance and normalized current across line (j, k),
respectively, where p ({ j,k}) = e as introduced in Section 2.2,

() 0 () () iy
Vq[]am] (1) _JVd[]th] (1) = (Vq[’a(j)m (1) —]Vd[’a(j) o] (t)) exp(j&V) (1))
_ () () : j T
= <Vd[]a(f')(z)] (1) +qu[]a<f>(z)] (t)) exp (J (5(/)(t) — 2)) ,

(94)

(e) -r(e) _ {40 -r(e) - o (f
Lo (1) =i g1y (1) = (Iq[a(j) o1 =340y )) exp(8)(1))

_ (e) - (e) . ; T
= (Id[a(j)(t)] (1) —i—JIq[a(j)(t)] (t)) exp <J (5(/)(;) _ 2)) _
95)
The short transmission line model is depicted in Fig. 4.
R . . L
A A A Ié[()gnr] (t): JILE[Z%:] (t)Nm_—o
Vo () = Vi (1) Vi @ = Vo

Fig. 4: Short transmission line model (bus j to bus k).

From Fig. 4, the voltage across a line connecting bus j and bus k of the network
can be described by:

(e)
- (© dI') (1)
( _ylk _ L7 Pl e (o) (e) 7le)
Vq[w()t}(t) Vf][wot](t)i y dt +R Iq[a)ot](t)+L Id[wo[](t)v (96)
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(e)
e) dI
B L) d[wyt] (t) +R(E)I(g) ) (t) 7L(e)1(e)

wy dt dlay aleo] (®)- D

Generalized Network Model

Using the concepts presented in Section 2.2, we provide the following definitions
for the network with n buses.

(1) (1)
- Vq[wot] () o Vd[woz] ()
Ve (1) = ( ); , Vo] () = ( ); . (98)
Valawn ) Vo (1)
Fore= |7+ 1:
[ 1) ()
ey g
: Lo () , 1Y)
(&) . (@] (&) — d[axt]
Iq[woz](’) — q ! ’ Idw](t) = : (99)
(e+]€]-1) (et|€]-1)
_Iq[wot] (t) [d[wot] ®)
R 0 0
0 Rlet1) . 0
RO = . 7 (100)
0 0 ... ReHE-D
L) o 0
' 0 L(E'H)' 0
L= _ . (101)
0 0 .. peHs-

Let M denote the incidence matrix of the network; then the network dynamics are
described by:

) o Mo ® o (&)1()

MV (1) = @L o AR () + LT (1), (102)
&) @ e ()

MV ) (1) = —L@) AN RO () — L<(5”>quw0t] (1). (103)

dt dloxt]
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3.3 Load Model

: : : : () ()
Using the notation presented in Section 2.2, let V, ', (1) — Voo (¢) denote the

normalized voltage at bus j, and let 1 () (1) —jI (€') (¢) denote the normalized cur-

L qlwo] dlao] T :
rent injection by the net load at bus j. The load dynamics can be described by a

non-linear system of differential equations which we assume to be of the form:

i _ () () (¢) (¢)
@ =av (Vi 0.0 0,150 0,050 10), (104)
WOV ) =dy (Vi 0.Vih 0050 0,150 ), (0s)
) .
@
)

_ (J) (J) (¢) (¢)
O =ar (Vi 0.V .05 0,050 @), 06

j) (e _ () () () ()
B ) 0 = (Vo (O Vien - i O L ©) 107

where /.t(j> denotes the largest time constant of the net load at bus j, gy (~, TR -),

dy (~, S ) 41 (~, S > and d; <~, ey ) are nonlinear functions of the load state vari-

ables, p’ (j) = €, as discussed in Section 2.2, and

() /() _ () () : j T
Vq[Ja)gt] () —]Vd[’mot] (1) = (Vd[’am([ﬂ (1) +JVq[fau)([>] (t)) exp (J (5(1>(t) — 2)) ,

(108)
() A (] () (sU ”
Lm0 =Ly (1) = (1 110 (0] o) (z)) exp <J (5<z>(t) - 2)) :

(109)

Bus j

V(J) (t)_jv(j) (t)
[eot] dlept] ) e
o " | i (0 = 11§ (©)

1

Fig. 5: Load model (net load at bus j).
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3.4 WUHO Model

We consider a microgrid with n buses. Let the microgrid have m < n generator
buses, with each bus connected to an inverter-interfaced power supply. Combining
the models in Sections 3.1-3.3, we can develop a microgrid dynamical model; we
refer to this model as the microgrid High-Order model (tHO).

At each generator bus j = 1,2...,m, the dynamics of the connected inverter-
interfaced power supply are described by:
S dSW) (¢ . .
D —dt( U (110)
()
1 doy (1) () G () W )
o0 a9 OF g Ol (1) = By (O (1)
(111)
()
L P70 ) G ) G g0
0@ = O Egan O 1)+ Eifan) Ol 0
(112)
N
L0 o)) _ " -
il () 7() () 70) () ()
o ar R e ® = L L (1) + Egfay (1) = Vi (1)
(113)
()
(g @6 o .
_ 1Dy pi) ) IR0
o ar = L e ©) R L (1) E () = Ve (1)
(114)
()
d " () ‘ .
1 () A ] . . :
o q[adt(t)} :_E(ﬁht](f)cosw(])(t))"‘En(zfc)%t](’)sm(s(l)(’))
+ R () cos(89) (1) = RGIY (1) sin(89) (1))
_pl) () __ 1L o» R0
G Z a1 = Q7 () +Eg"+ 00
E E
(115)
G
do ;) (1) . .
1 dod) A . ’ . .
@% =— £\ (0)sin(89) (1) — E]) (1) cos(8Y(1))
+ R (0)sin(89) (1)) + RIY, (1) cos(8V)(2))
2U) 2 ()
—RE ey ) (116)
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_(R

