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: DECENTRALIZED STACKELBERG STRATEGIES
FOR INTERCONNECTED STOCHASTIC DYNAMIC SYSTEMS
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A two level sequential decision formulation for the control of
interconnected stochastic linear discrete-time systems is investigated.
An interconnection of several systems 1is considered, whereby each
. subsystem has a decision maker and an associated gquadratic cost
function. One of the decision makers 1is designated as a leader or
coordinator and his control strategies are to be chosen prior to those
of the others. The information avaiiable to each decision maker may be
different from those of the others. The second level decision makers
are regarded as followers in the context of Stackelberg strategies.
Their strategies are in accordance with the Nash equilibrium concept or
Pareto optimal concept except that the coordinator's strategy is known
to all of themn. The coordinator chooses his strategy under the
assumption that the followers will fully exploit the prior announcement
of his strategy. Centfalized and decentralized informaticn are
considered. Dynamic programming is employved to derive the recursive
equations for determining the control laws for each subsystem.
Decentralized information structure 1s more attractive since each
subsystem control law is based only on local measurements. However a
two-point boundary value problem has to be solved. A simple algorithm
is suggested but conditions for convergence are not yet available,
Finally, a decentralized Stackelberg strategies for an interconnected
power system is suggested. The design procedure emphasizes phoportional

plus integral control in the context of Stackelberg strategies.
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1. INTRODUCTION

1.1 Introduction

A multi-level structure for a large scale system appears rather
naturally in practice. It is the consequence of an effort toward
efficient utilization of the available resources 6r the inherent
limitations of the elements out of which the system is built. An
interconnected power system provides an important example of a class of

large-scale systems.

A significant development in large-scale system theory is the
concept of multi-person stochastic games with nonclassical information
patterns and their implications on decentralized and hierarchical
control strategies [1,4,12-15,42,43 45 €0,62]. It is evident that a
theory of coordination wusing the bargaining approach (15] is an

important and interesting avenue for new research.

The main object of this thesis 1is to investigate Stackelberg
coordination for decentralized stochastic control. A strong motivation
for this study 1is its potential application to decentralize control
problems such as those found in an interconnected power system which can
be desc¢ribed as a collection of subsystems, each of which is called a
control area. Each area is responsible for meeting its obligation to
maintain the appropriate system frequency and supply its own load
demand. Also, each area provides mutual assistance to its neighbours in
accordance with the basic operating policy of interconnected power

systems [23]. When the interconnected network is small centralized



techniques can be used quite effectively [19,20,23,25,33,39,57].
However, in the more general case the communications/computational costs
involved in implementing a centralized controller often become

prohibitive and decentralized of some sort becomes essential.

We will investigate both the theoretical framework and a potential
- practical application of Stackelberg coordination for decentralized
stochastic control of general: organizatibnal forms of large scale
systemn. These systems may be controlled by multiple decision makers
having - different models, different information sets and different
objective functiohals. Our approach wiil be based on differential games
(16-18,47-53], stochastic control [2-3,5,30,37,38,Ué,54,63,6&] and

electric power system control [19,20,23,25,33,39,57]

1.2 Literature Survey

The design of large, complex systems invariably involves
decompesition of the system into a number of smaller subsystems each
with its own objective functions and constraints [U40]. The resulting
interconnection of subsystems may take on many forms, but one of the
most common is the hierarchical form in which a given level subsystem
controls or coordinates the subsystems on the level beléw it and in turn
is controlled by the subsystems on the level above it. The information
available to a subsystem on a given level and the way such a subsystem
can make use of the information to influence or _oontrol anothér

subsystem has been the object of much study.



Decentralized information among decision makers was first studied

in the static team theory of Radner [U4]. For the dynamic cases, H.S.

VWitsenhausen [61-63] was the first who showed that the linear quadratic

Gaussian problem is nontrivial when the information pattern 1is

nonclassical. Chong and Athans [16] imposed constraints on the control

structure of the LQG system having different information sets. They

showed that the parameter matrices of each dynamic contrbller could then

be globally optimized by sblvidg a deterministic matrix optimal control

problem. Ho and Chu [13,27] have demonstrated that certain nonclassical

. stochastic control problems admit a linear solution. Sandell and Athans
[45] have shown that LQG problems with a‘unit time delay of information

exchange admit a linear optimal decision rule, which can be calculated

explicitly. The results appeared to be promising as far as their

applicability to decentralized control theory 1s concerned. With

decentralized information, there is a trade-off between information

efficiency and computation efficiency. Chong and Athans [14] assumed

that the "coordinator" was allowed to "interfere" only once in a while.

When the coordinator is acting open-loop the lower level problems can be

decomposed completely.

Although different infomation sets are available to each
controller, there is cooperation among the different controllers because
they all try to minimize the same cost functional in the framework of
team theory. This type of a situation can be described as the

"cocoverative and partially decentralized case" in large scale system

theory.



It appears that a theory of coordination using the bargaining
approach could also be developed using the same framework. It certainly
represents an important and interesting avenue for new research. This
has not been attempted until very recently. Crhz [15] proposed the
extension of Stackelberg strategies to the coordination of several

subsystems.

One could natyrally expect ‘that game theory is of considerable use
in bargaining. In fact, game theory has already been used to study
bargaining type situation between organizations in an economy or a
sociaty [58,59]. The idea of using control theory to solve games with
dynamic evoluation was initiated by Isaacs [29]. The games Isaacs
stﬁd;ed were primarily deterministic zero~sum games, Later a more
general concept of differential games known as fhe theory o¢f N-player
differential games has been introduced. Starr and Ho [47,48] considered
non-zero sum differential games with solution concepts or rationales
such as Nash, Pareto and minimax in a dynamic sense. The concepts of
closed~loop and open-loop solutions were adapted from modern control
theory to dynamic game theory, and relates to the class of admissible
strategies. In particular, interest has been focused on the
determination of Nash equilibrium strategies for deterministic
linear-quadratic nonzero~-sum differential games with dynamic information
structures [U45-U6]. Most of the equilibrium solutions found in the
literatures for such games have been linear in the information available
to each player. Only Recently, T. Basar [8] has shown, via a

counterexample, that when at least ocne of the players has access to



closed-loop information, such games admit non—uniqﬁe and nonlinear
equilibrium solutions. Recently, Cruz et al. [16,49-53] have
introduced the Stackelberg strategy developed in static games [58] to
dynamic games. The feedback‘Stackelberg solution concept [17] has been

extended to a class of stochastic games by Castanon and Athans [18].

The theory of stochastic dynamic games 1s based on thé works of
Witsenhausen [61-64], but earlier, Rhodes and Luenberger [U42,43], and
Behn and Ho [U4] considered the problem of zero-sum dynamic games with
imperfect information. The restriction of the transfer of information
through decision was discussed by Aoki [1] while considering equilibria

in Nash games.

Interconnected electric eﬁergy systems provide an important example
of a class of large-scale systems; In several papers
(19,20,23,25,33,39,57], attempté have been made to analyze the load
frequency controller of an interconnected powér system via modern
optimal control theory. Since the solution proposed by Elgerd [25] is
based on the standard linear regulator theory for 'disturbance free
dynamic systems, it neither eliminates the steady-state errors of
frequency and tie-line flows, caused by system load disturbance, nor
provides the desired genefation distribution. However, a resonable
dynamic model was given. A new design procedure for load and frequency
control was developed later by Calovie [19,20] which avoids all the
short comings of previous solutions. The procedure used is to adjoin

the integral of each area control error (ACE) to *+the system state



variables. These new state variables as well as the original system
state variables are included in the cost functional. As a result, all
areas capable of doing so will drive their area control errors to zerc
in steady-state provided the system is stable, Recently, Kwatny [331]
suggested that when energy source response limitations are recognized,
the load frequency control (LFC) problem should be viewed as a
"tracking” problem rather than a "regulator" problem. The estimation
and prediction of load are used'to coordinate generation in each area so

as to regulate power flows and frequencies.

1.3 Problem Area and Methodology

The coordination of a large scale-system, which has the following
characﬁeristics [15]: 1. two or more decision makers having different
models, 2. different information sets available to the decision makers,
and 3., different objective funotionalé, using differential games
approach represents an important and interesting area for research. We
will investigate, in details, Stackelberg Strategies for multilevel
systems. The leader who acts as a coordinator and other decision makers
who are viewed as followers assume different models of the same system.
Several classes of information structures available to the decision

makers will be discussed.

First, we consider an interconnection of M discrete-time linear
stochastic  subsystems and associate with each subsystenm a

decision-maker, a quadratic performance criterion, and a linear noisy



measurement. Superimposed on the interconnection is an addition
decision maker called the coordinator acting through an additional
discrete~time linear stochastic subsystem, with a separate quadratic
performance criterion and a separate linear noiéy measurenment, The
coordinator is viewed as a ieader and the other decision-makers és
followers assuming Nash rationale or Pareto rationale among themselves,
The Stackelberg equilibrium strategy [17] is extended to fit this

situation when there is one leader and many followers.

When all decision makers have perfect system measurement, or when
all the information of all the followers are identical and the
coordinator's information contains the followers' information, feedback
control structure will be sought based on the stochastic Stackelberg
equilibrium strategy [18]. The following special casés will also be
examined: 1. when the coordinator has perfect measurement and all the
followers have indentical noisy measurement, and 2. when the
coordinator has noisy measurement and all thé follcwers have no

measurement.

The classes of information structure are not tco realistic but they
provide some insight into the more complex and realistic cases treated
subsequently. Satisfactory controlef a high order system may often be
achieved wusing relatively few measurements and a controller of
relatively low order. This has been the motivation for a number of
design procedures using output feedback or dynamic controllers of‘a

specified order ~ [31,32,38,54,63,64]. Although, the assumption of



linearity in the class of instantaneous feedback control laws might lead
to results far from optimal which was pointed out by Witsenhausen {611
and Basar [8], the practical need for simplifying approximations becomes
more acute in decentralized. control when theré are many separate
controllers. Decentralized Stackelberg strategies which are constrained
to be linear dynamic controllers of specified orders, will be
determined. This control policy has the obvious advantage of being
structqrally simpler to implemént since it does not require memory of
past meausurements. However, there exist, at present, no stapility

results for this algorithm.

Finally, decentralized Stackelberg strategies will be wused to
develop a decentralized controller for a three-area electric power
system. This design procedure meets all the performance requirements of
load and frequency control, i.e. control law independent of
disturbance, zero steady—staté offsets of frequency and tie-lie exchange
variations and optmal transient performance. The dynémic model,
devéloped by Elgerd and Fosha [25] and Calovic [19] will be used. To
overcome the problem of zero steady state offsets of frequency and
tie-lie exchange variations, the integral of each area control error
(ACE) is adjoined to the system equations. These new state variables
are included in the cost functional.. So as Stackelberg decentralized
are concerned, each control area is constrained to feedback only its own
measurement and they have their own choice of.cost functional. The area
which has super;ority in computing his strategy/collecting information,

will be declared as a coordinator who coordinates the other areas which



are viewed as followers. When the lower-level subsystems desire to
cooperate among themselves a Pareto optimal solution will Dbe chosen,
otherwise Nash equilibrium solution will be chosen. The algorithm for
obtaining decentralized controllers 1is developéd and applied to
load-frequency control of interconnected power systems. The
computational algorithm suggested can not guarantee satisfactory
results., However, in practice the algorithm has exhibited rapid

convergence.

1.4 OQOrganization of the Work

In Chapter 2, three important strategies in Games theory, i.e.
Nash equilibrium, Pareto optimal and Stackelberg equilibrium are
discussed. The necessary conditions for the three strategies applied to

a linear quadratic Gaussian discrete game are reviewed.

