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ABSTRACT

A two-level sequential decision formulation for the control of
interconnected stochastic linear discrete-time systems is investigated.
An interconnection of several systems is considered, whereby each subsystem
has a decision maker and an associated quadratic cost function. One of the
decision makers 1is designated as leader or coordinator and his control
strategies are to be chosen prior to those of the others. The information
available to each decision maker may be different from those of the others.
The second level decision makers are regarded as followers in the context
of Stackelberg strategies. Their strategies are in accordance with the
Nash equilibrium concept except that the coordinator®s strategy is known to
all of them. The coordinator chooses his strategy under the assumption
that the followers will fTully exploit the prior announcement of his strategy.
Recursive equations for determining the control laws for each subsystem
are derived for various types of information structures. Centralized
information is considered first. Finally feedback Stackelberg strategies
are derived for the more realistic but more complicated (from a design
computation viewpoint) situation where the subsystem control laws are based

only on local subsystem measurements.
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1. Introduction

In this paper we investigate a sequential decision approach
to the control of an interconnection of several subsystems. Associated with
each subsystem is a decision-maker or controller and a performance criterion
function or cost function. A framework for studying strategies for the
control of such systems is non-zero N-person differential games [1-7].
Various solution concepts for defining optimality have been proposed and
examined. One of the most widely studied solution concepts is the Cournot
or Nash strategy [1-3] whereby the decision-makers simultaneously minimize
their respective cost functions with respect to their individual controls.
At equilibrium when all the decision-makers apply their Nash strategies,
the cost function of any subsystem is at a minimum with respect to the
control for that subsystem.

A sequential decision solution concept was Tfirst studied by
Stackelberg [21] in the context of a static economic problem with two
decision-makers. In [22,23,10] the Stackelberg concept was developed for
two-person dynamic games with perfect information. Three types of Stackelberg
strategies were investigated in [23,23,10]: open-loop, closed-loop, and
feedback. In general, the open-loop and closed-loop Stackelberg strategies
do not satisfy the principle of optimality but the feedback strategy and
the more general equilibrium strategy [11] are defined to satisfy the
principle of optimality. Open-loop Stackelberg strategies were considered
in [24] for two groups of players where the players in each group use
Nash strategies with respect to each other but each group plays according

to the open-loop Stackelberg concept with respect to the other group.



All these strategies are for deterministic dynamic games. In [12] the
feedback Stackelberg solution concept is extended to stochastic two-person
dynamic games.

The approach to be explicitly developed in this paper is based
on the coordination solution concept suggested in [20] for deterministic
systems. We allow stochastic disturbances in the dynamic process model
and in the measurement model, as in [12] but several second-level decision
makers or followers are present as in [20]. Several types of information
structure are considered. Explicit recursion formulas for the design of
the feedback Stackelberg controllers for the coordinator and the Tfollowers
are presented. The strategies are adaptive to changes in information available
at each stage and they satisfy the principle of optimality. The strategies
of the second level decision-makers are equilibrium Nash strategies with
respect to each other and in addition,” they take into account the known
strategy of the coordinator. The coordinator chooses his strategy with
the full anticipation that the other decision makers will take the coordi-

nator strategy into account in minimizing their individual cost functions.

2. Problem Formulation

Consider M discrete-time linear subsystems, each modeled by



where x1 is the nl-dimensional state vector of the i-th subsystem, ul is
the ml-dimensional local control vector DM1 for the i-th subsystem, 2zl is
the IL-dimensional measured output vector for the i-th subsystem.

ixC0); G”MCk) GRI; 8~(k)€R”S i=1,...,M k=0,...,N-1} are mutually

independent Gaussian random vectors with known means and covariances.

e{xL(O} =0 ; Covix1(0)}= EL©O)
Eiel(K)} =0 ; Cov{el (K)3=0 1 ()

e£5X (K3 =0 ; Covt?1l« ] =H1(K)

Each subsystem seeks to minimize the expected value of its cost function

J1(ul) = ~XT(N)KLL (Hyx1 (N) +1 7|~ [xi T(KQLL (K)x1 (K) + ulT (KRLL (K)ul (K]

=1, ...,M ®

where K11, G11, and R11 are all positive-definite.
In addition to the M-subsystems, we assume that we have a

coordinator subsystem modeled by

M -
xe (k1) = A°(K)Ix°(K) + ig 1A (XL (K) +0  (K) @

and the measurement of the coordinator subsystem is given by

M - -
He (k)x°(k)+ _£IH°1 kOx1 +5n (9] (&)
i=

z°(K)

is the n -dimensional state vector of the coordinator subsystem,

_ _ _ _ 0O o .
u 1is an m -dimensional control vector chosen by the coordinator DM , z 1is

the j~°-dimensional measured output vector of the coordinator subsystem.



[x°(0); 9°(k)6Rn?°; ?°(k)gR™°; k=0,...,N-1} are mutually independent with

the random vectors of each subsystem.

e[x°@3 =0 ;  Covix°(0)] = S°(0)
Eie°(k)] =0 ; Cov[6°(K)} = ®°(K)
e(3°®} =0 ; Cov{|°(k)} =H°(k)

The coordinator chooses u° to minimize the expected value of the cost function

J°US) = J xOT(NKO (NIxO (\N) +j ] Ix 1 T(NYKOL (N)xLQN)

N-1

t o S [x0T (K)Q° (K)x° (K) +uoT(k)§§l(k)uo @® + .S x1TK)QL (XL (K

(6)

o oi o 0 0 o .
where K, K, Q , R , Q are all positive definite.

The Stackelberg approach [20] to the coordination of the subsystems

is to consider DM° as a leader and DM1 as followers. We imagine that DM°

provides DM1 the exact knowledge of all decisions made by the coordinator

and each DIl minimizes JI with respect to uI for each given decision of DMO
assuming that the other subsystems will do the same. With this assumption
the subsystems play Nash among themselves. The coordinator then minimizes J°
with respect to u°, considering that the decisions from the subsystems result
from choices of u which minimize J for i 1j e=<>M. Additionally} the

o}
information sets include exact knowledge of the system dynamic DM , DM ,

the measurements and the cost-functionals. The statistics of the random

elements for all k are also included.



The optimal feedback Stackelberg approach to the 2-level coor-

dination of the subsystems [20] is described by the following procedure:

At each stage, the coordinator computes the subsystems®™ expected reactions

to his decision, based on minimizing the subsystems®™ expected cost-to-go
assuming that all second level decision makers will use their optimal
feedback Stackelberg strategies in the future. The coordinator then
seeks to minimize his expected cost-to-go assuming that the subsystems
will respond as expected. Each subsystem then uses the coordinator®s
decision to compute his optimal decision, assuming that the other sub-
systems will do the same. These expectations are conditioned on the
information sets available to each subsystem.

The information set consists of exact knowledge of the system
dynamics, the measurement rules and the cost functionals of all decision
makers. Additionally, it includes exact knowledge of all decisions made
by each player up to stage k-1 and the statistics of random elements
01(k), 81(k), i=0,1,...,M for all k. Also, the Stackelberg nature
of the game implies that the followers®™ information contains the exact
value of the leader®s decision at time k, u°(k).

Let arg min f(k) denote the value of u at which f(k) achieves
its absolute minimum. Then the equations that define these optimal
solutions are as follows:

ui (u°,k) = arg min e{J1 (ui,xi,k)JZ1 (K}
o u*

ue*(k)

arg min e{J°(u0,x°,xi,k)]z°(K)}
uO

ui*(k) = u™ru°*,k).

®

®



The optimal cost-to-go at each stage are

/> (k)

Et/ (uSxS100z1(k),/ = /*,u° =u° } i=l,. .M (10)
Jo*(k) = e{JO(UO,x°Jxi K] Z°(k),u° = u°*,/ = Ul*} i=l .., M. (11)

Stochastic dynamic programming can be used to obtain the
solutions.

Two possible cases will be considered in this paper. First,
when the information is centralized, several classes of information
structures are discussed. One is when all decision makers have perfect
system state measurement. Another is when the information of all the
followers are identical and the coordinator®s information contains the
followers™ information. Second, we will constrain each controller to be
in decentralized structure and the i-th subsystem including the coordinator

knows only its own measurement.