() ) ) () )
VocKpy Kpo £()) : VocKiy )
= Ly () eos@V ) + 5Lk

px gl

2

VKK

Py ¢
2

Py
2Dy
[(;)fy) cl) (

+

r

D)y
+KS)CVEY)

d[axt]

+— 0
D¢’ oo

r

Kf(,j)C(/) (

DC

£l
()
@ oli) ()] t)

() (7)) (1)
VK K , N
DC : P¢ Q;J)(t) K}()Jy)c(j)E(J)

P =P (0)) B, 0)5in(89) (1)

e

dayt]

ql

(1)sin(8Y) (1)) +

() ) g ()
ocKpyKpo ()
2 0
LTI
20Y)

0 0)sin(8Y) (1))

(t)cos(8Y)(1))

)

qloot] (t) sin(5(j) (1))




A Hierarchy of Models for Inverter-Based Microgrids

() () p(J)
, VIKDRDN :
+K£>jy) (1 +D§¢> I‘gj[wo) (ycos(8Y(r))

19 50)
2 @d[am )] (1), (120)

e ® 2 o 0ai)) )
(VD +Kpo R )IQ[ﬂ)ot]

(t)cos(5(j) )
_ <VDC +K}(’¢) RY )) Izgfc)%t] (t) sm(5(1)(t)) +K£QE(§/)

(r)cos(8Y (1)) + KSJES) (1) sin(81)(1))

) p)
—KpgEy, o Edlay]

[oor]

()
) K ’ .
()0 50 Po (o) _ o)
- (KR 2 <f><r)](t)+Dg>( V-0l o)

2c) : . Ny ) .
Y (P,“) =pl) (t)) Y (0)sin(80) (1))
2€Y o) i) g
" VoeDPan (=2 0) By
2c\) . A N ) .
+ 5 (B =P ) £ (0)sin(3V (1)

DC

(1)sin(8Y)(r))

0 oS\ Al |
SR (P = PP 0)) £, (1) cos(8) (1))
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(1) )
+ Ky @ (121)
()
dar’”’ . (r) L :
1 “aai)@en)\ [ 2 () pU) ) 70 (s
w  dt E+KP¢R0 Ly (D) 5in(87(1))

2 (D pW)\ 70) ;
- (VDC +KpgRy | Lo o (t)cos(8Y) (1))

— KB (0)sin(8D(0) — K EY) | (1) cos(8) (1))
() p0)\ 20 ) )
- (1 +KpyRo ) E 1100y T Kty B0 ()
20l) .. .
~ 4 (0 cos(39) ()
2c() U)ol N7 .
_ : pY —P’)(t) £V () cos(8Y) (1))
VoD o (=27 0) B
2c) . ) :
Voo Bl (1)50(89()
2€9 ) D) B (i 80
+——(PY =PV () EY)  (t)sin(8Y) (1)),
(122)
where
: 5(/) 1)) 5(/) ()
EY) (@0 =—RO1 (1) +RY B iy D eos(3V ()
+RY) 3{5@(_,) o sin(8V) (1)) + E;Qm (1), (123)
Ejfng ) =R 0 - RPED ) (0)sin(5D (1)
5(/) () : ()
R dea(/.)( ,® cos(8Y) (1)) + Egfpy 1 0), (124)

From Section 3.2, the microgrid network dynamics are described by:

@L T =R I‘I[wol] (t) -L Id[wot] (t) + MVq[wO;] (t)a
(125)
(&)
1 dly (1) : : ,
Ly deo]V p(&)(©) (€)(&) )
(DoL dt =R Id[“’of] (e +L Iq[wot] (1) +MVd[wot] OF

(126)

From Section 3.3, the load dynamics are described by:
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/) _ ( ()
BV (0) = 00 (Voo 00V g (- ’d[wot]t)’ (127)
( _ () ()
u? Vj —dV(Vq[]woz d[wol](t)’I‘Z[wof] ’d[amt ), a2
() ()
B0 1) = 01 (Vi Vi O Fon ©) ’d[wot] ) (129)
U>1’<6'> 0 =a; (v (5),v¥ (6),1) (130)
K atay (Ve ©0- Vo1 O Fon O P
Henceforth, Eqs. 110-130 are referred to as the microgrid High-Order
(uHOm) model.

4 Microgrid Reduced-Order Model 1 (tROm1)

In this section, the singular perturbation techniques discussed in Section 2.3 are used
to reduce the order (state-space dimension) of the tHOm to obtain uROm].

Assumption 4.1 For &, = 1 x 107, the dynamic properties of the WHOm are such
that for:

xi(1) = [80() 0 (1) PV 0) 1) 1 (0) 1r (1) VLD (0)
j )

(&) j& ( ()
Id[wot] (t) [UJO ] (t) Id[a)ot] (t) ¢q[a(-f)(t)] (t) CDd[oc(-/)(t)] (t):| 9
() () () () 50) 50) ’
Zl(t) = |:F [fx(])( )}( ) 1—;1[06(1 ]( ) = fa ]( ) dfa(f)(t)] (t) E‘I{“’Ot} (t) Edj[wot] (t>] ’

and wi(t) = [ glanr] (1) d[wot]( )} the dynamics of z,(t) are at least 81—1 times
Saster than those of X (t), and the WHOm can be expressed compactly as follows:

X1 (1) = fi (x1(2),21 (1), w1 (1), &1) , (131)
E]Z](t) ( (t),Z](t),W](t),gl), (132)
0="hy (xi(t),21 (1), w1(2),€1). (133)