Chapters 3 and 4 deal with Stackelberg coordination. Centralized
and decentralized information structure are studied in this context,
Decentralized structure is more attractive since the control sequences
are function of the measurable output only.' The general approach is to
designate one subsystem to be a coordinatof or leader who coordinates
the rest of the subsystems who are viewed as followers. Among the
followers a Pareto optimal or Nash equilibrium solution 1is selected
according to their decisions to cooperate or not. These concepts along

with the solutions are derived.
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In Chapter 5, the algorithm to solve the decentralized stoéhastio
Stackelberg coordination suggested in Section 3.4 is investigated
further. A three-area interconnected power system, which is a class of
large scale system, 1is selected as our example. -The design procedure
emphasizes proportional-plus-integral feedback control. A simulation

study is presented.



1

2. LINEAR QUADRATIC DIFFERENTIAL GAMES

2.1 Introduction

In this chapter, some important aspects of nonzero-sum games that
are pertinent to this work are reviewed. We will consider a special
class of differential games, where the svstem 1s linear and the cost
functions are quadratic functions of the state vectors and controls,
which is probably the only non-trivial class of differential  games in
which solutions based on any rationale can be obtained analytically

without difficulty.

In differential games, one must choose a solution concept such as,
Nash equilibrium, noninferiority, Stackelberg equilibrium etc.. One
must also specify what information is available to each player during
the course of the game. Extensive work has been done dn deterministic
nonzero-sum differential games with particular emphasis given on
two-person games of linear quadratic form [35,36,47-53]. Results
available in the literatures indicate that the solutions of interest,
Nash equilibrium, Pareto equilibrium and Stackelherg equilibrium, for
this class of games, and for different a priori fixed strategy spaces,
is an affine policy for each player, provided that certain existence
conditions are satisfied. T. Basar [8)] has given a counterexample to
show that a two-person nonzero-sum game problem admits a nonlinear Nash
solution. He has also shown that it is possible to obtain a robust

solution which is globally unique by including an additive zero mean
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white noise in the state dynamics. To present the idea without loss of
conceptual generality a two-person stochastic nonzero-sum game with
perfect measurement is considered. Three types of strategies are
reviewed, the Nash equilibrium strategy, the Staokelberg equilibrium

strategy and the Pareto optimal strategy.

2.2 Problem Formulation

A general formulation of the two-person discrete-time linear

quadratic stochastic differential game is given as follows:

x(k+1) = Ax(k) + Bu(k) + Cv(k) + w(k) (2.1)
vik) = Hxk) + wl(k) (2.2)
72(k) = HPx(k) + w(k) (2.3)

where x(k) is the n-dimensional state vector, u(k) is the m-dimensional
control vector of player 1, v(k) is the l-dimensional control vector of
playeyr 2, yi(k) is the pi-dimensional measured output vector for the
i-th player. The vector w(k), wi(k) and %(0) are independent Gaussian
random vectors for all k, where x(0) = N(0,X(0)); w(k) = N(0,p(k));
u}(k) = N(OrQi(k)). Each player i chooses a control vector from a set
of admissible control.Ui to minimize the expected value of cost function
Ji, where
, . N1
Fu, v,k = Tanatanxa) + 3 kTt o x k)
k=0

T OoRM ul) v Tas v 21,2 (2.1)
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Because there are more than one cost functional in differential
games, optimality is defined in terms of the rationality assumed by the
players in computing their controls. The most commonly known rationale
are the Nash, Pareto and Stackelberg solutions whiqh are reviewed in the

following section. These are discussed in detail in [35,36,47,53].

At-each stage of the game, each bléyer will have access to some
information Ii about the present and/or past value of the state vector,
its own cost function as well as those of the other players, and control
strategies of the other players. Each player i has a control strategy

which is a mapping from the information set Ii to the control space Ui.

2.3 Nash Eguilibrium Strategy

The Nash equilibrium strategy which is secure against unilateral
deviations by any one player, depends on what information is available
to the players during the course of play: for example, the
'closed-loop' and ‘'open-loop' assumptions lead to entirely different
costs and controls. It is important to indicate that all the cost
function mappings are included in each information Ii. Furthermore, all
biayers’ decisions are announced simultaneously. The Nash equilibrium
strategy 1is reasonable when cooperation or coalition <can not be

guaranteed and the information structure is as stated above.

In this section, we review the necessary conditions for obtaining
Nash equilibrium strategies for discrete-time dynamic games (2.1) with

perfect information, i.e. y*(k) = x(k), via dynamic programming.



At stage k:

ut () =

]

v*(k)

*
When u (k) and

W), Vi)

arg min E{xT(k)QT(k)x(x) + ul (k)R (k)ulk)
u(k)

+vTaostaoviae « a ez )y

arg min E{xT(k)Q%(k)x(k) + T RZ ()™ ()
v(k)

+ VT ()82 () vik) + 32 (k1) /T2(K))

*
v (k) satisfy (2.5) and (2.6) simultaneously,

constitutes a Nash equilibrium solution.

optimal strategies For (2.1) are:

u*(k) z

v*(k)

]

where

A (k)

c?(k) =
1

-8 (k) x(k)

22 (%) x(k)

(r1x'817 k"4

[s2+kéc]™ k%

k! = BTp  (k+1)[T-C(32+cTP2(k+1) )" 1cTP2 (k1))

k2 = ¢Tpe(x+1)[1-B(R +BTP T (k+1)B)~18TP T (k+1)]

The optimal cost-to-go are

where

pl(k) =

pl(n) =

7 (k)

P2 (k)

1

= X )P T (k) x(k) + 7 (k)

P2 (k) x (k) + w2 (k)
o'+ dTrIaleaTs1A?

+ (8-Bo'-c2®)TPT (ks 1) (a-Ba) -CA2)
ol
7 (k+1) + tr{d(k)P (k1) }; o (N)=0
02+ ATR2AL2T5202

+ (A=A -co2)TP2 (ke 1) (A-BA'—C22)

(2.5)

(2.6)

i

a pair

The Nash

(2.7)

(2.8)

(2.9)

(2.

(2.

(2.

(2

(2.

10)

11)

12)

.13)

M)‘

.15)
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P2(N) = Q2(N)

72k) = 72(k+1) + trlb(k)P2(k+1)}; mo(N)=0 (2.16)

These equation can be solve backwards in time using the given final
conditions. Sufficient conditions for the existence of the solution

given by T. Basar [10], is that [R1+K1B] and [S%+k2C] are non singular,.

2.4 Pareto Qptimal Strategy

If it is possibie for all élayers in a differentisl game to agree,
prior to the starting time, to coordinate their strategies, then the
resulting set of control should be chosen from the Pareto set of
solutions. No other feasible choice of controls could decrease the
costs incurred by one or more players without increasing the -costs
incurred by the others. The selection of a particular solution in thé
Pareto set is generally made subjectively based upon negotiation among
the players. Finding the Pareto set for a differential game 1is
equivaleﬁt ﬁo solving an optimal control problem with a vector cost
function. When appropriate convexity conditions are satisfied_[&?,u8]
the problem is equivalent to-solving an N-1 parameter family of optimal

control problems with scalar cost criteria
¥

2
J = ZaiJl
i=1
2 i N-l .
= 3 o Lt Dt 0 x (0 +Y xT (oot (o) x (k)
i=1 ~ ©K=0
+ul ()R ) u ) +vT () s (k) v (k) ] (2.17) .



The components of a are interpreted as the relative weights placed
on the interests of the players entering the agreement. For any given
welghting vector « , the Pareto optimal solution is found by solving a
linear quadratic optimal control problem. The conprols corresponding to

this solution are:

U (@) = =[R+DTP (ke 1)D]"TDTP (ks 1) Ax (k) (2.18)
where
D =[B Cl; U=/ u
%
2 , [ 2 ]
i=1 i=1
2 ,
ZaiSl
i=1 |
P(k) = Q + K'RK + (A-DK)Tp(k+1)(A-DK) (2.19)
P(N) = Q(N)

A sufficient condition for the solution to be exist is that the matrix
to be inverted is positive definite. These equations can be solved

backwards in time using given final conditions.

The cost-to-go incurred when the players use arbitrary linear

feedback control of the form

<
~
p g
1]

Kyx(k) i=1,2 (2.20)

xT )P () x (k) + mik) (2.21)

c,
[N
—~
~
S
13
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where

plek) = qb + giTgpigd

+ (A+BK+ck?) Tpt (k+1) (a+BK  +cK2) (2.22)
piw) = oiqw)

(k) = m ke t) + PR (ke )d(K): wt(N)=0 (2.23)

2.5 Stackelberg Equilibrium Strategy

In this section we conside} two-person games, where one player is
called the‘vleader and the other 1is called the follower. In the
Stackelberg solution concepts there is a difference in information
between two players. The leader; who acts first, knows the oost
function mapping of the follower but the follower may or may not know
the cost function mapping of the leader. However, the follower, who
acts second, knows the value of the first player's decisions and take
this into account in computing his strategy. Within the dynamic game
context, three types of solution concepts are important in'Stackelberg
Zames: open-loop, closed-locp and equilibrium solutions. In this
thesis we consider only the Stackelberg equilibrium strategy which
satisfies the principle of optimality.' For a discrete time system (2.1)
with perfect information, u(k) represents the decision ofvthe leader,
v(k) the decision of the follower. Using dynamic programming at stage
k,

Vo(u,k) = arg min E(xT(x)02()x(k) + uT(0)RZ(k)ulk)
v (k)

+ vI(K)S20e) v () +02¥ (ke 1) /TR (1)) (2.24)



u*(k)

= arg min E{xT (00 (0 xk) + wTUORT (G)ulk)

ulk)
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+ v 08T Gav 0+ (ke ) /1T (00} (2.25)

vo(u,k)'is the follower's optimal reaction to a decision u(k) by the

leader. The optimal strategies are:

ut k) = -0 )Y (k) x (k)

volu,k) = =O(k)[Ax(k)+Bu(k)]

where

W(k)

Y(k)

Alk)

Lk)

R' + BTals'aB + BT (1-cA) Tk (k+1) (I-C)B
BTATs'na + BT (1-ca) Tk (k+1) (I-CA) A
[52+cTk2 (ke 1) €T TR (k1)

Q'+ aATATs™aa + aT(1-ca) Tk (k+1) (I-CA)A-

The optimal cost to go are

3" ()

3% (k)
where

k' (k)

g1 ()

K2 (N)
w2(k)

e N)

it

i

H |

LK (K x (k) + 7 (k)

1]

)L ()RZ (k) x (k) + 72 (k)

L(k) = YL (W™ ()Y (k)

Q')

7 (k1) + trl®OOK (ke 1) ]

0

0% + (-0~ ) TR (k1) (1-co) (a-BW~"Y)
+ YT TR2y=y

Q2 (N)

w2 (k+1) + trlD(K)KZ (k+1) ]

0

(2

TN
AV

(2.

(2.7

(2.

(2.26)

(2.27)

.28)

.29)

30)

33).
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These equations can be solved backwards in time using the given
final conditions. Sufficient conditions for the existence of the

1, Q2 and RS are pogitive

inverse -and the minimum are that 01, S
semidefinite and R1 and S2 are positive definite. In addition, these

conditions ensure that the functionals minimized are strictly convex

over the whole space, so the minima are unique.

In the Stackelberg equilibrium solution oongept, decisions are not
enacted simultanepusly at each stage., Hence, it is attractive when one
player has enough information.to be a leader. In some multicriteria
optimization problems the Stackelberg equilibrium strategy appears to be
appropriate, although the Nash equilibrium strategy could also be

Justified.
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3 STACKELBERG COORDINATION

WITH NASH RATIONALE AMONG LOWER-LEVEL SUBSYSTEMS

3.1 Introduction

In this chapter we investigate a sequential decision approach to
the control of an interconnection of several subsystems. Associated
with each subsystem 1is a decision maker or a performance criterion
function or cost function. A framework for studying strategies for the
control of such systems 1s non-zero N-person differential games
[35,36,47,48]. Various solution concepts for defining optimality have
been proposed and examined. One of the most widely studied solution
concepts 1s. the Cournot or Nash strategy [47,48] whereby the
decision-makers simultaneously miﬁimize their respective cost functions
with respect to their individual controls. At equilibrium when all the
decision-makers apply their Nash strategies, the cost function of any

subsystem is at minimum with respect to the control for that subsystem.