3. Coordination with Centralized Information

In general the coordinator has some information from each
subsystem and, iIn turn makes some decisions that will influence the
dynamic response of the lower-level subsystems. By definition of
Stackelberg strategies [10] all decisions made by the coordinator are
known to the second level decision makers. However, some information
may or may not be available to the coordinator and lower-level subsystems.
When the information sets are centralized, either the coordinator and
the lower-level subsystems have perfect information of state, or the
lower-level subsystems have the same measurement but the information set

of the coordinator consists of his own measurement and the lower-level



subsystems®™ measurement. Several particular cases of this problem are
examined. Let us examine a system with one coordinator and two second

level decision makers. Consider the augmented system

x (k+1) = ACKIX(K) + B°(Ku°(k) + BL(KUL(K) + B2 (Ku2 (K) + v(k) 12)

where XT (K = [X°TE xITK x2TEK]
vT (k) = [eoTEK) elT K eZT K]

x(0) and v(k) are Gaussian random vectors with zero mean and covariance

£(0) and A(k), and the measurement of each subsystem is
zi(k) = Hi (Kxk> + ~(k) i =0,1,2 a3

the quadratic cost is
N-1

J1IM1D) =1 xTADKL Dx V) + S IXT(KQA (KxE® + ulTKRL (Kul (]
k=0

i =0,1,2 s

3.1 Perfect Information

Suppose all subsystems have perfect information of the states, i.e.,

z1(K = x(k), 1 = 0,1,2. Assume that the expected cost-to-go at stage k is
Vi = j xTK)Si kKxk) + \ Y1(k), i=0,1,2 (15

i i
for some deterministic matrix S (k) and scalar function Y (k). Using dynamic

programming as shown in Appendix 1 the optimal strategies are

ue*(k) = -L° (Kx(K) 16)

y W = -ALAQIAGOX(K) + BoC()uC(kd] . 1 = 1,2 an



where
L°(k) - [R°(K) +BT (k)S°(k+1)B(k)] _1BT (k)S°(k+DAK)
A1 = [1 -L1(OBj (L) (K)BL(K)]"1 (L1 K - L1 (K)Bj (KLj (K))
i=1,2, j=1,2, iij
A(K) = A(K) -B1(KAL (AWK -B2 (KA2 (WAK)
B = B° (K -Bl(k)AL(k)B°(k) -B2 (K)A2 (k)B° K
L1 = [M(Kk) +BITKSL(k+DHB1 (k]"1BIT(K)S1 (k+D)

Assuming that the indicated inverses exist the other quantities are obtained

from
S°(k) = Q°(k) + AT (K)S°(k+IDA(K) - L°T(K)[R°(k) + BT (K)S°(k+I)B(k)IL°(k) (18)
SS(N) = K> (V) 9>
Yo(k) = Y°(k+1) + trS° (k+DA (K (20)
Ye(N) =0 1)
ST = QI + [A(K) - BZUOL°(ITALTUIRL(DAL (K TA(K) - B°(KL°(K)]

+ [A) - 8(KL°(K)]TSL (k+DIAK) - B(L°(K)] , i = 1,2 @2)
SI(N) = KIL(N), i =1,2 3
YA(k) = YA(K+L) + trSTet(k+DAK) ., i = 1,2 €2

Yi(N) =0, i = 1,2 (25)



These equations can be solved backwards in time. In summary we
have the following calculations: Starting at k = N-1, S°(N), S1I(), i = 1,2

are given.

1. Compute L1(K), 11 =1,2

2. Compute A1), i1 =1,2

3. ComputeA(k), B(k)

4. Compute L°(K)

5. Compute S°(k), S1(K, i = 1,2

6. k » k-1 and go to 1. Stop when k = O.

Note that the control laws for the coordinator and the i-th subsystem involve

perfect measurement of the state.
3.2 Coordination with Nested Information Structure

3.2.1 Incomplete Information for Coordinator and Subsystem

Consider the case where the information of the state is incomplete.
At each stage, iIn addition to their own estimates, the optimal strategies
would include terms involving an estimate of the other subsystems®" estimates
of the state in the future. This leads to estimators of much larger dimension
than the system itself. For a special case of the stochastic problem, consi-
der the case where each subsystem has the same measurement

( z() = 22K = z(® = HEOx(k) + S(k))

and the coordinator knows both his measurement and all subsystems measurements.
So for any k, zZ°(k) = zZ(k), implying that the information sets are nested.
We also have to assume that there is no information transfer among subsystems
through their controls [12]. The optimal strategies for this case are derived

in Appendix 2 as
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uj(k) = -Ai () (AKX +Bo(Ku°(k)) , i = 1,2 (26

ue*(k) = -A° (Y (Kx° K -A° (MK [x(K) -x°(K)] @n
TP T s ssw [T T
N NQ A AO Y° (k) 28
x(k)-x & _SBT(k) SCEK._ x(K)-x &

JIVE = \ xT (ST Kik) +iylw i = 1,2 (29)

where
x(k) = ETx@] z1 (3} , x°(k) = E{x(K)| z°()}

Al®K, A(k), B(k), and L1 are defined as in the perfect information case

with SA(K) replacing So(k). In addition we have

SA (K

Q°(k) + AT (KI-G(K))TSA (k+D)(I-G(K)HAKK) - YT (KA (YK (30)

SB (K)

AT (K) (1-G(K))TSB (k+ 1) (1-G(K))AK)

+ AT (K (1-G(K))T (SB (k+D) - SA (k+1))GKIAK)

- AT () (1-G(K))TSB (k+DK(k+DH(k+1DAK)

- YT (A (KOM(K) 31)
SCK) = -MT (KIA°COMCK) + AT (K)GT (K)SA (k+1)G(K)ACK)

+ ATCOLN - K(k+DHK+1)] TSC F[ 1 - K(k+DHK+1DTA ®)

+ AT (K)(SB (k+DK(k+DHK+1) - SB (k+1))G(K)A(K)

- AT (K)GT (K)(SB (k+1) - SB (k+DK(k+IH(Kk+1))A(K) (32)
Y = B(K)SA (k+D1-G(K)TAK)
M(K) = E(K)SA (k+DGKAK) + BT (K)(SB (k+1) - SA (k+1))AK)
- BT (K)SB (k+DK(k+DHk+1)AK)
G = BL(KALK + B2 (K)A2K)
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A°(k) = [ROK) + B(K)SA (k+1)B(k)]1“1
K1(k+1) = P1(K+IZKYHIT(k+1)[H1 (k+Dpl(k+1/KHLT(k+I) + E (k+1)]
Pi (k+1/k) = A(K+D)P1(K/K)AT (k+1) + A ()
pl (k+1/k+1) = [I - K1(k+I)H1 (k+1)1pl (k+17K)
PA0/0) = 2(0)

for 1 = 0,1,2 and where H1 = H for i = 1,2.
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Yo(k) = Yo(k+1) + trQ°(k)pO(k/K) + tr[KO (k+1)[HO (k+1)P°(k+1/K)HOT (k+1)

+

So(K)TK®T (K+1)(SA (k+1) + SG(k+1) - 2SB (k+1))]

+

2trP° (k+1/K)K(k+DH(k+1) (SB (k+1) - SC (k+1))

+ trK(k+ D [Hk+DP° (k+17KHT (k+1) + H(k+1)TKT (k+1)SG (k+1) (33)

Si (K Qi (W +(Ak) + B(KA(KY(K)HV(k+D)(A(k) + B(K)A°(K)Y (k»

+

Ai (AK) + B°(KA°K)Y (KTRL (KAL (KAL) + B°(k)A®(K)Y(K))

1=1,2 (34

Y1 = Y1(k+1) + trQl(K)P(k/K)+trsi (k+DK(k+1)

+

trSi (k+ DK(k+D [H(k+DPk+1/KHT (k+1) + S(k+1)TKT (k+1)

+

tr[P(k/K) - P(k/K)JM(k) - Y(K))TA°T (K)(B°T (K)R1 (k)B°(k)

+

BTSi (k+DB)A (K M(K) - Y(K)). (35)

The recursive equations (30) and (34) are identical to equations (18) and
(22) in the perfect information case, with the same initial conditions, so
that the solution SA(K) and S1() in (30) and (34) are equal to S°(k) and
S1() in (18) and (22). Thus, as far as the followers are concerned, they
play a "separation principle” strategy which consists of the optimal deter-
ministic feedback law of their best estimate of the state. The leader
strategy includes his own estimate and a term involving a difference in esti-
mates. When both estimates are the same, the leader also plays as in the

"'separation principle.”

3.2.2 Perfect Information for Coordinator
Consider the problem in which coordinator has perfect state measure-
ment while the lower level subsystems have available only noisy output measure-
ments. In addition, we assume that conditions are such that the coordinator
can deduce exactly the lower level subsystems®™ state estimators, and the lower

2
level subsystems have the same noisy measurement, i.e., Z(k) = Z (K = Z(k).
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When the coordinator has perfect state measurement and can deduce
exactly the state of the lower level subsystems®™ state estimator, i.e.,
He(k) = I and £j°(K) = 0, also z°(k) z Z(k). The problem is of "nested informa-
tion” type except the coordinator does not have to estimate its own state

Ex(k)/z2(k)] = x(K))-

The control law of the coordinator 1is
ue*(k) = -A°(QY(KIx(K) - A°(KIMK) (B - x(K)) (€H))
and the control laws of the lower level subsystems are

ur (k) = AT (OAKSK) + Bouc(K)] . i = 1,2 @D

where E[Xx(kK)/7Z(k)] = x(k). The optimal cost-to-go is

o | ®  SBE  x® Lo
J*(K) -\ +2Y (K) (38)
N x(k)-x(k) SBTK) sc® x(kK)-x(k)

JI* « = 0 x1(Ks1xK) + i YLK i= 1,2 39
where all matrices are the same as iIn 3.2.1 case.

3.2.3 No Measurements for Subsystems
Consider the problem in which the coordinator has a noisy measure-
ment, while the lower level subsystems have no measurement available to them
and are restricted to using only a priori information.
When the lower level subsystems have no measurements, i.e., H1(kk) = 0

(null matrix) and Z1(k) = Z1(O) for all k, the problem is also of nested

information type. The control law of the coordinator is
uc(k) = -AT(KYKIS? (k) - A°(KH(K) (X(K) - x°(K) (40)

and the control laws of the lower level subsystems is
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-AT (K[ASK) + B°(Ku°k)] , i= 1,2 4D

ur(k)

where E[x(k)/z (1 = x (K, E[X(K)/Z(K)] = x(K).