Assumption 4.2 Equations 131-133 are in standard form and satisfy Assump-
tions 2.1-2.3, according to the formulations in Section 2.3

Assumption 4.3 Fori=1,2,..., there exists kfj ) e (0, 10) such that:

()l 4 . ; 4
KP’,C“) — e, 2¢0 k< Ny, 2 (g 2Cmn (g,
()R () p) () ) i) )
CW o R <]+KP¢R0 ) 0) cu >1<¢R <1+K Ry )
z = ks €1, 5 :k £,

~7 5
c</'>2<1+1<,<,{4}1é(()-’)) +<K§,{g> cl <1+K(’ ) ( )
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2
T (1 K(i),@(.f)) ;
UK Ry _ ) ¢ <+ Po0 _ ) 2Ry
D2 (1 k060 o (D) D2 (100 o (D) O vilk()
i (1+kp)RY ) +(K) i (1+k)RY ) +( k) Y
ké]>€1.

Given Assumption 4.2, the tHOm can be approximately described by a slow
model,

xi(1) = fi (il(t)vQ (Xi(1)), "1 (%1(2)) + W (0)70) ; (134)

and a fast model,

di;(fl) — g (il(O),él (%1(0)) +21 (1), W1 (%1(0)) + 1 (71 (7)) ,0) . (135)

where

)_(1(0) :Xl(O) and Z](O) :Zl(O) 7&:1 ()_(1(0))
so that:

xi(t)=%(1)+0(e1) and  z(0) =% (m)+& (RKi(r)) +O(e1).

The uHOm is reduced to the expression in Eq. 134, which is independent of Z; (7} ).
This is the so-called Microgrid Reduced-Order Model 1 (WROmI ).

Next, the explicit ordinary differential equations (ODEs) that constitute tROm1
are derived. For i = 1, Eqs. 23-24 are expressed explicitly, and the isolated real roots
for z;(¢) and w;(¢) are given by:

() () ) pi)
: 2K, VKSR .
() —_ Pk pePoT0 ) 40) 0)
Liiatnon®) VKD = oy (1) 003(8Y) (1))
() () ) pi)
2Ky YocKpoRo ) 1) (v sin(s)
SR (1T T2 | Lilay ()sin(8(0))
DC ™1y
Ky () ) £ 0)
Np)\ =0
* K}y (1 o fo )“q[am(t)] ®)
(/) () G) ()
Kpy Kpg . Ky Kyl
+ LB ) cos(8 (1) - L £
Kly Kly
(/) () () ()
Kby Kpo o j Kpy Kby ( (7 )
- E) 0)sin(89)(0) — 78 () — o)
7 dloy] 1
kA DYK) ( )
() ) () )
KKl 26,9l _
- pl) () D) (1) cos(8Y)(r))

; ) N G) Cdan]
KD Aol
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(1) ~(j)
2Ky .
28 O ()sin(89)(r)), (136)
V(/)K(l) qlwot]
DC ™Iy

VIS

2Ky)

v,;fgx;;>

() () () p(J)

; 2K Vi Koy R .

r( ) Py DC Py 0 () . ;
d[{x(j) (1) (t) J ] (1 2 ) qua)()f] (t) SIH( v (t))

) () )
Ky K Ky K
Y PO A()) () Py £ ())
K fang (1)$i0(82(5)) K0 o))
Y Y
() 1(J) (1) ()
Ky Kpy i 4 265, CI) o
0 Egfan (1) cos(8Y) (1)) - VKD 7 E o (1)sin(8 (1)
Iy DC ™My
re)
2Kpy €V i ()
+WE [cuot]( )COS(6 (I)), (137)
Y
() pUi) ()
. Ky R . K ;
=(J) _ P9 () () 19 ()
Faaol ") =1 kD e a1 COSOTO) TRy 7 Pato )@
() pUi) ()
KroRs™ ) : Kpg i
L+ KSR 1+ KRG
()
Ko ai :
" EU (1)cos(8V)(r))
L+ KSR
()
Ko aii :
— P B (1)sin(8Y)(r))
L+KSRY
()
K N
t ey (07 -0 ). (138)
D (1+ KRS
() pUi) )
. K5 R . K
=(J) __"Pp70 () () 19 (/)
a0\ =T K;gkén’q[am(”sm(‘s O+ R DR et e
() pUi)
KSR
L r (D) cos(8Y) (1)
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Koy 0
-2 __EY) (1)sin(8Y)(r))
L+ KSR