A sequential decision solution concept was first studied by
Stackelberg [58] in the context of a static economic problem with two
décision—makers. In [16,51,52] the Stackelberg concept was developed
for two-~person dynamic games with pérfect information. Three types of
Stackelberg strategies were investigated in [16,51,52]: open-loop,
closed-loop, and feedback. In general, the open-loop and closed-loop.
Stackelberg strategies do not satisfy the principle of optimality but

the feedback strategy and the more general equilibrium strategy [17] are
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defined to satisfy the principle of optimality. Open-loop Stackelberg
strategies were considered in [53] for two groups of players where the
player in each group use Nash strategies with respect to each other but
each group plays according to the open-loop Strackelberg concept with
respect to other groups; 411 these strategies are for deterministic
dynamic games. In [18] the feedback Stackelberg solution concept 1is

extended to stochastic two-person dynamic games.

The approach to be expliciély developed in this chapter is based on
the coordination solution concept suggested in [15] for deterministic
systems. We allow stochastic disturbances in the dynamic process model
and in the measurement model, as in [18], but several second-level
decision makers or followers are presented as in [15]. Several types of
information structure are considered. Explicit recursion formulas for
the design of the feedback Stackelberg controllers for the coordinator
and the followers are presented. The strategies are adaptive to changes
in information availablé at ‘each stage and they satisfy the principle of
optimality. The strategies of the second level decision-makers are
equilibrium Nash strategies with respect to each other and in addition,
they take into account the known strategy of the coordinator. The
coordinator chooses his strategy with the‘full anticipation that the
other decision makers will take the coordinator strategy into account in

mimizing their individual cost functions.
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3.2 Problem Formulation

Consider M discrete-time linear subsystems, each modeled by
e+ 1) = 45000x0 )+ st it
+ 28tk + B oot k) + i) (3.1)
i=1 .
1]
The measurement of each subsystem is given by

zh (k) = B0« (k) + mit () xt (k) .

Moo . . ;
# 2 HN 0 (k) + g (k) 121,000, M; (3.2)
J=1 '
i#]
where xt is the ni-dimensional state vector of the i-th subsysten, ui is

the mi—dimensional local control vector of the decision maker DML for
the i-th subsystem, zi is the li—dimensional measured output vector for
the i-th subsystem. The vector xi(O); Bi(kXERni;lgi(k%ERli; i=1,...,M;
are mutually independent Gaussian random vactors for all k with known

means and covariences.

E{x*(0)} = 0 : covixt(0)} =Ti(0)
E(p* ()} = 0 ; Covigt ()} = oLk)
BLEN ()} = 0 ; Covigt ()} = =t (k)

Each subsystem seeks to wminimize the expected value of its cost function
gty = 3 A Tanet ot an
N-1

. %gzz[XiT(k)Qii(k)Xi(k)+uiT(k)Rii(k)ui(k)]
=0
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.
In addition to the M-subsystems, we assume that we have a
coordinator subsystem modeled by
M ' '
1) = 22002 () + T 4% 0k () + 400 (3.4)
i=1

and the measurement of the coordinator subsystem is given by

=

2%(k) = HO(K)x® (k) ZHOi(k)xi(k) + £°(k) (3.5)

where x° is the no—dimensional state wvector of the coordinator

subsystem, u® is an m°-dimensional control vector chosen by the

coordinator DMO, z° is the 1°-dimensional measured output vector of the
coordinateor subsystem. {x°(0); ¢°(k)eRrDO; fo(k)EERlo; k=0,...,N=-1}

are mutually independent with the random vector of each subsystemnm.

E{x°(0)} = 0 ; Cov{x®(0)} =3°(0)
E{6°(k)} = O ; Cov{g®(k)} = 6°(k)
E{£°k)} = 0 ; Cov{£®(k)} = =°%k)

The coordinator chooses u® to minimize the expected value of the cost
function
1 1 4
300 = 5xT o) x° () + 13 ATt () ()
i=1

N-1 '
+ %EE:[xOT(k)QO(k)xO(k)+uQT(k)Ro(k)uo(k)
k=0

Mo L
+ 3 00 )kt (0] (3.6)
i=1

where Q°, Q°, R® are all positive definite.
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The Stackelberg approach [15] to the coordination of the subsystems is
to consider DM® as a leader and DMikas followers. We imagine that DM®

provides DMi exact knowledge of all decisions made by the coordinator -

1 for each given decisicn of

and each DMi minimizes J% with respect to u
pM° assuming that the other subsystems will do the same. With this
assumption, the subsystems play Nash among themselves. The coordinator
then minimizes J° with respect to uo, considering that the decision Ffrom
the subsystems result from choices of ui which minimize Ji for
i=1,...,M. Additionally, the information sets inciude exact knowledge
of the system dynamic DM°, DMi, the measurements and the cost

functionals. The statistics of the random elements for all % are also

included.

The optimal feedback Stackelberg approach to the 2-level
coordination of the subsystems [15] is described by the following
procedure: At eéch stage, the coordinator computes the subsystems!
expected reaction to his decision, based on minimizing the subsystems?
expected cost-to-go assuming that all second level decision makers will
use thelr optimal feedback Stackelberg strategies in the future. The
cbordinator then seeks to minimize his expected cost-to-go assuming that
the subsystems will respond as expected. Each subsystem then uses the
coordinator's decisidn to compute his optimal decision, éssuming that
other subsystems will do the‘same.. These expectations are conditioned

on the information sets available to each subsystem.
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The information set consists of exact knowledge of the system
dynamics, the measurement rules and the cost functionals of all decision
makers. Additionally, it includes exact knowledge of all decisions made
by each player up to stage k-1 and the statisties of random elements
9i(k), fi(k), i=0,...,M for all k. Also the Stackelberg nature of the
game implies that the followers! information contains the exact value of

the leader's decision at time k, u®(k).

Let arg min f(k) denote the value of u at which f(k) achieves its
absolute minimum. Then the equations that define these optimal

solutions are as follows:

ui(uo,k) = arg mig E{Ji(ui,xi,k)/zi(k)} - (3.7)
u

WOk = arg mig E{J%u®,x%,x1 k) /2°(k)} (3.8)
u

TEAETS B S L (3.9)

The optimal cost-to-go at each stage are
- * > . s . . k) * *
JPT (k) = E{Jl(ul,xl,k)/zl(k),ulzul ,uf=uCy i=1,.. .M (3.10)

# . * . s %
J°7 (k) E{Jo(uo,xo,xl,k)/zo(k),uo:uo yutzut ™}

It

i=1,...,M (3.11)

Stochastic dynamic programming can be used to obtain the solutions.

Two possible cases will be considered in this chapter. First, when
the information is centralized, several classes of information
structures are discusséd. One is when all decision makers have perfect
system state measurement.’ Another is when the information of all the

followers are identical and the coordinator's information contains the
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followers' information. Second, we will constrain each controller to be
in decentralized structure and the 1i-th subsystem including the

coordinator knows only its own measurement.

3.3 Coordination with Centralized Information

In general, the coordinatof has some information from each
subsystem and, in turn makes some decisions that will influence the
' dynamic response of the lower-level subsystems. By definition of
Stackelberg strategies [52], all decisions made by the coordinator are
known to the second level decision wmakers. However, some information
may or @ay not bé available to the coordinator and lower-level
subsystems. When the information sets are c;ntralized, either the
coordinator and the lower-level subsystems have perfect information of
state, or the lower-level subsystems have the same measurement but the
information set of the coordinator consists of his own measurement and
the lower level subsystems' measurement. Several particular cases of

this problem are examined. Let us examine a system with one coordinator

and two second level decision makers.

Consider the augmented system

x(k+1) = A(k)x(k) + B°(k)u®(k)

s Bl0u (1) + 820062 (k) + v(K) (3.12)
where xT(k) = [be(k) X1T(k) X2T(k)]

vT(Kk)

(°Te)y 9T 42T 00

x(0) and v(k) are Gaussian random vectors with zero mean and covariance
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$(0) and A(k), and the measurement of each subsystem is
22(0) = E 0x0 + gH) 120,1,2 (3.13)
The quédratic cost is
sty = ITanetanxan
N-1 ) i . .
+ 33 Tt () x ) + ur TR () ut (k)]

k=0 k
i=0,1,2 (3.14)

3.3.1 Perfect Information

'Suppose all subsystems have perfect information of the states,
i.e., zi(k)zx(k), i=0,1,2. Assume that the expected cost-to-go
at stage k 1s

o = Tostaoxe « oo, i=0,1,2 (3.15)
for some deterministic matrix S1(k) and scalar function ¥ (k).

Using dynamic programming as shown in Appendix 1, the optimum strategies

are

¥ (k) = -LO(k)x(k) (3.16)

W) = -0 + 20T,  i=1,2  (3.17)
where

Lok) = [RO(k) + BT(k)s®k+1)B) 17 BT (k)80 (ke 1) A (k)

at) = 11 - LiaordoonItostao 1T L aosdnd k)

| | ' Ci21,2, 321,2, if]
T = Al - B 0 A AL - BEK)A2(K)A(K)
Blk) = BO%(x) - B'(x)al (0)BO(x) - B2 (k)a% (1)BO (k)

L) = trr )+ BT st (ke )BT (0 17 BT (o) 8T (k1)
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Assuming that the indicated inverses exist, the other quantities are

obtained from

$P(k) = Q%k) + AT(k)SC(k+1)E (k)

= LT [ROGk) + BT () SP (ke 1)B (k) 1L (k) (3.18)
sOn = Q%) | (3.19)
vO(k) = YO(k+1) + trSO(k+1)A(k) ‘ (3.20)
yo(N) = 0 (3.21)

stk) = ot(k)
+ [0 -B°00L° 01Tl T o R (0ot (1) [A (k) =B (1) L0 () ]

f IR0 -BOLP ) 1 Ts (e R -BUOLO (k)] i=1,2 (3.22)

stan) = ot i=1,2 (3.23)
vk = yH(k+1) + trSTe1)AK) i=1,2 (3.24)
yin) = 0 i=1,2 (3.25)

These equations can be solved backwards in time, In summary, we
have the following calculations: Starting at k=N-1; SO, st
i=1,2, are given.

1. Compute Li(k), i=1,2
2. Compute Al(k), i=1,2
3. Compute ﬁfk), B(k)
4, Compute L°(k)
5. Compute SO(k), si(x), i=1,2
6. k-=k-1 and go to 1. Stop when k=0.
Note that the control laws for the coordinator and th¢ i-th subsystem

involve perfect measurement of the state.
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Tllustrative Example

Consider a linear system descpibed by the difference equation:
xq(k+1) = 0.75x,(k) + 0.9x,(k) + 0.9x3(k) + u1(k)'+ wy (k)
xo(k+1) = 0.3x4(k) + 0.8x5(k) + O.2x3(k) + us (k) + wylk)
x3(k+1) = 0.3x;(k) + 0.2x5(k) + O.8x3(k) + u3(k) + w3(k)

where u, are the controls of players i; 1i=1,2,3 respectively. {w; (k)5

i=1,2,3} are mutually independent Gaussian random vectors with =zero

means and known covariances, Let the cost functions be of the form:
1 2 ] 5 2
Ji = z(xi<N)"‘pi) + _ZL(ZT[(Xi(k)-yi) + Ui(k)] i:1,2,3

where pj; i=1,2,3 and Vis i=1,2,3 are constants, This problem is
similar to a tracking problem where the players are trying to force the
states to be as close as possible to some prespecified values while

investing a minimal amount of energy.