The optimal cost-to-go is

o &0 T sa  SB® K° (k)
J @ =3 A Y (@
X (K)=x° (K) BT SCEK  x(K)-xu (K

JiAG = 1 Flaos1eox + +vlao, 1= 1.2 “43)

where all matrices are the same as in 3.2.1.
Substitution of (40) and (41) into the system equation gives
xX(k+1) = A(Kx(K) - (BLKALKAK) + B2 (KA2 (AKX
- (B°(k) - B1(k)AL(K)B°(k) - B2 (kA2 (K)B°(K))A°KY(K)S(K)
- (B°(k) - B1(k)A1(k)B°(k) - B2(k)A2 (k)B°(K))A°(K)Y((k)
) - x°(K).- “4
It follows that the optimal estimate of the states by the lower
level subsystems, given only a priori information, i.e., no output measurement,
is given by
x(k+1) = [A(k) - BL(KAL(KAKk) - B2(kKA2 (MWAK)
- (B°(k) - B1(kKA1(k)B°(k) - B2((K)A2 (K)B°(K)A°(K)YK)]ik) “45)
with initial condition x(0]0) = x(0).

In addition, when x(0) = 0, then x(k/k) = 0 so that
e @) = -AGOLY(K) - MK Ix®(K) (46)

and

uwNK) = -Ai (OBeOUeR) , 1=172 @n
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4. Constrained Decentralized Structure

It may be desirable to have a control policy that is simpler to
implement than the optimal policy. Satisfactory control of a high-order linear
system may often be achieved using relatively fewer system measurements and
a controller of low order. This has been the motivation for a number of
optimal designs, using output feedback or dynamic controllers of a specified

order. For recent work in this field we refer the reader to [13]-[19].

4.1 Decentralized Control with Instantaneous Output Feedback
Consider the stochastic problem where a restriction is placed on
the control of the i-th subsystem and the coordinator at any instant to be
a linear transformation of the measurement at that instant. Also, there is
no information transfer among subsystems through their controls. This simpli-

fies the problem since a filter is no longer used to estimate the state. Then
ui ® = Fi(k)zl1k)Jd i=20,1,2, k =0,1,...,N-1 48

where FL() is to be determined to minimize the expected value of J (ul).

Consider the augmented system (12) and the measurement

zi() = HIQOx(K) + ¥1 (K , i = 0,1,2. 49
Then G0)
and
GD
Define
£(k) = EtxX(KXT (K}
and note that x(k) depends on 5*00 for i-0,1,...,k-1 only, implying that

Ex(KVT (K} = 0. Then the recursive equation for H(k) is
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2 2
£(k+t) = (A + 1__50 B1 (KF1 (KH1 (k))S(k) (A +1__% B1 (KF1 (KH1 K))
2
+ S B1(KF1(KELFITK)BITEK +A(K) - 62
Lemma 4.1.1: |If a linear system described by (12) is controlled using a

linear control policy (@48) then the expected cost (14) can be expressed as

N
E[ILGO] = _ EIXT (OSLCOX(OT +£ | S tr S1(E)ACE-D)
N
+J 2 [ FITG-DERLG-D +8ITSL(DBIT(-D)FL(I-DELG-D)
z_i-=k+
+ s FjT(i-DBAT (i-DSL @D}, i=1,2
53)
where
Si (k) = Qi () +HiT)Fi TURL (K)FL (KHL (K) +
b (ACKY+R0BI ORI ORI S’ (ki) (A + 2 (ORI (ORI () (54)
iz 1.2
SI(N) = KX(N\) i = 1,2. (35)

Proof: The proof is by induction.

Consider the augmented system (12) and the cost criterion (14). The

assumption obviously holds for k=N. For any k

e[J1 Q)T = Eij | IxT (AQL(E)xa) +ulT(DRIa)ul @} +j e{xT (KL (Nx ()}

ELiX (k+1)T+Eij XT (K)QL (KIx(K)+]- ulT(KRL (KUl (K)},i = 1,2(56)

with k = k+1 using (63) in (66) and after some algebra the assumption holds
for k = k+1. Thus (63) holds for k - 0,1,..., N.

For i = 1,2, apply dynamic programming and at each step set the
derivative of the remaining cost with respect to each element of FX(K) equal
to zero. Thus in terms of M1(k), Y1(K), rX(k), and T1(K which are defined

in (70), (1), ((72), and (73), we have
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F1* (k) M1 (KA + B°(K)FOK)H(K)IY1I®

+

M1 (K)B2 (K)F2 (K)H2 (K)Y1 (K) G

F2x(k) = M2 QLAY + B(KF°(K)H(K)1Y2 (K)

+ M2 (K)BL (K)F1 (KHL (K)Y2 () (58)
or
FX*(k) =T 1(OIAK) + B°(K)F°(KH(K)]TL (K (59)
F2* (O = r2WLAK) + Bo(K)F°(K)H(K)1T2 (K). (60)
Lemma 4.1.2: If a linear system described by (12) is controlled using a linear

control policy (48) then the expected cost (14) for 1 = 0 can be expressed as

) N
E[J°(K)] = 4 E[XT ()S°COX()] + i [ 2 trse(iAC-1)
1 z  i=k+l

+ trF°T (i-D[R°(1) + B°T (i)S0(i)BO ()IF° (i-DHG-1)

2
+ 2 trFp*T G-DBjT()S° (KB (KFj (i-DEJIG-D] (D)
i=l
where
S° () = Q°(k) + H°T (KFOT(K)RO (KF°(KHO (K + [Ak) + B°(K)F°(K)H°((k)

B1L(K)F1*(k)H1 K + B2 (kK)F2*(k)H2 (K)ITS°(k+D[AK) + B°(K)F°(k)H° (k)

+

+

B1 (K)F1*(K)HL1 (K) + B2 (K)F2*(k)H2 (O] 62)
S°(N) = Ke(N).- (63)

The proof is the same as given in Lemma 4.1.1.

At each step the necessary condition for a minimum is that the
derivative of the remaining cost with respect to each element of F (k) must

equal zero.
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Fo ) = -[R°(K) + (B°(K) + B1(K)r1(k)B°(k) + B2(K)r2 (k)B°(k)TS°(k+l) (B°(K)
+ BL)r1(k)Be(k) + B2(K)r2(k)B°(k))]1"1{ (B°(k) + B1(k)ri(k)B>(k)
+ B2 (K)r2 (K)B°(k))TS° (k+D[AK) + B1(k)ri(K)AK)TL(K)H1 (K)
+ B2 (K)r2 (KA T2 (KH2 (k)12 [Ho(K) + H® (K)T1 (K)HL (K)
+ HO(K)T2 (OH2 (OTT + (BL(K)rl(k)Be(K)
+ B2 (K)r2 (K)B°(K))TS® (k+ 1) [BL (K)r1 (K)ACK)TH 1 (k) (H°(K)TL ()T
+ B2 (K)r2 (KAK)IT2H2 (k) (Ho (k) T2 () THH () ITCQHOT (W) +  (H(K)
+ HO (K TLUQHL ) + Ho(K)T2 (H2 (K))S(K) (Ho(K) + H° (K)TL (K)H1 (K)
+ HO (K T2 (OH2 (KDT + (Ho(K) + H® (K)T1-1(K) (H° ()TL(K))T

+ HO(K)T2H2 (k) (H°(k)T2 (k))T] “1. CH)

Theorem 1: The sequences {F1()} i = 0,1,2; k=0,1,..., N-1 of the coordinator
and i-th subsystem that minimize E{jl(ul)} i = 0,1,2 subject to the constraint
(48) are given by equations (59), (60) and (64) where it is assumed that the

required inverse matrices exist and

2 2
1. E D) = [AGK) + E Bi (OFi (OHI GOTSCOAK) + E B1(KFL(OHL )T
i=0 i=0
2 . :
+ E BL(KFLOHL(KFLTIOBLIEK) + A(K).- (65)
i=0

E (0) is given.