Kpy o ()
-2 __EY  (t)cos(8V) (1)), (139)
L+ KSR
£ oy L) L ) s ())
Eq[a)ot] (t) - wld[a)ot] (t) + c) glal) ()] (t) Sln(8 ! (t))
1 4
7 Eala ) 058V (). (140)
) R L) ()
Ed[a)ot]( ) - C(j) Iq[a)gt]( )+ C(/) uq[(X(-j)(t)] (t) 005(6 J (t))
L) )
+ 0 Zdlati (1) (t)sin(6Y (1)), (141)
() () 1) 5() £ ()) :
E fo() = =Ry 110 (1) + Ry E oo @) cos(8V) (1))
+RPED | )sin(@D(0)+ £, (1), (142)
Dy —_ pl) ) 5() (i) ,
Edj[a)gt] (1) =—Ry Idfmm] (1) =Ry Hq{am(t)] (1)sin(8Y)(1))
+RY'Z) ) Ocos(8V W) +EF, ). (143)
Next, we reduce the system of equations by substituting Eqs 136—141 into
the tHO Model given in Egs. 110-130. Then, 4RO Model-1 can be explic-
itly expressed as follows:
(489 ) _ ) 0
Dy == =r PP ), (144)
)
1 4oy (1) () G ) RN
20 a9 O By (Ol (1) = B (Dl (1)
(145)
1 ap () () G () G /)
20 a0 F By Ol + gy (Dlgjay (1):
(146)
HOVD 0 = av (Vi OV 10,150 0,150 1(0)), (147)
HOV 0 = dy (Vo) (0. V g (00 (0,145, 0)). (148)
Vi) oy — o () () () J)
O 0 = a1 (Vi OV O 10150, ), (149)
Vi) oy — () ) ) @)
nOIE) (1) = dy (Vq[jwot] ORA TGN SANOR (;)) . (150)
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(&)
d1
Lo Zionl o) 0L, 0+Mv2, 0
(151)
(®)
d1
%U ) dlg(;l]() ——R(p)lﬁzfﬁ)ot]( )+ L >I§[a))ot]( )+MV§[a30t]()
(152)
()
L) dr! @ _ : '
alox] D) gy — L) () G)
o dt RT o 0 = L iy () + By () = Vi 0)
(153)
()
LO) dlyi, (1) N j
LY () 70) () g\) () ()
o dar - E e 1) T R i () By () = Vi (1),
(154)
() () )
1@ Kig Kro o) ()
@ dt cli)? (1+K}>Qégj))2+<1(;,{3)2 qlaV)(¢)]
) )
N CYKpy o) (t)
2 () A() 2 () 2 d[a(!)(t)]
cl) (1+KP’¢R0]> +<KP’¢)
K54 (02058 0) ~ Lo, ()53 1))
¢ (1+KP¢ ) ( )
c0? <1+K(J) (())) £U)
+
()
(A (B
()2 DR (o) _ o)
N cl (1+KP¢ O) (Qr -07 (t)) 5
5 2’
pYc()? (1+KP¢) (()’)) +pY (K (
() () ()
19800 ® Kio Kpy ol ()
o di () p) ()2 0]
ct? (1+ KR ’) +(x8)
)
N C(J)Km o) (t)
DD\ 4 (g2 eV )]
co® (1+kHRY) + (k89)
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KJ) (1{5{” ,(O)sin(8D (@) +1{f) (@ )cos(ﬁ“)(t)))

2 AN 2
W) ()
COKS (Eo”) + s (0¥ - o) (;)))

_ cih? (lJrK,(a{Z;(()j))er <K}(,{¢))2 ,  (156)

c(? (1+K},¢)

©)
L : "
cu)? (1+K§,{;R§)’)) +( },Q) e

WY N2
c()? (1 +K§,{3Ré’)) + (Kf)@
e e <q><f> (D) c0s(89) (1) + ‘P,gfam oy 0)sin(8Y) (t)))
2

ES'COKRS) (1+ KRS ) sin(8) (1))
2 AN 2
ci? (1+K,§,{3R< )) + K(Q)

CU)K;{J <1+K1(3{¢)k(1))< <j>7Q;j>(t))sm(6(j>(t))
DY’ (1+KHRY
AN 2 .

(KS)) cos(89) (1) (E )

5+ (of
c0)? (1+K§,¢>R( >)2+ (K,EQ)Z

cOKY (d,m
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KKy <¢<{) ey ) sin(89) (1)) = cp;{gcm oy (D) cos(89) (r)))
Cl? (1+K§Q1§§)f))2+ (K;{;)z
ES'COKRS) (1+K)R) cos(80 (1))
c? (1+K,E¢>R( >)2+(K1(,$)
) (14 kR5") (0 = 0 (1) cos(8()

pYc (J>2<1+K() E))) +DY (KI(,Q)Z
(K,S{';)zsin(a(n( ( ) f( oY )) "
e i) + ()

\. J

Assumption 4.4 The effect of a disturbance (load change, loss of line, loss of gen-
erator, etc.) on the system state is such that Assumptions 2.1-2.3 are satisfied, ac-
cording to the formulations in Section 2.3

Assumptions 4.1 and 4.4 are sufficient conditions for which tR0 Model-1 approxi-
mates the yHOm.

5 Microgrid Reduced-Order Model 2 (1 ROm2)

In this section, we further reduce the order (state-space dimension) of the yHOm to
obtain yROm?2.

Assumption 5.1 For & = 1 x 1073, the dynamic properties of the uHOm are such
that for:

n(1) = [Iéfazot] (1) 1)

() ) () ' |

a1 ® Patatr ) Liatr i) ® Liiatr ) Zgiay o) 1)
2 ) £ U) r

B ©) Effo O]

(t) = |8U) @) gy pW) ! d )= |EY. () EY) (1)], the dy-
namics of 7,(t) are at least é times faster than those of X3 (t), and the WHOm can
be expressed compactly as follows:

Xz(t) b (Xg(t),Zz(l‘),Wz(l),Ez), (159)
e (1) = g2 (x2 (1), 22(1), W2 (1), &) , (160)
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021’12 (Xz(t),lz(l‘),Wz(l),Sz). (161)

Assumption 5.2 Equations 159-161 are in standard form and satisfy Assumptions
2.1-2.3, according to the formulations in Section 2.3

Assumption 5.3 Fori=1,2,..., there exists K9 & € (0,10) such that:

1

() i) . . . .
Kp)C () 2 2cV)
2 (3 £
P(Y.) :k<1j)£2; C( . =k§”82, ‘(;)0 1 gj)gz’ V(Do 1 —k( )82,
Dy ay VpeDey @ bc bc
CORS)R <>(1+K<¢) ()) 0 CORR ”(1+K<¢>R“> 0
_ o =k"e, - o =k e,
cli <1+K},{4}1é(({)> +<K1(,Q> ct) (1+K§f¢)1é§)f>> +(1<§,’¢))
Soa\ 2
g R , c <1+K§,”1égf)> :
P90 — W ¢ — 1 We
(/) 40 oy () g 0y v
ct) <1+K Ry > (KP cli)? <1+K ) <KP'¢)

0
; D\ (x0) ) g0
Cm(“’("' fo ) *(KP"?) o, < <”K"¢R ) G, v
:kg & ) ) E— klO &,

RV e KP;
_ , , () ) ) . () .
(J) Ky Kph R 2R
CT = kgjz)eb % = k§é>£27 = ff; = kgi)Sz, (j)o 0 = k§j5)827
K,¢ K,¢ Ky VocKry
cky >(1+K<”R( )> , ) 4
Pt ) g UKy OR
2D\ () 165 2( 1 k) gl A
cl) <1+KP’ R0’> +<KP;,> c <1+KJ ’) +(KP’¢>
ki 0... 0
, . 0k ... 0 , »
pl) =kler, AL =g C L | =eK® andc) < 1,RY) <1
00 ... kg

Given Assumption 5.2, the tHOm can be approximately described by a slow
model,

X(t) = f2 (iz(f)vgz (2(1)) , V2 (R2(2)) + V2 (0) ’0) ; (162)

and a fast model,

di;i;’z) =g <i2(0), & (iz(O)) +7 (), " (;‘;2(0)) + 9 (22(12)) 70) ., (163)

where
X (O) =Xp (0) and iz(O) =17 (0) -6 ()_(2 (O))
so that:

X) (l‘) = )_(z(t) + 0(82) and Zz(O) = iz(l’z) +& ()_Kz(t)) + 0(82).
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The tHOm is reduced to the expression in Eq. 162, which is independent of 7, (7).
This is the so-called Microgrid Reduced-Order Model 2 (LROm2).

Next, the explicit ODEs that constitute tROm?2 are derived. For i = 2, Egs. 23—
24 are expressed explicitly, and the isolated real roots for Z;(¢) and w;(z) are given
by the following system of equations:

0=qv (V([Jazoz] ®), V([jgb’] (1) L) (0): d[won ). (164)

= dv (Vo (0:Vilo (t)vléf;m L)), (165)

0=q; (V(w] Vi o.18) ,Ifwot ) (166)

0=d (Vq[mol] Vst O 10 10 (167)

qs;{;( NOE (168)

Pt ) =0 (169)
2
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o ()" (0@ 0 1 00530 0)
2

)
“dla)(1)] ] SN2 N2
cO? (1+ kGRS ) + (K1)
. A\ 2 . . .
¢t (k) (Eén +$( @_Q;n(t)))
- ; (173)
2 AN 2 2
O (1+KRS) + (k1))
(R o (£ + s (0 -0 )
o 1) = 2 () p(i) : ()2 ’ 7
cO? (1+ kGRS ) + (K3
| (k8)) sin(8 (1) (Eé">+D},->(Q/>—Q<f’>(r)))
EY (1) =— L . (75)
dle’] CO? (14 kDRI 4 (kD))
(1+ KBRS )+ (KR
() — RU) () — _ =LV
for GV = —o7 - Gr and BY = om0
)y — D pW) ) () )y U) )
o 1= GV E 0+ BV B0~ GOV 0) =BV ). a76)
Dy — D pl) ) ) Ny ) )
L (1) = GVE (6) =BYES (1) =GV (6)+BYV ) (), (177)
and the network current injections are described by:
() ) (&) (v v(?)
I () =g () = Y (Vi (0= Vi) (178)
where
) () — T
Iq[wgt](t) =M Iq[woﬂ(t), 179)
Y& = MT (G(#) +jB<@”))M, (180)
with

where the inverted matrices are invertible diagonal matrices. Y(©) represents the bus
admittance matrix of the network (see, e.g., [2]), and has the structure:
for diagonal terms : Y () = g1 4 jB(i*i)
= (sum of admittances connected to bus i),
and for i # j: Y1) = GJ) 4 jB(i))
= — (sum of admittances connected between bus i and j).
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Assumption 5.4 For & = 0, the load behavior is fully captured by the so called
ZIP model (see e.g. [13]) so that Eqs. 164—167 can be combined to give:

() (') () ()
Vit O Lo O+ Vo ({50 (0 = =B = [V 0| P = [V ( 2,
(181)
) Y ) o . . . . 2 .
Vo OB (= Vi O 0 = = 08" [V @ |V i) @,
(182)
where Pé ), 1 , Qo , Q1 and Q2 denote constants for the net load at bus j.

Inverter Voltage Angle Defining the inverter voltage angle as follows

()
) —E
é(J)(t) = arctan (W]()) , (183)

()
quwol] ()

from Eqs. 174-175, it follows that:

6V (1) = 8W(r). (184)

Power Flow Formulation For the n-bus microgrid, let .4} represent the set of all
buses electrically connected to bus j, including bus j, and let B(/) € {0,1} be a
constant such that B(j) =1 if bus j is connected to an inverter-interfaced power
supply and ﬁm = 0 otherwise. Using Eqs. 176178, 181 and 182, the power flow
equations at bus j = 1,2, ...n of the network are given by:

0= pgﬂ+;7;-;>0<t>\pl<f>+W;;>O<t>fp;f>+ﬁ<ng<f>\vm(t)
quo qudo ‘( cos (0U)(1) 61 (1)) + BV sin (6(1)
~800)) ) +[¥ 00 L [Viol (641c0 (60~ 610
+BUH) sin (90‘) (1) — " (z))) , (185)
0= 0 +|[Vihw| e +|Vinw[ & —psI| V|
_[30)‘72 qudo ‘( sin (e</>(z)—é<f>(t))—B<f'>cos(9<f>(t)
~600) ) +[ Vi) k;/jﬁ,‘,’z}o(r)] (69)sin(01)~ 6 0)

‘ 2
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~504) cos (891) — 0 (t))> . (186)

Assumption 5.5 The power flow equations jacobian is invertible in the domain of
interest, so from the implicit function theorem, the power flow equations have iso-
lated roots in the domain of interest. It can be shown that this implies that the re-
duced system of algebraic equations (Eqs. 164—167) have isolated roots, from where
it follows that the WHOm is in standard form.