Assume that player 1 is the coordinator or leader and players 2 and
3 are followers. Every players will seek control policiles which are
functions of states. Stackelberg coordination for an interconnected
system with player 1 as the coordinator and players 2 and 3 as
followers, who assume Nash rationale between themselves is sought. The
parameters 1in the cost functional have the following values: pj = 03
i=1,2,? and yi = 0; 1=1,2,3 and N = 10, VFig 311 shows the trajectory

and control policies of the system.
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3.3.2 Coordination with Nested Informaticn Structure
1. Incomplete Information for Coordinator and Subsystem

Consider the case where the information of the state is incomplete.
At each stage, in addition to their own estimates, the optimal
strategies would include terms involving an estimate of the other
subsystems' estimates of the state in the future. This leads to
estimators o¢f wmuch larger dimensién than the systeam itself. For a
special case of fhe stochastic problem, consider the case where each
subsystem has the same measurement

21 (k) = 22(k) = z(k) = H(K)x(k) + (k)

and the coordinator knows both his wmeasurement and all subsystem
measurements., 3o for aﬁy k, z°(k) D z(k), imolying that the information
sets are nestaed. We also have to assume that there is no information
transfep among subsystems through their controls [18]. The optimum

strategies for this case are derived in Appendix 2 as

k) = =l () (A0OR(K) + 8%k)u®(k)) iz=1,2 (3.25)
# - - R
u®T(k) = -2k Y)RO(K) - AP(IM(K) (R (k) -2 (k)] (3.27)
. I 2w 1 rsfeo sBo R0(k) 1
JOT(K) = > + ¥ (k)
- ~0 BT c - ~0 2
R(k)-%"(k) S (k) S¥(k)l WRk)-27(k)
(3.28)
. ~ _— , /
It (k) = %XT(k)Sl(k)x(k) - %Yl(“) i=1,2 (3.29)
where  R(k) = 2{x(k)/z ()}, R°%(k) = 2{x(%)/z%(x)}
At k), T(k), Z(x), and LY(k) are defined in the perfect information case
with SA replacing S9(%). In addition we have

(1) (I-G (%)) st (ke 1) (TG (%)) (k)

OV TATTON (3.300



sB(k)

sC (k)

G(k)

&P (k) =

u

1]

Ki(k+1)

Pl (ke1/%)

P (ke1/%+1)

pi(0/0)

st (k)

i

AT () (1-601)) TsBlrr1) (I-G 1) ) al)

+ AT () (-G (k)) T(SB ke 1) =5% (ke 1))6 (1) )& (%)

AT(0) (1-600) ) TSB (ke 1)K (ke 1) H (ke 1) 4 (1)

v () 2% (1) M (k)

M)A M k) + aT()6T () 5M (ke 1)G () A (k)

!

+ ATOIT = KGeeDEM+1)1TSC (k1) T = (ke 1) H k1) 14(K)

AT 00 (SB (ke 1)K (e 1) B (k1) =3B (ks 1))6 () 4 (1)

+

aT006T (%) (8B(er1) =8B (ke )R (ke 1) H (k1) ) 8 (k)

'

B)SP (ke 1) [T-G (k) T4 (k)

B)sh )G alle) « BT 00 (SBlier1) =38 (1w 1)) 2 (1)
= BT ) sB s 1)K (ke 1) H (1er 1) A (%)
Bl (k) al (k) + 32(1)n2(k)

[RO(k) + Blr)S¥u+1)B(r)]™]

1}

Ak 1)PE (/08T (k1) + 4(k)

3]

(T - k(a1 (ke 1) 1PE Cler 1 /1)

ti

~(0)
1,2 and where Hi=H for 1=1,2.
+ 2900 1RO (ke 1) (5% (ks 1) + 5%(ke1) = 258(ke1)))

+ 28rPO(k+1/k)K (k1) 8 (k1) (38 (x+1) =50 (k=1))

32

(3.31)

(3.32)

P (ke 1 /)8 T (e 1) (it e 1) P (k1 /00 BT (1) o=t (2w 1) 1=

Yo (k+1) + £r0°%(k)P°(k/Kk) + br (KO (k1) [HO (k1) PO (k1 /1) 8T (1 1)

+ trR (k1) [HCr1) PO ke 1/ HT (ke 1)+ 5 0er 1) 10T (ke 1)SC (kx 1) (3.33)

o~

atik) + (AG)+B0)a%00) 7 (1)) T (k1) (A (k) +B (1) 20 () 7( k) )

T.1

+ (&i(k)A(k)+Bo(k549(k)Y(k))LR*(k)(Ai(k)A(k)+80(k)ap(k)Y(k})

iz1,2

{
\

3.

3

I

i

)



33

V() = k1) + erol ()P (/) + erst(ke 1)K (k1) |

+ trSt (e )R (k1) [H (ke 1) 2 (k1 /) HT (ke 1 )+ ks 1) 1K (k1)

+eelBk/k) - PO(k/k)TM(k) =1 (1)) T () (8°T () at (k)80 (k)

+ B0 st e 1) B (1)) 22 (k) (k) -1 (k) | (3.35)
The recursive equations (3.30) and (3.34) are identical to equations
(3.18) and (3.22) in the perfect information case, with the same initial
conditions, so that the solution S$*(k) and s¥(v) in (3.30) and (3.34)
are equal to S%(k) and Si(k) in (3.18) and (3.22). Thus, as far as the.
foilowers are concerned, they play a '"separation principle" strategy
which consists of the optimal deterministic feedback law 'of their best
estimate 55 the state. The leader strategy includes his own estimate
and a term involving a differenés in estimates. When both estimates are

the same, the leader also plays as in the "separation principls'.

2, Perfect Information for Coordinator

Consider the problem in which the ccordinator has perfect state
measurement while the lower level subsystems have available only noisy

output measurements. In addition, we assume that conditioas are such
that the coordinator can deduce exactly the lower level subsystems'’

state estimators, zand the lower leval subsystems nave the same noisy

measurement, i.e., z (k) = z?(k) = z(k).

dhen the coordinator has perfect state measurement and can daduce

exactly the state of the lower level subsystems' state estimator, i.e.,

0 . . - ., . R L
H-(k)sI and §°<k)=o, also z°%(k) O z(k). Tae problsem is of 'nestad
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intormation"” type except the coordinator does not have to estimate its

own state (E[x(k)/zo(k)lzx(k)).'

The control law of the coordinator is
WO ) =~ )T x(k) = 2200M k) (Rk)=x(k)) (3.36)
-and the control laws of the lower level subsystems are
) = et AM0R0 + 820K =12 (3.37)

where E{x(k)/z(k)]=%(k). The optimum cost-to-go is

, c(e) T st sPe) x (k)
%%y = 3 . + $79(k)
R -x0a)]  [sBT) sC00] (RG)-x (i)
» (3.38)
oo = Rltosteorm « i =142 - (3.39)

where all matrices are the same as in Section 3.2.1.
3. No Measurements for Subsystems

Consider the problem in which the coordinator has a noisy
measurement, while the lower level subsystems have no wmeasursment

available to them and are restricted to using only a priori information.

Wnen the lower level subsystems have no measurements, i.e., H™({k)z0
(null matrix) and z*(k)zz'(0) for all k, the problem is also of nested
information type. The cortrol law of the coordinator is

~220) ()R (k) = a%l)M(k) (R(%) =R (%)) (3.40)

f
(o]
—~~
~
138

and the control laws of the lower level subsystems 1is

_abaoramrk) + 32)uC o l, i=1,2 <3{41>

-
o
TN
.
Z
H

z%(x)] = ROUK), Elx(k)/z(k)] = R(k).

X
oy
[¢1}
3
[
)]
fyamn'}
“
—~
~
~
~
[\
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The optimum cost-to-go is

o P T st SBw] [ R 1
Je (k) = 5 + 270(k>
=00l 1sBTu) sCuol R0 =200
| | (3.42)
o = BTeostuorw « o im12 (3.43)

where all matrices are the same as in Section 3.2.1.
Substitution of (3.40) and (3.41) into the system equation gives

x(k+1) = A(k)x(k)

¢

BT a (k) a(x) - B2 (k)A2 (k)4 (k)T (k)
- (B%k) - B8T()a (K)BO(k) - B2(x)A2(x)BO(k))AC(K)T(K)R(K)
- (3%x) - 31 (A (1)8%(k) - B2(1)AR ()89 (1) )A (k)T (k)

(R(k)-R(K)) (3.144)

It follows that the optimal estimate of the’states by the lower
level subsystems, given only a priori information, i.2., no -output
measurement, is given by
Rx+1) = [4(k) =B (x)a) (k)4 (k) =B (k) (k) Alk)

-(8°(x) =BT (1) A () BO (1) ~B% (x)a2(1)8° (1))a® (k) L(k) IR (k) (3.15)
with initial condition %(0/0)=%(0).
In addition, when %(0)=0, then %X(k/k)=0 so that

WO () = =22(K) Y (k) - M) IRO(k) (3.16)

H]

Al 089 () u k) (3.47)

i
and uo(&)

o
H
n

3.4 Constrained Decentralized Structure

It may be desirabls to have a control policy that is simpler to

implement than the ocptimal policy. Satisfactory coatrol of a high-order

o .

linear system may often be achieved using relatively Cfewer system
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measurements and a controller of low order, This has been the
motivation for a number of optimal designs, using output feedback or

dynamic controllers of a specified order. For recent work in this field

we refer the reader to [31,32,3%4,37,38,54].
3.4,1 Decentralized Control with Instantaneous Output Feedback

Consider the stochastic problem where a restriction is placed on
the control of the i-th subsysfem and‘the coordinator at any instant to
he a linear %transformation of the measurement at that instant. Also,
there 1is no information <Etransier among subsystems through their
controls. This simplifies the problem since a filter is no longer used
to estimate the state, Then

dlie) = Flaozie),  1=0,1,2, k=0,1,...,N-1 (3.48)
where Fi(k) is to be determined to wminimize the expected value of
1)

JH(u

.

Consider the augmented system (3.12) and the measurement
o) = B ox) « gt 120,1,2 (3.49)
Then
i = Flaoat (o xk) « Frioet k), | 1=0,1,2 (3.50)

and

x{k+1)

1

2 . ‘ .
(a(k) + 3 8 ()P (x)E (k) ) x(k)
- =0

2 L
£ 3BT FT(k)ET(R) + vy (3.51)

=0

[t
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Define P(k) = E{x(k)xT(k)} and note that x(k) depends on §l(k) for
i=0,1,...k-1 only, implying that B{x(k)vi(k)}=0. Then the recursive

equation for P(k) is

2 2
P(k+1) = [A(k) }: Lyat( k)]P(k }; B0 F (0t (0]
+§: sl () rt ozt (0 riT ()8 T (k) +Ak) (3.52)

i=o

Lemma 3.1 If the linear system described by (3.12) is controlled using a
linear control policy (3.48), i=1,2 then the expected cost (3.14) i=1,2

can be expressed as

. ) N ,
E(JR(0)] = JE2lxT0)sH 0201 + £ erst(1)A(L-1)
l=k+1
N
+ % >t rFlT(1—1) a1+l -nstnsta-nistc-nsta-n
I=k+1

2 : o . 4
+ 5 ererdT-0edT(-nst(ned-1rd(1-1=d(1-1)}
j=o
1] i=1,2 (3.53)

where  sT(x) = ot «aiT et TR ) rt ()t (k)

2 2 .
La+3 sd@ritoal (1 sT e Tat)» T Bl (k) eI (k)87 (k) ]
Jj=o j=0 '
L:1,2 (3‘54)
st = ot | (3.55)

Proof The proof is by induction.

Consider the augmented system (3.12) and the cost criterion (3.14).

The assumption obviously holds for k=N. For any k



1

(It (k)] GO+t TR (Dut (D) 132 GT Nt (0 x ()

]
Ol
£
e
b po A

[

k
- Bl e ]+ B30T 00 () et +u T Rt (o ut (o)) m

i=t1,2 : (3.56)

with k=k+1 using (3.53) in (3.56) and after some algebra the assumption

holds for s=k+1. Thus (3.53) holds for k=0,1,...,n. The necessary

condition for a minimum at each step is that the derivative of the

remaining cost with respect to FH(k); i=1,2 must equal zero.