2. Si(W = QX(K) + HITKFITKRL (K)F1(k)HL K)
2 . . . T. 2 .
+ [AK + E BI(KFIOHI(K)IV(K+D[A(K) + E BJI(KFI(KHI W]
J=0 J=0
i = 1,2 (66)
SI(N) = KXQV), i = 1,2 ®@n
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3. S°(K) = Q°(k) + HoT(KF°T (K)R°(K)F°(K)H°(k) + [A(K) + B°(K)F°(K)H°(K)
+ B1(K)F1*(k)H1&K) + B2 (K)F2*(k)H2 (K)]ITS°(k+D[AK)
+ B°(KF°(kKH°(k) + B1(KF1*(KH(KK) + B2 K F2*(k)H2 (K)]- (68)
S°(N) = K°(N). 69
Also,
ri® = [ - M1(KQBj (OMj (KBL()T"1ML () + M1 (K)Bj (KM) (]
i=1,2, J=1,2, i *j 70)
T1I® = [YI® + YJUOHI (OYL QTN - H1(K)YF (OH (OYX (K] 1
i=1,2, j=1,2, i tj D
M1IEK = -[R1(K + BITS1(k+DB1]"1BITS1(k+D), i- 1,2 2
Y1) = S(KHHITMHLE®Z:(QHITK + E1K)]“1, i = 1,2. (3)
The sequences {F1(k)},i = 0,1,2; k= 0,1,..., N-1 of the coordinator

and the i-th subsystem are the solution to the discrete two-point boundary
value problem. Note that (65), (66) and (67) are recursive relationships for
generating Z(k) and S1(k), i = 0,1,2 except (65) which is a forward equation
and (66) and (67) which are backward equations, and all depend on the sequences
{F1(k)}, i = 0,1,2. But the sequences {F1(k)}, i = 0,1,2 as given by (57),
(58) and (64) depend on both sequences {S (K} i = 0,1,2 and Z(k). Thus
unless either {F1(k)} or {S1(k)} and {Z(k)} are known no simple calculation
will solve the problem. We suggest the following simple procedure to solve
the equations:
1. Make an initial guess for the gain {F°(k)} and {F(K)}, 1 = 1,2;

k =0,1,..., N-1. Let j = O.
2. Use {F;(k)} and {FG((k)} to solve (65) forward in time to determine {E.(k)}

with z~(0) = z(0).
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3. Use (F°(k)} and {F*(k)} to solve (66) and (68) backward in time to determine
[si(k)}, i = 1,2 and {S°(k)} with SJN) = KAN), i = 1,2 and S°(N) = K°(N).
4. Use {~. (K} and [S?(k)} in (64) to determine {F?+~(K)}.

5. Use {Z~(K)}, {S™"K)}, i 1,2 and {Fj+~(k)} in (59) and (60) to determine

{A_]2®3 1= Let j = i + 1.

6. Repeat (2)-(5) until the desired degree of convergence is reached.
So far no convergence conditions for this algorithm have been found,
but as with most algorithms of this type it is expected that convergence depends

on the initial guess.

4.2 Decentralized Control with Dynamic Output Feedback
Consider the stochastic problem where a dynamic controller of a
specified order for the i-th subsystem and the coordinator described by

wl(k+1) = DICKWL(K) + Mi(k)z1(k), i = 0,1=2 4

where wI € RSl is the state vector of the controllers used. Then

Ui Q) = NIGOWL(K) + F1(Kz1(k), i = 0,1,2 75)

also

z1 (K H1(Kx(k) + 51(), i=0,1,2. (76)
For a given integer sL( < sl1 < n), find matrices ~(k), F1(k), D1 and
M1(Kk) such that the corresponding expected cost E{jl(ul)} will be minimum.

Note that if sl1 = 0 the controller is reduced to

Ui @ = Fi()zik), = 0,1,2

and if sl = n, an optimal solution is obtained.
The solution of the problem is obtained through the following steps.
First, we consider the augmented system formed by the i-th subsystem combined

with the state of the controller. Second, we transform the stochastic
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optimization problem to a deterministic one. Third, use dynamic programming
to obtain the recursive equations.

Consider the augmented state vector

8= T Ty Wi

then
x(k+D) = (A + B°(KF°(KH°(kK) + B1(K)FL(KHL K
2
+ B2 (QF2 (QH2 ())Ix(K) + S BL(KFL()IL (KM K)
i=0
+ 1QVK) an
Aw | GOHI (OX() + Fi(CI () i = 0,1,2
where
FX NL (k)
FIK =
M1 () D1 (K
1 = 2 5 T=1[11 o 1
S +sS +S
«-N-= >!(—S O+S 1+S 2—
then
ul@& = TF1(KHIx(K) + TF111?1(k), i - 0,1,2. (79)
Define
E® = E[x(kx @] - @)

Note that the augmented system (77) and controller (78) are of the same form
as (1) and (49). The fTollowing theorem can be derived using the same argu-
ment as Theorem 1.

Theorem 2: The sequences {F1(k)},i = 0,1,2; k= 0,1,...,N-1 of the coordina-
tor and the i-th subsystem that minimize E{J1(ul)},i = 0,1,2 subject to the

constraint (44) are given by
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Fe(k) = -[R° + (B° + bV 110 + B2r2BO)TS°(k+D)(B° + bV 1?0
+ B2r2B°)]“1{ (1° + BAB O + B2r2B°)TS°(k+DJA + bV aT™H1
+ BZT2AT2HZ2]i:(K[HO + H~A 111 + H°T2HZ]T + GV 1?0
+ B2r2B0)TSO (k+1)(BIr 1A3IHOYTET + B2r2AH2HTT2T)}[H2(K)HoT + (H® + H°TIHL
+ HOT2H2)2(K) (H® + HSTIH1 + HOT2H2)T + (H® + HOHIH®TTAT
+ HAHON 21)]71 (80)

FX*(k) = -[R1 + BITS1(k+1)BX]""1BITSL (k+D[A

+ E (OHN] Z(OHIT[HIE(K)HAT + H1]"1 , 1 * 1,2 (81

where i1t iIs assumed that the required inverse matrices exist and where

1. S(k+1l) = (A + B°F°(K)H® + BIF1(K)HL + B2F2 (K)H2)E(K) (A

+

B°F°(k)H® + BIF1(k)H1 + i2F2 (K)H2)T

2

S B1F1 (K)HL (K)FIT(K)BLT + A(K) B2
i=0

+

Z (0) is given.

2. S1(K) = Q1 + HITFIT(KRIFL(KHL+ (A + B°F°(k)H® + B1F1(K)H1

+ BjFJ (KHJITSL(k+I)(A + B°F°(k)H® + bV W H 1 + BjFj (K)HjJ)

i = 1,2, j=1,2 i Fj @3
SI(N) = KI(N) -

3. S°(k) = Q° + HOTFOT(K)R°iO(K)HO + (A + B°F°(K)H° + i1?21*(k)H1

+ B2F2*(k)H2)TS°(k+1)(A + B°F°(K)H® + B1F1*(k)H1 + B2F2*(k)H2)
@4

S°(N) = K°(N).

Also,
rrk) = [1 - MiBjMJIB1]"1[M1 + MXB~M2] i=1,2, j=1,2, it ]

TX(® = [YL1 + YIHFYXI[I - HIYGHIYI]"1 i

1
=
N

T
1
=
N
JEN
N
T
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M1 = -[R1 + BITS1(k+1)B1]_1BITS:(k+D5 i = 1,2
Y1 = E(k)HIT[HlS(k)H‘Iiir’+ Hiﬂ""l_L s i= 1.2
Again, the sequences {F1({}, 1 = 0,1,2; k = 0,1,...,N-1 of the

coordinator and the i-th subsystem are the solutions to the discrete two-point
boundary value problem as the previous one but the equations are more compli-
cated to solve.

In the case where either the coordinator has noise in its measurement
or the lower level subsystems have no noise in their measurement, and want to
use output Tfeedback, they can do so by reducing the dimension of their control-

ler to zero.

5. Conclusions

The control of an interconnected set of linear discrete-time stochas-
tic systems has been considered. The organizational form of the system permits
one decision maker to be the coordinator or leader and the decision makers for
the other subsystems are all followers with respect to the coordinator, but
they use the Nash strategy with respect to other second level decision makers.
Both centralized and decentralized control structures were considered. As in
single decision maker control problems with output feedback constraints, decen-
tralization constraints generally lead to two-point boundary value problems.
Explicit recursive formulas for these two-point boundary value problems have
been derived. The sequential decision approach seems to be a natural one when
the cost function associated with one decision maker has a more global signifi-
cance compared to the others. This decision maker takes the role of a coordina-

tor and leader.
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Appendix 1.

Consider augmented system (12)

x (k+1) = A(K)X(K)+B° (k)u®(k)+B1(k)ul(k)+B2 (k)u2 (k)+v (k) (A.1.1)

then
E[X (k+D)/z (K) =x] = Ax (K) + B°u® (k) +B1ul (k) +B2u2 (k) (A.1.2)

and quadratic cost (14)

W)= R XT DK X QD + | PEEXT (OQL (Ox(K) +uiTCORL ()ul (9] (A-1.3)

Assume that the expected cost to go at stage k is

ViR = p TESL(Kx(B)+iYl« , i=1,2 (A.1.9)
then . -r - . -
vV K = miln E[’Z\—xi(k)Q (k)x(k)+’2u X(KR (KuX(k)+V (k+D/x(k)]
uk
i=1,2
= mip [E_X (kK)Q1 (Kx(k) +z ul (HDR1KULEK) 4-eCvl(k+D/x(k)]- (A.1.5)
Uk
When k = N
VIMN) = \ xT(NDKLMNDx (N, i=1,2. (A.1.6)

Lemma 1: Let x be normal with mean m and covariance R, then
T T
E[Xx Sx] = m Sm+ €tr SR .
From Lemma 1 and (A.1.4) with k = k+1
E[vi (k+D/x(K)] :j (AX(K)+B1lul (k) +BJud (k) +B°u°(k))TS1 (k+D (Ax(K)