Next, we reduce the system of equations by substituting Eqs 168—178 into
the tHO Model given in Egs. 110-130, Then, 4RO Model-2 can be explic-
itly expressed as follows:

46 . )
Dg) dedjt (t) _ Pr(J> _P}ﬁ (l), (187)
(j)
1 dQ ) ;
L9 0l 0 - sheo[Esho] (o (00

_é(j)(,)> B<>COS<9<>() é(')()))_Qq(fj)(t)’

(188)
()
1 dP
- GV|ES e \—quo qudo ‘(G cos (
fé(j)(t))+B()sm< )) P
(189)
-1
and for B¢ = _L© ((R(@ﬁ))z_y(L(wﬁ))Z) . G©)
-1
& & & ) _ (¢) &) _
RO (ROP+LOP) ", 10,0 = MG 0, ¥ =
T (G +iB®) () = _RY___
M (G +iB )M’ © RUZ4L()?
and BU) = %, the algebraic and transcendental equations are
RU)“41.0)

given by:
R +|V Uy +\7(Qo(t)\2 U B“)G(")W%(r)\z
ﬁ<f>’7; Hﬁqdo ’( ) cos (61)(1) — 89(r)) + B sin (61)(r)
~600)) Vo] Z [V (641505 (80~ 6 1)
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+BU4)sin (99(r) - 6 (t))) : (190)
g r d 4 2 4 . X g 2
0= 0f +| V0| oV +|Vioo)| 0 - BB | V)|

qd0

—§W) (t))) + W;QO(I) ‘ kZMW;’j}o(t)‘ (G(j’k) sin (e<f'> (1) — " (;))

—gW ‘75{9()(,) ‘ ‘f(ﬁ (t)‘ (Go) sin (eu) (1) — 6V (,)) —_ BW cos (em (1)

—B04) cos (80)1) — o) (;))) , (191)
(192)

and

(Kf){;)z (ng> + D%E” (0¥ - Q?(t)))

ci)? <1 +K1(3{¢)k(()j)>2+ (K,%))z (193)

‘EEIQO(I)’ =

6 Microgrid Reduced-Order Model 3 (1 ROm3)

In this section, we further reduce the order (state-space dimension) of the tHOm to
obtain tROm3.

Assumption 6.1 For &3 =1 x 107!, the dynamic properties of the WHOm are such
that for:

#5(0) = [070) PP0) iy ©) L 1) Yy 0 Vil
Ty ) i) © Pyt Pty ® Tyl oy ©) Loy
2 ) ® Esta )@ Egfonn @) Effay )} g
x3(t) = 38U (1), and ws(t) = {E;{(LO[] (1) Ec(i{c)uoz] ([)} T, the dynamics of 23(t) are

at least gi times faster than those of x3(t), and the L{HOm can be expressed com-
pactly as follows:

X3(1) = f3 (x3(1),23(1), w3(1),€3) (194)

&323(1) = g3 (x3(1),23(1), w3(1), &) , (195)
0=1;3 (X3(t),Z3(t),W3(t),83). (196)
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Assumption 6.2 Equations 194—196 are in standard form and satisfy Assumptions
2.1-2.3, according to the formulations in Section 2.3

Assumption 6.3 Fori=1,2,..., there exists k( Dk € (0,10) such that:

(/) () . .
Kpy C () 2 2c)
o =i, 207() —kg) 3 e :kgj)%a e — e,
D¢ @ VocDg' @y bc be
c<.f>K;gRgf>(1+K;gRg>) , CORDRY) HK;{;ﬁgn) .
2 7= k§j>£37 7= kéj)g?)u
c0? (1ek iR ) + (k) cO? (k)R8 ) + (x5
2
) g U) pl) . c</’><1+1{<-’)1?“)> 4
C(J)KPJQ)ROZJ = kgj)&"; Py 20 = kéj)83
. ’ B . . )
i (1+K<J>R<f) (K,gg c</>2(1+1<,<,gﬁg> +(K,<,g)
2 2 2
C</><1+K(f)1?( >) +(K<f>) ‘ C</>2<1+K(j>1é(f)> ‘
FoT0 ) g P ) e €9 )
KK ECEREE KD KD 10 <3 DN VRl
o D) | "
. . J) ) pli . () ;
c) _ 4 0) 1 () Kpy Kpy Ro (J) 2R; ()
&3 — =k & —+t = =k & - - =k €1
12 &3> 13 <5 14 5> 15 =
(/) Kl(é) K[(}J’) VL(JJC)KI({:)
cOIKY) (1+1<<{¢>1é§) >> : CIkl) ‘
z = kié)%v = 7= kﬁ’?&
c<,->2(1+1<,<,f;1eg>) +(K,<,f;g) (/)2<1+K(” <f>) +(K,<,f;,,>)
2
() ) <'>< () Au))
. Kp K C J 1+Kpy R, .
02 (14 KkDRDY — kg 0 g
PoRo 18 <3 N N 3
1+K(] Ry P’ ) K,({,)
0
. . 0
j J 1 J 3
) = k§0)33, L= §1)£3, — = &K,

@

and CY) < 1, Ié(()j) <1

Given Assumption 6.2, the tHOm can be approximately described by a slow
model,

X3(t) = f3 <i3(f)7C3 (R3(1)) . V3 (%3(2)) + V3 (0) 70) ; (197)
and a fast model,

diz(w3) 7
d‘L'3 — & (

where

so that:
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x3(t) =%3(1)+O(e3)  and

23(0) =Z3(w) + & (%3 (1)) + O(&3).