FI) = —[R1+51Ts’(k+1)B1]‘1B’Ts1(k+1)[A+B°?O<k)ﬁo+82F2(k)52]
POOH TLHTPOOH Tz 17 - (3.57)
F2% (1) = ~[R2+82T52(x+1)8217 182782 (s 1) [ 448070 () %2 7 ()]
P (k)T a2e (k)52 ez | - (3.58)
or
100 = () [AG) 3200 O (x)EO (k) 1T (k) (3.59)
2% (1) = 2 (k1A B2 () FO (k) EO (%) 1T2 (k) (3.60)
where
rio = (1M eosdtandost) 1T i ot (o33 kil ()]
11,2, j=1,2, i#]
o) = [y« rdosd oyt o Ti-atearigad et ol
i=1,2, j=1,2, i#j
wite) = -raie)«eiToosteen)at )17 8T ) st ety 121,2
i) = ?(x)aiT<k>[ai<k)9(x)HiT<k>+z?(k)}f1 11,2

Lemma 3.2 If a linear system described by (3.712) 1is controlled using 2a

d cost (3.14) for

18

linear control policy (3.48) for 1=0 then the expsct

i=0 is expressed as
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.
ELI%k)] = 2E(xT (0)SP(x)x(k)] + 30 3 erSO(1)A(i-1)
izk+1 '

+ teFOT(1-1)(RO(1-1) BT (121)5%(1)BO(1=1) 1FO (115 (1-1)
2 | o |
+ Y eI o -0 s ned(-n e (-n=d )]
= (3.61)
where
$O(k) = Q%k) + #PT (k) FOT (k) RO (k) FO (k) HO (k)
+ [0 +B (k) 7O () HO (k 1+§:1B (O FY G0ut (0 1T5% (ke 1)

[AG0)+B (k) FO(k }d et ot ()] (3.52)
i=1

s°(N) = Q%) E (3.63)
At eacn step the nscessary condition for a minimum 1s that the
derivative of the resmaining cost with respect to each element of F
must equal zero.
F°<g> = (RO +68%()+B " (1) 1T (%) BO (k) +B2 (%) 12 (%) 3%(x) ) Ts® | (k+1)
(B9(1)+8 7 () 1" () BO (k) +32 (k)2 (k)80 (k) ) 17!
{<s°<k>+a1<k>1“<k>80<k>+52<k>r2(k)sG<k>>Ts°<k+1)
A+ ) Coat) T g (1) +B2 () 12 (%) 2 () T2 (%) HE (k) ]
P (k) (O ()+HP ) T ()8 (1) +H () T2 (k) 82 (1)1 T
871 (0) I (1)8° () +B2 ()M 2 ()89 (%) 1 T5O (ks 1)
(8! caor oa) ! o= ot T (k)
32020108 (1012 (0 =22 01T 00T (1) 1)

Gl
L

[8°00)2 (0BT (1) + (5200 T (1) HT () +8° (1) T2 (1) H2 (%))

5(1) (HO () +H ()T () E T (1) 412 (1) T2 (k)83 (1)) T
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+(=0 )+ )T ()= ()T T (080T ()

L () T2 (1)=2 (1) 72T () T (1) ) 17 (3.64)

Theorem 3,1 The seguences [Fi(k)} i=0,1,2; k=0,1,...,N=1 of the i-th
subsystem that minimizes e(dtculy) i=0,1,2 subject to the constraint
(3.48) are given by the eguations (3.59), (3.60) and (3.64) where it is
assumed that the reguired inversed exist and

2

1.Pel) = LA+ Y BRCOF O (0 TP tA+S“ I OIER IR
i=o i=
2 _ o
+ 3 BR0F 0 0P (0B (0 +AK) (3.65)

i=o

P(0) is given.

2. st = ot +atTanr T rt o rt o at o)
2 2 - '
+ LA(A)*-Z:B ettt o1’s (<*1)L%0'%+Ld Bh()FH ()8 (1]
i=o izo
: i=1,2 (3.66)
st = ol ¥=1,2 (3.67)
3. 5%%) = 0% + 89T () FOT () RP (k) FO () HO (k)
+ [A(K)+B (k)TO(k)qO(x)+§: st () P (0 (0 1750 (e 1)
2
[4()+B° () F2 () (%) + zj (P 0 E (k)] (3.68)
sO) = Q2N _ , . (3.69)

The sequence (Fr(kx)}}, i=0,1,2; k=0,1,...,N=1 of the cocordinator
and the i-th subsystem are the solution to the discrets two-goint

boundary value oroolem. Vote that (3.65), (3.68) and (3.87) are

recursive relationships fer generating 2(k) and S*(k), 1=0,1,2 except



(3.65) which is a forward equation and (3.66) and (3.67) which are

packward equations, and all depend on the sequence (Fle)) or {S%(k)}

and {P(k)} are known no simple calculation will solve the probleﬁ.-‘We

suggest the following simple procedure to solve the equations:

1. Make an initial guess for the gain {F?(k)} and {Fi(k)} i=1,2;
k=0,1,...,8=1. Let j=0.

2. Use {F?(k)} and {F%(k)} to solve (3.65) forward in time to detefmine
(P;(k)} with ?3(0)= 2(0),

3. Use {F?(k)} and {F?(k)} to solve (3.66) and (3.68) backward in time
to determine (S}(x)}, i=1,2 and (S3(k)} witn stan=otawy, i=0,1,2-

4. Use {Pj(k)} and {S?(k)} in (3.64) to determine {F;+1(k)}.

5. Use (2,00}, (sE(k)), 1=1,2 and (F {00} in (3.59) and (3.60) to
determine [F§+1(k)}, i=1,2. Letlj:j+1.

6. Repeat (2)-(5) until the desired degree of convergsnce is reached,.

So far no convergence conditions for this algorithm have heen
found, but as with wmost algorithms of this type it is expected that

convergence depeands on the initial guess.
3.4.,2 Decentralized control with dynamic output feedback

Consider the stochastic problem where a dynamic controller of a
specified order for tﬁe i-th subsystem and the coordinator described by
) = piowt(o it G0zt 120,12 | (3.70)

qsi

. i . . o
where wo & is the state vector of the controllers used, then

Ao = vraowtaosrttazt o 1=0,1,2 | (3.71)
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also

2ZH () = EL ) x()+ k) 120,1,2 2(3.72)
For a given integer st (Oisiﬁn) find matrices Ni(k), Fi(k), pl(k) and
ﬁi(k) such that the corresponding expected cost E{Ji(ui)} will be
minimum. Note that if st= Q the controller is reduced to

wto = Flaztx) 1=0,1,2
and if si = n,'an optimal solution is obtained. The cost functional to

be consider is the same as in Section 3.U.1.

Consider the augmented state vector

) =0 T w0l @ T W2T 3
then
—~ 2 ‘~-i
(k1) = (A(k)+ 3 BH(RIFT(K)H (%)) X (k)
TZO
2 Pt o~
+ 3 BHK)FR(K)IH (k) &M () +Tv (k) (3.73)
i=o
where
- FL(k) Ni(‘.{)'}
Fh(k) = » ,
k) ok |
T = {*_-P 2
'.Z:SL
O
and
Tk = TFLOOF 0RO F 0T e (o) 1=0,1,2  (3.78
wheare T=[1I1]0]
>
"2 st

. ™
Elx(k)x* (k)] and the cost functional of the coordinator is

[
m
I
g
—~~
wW
S
il
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N-1
J° = FNFe (G %}: (7 (08° (10 F00)+3°T 0 R ()T (%)] (3.75)

Also, the cost functional of the lower-level subsystem is

st = BETangangon « %2; 8 ) R0 +TT )R (0T )T (3.75)

The augmented system (3.73) and controller (3.74) are of the same form
as (3.51) and (3.49). Also the cost functionals are the same. The

following theorem can be derived using the same argument as Theorem 3.1.

Theorem 3.2 The sequences [Fi(k)} 1=0,1,2; k=0,1,...,8-1 of the

. ‘ . . . i,d . -
coordinator and the i-th subsystem that wminimize E{J™(ul)} i=0,1,2

subject to the coustraint (3.44) are given by

((B°%+3'r's )18%k+1)[A+B AT 'H
+B2rfir2A2 B %o E T Hor2g2) T

a P -~ D av ~ ~ ~ 1 T
811808202507 T8% (ke ) (B A7 12l o 1 TOT

[HOBAOT (RO THT+HOT2H2) 3 (59+A0T 17 4 HOr2H2)

+GO+§OT1E1TTTQOT+§OT2,£2,T2T§OT):]—‘1 (377>
* i .~ ~ ~ ~ PR
FRU(K) = rrO [T +BY)FOURIEC () IT (k) 1=1,2 (3.78)

whers



by

2 _ 2
1. B(ke1) = (A% Y B FH(O)F I () [AF ) BIFT (1) FH)T
1=0 1=0
2 i i m ~ |
+ ) B EET () BT AL k) (3.79)
i=o0
7(0) is given.
2. 5Ty = @t EMET GBI (0 Et
2 .. s 2 . .
+ (A 3B ORI o) (B ) BRF (008 (3.80)
i=0 i=o
st = tan
o = =aT=0T,, \ 305 = ~ =0z B
3. 8%(k) = 8° « HOTFOT(L)ROFO(K)HC + [A+BOFO(k)HO+ S BHFL Y (1atT
iz
_ 2
SO(k+1) [A+BOFC(1)H% ) BTFL (1) FY) (3.81)
i=1
SO = Qo)

Again the sequence {F*(k)} 1=0,1,2; k=0,1,...,N-1 of the ccordinator
and tae i-th subsystem are the solution to the discrete two~point
boundary value problem zs the previous cne but ars more complicated to

sclve.

In the <case where either the coordinator has noise in 1its
measurement or the lower-level subsystems have no noise in their
measurement, and want to use output feedback, they can do so by reducing

the dimension of their controller to zero.
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. 3.5 (Conclusions

The control of an interconnected seﬁ of linear discrete time
stochastic systems has been consideresd. The crganizational form of the
system permits one decision maker to be the coordinator or leader and
the decision makers for the other subsystems are all followers with
respect to the coordinator, but they use the Nash strategy with respect
to other second level decision makers. Both centralized and
decentralized control structure were cons;dered, As in single decision
maker control problems with output feedback constraints,

erally lead to two-point boundary value

3

decentralization constraints ge
problems, Explicit_ recursive formulas for these two-point toundary
value problems have been derived. The sequential decision approach
seems Lo be a natural cne when the cost function associated with cne
decision maker has a more global significance compared to the others.

This decision maker takes the role of a coordinator and leader.
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4. STACKELBERG COCRDINATION

WITH PARETO RATIONALE AMONG LOWER-LEVEL SUBSYSTEMS

4.1 Introduction

In the previous chapter, a sequentizl decision approach to the
control of an interconnected system, where the lower-level subsystems
choose to play Nash rationale among themselves, has been obtained. An
extension of this sequential decision, is to consider the problem when
the lower-level subsystems choose to pléy Pareto optimal. It  1is
possible that the lower-level subsystems desire to coaperate within
their group. Then the resulting set of controls should be chosen from

the Pareto optimal set of solutions. In this chapter

%
[¢]
£
)
-t
’—-J

investigate the Stackslberg coordination of a discrete linear quadratic
Gaussian problem, when the lower-level subsystems cooperate among

themselves. Several types of information structure ars cansidered. Tne

n this chapter are basically derived from Chapter 3. To

Jue

main ideas

7}

avoid repetition of identical arguments, a more compact treatment i

presented.