+ BV(k) +Bjuj (K + B°u°(k)) +] trSi(ktDAK+ | y*k+1)
i=1,2, i4j (A.1.7)
Using (A-1.7) in (A.1.5) to obtain ul (k) that minimize the expected value of

the cost function
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ui (K) = -[R1+BITS1 (k+1)BL] " V TS:L(k+ 1) [Ax(K)4Bjuj (K) +B°u°(k)] (A.1.8)
i= 1,2, 17 j

Let
L1 = [R1+BITS1(k+1)BL]"1BITS1 (k+I). (A.1.9)

Then (A.1.8) becomes

ui @ = -Li (K)[AX(K)+B~un (k)+B°u°(k)] ,i =1,2, i~ j (A.1.10)

For 2-subsystems solve for ul(k) and u2(k)

%(k) = -AL(K (Ax(k)+B°u°(Kk)) (A.1.11)

and

u2 (K) = -A2 (k) (Ax(K) + B°U°(K)) (A.1.12)

where
Al = [1 -L1BjLjBI]“1[LX - LXBjLj) ., 1 = 1,2,i ™ j. (A.1.13)

Using (A.1.11) and (A.1.12) in (A.1.1) and defining

A(K) = A + bV a + B2A2A (A.1.14)
500 - 80" els ¥ wsR%0. (A.1.15)
We have
x(k+1) = A(K)X(K)+B(k)ur(k)+V,.. (A.1.16)
Now
vek) = J xRS XK) + i Yo (k). (A.1.17)
Then

0 _ i ot n i dt 0o . n n
V (K = min E[«- x ((KQ (kK)x(k)+r-u (KR (Ku (k)+V k+D/x(k)]

u® ®
= min [ xT (K™ (K)x(K) unrT (KR (Ku® (K) +
ue(k) 2 2

+ E[ve (k+1)/x(K)1] (A. 1.18)

At k=N, 0 1T 0
Vo) = § x (DK (Dx(N).- (A.1.19)
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Using Lemma 1, (A.1.16), and (A.1.17) we have

ELVe (k+1)/X ()] = ARIXK) +B(K)u°(kK))Ts°k+1) (Axk)

+ B(KU°(K)) + -] trse(k+DAK) +i y°(k+I). (A. 1.20)

Using (A.1.20) in (A.1.18) we obtain

Let

Then

and after

(A.1.11),

s' @«

SLQ\)
Y1

yl1 ()

ro 4 O a—,-1aT O a
up*(k) = -[R +B S (+DB]B'S" (k+DAx(K). (A.1.21)
Log) = [P +8 O kryBy 1850 (kDA (A.1.22)
o
O f ™ _Lek)x(k). (A.1.23)

To obtain recursive equation for S°(k), use (A.1.23) in (A.1.18)

some algebra

S°(k) = Q°(k)+ATS°(k+1)A-LOT[RO +BTSO (k+I)B]L® (A.1.24)
Se(N) = Ko(N) (A.1.25)
Yo(k) = Y° (k+1) + tr Se(k+1)A(K) (A.1.26)
0

Y Q) = o. (A.1.27)

To obtain recursive equations for S1(k) 1i=1,2, use (A.1.23),

(A.1.12), and (A.1.5). After some algebra

'+ -2 ATicoriM co - 8UY + @ - B %staena - 3L

i 1,2 (A.1.28)
KI(N), i 81,2 (A.1.29)
Y1 (k+1) + tr S1(k+DAK), i=1,2 (A.1.30)

0, i=1,2 (A.1.31)
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Appendix 2.

Given a stochastic Markov sequence of state vector {x(k)}
X (k+1) = A(k)x(k)+B°(k)u°(k)+B1l(k)ul(k)+B2 (K)u2 (k)+v(k) (A.2.1)

where ul(®, i1=0,1,2 are deterministic inputs, v(k) random, and measurements
given by
z1(K) = 22 = H (KOx(K+? ® (A.2.2)
z°(k) 3z1(k);z°(k) = H° (Kx (k)+8° K - (A.2.3)

The assumptions are the same as given in Section 2. Define

z & = ' ... 2o (A-2.4)
z ®=Lz ©,....z ®I (A.2.5)

x(K) = elx (/2% ®] (A-2.6)
x°(k) = E[x(k)/z° &)] (A.2.7)
P/ = E{x (- (K)) (x(K)-x (K)) V/2*(k)} (A.2.8)
x(k+1/7K) = e[x (k+D/z* (] - (A.2.9)

The recursive relations define the conditional expectations for lower level

assumptions given by

x (k+17K) = ACKIx(K) +B°(K)u°(k) +B1(K)ul k) +B2 (K)u2 (K) (A.2.10)
P (k+1/k) = A(k+D)P(K/K)AT (k+1) +A(k) (A.2.11)
x (k¥1) = x (k+17K) +K(k+D)[z(k+1)-H(k+Dx(k+1/kK)] (A.2.12)
K(k+1) = P(k+1/KYHT (k+ D) [H(k+1)P(k+1ZK)HT (k+1)+H(k+1)]"1 (A.2.13)

P (k+1/k+1)

[i -K(k+DH(k+DTP(k+1/K) (A. 2.14)

P(0/0)

Z(0). (A-2.15)
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Also
e [x (k+1)/z* (k)] = *(k+1) = AS(k)+B°u°(k)+Blul(k)+B2u2 (k) (A.2.16)
Cov[x(k+1)/z*(k)] = K(k+D[H(k+DP(k+1/K)HT (k+1)+H (k+D]IKT (k+D). (A.2.17)

The recursive relation defining the conditional expectations for the coordi-

nator subsystem is given by

x°(k+1) = x (k+1/K)+ K (k+D[z (k+1) - H (k+Dx (k+1/K)]
K® (k1) = P° (k+1/kYHT (k+1)[H® (k+1)P° (k+1/K)HT (k+1) + H (k+1)]
Pe (k+1/K) = A(K+1)P°(K/K)AT (k+1) + A(K)
Po(k+1/k+1) = [1 - K°(k+1)H°(k+1)]P°(k+1/Kk)

P°(0/0) =2(0).

Also
E[x°(k+1)/z°" (K] = A(K)x°(k) + B°(kKu°(k) + B1(kKulk + B2E&u &
Cov[x°(k+1)/z°*] = KO (k+1)[HO (k+D)P°(k+1/k)HOT (k+1) + H° (k+1)]K°T (k+1) .

Assume at stage k the cost-to-go for the i-th subsystem is
+* K = T (KS1Kik) +\ Y1(K). (A.2.18)
The optimal strategies for subsystem i are given by

ux(k) = arg min e[j XT QL (X (K +j ulT(KRL (Kul K +J1 (k+1) /z* (K]
ul (K
(A 9 10\
At k=N
JIWAN) = e[ xT (NDKLMN)x (N/z*(N)]

= ~ xT (DKL (N)x () +2-trk1 (NP1 (N). (A.2.20)
Using Lemma 1 in Appendix 1

ui (& = arg min [r- TT (QQT (Ox(K) + [ trQl (kK)P1 () uiT(ORL (KUl
ul

+ j [AX @ +B°u® (K +Blul (K) + Bjuj (K)ITSL (k+D[Ax(K) =
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+ B°u°(k) +B1lul (k) +Bjuj (1

+\ trsi (k+1)” (k+D)[H1 (k+1)P1 (k+1/K)HIT (k+1)

+ Hi (k+D]IKIiTk+D) + - Y1 (k+1)]- (A.2.21)

The minimizing control uX(k) is . \
uL® = -[r3'& +BITS1 (k+1)B1]"1BITS1 (k+I)[AN(K) + B°u® (k) + Bjuj (K)1-
(A.2.22)

Recall the definition of L1(k) in (A.1.9)

L1 = [R1(K) +BLTS1 (k+I)BL]"1BITS1 (k+l). (A.2.23)
Then - nn a

u(k) = -LL(K[Ax(k)+B u (& +BJud (K]- (A.2.24)

For 2-subsystem solve for u1 & and u2 ()

ui & = -A1 (K[Ax(k) + B°u°(k)] (A.2.25)
u2 (k) = -A2 (K)[Ax(k)+B°u° (k)] (A.2.26)
where AL =1 -1V 1=-V]I«“1~1-1V 1], i =1,2,1i1 ] (A.2.27)
Assume that at stage k the cost-to-go for the coordinator subsystem is
- i°(k) T sA (K SB (K x° (k)
0 + i Y°(k).(A.2.28)
x(k)-1°(k)_ _SBT® SCEK_ x(k)-x° ®
At k = N.
J*°(N) =] xOT(N)Ke(N)x°(N) + ~ trke(N)P°(N).
Then

uet () = arg min E[* xT (K)Q° (KX (K) +7 u°T (QR° (u° () +J  (k+1)/z ] -
u® (k) z z
(A.2.29)

For any matrix T [12]
E{x°T (k+Drx (k+1)/z°” (K} = E[{x°(k+1/k) + K(k+D[z (k+1) - H(k+D)x°(k+1/K)]}T

I {X (k+1/k) + K (k+1)[z (k+1)-H (k+1)E (k+1)/k)]13}/2*0 (k)} (A.2.30)