39

The pHOm is reduced to Eq. 197, which is independent of Z3(73). Henceforth, Eq.

197 is called Microgrid Reduced-Order Model 3 (LLROm).

Next, the explicit ODEs that constitute tROm3 are derived. For i = 2, Eqgs. 23—
24 are expressed explicitly, and the isolated real roots for Z;(¢) and w;(z) are given

by the following system of equations:

0= 47 (Vo) (O0- Vil O Ffon 0 d[wof] ).
0=dy (V([j) SOV @150 (), d[wo,] (1 )
0= g1 (Vi dw”’;[wotl ’40’0’ ).
0= a1 (Vo - Vi O oo ) i ).
0V 1) = £, 1) @ ~EY (01 (),
P 0) = o Ol 0+ gl ) 0
@yt =0,
HMORIY
et ® =0
Lt (0 =0
Eéfam o= 1) () cos(8D () =117 (1)sin(8U)(z)),
E) 5O = 1y 0 sin(8D 0) + 117, (1) cos(89) (1)
el e av)
E
ED ()= (ng> o0 (0 =0 1)) | cos(8 1)),

() W, 1 0 A ot
E (1) == (Eof t oo (o -0/ <r>)) sin(81)(1)),
for GU) RV and BUY) L)

R 4L()? (N2Ll)
() ) () () () )y ()
o (1) = GVl () + BUE ) (1) = GOV (6) = BV ) (0),
() ) () ) () () ()
Idfwot] () G(])Ed][amt} ()—B (J)quwot] (1) = Gt Vd[]wot] () +B (”Vq[ont} OF

(199)
(200)
(201)
(202)
(203)
(204)
(205)
(206)
(207)
(208)

(209)

(210)

@211)

(212)

(213)
(214)
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the network current injections are described by:

(7) () _ (7) (7)
L (0 =11 () =Y (VU0 ()= V0 0), 215)

where I [w)ot]( 1), Igf/azot] (t) and Y'®) are defined in Egs. 179 and 180.

Next, given Assumptions 5.4—5.5 and the formulations derived in Eqs. 183—
186, we reduce the system of equations by substituting Eqs. 200-215, 185
and 186 into the pHO Model given in Eqs. 110-130. Then, uR0O Model-3
can be explicitly expressed as follows:

For B® -  _L©® ((R<5>)2+(L<5>)2>‘1, Go =
R(®) ((R(é"))zHLw))z)", Y = MT (G@ ﬂB(c«f)) M, GU) =

RU) and B(j) _ _r)

R 4L0)? RDZ L)%’

Dg)dé(j)(t):Pr(j)_Gm’ﬁé{l) O +[V0|| B )(Go cos (69)(1)

—60(1)) +8Dsin (69)(1)~ 69 >)), 216)

0= Pé"’+\7§90<r>\Pf”+\7<Qg<r>]21z§”+ﬁ“ Vo[
BY| Voo E S ’( 7 cos (89(r) — 61)(¢)) + BU sin (89(1)
)>+’7qdo ‘ Z ‘quo ‘( C05<9(j)(f)—9(k)(1))
+BUH) sin (90') (1) —6® (r))) : 17)
0 Qo +‘7qu ’ +‘7qu ’2ng),ﬁ(j)B(j)‘VéQO(t)lz
— B0V 0| Bl ’( Vsin (60)(1)— 89 (1)) — 80 cos (891
)> +’7M0 ‘ Z ‘quo ‘< sin (e(j)(f)*e(k)(f»

—504) cos (8/()— 0¥ (,))) ’ 218)
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o= 15 (0720 |Tibto [+ [V bto [ B0 (10 (510

~600) — B cos (60)) - 49 (z)))) ~[BYy0| + £

(219)
where Pé ), 1'. , Q0 , Q and Q2 denote constants for the net load at
bus j, BU) =1 if bus Jj is connected to an inverter-interfaced power supply

and BU) = 0 otherwise.

7 Comparison of tHOm and tROm

In this section, the time resolution for the reduced-order models is discussed, and a
comparison between the models responses is presented.

7.1 Model Time-Scale Stamp

The reduced-order models presented in Sections 4—6 are developed using singular
perturbation analysis techniques, and the model-order reduction process is summa-
rized in Fig. 6. For yROmi, Where i =1,2,3, the approximated fast dynamics are
on a L seconds time-scale, where —is mdlcatlve of the eigenvalues of the fast dy-
namlcs Given that the state Varlables associated with these fast dynamics reach an
equilibrium in 5¢&; seconds, we choose the time resolution of yROm i to be 50¢;
seconds. Correspondingly, we can identify the time-scales for which each reduced-
order model adequately approximates the tHOm.