4.2 Problesm Formulation

Consider the M discrete time linear system described in Section

3.2, the Stackslberg approach [15] to the coordination of the subsysteams

;- ; . i ; . i
is to consider DM° as a leader and DMY as followers. dM° provides DM~

a4 L : L i
exact knowledgsz of 2ll decisions made oy the ccordinator and =ach DMt
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minimizes J' with respect to u' for each given decision of DMO, assuming
that all the followers agree on an cooperation. With this assumption

the subsystems use Pareto optimal strategies among thedselveé. The
coordinator then minimizes J° with respect to uo,'considering ﬁhat the
decisions from the subsystems result from choices of ui which minimize
Ji for i=1,...,M. Additionally, the information sets include exact
xnowledge of the system dynamic DMO, DMi, the measurements and the cost

functionals. The statistics of the random elements for all k are also

included. Codnsider the augmented system

x(k+1) = Ax(k) + B%°(k) + Bulk) + v(k) (4.1)
where

L) = 0T T 2T )

vI) = 0T 61Ty 92T(k) ]

uT(e) = [‘u1T(k) w?Tk) ]
x(0) and v(k) are Gaussian random vectors with zero means and covariance
2(0) and A(k). The measurement equation of each subsystem is given‘by

2 () = 5l + el 120,1,2 (4.2)

The gquadratic cost of the lower-lsvel subsystems becomes

[

—~~

[y

~—
i

2 .. . , 2. :
E:alJl(ul); at>0; z:al = 1 (4.3)
i=1 ]

1

- N-1
2xT (AN () + %E{jch<x>Q<k>x<k>+ul<k>R<k>u<k>} (u.4)
K=0

Also, the quadratic cost of the coordinator becomes

2<d
]

J%(u®) = IxTane® ) x(w)
. N
gy -m m
+ 22 (T 00% 0k (k) + w0l (k)R (k) uC (k) ] (4.5)
k=0

oy
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The equations that define the optimal solutions are as follows

arg min E{J(u,x,k)/z(k)}

ug(u®,k) =
u
uo*(k) = arg min E{J%(u®,x,k)/z°%(k)}
o
u
% *
u (k) = uo(uo k)

The optimal cost-to-go at each stage are
#* o) O*
E{J(u,x,k)/z(k),u = u = u” }

%
J (k)
. .
J97(k) = EL3%u®,x,k)/2°%(k) ,u°
decentralized structure of information are investigated

Centralized and

in the following section.

4.3 Coordination with Centralized Information

of centralize information is

In this section,‘ two cases
consldered, perfect information and nested information. Recursive
equations for the design of feedback controllers for the coordination

- a system with one

and the followers are obtained. For simplicity,

coordinator and two second-level decision makers i

Perfect Information

4b.3.1
Suppose all subsystems have perfect information of the state i.s
i ) , { 1
z-(k)=x(k). Assume that the expected cost-to-go of the lower level a
stage k is , .
(4.5)

T = 3xTOS() %) + 3 Bk

and

for some deterministic matrix S(k)

cost-to-go of the coordinator at stage k
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VoK) = 2T ()SO)x (k) + 3B (k) (4.7)
for some deterministic matrix S%(k) and function Bo(k). The optimal
strategies are derived using dynamic programming:

W (k) = =20(K) BT (k)5 (ew 1) (k) x (k) | (4.8)

1

ug (k)

it

a0 8T ()8 (k+ 1) TAG) x(k) + BO(Kk)uC(k) ] (4.9)
where

alk) = [R(k) + BT(%)S(k+1)8(x)]™]

2°00) = [8%0) + BT (08O (ke 1) B ]

[A¢k)-B)A) BT (0)S(k+1)A(K) ]

A(k)

tt

B(x) [8°(k)-B(1)AK)BT (k) S (k+1)B(%) ]

Assume all the required inverse matrices exist and

5%(k) = Q%) + AT(k)SO(k+1)R (k)

T8 B0 BT (0)S%er )RK) (1. 10)
SO(N) = QoN) (4.11)
k) = g%(k+1) + £rSO(kr1)Alk) (4.12)
g%(M) =0 4 (4.13)
S(k) = 0(k) + MT(k)R(K)M(K)

+ (R B0k 3T(10)5%(ke 1) ()17

S(k+1) (A1) -B (07 (0BT (05 1) A (1) ] (4.14)
S(N) = o) (4.15)
M(k) = 8008I (08 (ke 1) T2 (k) -B2(x) 220 )BT (k)80 (kx 1) A (1) ]
B(k) = B(k+1) + trs(k+1)A(k) | (4,16)
B = 0 | (4.47)

These esquations can be solved backwards in Sime with the given final
conditcions. The condition for the existence of the solutions is that

the matrices to be iaverted are nonsingular,
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4,3.2 Coordination With Nested Information Structure

Consider the case when the information of the stataes is incomplete
but the lower-level subsystems know the same me;surement i.e. zT(k) =
22(k) = z(k) = H(k)z(k) + £(k) and the coordinator knows both his
measurement and all the subsystems measurement, z°%(k) D z(k). Assume no
information transfer awmong subsystems through their controls. The
optimal strategies are derived using dynamic programming:

() = =a()BT(K)S(ke 1) (AR () + BO(k)u®(k)] (4.18)

tH

~

u” (%)

Hi

2200 T () RP (k) =22 (M) [ 7 (%) =% (%) ] (4.19)
where %(k) = Elx(k)/z(x)], %°(kx) = E(x(x)/z%x)], &olk) and 22(k) are
defined as in Section %.3.1 and

Y(k) = 8T (1-me) Tst (k+1) (1-30)a

Mx) = B9T(1-B0)TrsB(us1)-3B(k+1)Ta + Y(X)
- 89T (1-36)TsB (ke 1)K (ke1)HA
G(k) = A(k)BTs (k1)

3

The optimal cost-to-go at each stage for the ccordinator and the

lower-level subsystems are:

. %2 (k) IT (SA(k) sfa] ko)
Jo (k) s 5 l | ) ~ . + %—Bo(k)
®(k)-220)]  [sPT(e) sta] (RU)-22(0)
) (4.20)
0 = BReoswore) + 3800 (4.21)



where
shk) = ° + aT(1-80)Ts® (k1) (1-BG) a-v 720y (4.22)
sBlx) = aT(1-86)Ts (ks 1) (1-BG) 4 + a¥(1-80) (3B (kr1) =58 (ks 1) 14
- aT(1-86) TsB(kat) (ke )=y TR0 (1,23)
sCk) = ~ M0 « 2TaTBTsA (k+1)BGA
+ A LT-K e+ 1) H]TSC (ke 1) [I-K(x+1)H]A

+ 2T0sB ke 1)k (k1) 8-3B (k1) 1 RGA

- ATGTBTisB(k+1fx<k+1)a—58(k+1)]A (4.24)
g°(k) = g%k+1) + £rQ®p9(xk)
+ tr{KO<k+1)[a°<k+1)Po<k+1/k)HOT<k+1)+5?(k+1)]
KO(k+1) (8% (kr1) + SC(ka1)-25B(ke1) 1}
+ 26r{POk+1/K)R (k+ 1) H (k1) [SE (e 1) =30 (k41) 1)
- K (k1) CH (k1020 (w1 /1) BT (o 1) 42 (ka 1) ]
KT (k+1)5% (ks 1) o (4.25)
S(k) = Q + (8-22%71T05 (k1) BT (ke 1) [ 4-BL0Y ]
+ 1TA%RA%Y (4.26)
k) = Bk+1) + £rQP(K) + trS(ket1)K(ke1)[F(k+1)P(ke1/K)ET (lea1)
+ 20 I (kew 1)+ e ([P (k/%)=PO(k/k) 1[M-1] a0
[R + 81S(k+1)[I-8G]B1aCIM-Y]}  (4.27)
K(kr1) = P(er1/%)E (ke 1) [H(ke1)P (ka1 /) E (ke 1) (k1) 11 (4.28)
Plri/k) = 40ee1)P (/)T (ket) + ALK) (1.29)
= [I-K(k+1)H(k+1)1P(k+1/k) (4.30)

P(k+1/k+1)
P(0/0) = 2.(0)°
All these recursive esquations can be solved with given initlal or final

conditions. Th existence condition of the solutions is bthat the

o

matrices to be inverted are nonsingular.
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4.4 Constrained Decentralized Structurs

Section 3.4 describes why output feedback and dyna@ic' 5htput
feedback are more desirable in practical applications. In this section
we will derive the necessary conditions for Stackelberg coordination
when the lower-levels choose to use Pareto optimal solution witn
constraint being placed on the controls. The cost functional of the

lower-~level is

2 .. . 2.
J() =y atgt; om0, ot =1
iz1 i=1
_ 1T
J(k) = »x7 (N)QN)x (W)
N-1 T2 i ,
£ 33 (2T (k) + 5t TCORT (U )T (4.31)
k=0 i=1 :
2 . . '
where Q = E:lel

ck

)

b.4,1 Decentralized Control with Instantansous Qutput Feedb

Wnen the controls ars constrained to be a linear transformation of
measurement at that instant and there is no informaticon transfer through

the control, then

ul(k) = FRk)zt (k) 120,1,2 ry,32)
and

2hk) = whoxk) + eHk) 120,1,2 (4.33)
whers Si(k) is to be determined to- minimize the sexpected value of
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Consider the augmented system (4.1) and the measurement (4,33). Then

ul) = Praoal o x) + FLo ¢ 120,1,2
and
2 0 > s
x(k+1) = [A(k) + 22 BY(K)FH(k)HN (k) Tx (k)
2 1o .
+ 22 BRRIFT ) N (K) + v(k)
l=0

Then the recursive equation for P(k):E{x(k)xT(k)} is given by

2

(4.34)

2 .
Pk+1) = [A)+y B O)F AT (1) 1P () 400+ Y o rt a1t

i=o0 izo
2 . .
+ 2 BHF 00E O FT (08T () + A k)
i=0

(4.35)

Lemma 4.1 If the linear system described by (4.1) is controlled using a

linear control policy (4.32), 1=1,2 then the expected cost (4.31) i=1,2

can be expressed as

N
BlI(0)] = 28T (0SOx0] + T 3 trS(1)AL-1)
I=k+1
N 2 . .
+ 3 5 (5 tertT(-1)retri(1-1)

L=k+1 i-1

+ BT -nsst-n1rt(-n=t-n)

+ tr9°T<l-1)BOT(1-1>S<1>B°(1~1>FO(L-1>EP<1-1)}

where

2, . . .
[a)+) Btk (x)at(x)]

(4.36)
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The necessary condition for a wminimum at each step is that the
derivative of the remaining cost with respect to Fi(k); i=1,2 must
equal zero.