31

where

K(k+1) = P (k+1/KHX (k+ D [H(+DPU (K+HI/ZKQHE (D) + H(k+1)] > (A.2.31)
E{x°T (k+Drx(k+1)7z > W} = 1° (+DTNE(k+1)+1°T (k+Drk(k+DHK+D) Ck+D) -
- x (k¥D) ) + tr P° (k+1/K)rK (k+DH (k+1)  (A-2.32)
e [x (k+DIrx (k+1) 7z°* (K] = e [ix (k+1/K) +K(k+1)[z (k+1)-H(k+Dx (k+1/K)] }Tr
X (k+1/7K) + K (k+D[z (k+1)-H(k+Dx (k+17/K)]A*° K}
=r (kDD +2xT (kD KKHDHKHD) & k)X kH))

+ tr{rK (k+1) [H(k+1) P° (k+I/IQHT (k+1) +H (k+1)TKT (k+1)
+ (XKD A (KHL)THT (K+DKT (RFLIFK (K+1H (k+1) (x (k1) -x” (k+1)) . (A.2.33)
Expand (A.2.29) using (A.2.32) and (A.2.33)
ue @ = arg min[r- x°T ()Q° (K)x° (K)+~ u°T (KR (Ku° ) +\ tre°(KIP°(K)
ue (k) 2 2
+ \RT (k+lj (A +SC-2sV (k1) + SFIT(k+D) (SB-SCYx(k+1)
+ 5T (k+1) (SB-SCYK(k+DH(Kk+1) (x°(k+D)-x(k+1))
+\ ET (k+DSOX(k+D) +XT (k+1)S+ (k+H (k+1) O (k+1)-x (k+1))
+ ~ (XD -x° (KD THT (k+DKT (k+DSCK(k+ DHK+D) (x(k+ 1D -iD (k+1))
+ LY ®
+er{ KS(k+1)[H (k+1)P° (k+I/KHT (k+1) + 3° (k+1)KT (k1) (SA + SC-2SB)}
+ ~tr2P° (k+1/K)K(k+DH(k+1) (SB-SC) + | trk(k+1)[h &+1)P° (k+1/IQHT (k+1)
+ H (kL) IKT (k+1)SC . (A.2.34)

Recall that

x° (k+D=ACK)X® (K)-(BL ()AL (A(K) + B2A2 (KAK) Ix (&) +B(K)u° (k) (A.2.35)

where

B = B®(K)-B1 (KA1 (K)B(K)-B2 (K)A2 (K)BO () (A-2.36)
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Let
G(k) = B1((k)i1lk) +B2 (k)A2 (k) (A.2.37)

then (A.2.35) becomes

x?(k+1) = ((1-G(k) HAKIX® (K) -G(K)A(K) XK -x° (K)) + B (Ku® (K (A.2.38)
and
x (k+1) = (1-G(K))HAKX® K
+ (I-G(K)HAK) (xX(K)-x° (K) + B(Ku° (k) (A.2.39)
X(k+D)-x°(k+1) = A(K) (xX(k)-x°(K)) - (A.2.40)
O*

Substitute "tA.2.40) in (A.2.34) and differentiating u (K) is given by

ucr @ = -A° (k)Y k)x°(k)-A®(KIM(K) [x(k)-x°(k)] (A.2.41)
where
A°(K) = [R°(K) +BT (K)SA (k+DB(K)]1"1
Y = B(K)SA (k+D1-G(K)TAK)
M(K) = BT (K)SA (k+1)G(K)A(K)+BT (K)(SB (k+1)-SA (k+1))A(K)

-ST (K) SB (k+1)K (K+1)H (k+1)A (K) .

The recursive equations for SA, SB3S , Y (k) are obtained by
O*

substituting u (k) back in (A.2.40)

SA () = Q°(K) +AT (K)(X=G(K))TSA (k+1)(1-G(K))A(K)-YT (K)A°(K)Y(K) (A.2.42)

SB(K) = AT (K)(1-G(K))TSB (k+1) (1-G(K))A(K)

+

AT (K) (1-G(K))T (SB (k+1)-SA (k+1))G(K)A(K)
—AT () (1-G(K))TSB (k+DK(k+DHk+1AK) -YT (K)A°(KIMO<:) (A.2.43)
SC(K) = -MT (K)A® (KIM(K)+AT (K)GT (K)SA (k+DG(K)A(K)

+ AT (K [1-K(k+DHK+DTTSC (k+ D [1-K(k+DHK+DTAK)
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+ AT (K) (SB (k+DK(k+DH(k+1)-SB (k+1))G(K)A(K)
—AT (K)GT (K)(SB (k+1)-SB (k+1)K(k+DH(k+1))AK) (A.2.44)
Yo(k) = Yo(k+1)+tr Q0 (K)PO (K)+tr[KO (k+1)[H°(k+1)PO (k+1/K)HOT (k+1) +

+ H° (K)JKT (k+1) (SA (k+1) + SC (k+1)-2SB (k+1))]

+

2tr P (k+1/K)K(k+1)H(k+1) (SB (k+1)-SG (k+1))

+

tr K(k+1)[H(k+1)P° (k+17K)HT (k+ D +H(k+1)TKT (k+1)SC (k+1).  (A.2.45)

To obtain the recursive equation for S1(K) of the iI-th subsystem,

0* i
substitute u (k), u(5 & back in (A.2.21)

S1E = XE + AK +BEQA (KDY TSL (k+D A + BUOA(KY(K))

+

AL AR +B° (KA Y()TRL K (A (QAK) +B° (OA (K)Y(K))

i =1,2 (A.2.46)

Y1 = Y1(k+D) +tr Q1 (P + tr S1 (k+1)K(k+1)

+

tr S1 (k+DK(+D [HK+DPk+HIZKHT (kD) +H(K+D) KT D

+

tr[P(k/7k)-P° (kZ/K)J(M(K)-Y(K))TAT (K)(B°T (KR1 (K)B°(K)

+

BTS1 (k+1B)A°(K) (M(K)-Y(K)) (A.2.47)



All these strategies are for deterministic dynamic games. In [12] the
feedback Stackelberg solution concept is extended to stochastic two-person
dynamic games.

The approach to be explicitly developed in this paper is based
on the coordination solution concept suggested in [20] for deterministic
systems. We allow stochastic disturbances in the dynamic process model
and in the measurement model, as in [12] but several second-level decision
makers or followers are present as in [20]. Several types of information
structure are considered. Explicit recursion formulas for the design of
the feedback Stackelberg controllers for the coordinator and the followers
are presented. The strategies are adaptive to changes in information available
at each stage and they satisfy the principle of optimality. The strategies
of the second level decision-makers are equilibrium Nash strategies with
respect to each other and in addition, they take into account the known
strategy of the coordinator. The coordinator chooses his strategy with
the TfTull anticipation that the other decision makers will take the coordi-

nator strategy into account in minimizing their individual cost functions.

2. Problem Formulation

Consider M discrete-time linear subsystems, each modeled by

M L X ]

X(k+1) = A10(Kx°(k)+A11(kx1(k)+ E ALI(KxI(kK)+B1(KQul(k)+91 k. @
i*j

The measurement of each subsystem is given by

zi(K) = H1°(k)x°(k)+H11(Kx1 (k) +jriH1IKxI (K+? &

i5ij i=1,....,M; @



where x1 is the nl-dimensional state vector of the i-th subsystem, ul is
the ml-dimensional local control vector DM1 for the i-th subsystem, 2zl is
the il-dimensional measured output vector for the i-th subsystem.

[x~(0); 0~ () GRn'S @« R i=1,...,M k=0,...,N-1} are mutually

independent Gaussian random vectors with known means and covariances.

Eix1(0)} =0 ; Covixl (0)}= ~(0)
EleL(®} =0 ; Cov{01 (K}=0 1 (K
ECAL(Ol =0 ; CovinrCk)} = E1 (K

Each subsystem seeks to minimize the expected value of its cost function

ACul) = j xITENKIZ"(N)XL (V) +~ KIO[XIT(K)QLL(K)XL (K) +u IT(RLL(Kul (K]

i = ®

where K11, G11, and R11 are all positive-definite.

In addition to the M-subsystems, we assume that we have a

coordinator subsystem modeled by

x°(k+1) = A°(K)x°(K)+i]1A°1 (K)x1 (k)+0° (k) @

and the measurement of the coordinator subsystem is given by

z°(k) = H°(k)x°(k)+_SIH°i(k)xl(K)+§°(k) (©)
i=

where x° is the n°-dimensional state vector of the coordinator subsystem,
u® is an m°-dimensional control vector chosen by the coordinator DM°, z° is

the X°-dimensional measured output vector of the coordinator subsystem.