Table 1: Model Time-Scale Stamps

small parameter|time-scale
uROm1| & =1x10"> | 500 us
uROmM2| &, =1x10"° | 50ms
UROmM3 & =0.1 5s
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7.2 Test System

The test system used to validate all the models formulated above consists of two grid
forming inverters connected to a network with an RLC load. A schematic is shown

in Fig. 7 below, and the model parameters are shown in Table 2. Let Il(;[{uo 1 (t) —
7(5)
i

ld[ayt]

' )

The load model used in tHOm and pROm1 is given by:

(1) denote the current across the load inductance.

)
CO Va1 gs)
Tl qeetir” _cOBy® _ 7 (5)
o ar O oot = C Vo) ()~ ligiany () gl ()
(220)
5
C6) AV (1) L 5)
C® Vaio\) _ 1 Ou® (O 5
o ar = m e Vi ()~ gy () + Lijay (0
21)
B
L dhiyie (1)
L T gt Y 1 (5)409) )
L OV g O, (222)
5)
L)l (1) 5)7(5) (5)
W dt =L )Ilq[abt](t)+vd[wot](t)’ (223)

The load model used in tROm2 and yROm3 is given by:
(5)
V(s) (1) = RO) 1(5) 0+ Vd[wot] (1)
qleor] 1+ ( R(S)c(S))2 qlei] LG)

2
R®) ¢ VO (1)

14 (ROCE)? | o] LO)
2
OA0) (5)
v ()= (k)¢ 19y 4 Yaiow )
Aol 1 (RO)C®)? | el LG
(5)
RO ) Viion) )
y— 0 9 - . 225
1+ (ROCE)? (dm() 78] (225)

A test case is considered where all four models have the same initial conditions, but
at t = 20[s], the load resistance changes to 0.1k, the load inductance changes to
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HHO model
L5 = £ (30,20, ().,

2,0 =g (x,®,2,0).w,).z,),

0=~h(x.(0),z,(0),w (1))

g =0
Z.(0=¢(%,()

i=1
|a=1x 107
X (1) = £,(%(),¢, ). w,().0),
0= k(% (1), & (%)), W,().0)

MRO model-1
Valid for time resolution of 500 us

i=2
g, =1x10"

%, () = £,(%0).£,(%,(0).w,(1),0),
0= (%, (1), &, (%), W, (1),0).

MRO model-2
Valid for time resolution of 50 ms

3
1

0.
B0 = 1.(x. ), 43 (x ()).w;(1),0),
0 =/, (%,(1).&5(%, (1)), W,(1).0).

HRO model-3
Valid for time resolution of 5 s

Fig. 6: Summary of Model-Order Reduction Process.

10mH and the capacitance changes to 70uF. The comparison between the models is
captured in Fig. 8—11 below.
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Table 2: System Parameter

| [Parameter]  j=1 | j=2 Je=3e=4]¢ =53]
Battery | v | 90ov | 900v | na [na] na |
)
Three-Phase Inverter S( ) 10kVA 12kVA n/a | n/a | n/a
Voo |321.0265V(321.0265V| n/a | n/a | n/a
) 0.1Q 0.15Q | nfa [ na| na
1) 135mH | 15mH | n/a | n/a | n/a
LCL filter ) 0.03Q2 0.04Q n/a | n/a | n/a
1) 0.35mH 0.33mH n/a | n/a | n/a
7)) 15mQ | 16mQ | n/a | wa | na
c\) 50uF 60uF n/a | n/a| n/a
)
Inner Current Control <Py 10.4479 10.4479 | n/a | n/a | n/a
K7 6374 % 1056374 x 105] wa | na | na
)
Outer Voltage Control|__ "0 6.1825 6.1825 | n/a | n/a | n/a
K}QJ,) 1.364 x 10*1.364 x 10*| n/a | n/a | n/a
)
Droop Control D(w) 132629 | 13.2629 | n/a | n/a | n/a
Dy 2.3368 23368 | n/a | n/a| na
Network Q) n/a n/a  ]0.35Q2[0.4Q] n/a
119 n/a n/a 1.5mH|2mH| n/a
@) n/a n/a n/a | n/a |0.2kQ
Load
1) n/a n/a n/a | n/a [11mH
&) n/a n/a n/a | n/a |64uF
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BATTERY 1 THREE-PHASE INVERTER 1 LCLFILTER 1
oo | e (:)4,3 5 5 Do) 019 13501 e @) 035mH 0,030 i (1) Vo 1)
Cwo 800 azm| e’ ogmogol b O] 7T g ¢
wo oL £ 0] o0 135w e (t) 035mH 0,03] i () W)
450V0 {'3 17} 15mQZ 15mQg 15mQs
f::’(t) CGNERG)
50uF 5047 5047
Outer Voltage-Control-Loop 1
+
Inner Current-Control-Loop 1

Short Transmission Line

RLC Load

Short Transmission Line
BATTERY 2 THREE-PHASE INVERTER 2 LCL FILTER 2

@) (¢ 0} i@
v | 6{3 5 436(32) ‘M jossaLsmH  e®®) oz 040 20| o
Wt SO[015Q L5mH|  e® @) 033mH 0,040 17 (1) W ()
W@ (1) £20)] [0150 15nH e (1) 033H 0.040| ic? ©) " o
450VO {'} (]} 16mQs 16mQs 16mQs
8 (1) 1857 (1) 6 (1)
60uF 601F 60uFF

+

Outer Voltage-Control-Loop 2

Inner Current-Control-Loop 2

Fig. 7: Test System.
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G1 output frequency (Hz)
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Fig. 8: Generator Output Frequency (Hz)

G1 output Voltage Magnitude (pu)

11p
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Fig. 9: Generator Output Voltage Magnitude (pu)
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G1 Real Power Response (pu)
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Fig. 10: Generator Output Real Power (pu)
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Fig. 11: Generator Output Reactive Power (pu)
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