1# (a8 T (ee1)8 11718 TS (kew 1) [ 248980 (1) 4048272 (k)52 ]

oK) =
poa Tra'p )R T 1T (4.38)
P2 (k) = -[R2+B2Ts(k+1)8217 82T (ke 1) [ 4+B%F0 (1) 8%+3 17 (k) H T ]
P(k)u2Tra%p (1) g2 Taz?" (4.39)
or |
F1ok) = e + BOFO(k)gO]T! (4.40)
FE¥ (k) = C204 + 3970 (x)80]T2 - (4.41)
whers
rios (r-wteddei g o Misdud] is1,2, g=1,2, 14
oz vt v vdedviyrzontedadvit;et io1,2) gs1,2, 123

Mt o= falrl ¢ B Ts(k+1)8177 181 g (ks 1) 1=1,2

o= peoatTrate o att w21y 1=1,2

Lemma 4.2 If a linear system described by (4.1) is controlled using a
linear control policy (4.32) 1i=0 then the expected cost (4.31) i=0 is

expresséd as
1 oo
ECI200] = JB0xT (050 ] + S0 37 £rsO0i)aCi-1)
. i=zk+1
+ T (1-1)0R9(1) 4807 (1)89(1)B(1) 1O (1-1)=(1 1)

sred T 12183 (121)5% 1) 89 (1-1)FJ

'[VTv

j=1



where

$9k) = Q%(x) + HOT (k) FOT (k) RO () FO (k) HO (k) - -

. 2 . . s
« [AG) + BOMK)FO (B (k) + 3 Bt rt* oul () 1750 (ke 1)
- i=1
2
[A(k) + BRI (%) + > srort oalt)]  u.u3)
i=1 :

SO(N) = QO(N)
At each step the ncessary condition for a minimum is thabt the derivative
of the remaining cost with respect to each element of FO(k) must equal
ZEero.
FO(k) = -[RO + (B°+8*rJ80+5%ﬁ2“°)Ts°kk+1)(v°+eﬁﬂ’8°v82r280>]“’
((8%+B'r'8%+8%728°) TsO (ks 1) (448 ' a1 5" 4890241202
(89407 T 48072621 Ta (81892832891 T30 (1w 1)
(8" ar = TyoT 3925125212 TyoT )y
[E0PHOT 4 (607 T 14m0T202) p (194497 T T +10T24%)

+GO‘ 1—~1TTT OT+dOT232T2THOT)]—1 (U.L\U,)

Theorem 4.1 The sequence {(Fl(k)} i=0,1,2; k=0,1,...,n=1 of the i-th
subsystem that minimizes E{JL(k)} i=0,1,2 subject to the constraint
(4.32) are given by the equations (U4.44), (L.40) and (4.41) where it is

v

assumed thaet the required inverses exist and

/

2 2
1.oo(ket) = [a + 3o strtooatletla « Yo sleloosiyT
i=zo i=o
2
+ Y BTETOTR R (k)BT + A(x) (4.u5)

i=1

P(0) is given.
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2. 8(k)  =Q+ EZ:alHl*FlT( DR P (k)
iz
2 .. : 2 .. ,
o+ yoetrhatTsena « 5 Btet o) ats (4.46)
i=zo i=o :
S(N) = Q)
3. 8%%) = Q% + #9TFOT (k)ROFO (k) 4O
2
L[4+ B °F2)H° + 3~ B () E TS0 (ke 1)
iz1
2 .
(A + 89F°0)H® + 5 B (k)H'] (4.47)
iz

SO(N) = 0%w)
To compute the cost incurred when the players use arbitrary linear
output feedback control of the form
wtie) = ko2t (4.48)
the cost-to-go at stage k is

It = dElxT00s 0T + derstlkrn)Alk)

! +m . ! . . .
w5 > (eektTian I i-1) + 2 T-nstnstci-n

l=k+1
e . .
kE-1zh(1-1) + 3 erkdT1-1333T (1)
J=0
1A
sH(1)BI(1-1)KI(1-1)=3(1-1)} (4,49)

where

sty = otk) + #tTxiT o rixio)gt
o+ 3ostaort Tstenn)a + 2:;3~”~ OENT (5.50)

sty = etan
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The sequence {F'(k)} 1=0,1,2; k=0,1,...,n=1 of the coordinator and
the 1i-th subsystem are the solution to the discrete two-point’ boundary
value problem, The simple procedure to solve the esgquations suggested in

Section 3.4.1 is also recommended here.
4.4.2 Decentralized control with dynamic output feedback

When the controls are constrained to be a linear dynamic ocutput
feedback where a dynamic conﬁrgller of a specified order for the i-th
subsystem and the coordinator described oy

wter) = Dr0owle) « Hozt) - 120,1,2 (4.51)
where wiiélRSi is the state vector of the controllers used, then

ul (k) N oowte) « rl) 2tk =0,1,2 (4.52)

1

also

'zi(k)

AT (k) x(k) + (k) 120,1,2 (4.53)
For a given integer s<® (Ogsiin) find matrices N*(k), Fi(k), 03 (k) and

=1 . . . - i . ,
MT(k) such that the corresponding expected cost E{JY(k)} will be

minimum. The cost functional to be consider is the same as in Section

4.1,

Consider the augmented state vector

T =0 Fo) wWOWTe W T w2l ]
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then
~ ~ 2 ~i~'~ 2 ~d med o~ ~
Yke1) = (K« SOBWEMEDRO) « DB b)) + T (4.54)
i=o izo .
where - . .
» Fh(k)  NH(k)
PR o=
LMY (k) DH(k)
f = | I T n
- oo I 2
L 0 2::si
izo
and ‘
k) = TFHE% ) + FLooTi e (o) i=0,1,2 (4.55)
where T =11 0]

%

2
' n zz:si

i=0
Let P(k) = E[i(k)iT(k)] and the cost functional of the coordinator is
J° = FFandemnrm)
LI .
+ 3207 00800 %) + BT ()R ()E%(%)] (4.58)
k=0
Also, the cost functional of the lower-lsvel subsystem is
2. ., .2
Joo= poatsty o, et =
i=1 i=1
= FXTNTNFOD
EL 2 ~ , :
3o [F TR + > a1t TR ot o] (ks
k=0 i
The augmented system (4.51) and controller (Y4.55) are of the same form

s (4.34) and (4.32). 4lso the cost functional are the same. The
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Theorem 4.2 The sequences {Ei(k)} i=0,1,2; k=0,1,...,n=1 of the

coordinator and the i-th subsystem that minimize E{JL(k)} i=0,1,2
'subject to the constraint (4.55) ars given by

Fol) = -[RO + (BO4B'm"80482289) T80 (k1) (8043 01504+ 52250) 1~

~

[(B°+B OB B89 T8O (ke ) (A48 1P AT 1 148202312023
[HO+HOT ﬁ 4§OT2§2]T+[§ r §O+§2F2§O]T§O(k+1)
(3 F1~ 31 1T 0T, 52r AT2”2T2T§OT]}

fel-t2

(HO85OT, (HOLHOT 1 1.5 OTeH2) B (HOLHOT H 1. 7072?)

+(Z04+f0r 12t 1 THOT, Fop2m202 0Ty -1 (4.58)
Fle) = CH) (A () +B2 ) FO () HO () T T (k) iz1,2 (4.59)

where
e (- BIIBT T b B I 21,2, 21,2, 509
o (vl IR -EN IR Y io1)2, je1,2, 125

M s e MELBITS (e DB IR TS (k1) 11,2
s PR RS ol m T i=1,2

It is assumed that the required inverse matrices exist whers

S 2 2 "
1. P(k+1) = z: BIFL (0)ENR 0 (R + Z: BYEL (k)BT
2 s i e
- Z::BlFl(K)SlFlT(k)Bl‘ + A (k) (4.60)
i=o0
B(0) is given
~ 2 1 A3 T A~ A A5
2. 8(k) = Q + ) &*MEITRIT(ORIFL 0 FE
i=1
2 2
e ~ ~T T ~ ~Ne A ~
+ [0+ 2 BFHIE S e [T+ 3B (10T (4.61)
1=0 1=0

Wi
—~
=
~—
H

O
—~~
~
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3. 8% = 39 + HOTFOT (1)ROFO ()50

i=1
a~ - ~ 2 ~I TR ~ : b.
(X + BOFO(0)H® « 3 BRI ()AL (4.62)
i=1
o) = o)
Again the sequence (F1(x)} 1=0,1,2; k=0,1,...,N=1 of the coordinator

and the 1i-th subsystem are the solution to the discrete two~-point
boundary value problem. The procedure used in Section 4.U.1 can be used

to solve for the solutions.

4.5 Conclusions

Fal

As in all nonzero-sum differential games, thers ars a variety of
"optimal solutions", since the lower-level may or @may not coopsrate
within their group., When the lower-level subsystems, which are all

followers with respect to the coordinator or leader, desire t

O
O
Q
O
i®]
[0}
"y
w
o
[}

within their group, the Pareto ootimal solutions are obtained. Both
centralized and decentralized control structures were considered.

main idea is the same as in Chaptar 3.
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5. DECENTRALIZED STOCHASTIC STACKELBERG COORDINATION

IN AUTOMATIC GENERATION CONTROL OF INTERCONNECTED POWER SYSTEM

5.1 Introduction

An interconnected electric energy system can be described as a
collection of subsystems, each of which is called a control area. Fach
area 1s responsible for meeting its obligation to maintain the
appropriate system frequency and supply its own load demand. Also, =ach
area provides mutual assistance to its neighbors in accordance with the
basic operating policy nf interconnected powgr systems [23]. Two of the
most important aspects of system control involve the regulation of
system frequency and net power interchange. When the interconnected
network is small centralized techniques can be uned quite effectively
(19,20,33]. However, in the mors general case tne
communication/computational costs involved in implementing a centralized
controller often become essential. Furthermore, the trend in the
utility industry is strongly to digital control, using the digital
computer  for calculating generation change ete.. & discrete

formulation of this problem would thus seem of more practical interest.

“Interest in the dynamical aspects of load frequency control has

«r

stimulated the application of modern control tachnia

d

=

es to this problem,
particularly the theory of optimal linear regulator [257, Calovic

(19,20} was the first to cleary distinguish the steady state protlem

from the transient problem. The procedure used is to adjoin the



the tie line pias constant specified as the area frequency
characteristic.) to the system equations (Fosha and Elgerd [25]_adjoin
integrals of freqﬁency and tie line flow errors). These new state
variables as well as the original system state variables are included in
Vthe cost functiongl. As a result, all areas capable of doing so will
drive their area control serrors to zero in steady state provided the
gystem is stable, It 1is not clear from the control equations what
control actions would be taken'in gach area 1if any area is not able to

control optimally.

Decentralized Stackelberg strategies will be used to developed a
decentralized controller for a &three arsa electric power system. This
new design procedure 1s based on a stochastic tackelberg strategy

extended by introducing optimal regulation with individual choice

of
cost functional to each control area. The problem now bscomes =
multicriteria problem with multi-decision makers. This 1s whers
differential games theory is relevent Lo define "optimality". Once the

optimality is defined, we can calculate KI (KI is the controller gain
used by the area to accomplish the required control action on the error
ACE) whichAvary Detween areas bvecause of differences in dynamics and
disturbance. The control laws are linear functions of measurabls output
for each control area and do not require measurement of disturbance.
This new decentralized .Stackelberg coordination is investigatedvfor a
three-area interconnected power sygtem. Cptimal solutions, suboptimal

simplifications and simulation results are presented,.



5.2 Power Svstem Dvnamic Model

w

A power system dynamic model was developed in (20,25]. where it i

assumed that area busesg are stiffly interconnected, and ¢

Y

nat the
deviations in frequency and scheduled power interchange are caused
solely by the load disturbances. If each area 1is modeled as an
equivalent electric generating system wherein a nonreheat steam turbine

is employed, then the Ffollowing equations represent the interconnscted

power system linearized about a given nominal operating point:

* *
_:__(Mi) = 1D faf; + %L (Mtiﬂptieii-@.%i) (5.1)
dt ZHi Hi
- D .
d (&P ;) = _1.(88,,-aP ) (5.2)
dt Tt
< - 2 - Fl ~
Q_(Augi) = _1 (a?ci—i\.ogi 1 Aaf,) (5.3)
dt Tqi i
N
- PN [
g_(aptie7l> = ZZ:Tlg(Af ~-AF ) (5.4)
dt J=1
T - 3
ACE; = baf; o+ Aptle,l (5.5)
The symbols are defined as follows:
g s 3
£ nominal system frequeacy
Hy inertia constant
Dy system damping
Tt , turbine time constant
Tg governor time constant
Tij transmission constant
Ri speed droop
bi frequency Lias constant
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Afi frequency deviation

zlPti turbine output deviation

éngi governor position deviation

ésPtie,i net power flow deviation

échi control signal-command to speed changer
élPLi load disturbance

€5k plant noige

The values of the parameters are as follows:

2000 MW

Pro = Ppy = Pro =

Hy = Hy = Hy = 5 seconds -

Do =Dy =D, = 8.33x1073 pu MW/Hz

Tto = Tgq = th = 0.3 sec.

Tgo = TS1 = Tg2 = 0.08 sec.

Ry = Ry = Ry = 2.4 Hz/pu MW
tie,max 200 MW

%%
8-—Qi = 30 degrees

T. = 0.545 pu Mw

o
it

Q.425

For more complete definition of the model and terms see [20,25].