Ix°(0); e°(k)€Rn0; 8° (k) £R*°; k=0,...,N-1} are mutually independent with

the random vectors of each subsystem.

ex°@}r =0 ; Cov{x° (0} = 2°(0)
E{o°(k} =0 ; Cov[0°(K)} = ©° (k)

Eig°(K)} =0 ; CovU°(k)} =H° (k)
The coordinator chooses u to minimize the expected value of the cost function

Joe) = 1 x°T(N)KSNDx°(N) +j i IXIT(N)K®1 (N)xL (N)

N-1 M
+ \ k20[x°T (K)QO (K)x°(K) +u°T (K)R° (KU (k) + iSixiT(K)Q°i (K)xi (K]

€)
where K°, K°L, Q°, R°, Q01 are all positive definite.
The Stackelberg approach [20] to the coordination of the subsystems

is to consider DM° as a leader and DM*-as followers. We imagine that DM°

provides DM1 the exact knowledge of all decisions made by the coordinator

and each DMi minimizes Ji with respect to ui for each given decision of pM°
assuming that the other subsystems will do the same. With this assumption
the subsystems play Nash among themselves. The coordinator then minimizes JO
with respect to u®, considering that the decisions from the subsystems result
from choices of uL which minimize J1 for i=1,...,M. Additionally, the
information sets include exact knowledge of the system dynamic DM°®, DM1,

the measurements and the cost-functionals. The statistics of the random

elements for all k are also included.



where
L°(k) = [R°(K) +BT (K)S°(k+DB(K)]“1BT (K)S°(k+DAK)
AL® = [1-L10OBj (L) (OBLO] 11 K -L1(OBj ()L K))
i=1,2, j=1,2, i™j
A = AK) -B1OAL QAWK -B2 (A2 DAK)

Assuming that the indicated inverses exist the other quantities are obtained

from
PR = Q) +AT ISP (H+DAK) L°TER(K) + BT (S (k+DBI)YIL(K)  (18)
S°(N) = K°(N) (19)
yo(k) = y° (k+1)+ trSe(k+1)Ak) 20)
Ye(N) = 0 @D
Si() = Qi + [AK) - BOGILCITAI TR (AT (AR - B(L°(K)]

+ [AG) - gOL°@QITST (k+DIAK) - BAOL°(D] . i - 1.2 @)
SI(N) = KL(N), i = 1,2 @3
Y1) = y1(k+D)+ trSikDAK) ., i = 1,2 @4

Yi(\) =0, i = 1,2 (25)



u*(k) = -Al K AGX(K) +B°(Ku°(k)) , i = 1,2 (26)

ucA = -A°(KYKIX(K) -A°(RIMK) [Xx(K) -x°(K)] @n
e Tm® s | T

A AO A AO + 3 Y (28)
x(-x ® LSBT sc® x@-x ®

I*K =\ XTESLExEK + \YX ® - 1,2 (29)

where
x( = EX( 127K}, x°() = EIx®| z°(K)]

A1), Ak), B(k), and L1(k) are defined as in the perfect information case

with SA(k) replacing So(k). In addition we have
SAK) =0Q°(k) + AT(KU-GK)TSA (k+DU-G(KHAKK) - YT (KA KYK) 30)

SB() =AT (K)(1-G(K))TSB (k+1) (1-G(K))A(K)
+ AT (1) (1-G(K))T (SB (k+1) - SA (k+1))G(K)A(K)
— AT () (1-G(K))TSB (k+DK(k+DH(k+1)A(K)

- YT (K)A° (KM(K) @31
SCR) =-MT (K)ACOM(K) + AT (K)GT (K)SA (k+1)G(KIACK)
+ AT OO - KCk+DHK+1)]TSC K+ - K(k+DHk+1)TAK)
+ AT (K)(SB (k+DK(k+DH(k+1) = SB (k+1))G(K)AK)
- AT (K)GT (K)(SB (k+1) - SB (k+DK(k+1)H(k+1))A(K) 32)
Y(K) = ECK)SA (k+D[1-G(K)TAK)
M(K)  =E (K)SA (k+DG(K)ACK) + BT (K)(SB (k+1) - SA (k+1))AK)

— BT (K)SB (k+DK(k+DHK+DAK)

G(K) = BL(K)AL(K + B2 (K)A2(K)
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4. Constrained Decentralized Structure

It may be desirable to have a control policy that is simpler to
implement than the optimal policy. Satisfactory control of a high-order linear
system may often be achieved using relatively fewer system measurements and
a controller of low order. This has been the motivation for a number of
optimal designs, using output feedback or dynamic controllers of a specified

order. For recent work in this field we refer the reader to [13]-[19],

4,1 Decentralized Control with Instantaneous Output Feedback

Consider the stochastic problem where a restriction is placed on
the control of the i-th subsystem and the coordinator at any instant to be
a linear transformation of the measurement at that instant. Also, there is
no information transfer among subsystems through their controls. This simpli-

fies the problem since a filter is no longer used to estimate the state. Then
ul® = Fizi®, i=0,1,2, k=0,1 N-1 ()]

where Fi(k) is to be determined to minimize the expected value of J1/ 1).

Consider the augmented system (12) and the measurement

zi () = HLUOX(K) + ~(k), i = 0,1,2. 49
Then 0)
and
G
Define
2() = e XT W}
and note that x(k) depends on 8 (k) for i 0,1,...,k-1 only, implying that

e(x VT (K} = 0. Then the recursive equation for £(k) is
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2 2
2(k+1) = (AR + L£81 (OFLOHL(ISEI AR +; &) BLIFLHL (K))!
2
+ g B1(KFLHL(KFITK)BITK) +ACK) - 2)

Lemma 4.1.1: 1IFf a linear system described by (12) is controlled using a

linear control policy (@48) then the expected cost (14) can be expressed as

E[JL ()] = \ E[XT (KSLE)x(K)] +i tr
zZ zZ

z=k+I1
N .

7 FIT@I)RL (E-1)+BITS1 (£)BIT GGO-D)F1 (i-1)HAGe-T)
z_i=k+

+ s FjJT(™-i1)BjTa-i)sla)Bja-i)Fj (¢-i)Hjoe-1)}, 1 =1,2

i G3)
in
where
SX(K) = Q1L (k)+HIT(KFIT(K)RL (K)FL (KH1L K +
2 2
+ (A(k)+]3SoBj (K)FJ (KHJ (k) S1(k+D)(AK) + _NBj (KF) (OHI (K)) GD
i=1,2
SI(N) = K1 (N) i=1,2. (55)

Proof: The proof is by induction.

Consider the augmented system (12) and the cost criterion (14). The

assumption obviously holds for k=N. For any k

eCil« ] = E(i "§*{xT0e)Q1l (2)xa) +ulT()RL(DuUiI OO} +j E{"r(\NKi (N)X(N)}

Et/Ck+1)] +E[~ xT (KQL(Kx(K) +i uiTU)RI (Qui (O},i = 1,2(56)

with k = k+1 using (63) in (66) and after some algebra the assumption holds
for k = k+t1. Thus (53) holds for k - 0,1,...,N.

For i = 1,2, apply dynamic programming and at each step set the
derivative of the remaining cost with respect to each element of FX(K) equal
to zero. Thus in terms of M1(kK), YX(), rL(K), and T1(k) which are defined

in (70), (*1), (72), and (73), we have
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Appendix 2.

Given a stochastic Markov sequence of state vector {x (k)3

x(k+1) = ACK)X(K)+B° (k)u® (k)+B1(k)ul(k)+B2 (K)u2 (k)+v (k) (A.2.1)

where ul), i=0,1,2 are deterministic inputs, v(k) random, and measurements
given by

z1() = 22K = H (Kx(K)+? K (A.2.2)

Z°(k) 3 z1(K) ;z° (K = Ho(Kx(K) +5°(K). (A.2.3)

The assumptions are the same as given in Section,2. Define

%K) = [z1T(0),... ,zZITCO]T (A.2.4)
26 - [2T®.... LTS (A-2.5)

x(K) = E[x(K)/z* ()] (A.2.6)
x2(K) = elx 6)/2°7()] (A.2.7)
P/K) = E{x(K)-x(K)) x(K)-x(k)) I/ Z'Ek)) (A-2.8)
X(KHI/K) = e[x k+1)/z*(K)]- (A.2.9)

The recursive relations define the conditional expectations for lower level

assumptions given by

x (k+1/7K) = A(K)X (K) +B°(k)u° (k) +B1(k)ul (k) +B2 (K)u2 (k) (A.2.10)
P(k+1/k) = A(k+1)P(K/K)AT (k+1) +A(K) (A.2.11)
x (k1) = x (k+1/K) + K (k+1) [z (k+1)-H(k+Dx (k+17K)] (A.2.12)

K (k+1) = P(k+1/K)HT (k+1) [H(k+D)P(k+17KHT (k+1)+H(k+1)]"1 (A.2.13)

P (k+1/k+1) = [1-K(k+DHK+DTP(k+1/k) (A.2.14)
P(0/0) = S(O). (A.2.15)
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Also
E[x(k+1)/z*(k)] = x(k+1) = Ax(k) +B°u°(k) +Blul (K) +B2u2 (k) (A.2.16)
Cov[x(k+D)/z*(k)] = K(k+D[H(k+DP(k+1/KHT (k+1)+S (k+D]KT (k+D. (A.2.17)

The recursive relation defining the conditional expectations for the coordi-

nator subsystem is given by

io(k+1) = x°(k+1/7K) + KoK+ D) [ zo(k+D) - Ho(k+D)x°(k+17K)]
Ke(k+1) = P°(k+1/K)HOT (k+1)[HO (k+1)P°(k+1/KYHOT (k+l) + g (k+1)]
Po(k+1/7K) = A(k+1)P°(K/K)AT (k+1) + A(K)
Po(k+1/k+1) = [I - K°(k+D)Ho(k+1)]P°(k+1/K)

P°(0/0) = E(0).
Also

E[x ® (k+1 )/z°*(K)]

A(K)x° (k) + Be(k)u°(k) + BL(KUL®K) + B2 (Ku2 K)

Cov[ x°® (k+1)/2z°%] = KO (k+1)[H®(k+1)P°(k+1/K)HOT (k+1) + H°(k+1)]K°T (k+1).

Assume at stage k the cost-to-go for the i-th subsystem is
JiVEK) = J xXT KST (Kx(K)+-1-Y *K). (A.2.18)
The optimal strategies for subsystem i are given by

ui () = arg min el xT (kK)Qi (k)x(k) X FkjR1 (Kul k) + J1* (k+1)/z*(K)]
ui (k)
(A.2.19)
At k=N

DN = el xT DKL ADx (/23 (D]

= J xT DKL MN)x () +2trK1I (N)PLI(N).- (A.2.20)
Using Lemma 1 in Appendix 1

ur(k) = arg min \h5T (K)Qi (Ki(k)+ |trQi (KPL() +j uiT()IRL(K)ui (K)
ul

+  [AX () +BYM(K) +Biul (K) + BN () Ys™ (k+D[AX (K) =



+J trsl (k+DKX (k+1)[H1 (k+DPX (k+1Z7KHIT (k+1)

+ HL (k+DIKIT+D + j y1(k+D]. (A.2.21)
The minimizing control ui1 (k) is " - n

u1 () = -[R1 (K) +BI1TS1 (k+1)B1]"1BITS1 (k+1)[AM(K) + B°u°(k) + Bjuj (K]-

(A.2.22)
Recall the definition of LX) in (A.1.9)
Let - - - - -
L1k = [RMCK) +BITS1 (k+DB1]“1BITS1 (k+1). (A.2.23)
Then
urk) = -L1 (KAXKK) +BMur (K +B*V (K] - (A.2.24)
1 2
For 2-subsystem solve for u (k) and u (k)
ul = -Al1(k)[Ax(k) + B°u°((k)] (A.2.25)
u2 (K = -A2 (K[Ax(k) +B°u~° (k)] (A.2.26)
where AL = [1 -"~BALAB1]"1~"1-LV L], i=1,2, i4j (A2.27)
<te that IF @) 1is " >~ .s,?cC
Assume that at stage k the cost-to-go for the coordinator subsystem is
tr
" 5%k A SB (k x i
J*V) = j BT N + 1 Y°(K).(A.2.28)
x(O-x(ky_  *” x(k)-x° (k)
At k = N,
J**N) = J x°TEDKT@Dx° ) + j trke(N)P(N)-
Then

1 @0 = arg min <1t xT 00 doxao + 7 1Pl aor® coul @0 + 3% k2% ol
u° (k) 2 2
(A.2.29)

For any matrix T [12]
E{x°T (k+Drx(k+1)/zO0F)} = E[{x°(k+1/7K) +K(K+1)[ z (k+1) - H(k+Dx° (k+17K)] 3T

r{x(k+1/k) + K(k+D[z(k+D)-H(k+Dx(k+1)/k)]13/z*°(k)} (A.2.30)
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where

K(k+1) = P°(k+1/K)HT (k+ D) [H(k+1)P°(k+1/KHT (k+1) + H (k+1)] -1 (A.2.31)
E{x0T (k+Drx(k+1)/z°"(K)} = x°(k+DTni(k+1) +x°T (k+DrK(k+DHK+1) < (k+1) -
- x(K+D))+tr PP(k+IZKrK(k+DHK+D)  (A.2.32)
E[x(k+ D rx(k+1)/20,f()] = E[{x(k+1/K) + K(k+ 1) [Z(k+1)-H(k+ DX (K+1/K)]3Tr
X (KHI/K) + K (k1) [z (k+1)-H (k+1)J (k+H1I/K) 1 3/2*° () }

= XT (k+Drx(k+1) + 2xT K+DrK(k+DHK+D) (x° k+D-x(k+1))

trine (k+ 1) [H(k+1)P° (k+1/KHT (k+1) +S (k+DIKT (k+D)

+

x(k+1>x  (K+DTHT (k+DKT (k+DrkK(k+DHK+D (" (k+D-i0 (k+1)). (A.2.33)

+

Expand (A.2.29) using (A.2.32) and (A.2.33)

UeX() = arg min[j x°T (k)Q°(k)x°(K) +j u°T (KR® (Ku° (k)+~ trQ°(k)P°(k)
u° (k) 4 2
\ x°T (k+1) (A + SC-2SB)x° (k+1) +xDT (k+1) (SB-SC)x(k+1)

+

x01 (k+1) (SB-SCYK(k+DH(k+1) (X5(k+1)-x(k+1))

+

+ X (k+1)SCx (k+1) + xT (k+1)SCK (k+1)H (k+1) (x° (k+D)-x(k+1))

J (k+D)-x (k+D)THT (k+DKT (k+DSCK(k+DHCk+D) (xX(k+1)-x°(k+1))

+

+ & Yo (k)
+itrfK (k+D)[H°(k+1)P° (k+I/KHT (k+D) + ~? (k+D]K°T (k+1) (%A + SC-2SB)}
+ = tr2P° (k+1/K)K(k+DH(K+1) (SB-SC) + - trK(k+1) [H(k+1)P° (k+1/K)HT (k+1)
+ H(k+1)]KT (k+1)SC - (A.2.34)

Recall that

X° (k+1)=A(K)x° (K) - (BL (K)AL (K)A(K) +B2A2 (K)ACK))IX(K) +B(K)u®(K) (A.2.35)

where

B(k) = Bo (k)-B1 (k)AL (k)B°(k)-B2 (K)A2 (K)B°(K).- (A.2.36)
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Let
G = BLOAL(K)+B2 (DA2 (K) (A.2.37)

then (A.2.35) becomes

SE°KHD) = (I-GENARIXI)-CUIAK) (x(K)-x°(K)) +B(K)u® (k) (A.2.38)
and
x(k+l) = (1-GUNAKIX® ®
+ (I-GUANAR) (X (K)-x° (k) ) + BAOuU° (k) (A.2.39)
x(ktD-x (kD) = A (XK -x*(K)).- (A.2.40)

- - o*
Substitute (A.2.40) in (A.2.34) and differentiating u (k) is given by

ue*(k) = -A0 (K)Y (K)x° (K) -ALMK) [x (K -x° (K] (A-2.41)
where
A°(k) = [R°(K) +BT (K)SA (k+1)B(k)]-1
Y () = B(K)SA (k+D[1-G(K)TAK)
M(K) = BT (K)SA (k+D)G(K)AK)+BT (K)(SB (k+1)-SA (k+1))A(K)

- (@SB (K+1)K (k+1H (K+1A (K) -

The recursive equations for SA, SB,S®, Y~00 are obtained by

*

0
substituting u (K) back in (A.2.40)

SA (K)

Q° (K)+AT (K) (X-G(K))TSA (k+1) (1-G(K))ACK)-YT (K)AO (K)Y(K) (A.2.42)

SB (K)

AT (K (I-G(K))TSB (k+ D (1-G(K))AK)

+

AT () (1-G (K) )T (SB (k+1) -SA (k+1))G(K)A (K)
—AT (K) (1-G(K))TSB (k+DK(k+DH(K+DAK)-YT (K)A° (KM(K) (A.2.43)
SC(K) = -MT (K)A® (KIM(K)+AT (K)GT (K)SA (k+1)G(K)A(K)

+ AT (K [1-K(K+DHK+DTTSC (k+ D [1-K(k+DHKk+1DTAK)
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+ AT () (SB (k+ DDK(k+D)H(k+1)-SB (k+1))G(K)AK)
~AT (K)GT (K) (SB (k+1)-SB (k+1)K(k+DH(k+1))A(K) (A.2.44)
Yo(k) = Y°(k+1) + tr QO (K)PO (k)+tr[KO (k+1)CH(k+1)PO (k+1/KYHOT (k+l) +
+H° (TKT (k+1) (SA (k+1) +SC (k+1)-2SB (k+1))]

2tr P° (k+1/k)K (K+1)H (k+1) (SB (k+1)-SC (k+1))

+

tr K(k+ D) [H(k+DP° (k+1/KHT (k+ D) +H(k+1)TKT (k+1SC (k+1). (A.2.45)

—+

To obtain the recursive equation for S1(K) of the i1-th subsystem,

O*
substitute u (k), ug k) back in (A.2.21)

SL = Q1K) + (AK) +B(k)A°(K)Y(K))V(k+1)(A(K) + B(K)A®(K)Y(K))
+ (AX (QAK) +B°(K)A°(K)Y(K)TRi (K) (Al (K)ACK) +B° (K)A® (K)Y(K))
i=1,2 (A.2.46)
Y1) = y1(k+l) + tr Q1 (K)P(K) + tr S1 (k+1)K(k+1)

tr S1 (k+DK(k+D [H(k+DP(k+1ZKHT (k+ D) +H(k+ 1) KT (k+1)

+

+

tr[P(k/k)-P°(k/K)TJM(K)-Y(K))TA°T (k) (B°T (K)R1 (k)B° (k)

BTS1 (k+1)B)A° (k) (M(K)-Y(K)) (A.2.47)

+