An appropriate formalization of this problem involves defining the

5

following linear quadratic regulator problem:

¥

state equation x(t) = 4Ax(t) + Bu(t) + Dv(t) + () (5.6)
output equation  y(t) = Hx(t) + n(t) (5.7)
* ™ . -
cost function J = Jf [x*0x + u'Ruldt (5.8)
| 0O

£

where, for each control area the 3tate vecktor
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<t = (afy, Py, 8544, APyig 5, IACE;) (IACE; = [4CE;dt).  These new
state variables are included for the purpose of inducing the steady
state errors [20]), the control vector u; =AP,; , and the disturbance
vector vy :Z_\PLi -with i=1,...,n. The plant and measurcment noise vector
§(t) and 7n(t) respectively, are modeledi as zero mean mutually
independent stationary white Gaussian processes. The matrices R and Q
in the cost functional are selected in such a way that smohasizes the
ACE,. For simplicity we choose'R = I.Here it is assumed thnat each area

1

has only one plant.

5.3 Stackelberz Coordination

In accordance with the basic operating policy, the desired goal is
to regulate each area control error, ACE,, to zero without using
excessive control effort. £ach control area problem can be formulated
as a linear regulator problem with a cosk functional of 1its own.
Decision making by any area to obtain optimum control performance for

'

its area will effect other areas. With multicriteria and multidecision

making we have to define "optimality". In differential games theory
"optimality" 1is defined in terms of the rationality assumed by the
decision makers in computing their controls. =Fach area can choose a

strategy depending on %he dynamics of its system, its information and
its computaticnal capability. Since we have more than £wo areas, it
seems appropriate to apply Stackelberz coordination for decentralized
countrol to this probleam, Designate an area to be a coordinator who

coordinates the other areas which are viewed as r[ollowers. The
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coordinator chooses a leader Stackelberg strategy to play with the lower
level subsystems. The lower level subsystems may or may not cooperate
among themselves so they can either choose Nash rationale or Pareto

rationale to play between them.

The controllers ére constrained to be of the form
ule) = Free)yice) 120,1,2 (5.9)
where yi(t) is the measurable output of each area and Fl(t) is chosen so
as to minimize the cost functions. The resulting necessary conditions
for optimality of Fi, for discrete system, are derived in Section 3.4

and Section 4.4, A simple approximation cocmputational algorithm is also

suggested, but there is no guabantee that the algoritnm will converge,

5.4 Desisn 2and Simulation Studv

A ;hree—area power system with numerical constant as given in fau]
was chosen as the basis for this study. In discretization of the
system, LINSYS {11] was used. Since we are only interested in
load-frequency control, we can consider the turbine controller rfast
relative to the rest of the system. 2y assumption above the time
constant of the system is approximately 1 sec. [24], so we chose a

discretization interval of 0.2 sec.. After discretization LINSYS was

L

used to determine the eigenvalues, controllability, and observability o
the discrete-time system. The discrete-time system with diseretization

interval 0.2 sec. 1is stable and controllable.
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Consider a discrete version of a three area interconnected power

system:
state equation x(k+1) = Ax(k) + B%uO(x) + Blu'(x) + B2u2(k)

+ Ew(k) + v(k) ‘ (5.10)
measurement equation yi(k) = #lx(k) « 7i(k) i=0,1,2  (5.11)
cost function s o (Taygd (n)x(n)-+:§;CXT(k)Qi-x(k)

+ utTorintog ) 120,1,2 (5.12)

where for each. area the state vector is
dr) = (XiT, e, xiu)

= (ry, OPpyy BSgy, APy 4)
The control vector is uy =43Pci and the disturbance vector is Wi :‘SPLi
where 1i=0,1,2, The plant and measuremeat noise vectors v(k) and ni(k)
are zero mean mutually independent stationary white Caussian processes
with 0.007 per unit standard deviation. The matrices appearing in the
cost function are defined as in the coatinuous case. The measurable
output vector is formed as a linear combination of statss required to

have zero steady-state values afE,AP The numerical value of the

tie,i-
element of matrices appearing in (5.10) are given in fppendix 3. The
object 1is to design a linear feedback control ui(k) i=0,1,2 to
compensate the effect of constant or slowly varying disturbance w{i)
using only the output yi(k). For any constant or slowly varying

disturbance w(k), using the Smith/Davidson [55] approach, consider the

augmented systam:



where
R = fxlern)=x(0)7, G100 = [ulleet)-ut(e)1,
L y(k)
PR = [yreen) -yiw)
L yi(k)

The linear control law ui(k) is
k) = PP K) 120,1,2 (5.15)
where Fi(k) is determined using the decentralized stochastic Stackelberg

method.

Area 0 1is chosen to be coordinator or leader. Then area 1 and 2
are folloyers with respect to area 0. When the lower level subsystems
choose to play Nash ratiénale the resulting controllers are as defined
in Section 3.4.1. .When the lower level subsystems choose to4play Pareto
rationale the resﬁlting coﬁprollers are as defined in Sectioan U.4.71,
The matrices Ri and Qi appearing in the cost functional (5.12) are
selected in such a way that the cost function for each area is

N

; 2
Jt = 3AF (k+1) + AP
k=1 *

2

2 ’ 2
tie,i<k+7) + ACEi(k+1) + ui(k) i=0,1,2

5.5 Discussion on Algorithm and Results

So far no convergence conditions for this algorithm have been

—y

found, but as with most algoritams of this type it is felt that
convergence depends on the initial gzuess. A test Ffor satisfactory

convergence 1in cost is inserted when the computational procedure is

implemented. The iterative procedure converged in cost. From the test
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results, one wmight hope that it would always converge to the 'optimal
golution', Unfortunately for certain systems the limiting values
produced depended on the initial guess; In these cases, the algorithm
converged Lo a golution to a two polnt boundary value problem one of
whose scolutions is the optimal. It is the nature of specific optimal
problems to have local as well as global minima.. Since unigueness has
not been proved; all solutions to the boundary wvalue problem must be
found to determine the global minimum. This difficulty with unigueness
could be antiéipated since the necessary conditions are local. One must
therefore find a good starting point if the procedurs is to cecnverge to

the optimum,

The computational algoritnm for the solution of this oproblem
suggested in tnis work can not guarantee satisfactory results. For t“is
particular example the algorithm has exhibited rapid convergence so no
more exotic techniques have been tried. The method developed in this
work is suitable for solving finite time problems. Unnecessary
complexity 1is rparticularly burdensome in these problems as the time
records of all the controller gains must be stored. The algorithm
proposed can provide solutions for many problems at a reasonable cost,
but it snould be noted that the computer time will increase as the state

imension of the system, the number of gains and the number of tinme

intervals increase.
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Fig 5.1 shows the curves of frequency and tie-lie variations for a
free system response upon a 1% step-load change in area 0., Fig 5.2
shows the system response under output feedback Stackelberg coordination
with the lower-level using Nash rationale within their group. The
diturbance is the same as in Fig 5.1. Fig 5.3 shows the system response
under output feedback Stackelberg coordination with the lower-level
i

using Pareto optimal within their group, o~ 1s chosen to be 0.5. The

disturbance is the same as in Fig 5.1,

From the results of the comouter simulation study, it is concluded
that in this particular example decentralized stochastic Stackelberg
coordination retains favourable transient featurgs. However, the
disturbed area still has a small steady-state error in deviation of
frequency (.006 Hz.). 4 ratio of the coefficient of weighting matrices
Qi and Ri plays an important role in system response. It should be
noted that improper choice of Ri and Qi can make tne system unstable or
this algoritahm may not give desired system response. However, a good
choice of Ri and Qi depends on the system. By trial and error the
suitable values can be selected. 5owever,_the implementation of these
control sequences in practice 1s complex, since the controls vary wWith
time. Therefore we suggest a suboptimal simplification of the control.
These suboptimal simplifications are selected from the constant part of
each control seguences, respectively, and are used throughout the en
“period. Fig. 5.4 shows the plots of the optimal gains of area 0,1,and
2. The constant gains of each area are chosen to be (=.1,~.39),

(-=.09,-.6) and (-.09,-.6) respectively. Fig. 5.5 shows the svstea
’ p N g )
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responses under suboptimal simplification. The responses do not have

significant difference from the responses under optimal solution.

In this chapter, an attempt to develop a new-decentrélized linear
regulator. aporoach for load—fréquency control in a ‘three-area
interconnected power system has been diécussed. The method 1is based on
decentralized stochastic Stackelberz coordination. FEach control area
uses a feedback control based only on measurements from 1ts own area.
Also, the area is free to select an appropriate cost function. The
extended theory 1is applied to a discrete model of a taree-area
interconnected power system. A numerical design wmethod utilizing a
proportiodal—plus—integral control structure is suggested. From the
studied example, this metnod gives satisfactory results. The adjustment
of a desired speed in dynamic response is possible by adjusting the
elements of the weighting matrices Qi and Ri. Unfortunately the

stability and convergence of the procedure has not been established yet.

o

Since constant control laws are preferable in practice, we also suggzest
2 suboptimal simplification in the controls which performs quits well in

our particular example.
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6. CONCLUSIONS

In the first part of this thesis, we have reviewed the equilibrium
solutions of a two-person LQONZSDG in which we nave modelled the effect
of randem disturbances by including an additive zero mean white noise in
the 3state dynamics, whose statistics are not necessarily known to the
players. Both cooperative and noncooperative solution concepts,  i.e.
Pareto optimal, Nash -equilibrium and Stackelberg equilibrium, are
examined. Results available in the literatures indicate that solutions
for this class of game, and for different strategies, are affine for

each plaver.

In the second part of this thesis, an intercounnected set of linear
discrete-time stochastic systems, where N decision-makers try to
minimize differsnt c¢riteria, was introduced as an extension of
differential game-theory. The organizational form of the system permits
one>deoision maker to be the coordinator or leader and the decision
makers for the other subsystems are all followers with respect to the
coordinator. The followers may or may not cooperate among themselves,
S0 they can select Nash strategy or Pareto optimal witn respect to the
other second level decision makers. Centralized and decentralized
control structures were considered. A decentralized structure is more
realizable since the control sequences are functions of wmeasurabls

1

output only. The equilibrium solutions are obtained via dynamic

programming. The solutions of the centralized structure , both perfect
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and nested informéﬁion, can be obtained backwards in time with given
final conditions. Buti decentralized constraints lead to a discrete
two-point boundary value problems. & simple procedure to solve this
problem 1is suggested but the conditions for convergence are not yet
available. Aé with most problems of this type, the solutions depend

very mucn on the initial guess.

4

Finally, decentralized Stackelberg coordination is applied to a
three-area interconnected power system. This method alldws gach control
area to select an appropriate cost function and feedback only its own
area wmeasurement which is more'realistic in practical situation. The

design procedure is emphasis on the proportional plus integral feedback

control. The study gave a satisfactory results.

Further study of “decentralized Stackelberg coordination should
include the stability and convergence coundition of the procedure.
Comparison of this control with other controls is also suggestead.
Another interesting extension of this work would be to investigate the
stochastic Stackelberg coordination of nonlinear systems. Since the
differential dynamic programming failed to obtain- the solutions to
N-person nonzero-sum Nash equilibrium solution, the same problem still

axists for using this method to solve nonlinear stochastic Stackelberg

coordination.



APPENDIX 1

Consider augmented system (3.12)
x(k+1) = A(k)x(k) + 3%°0)u(k) + 8'()u' (k)
+ B2 (k) + v(k) - C(A1.1)
then
E(x(k+1)/2(k)=x] = ax(k) + B2 k) + Blul(x) + B2u2(x) (4.1.2)
and quadratic cost (3.14)
T = xTanetanxan
N=1 _ ‘ .
. %g;;[xT(k)Qi(k)x(k)+ulT(k)Rl(k)ul(k)] (4.7.3)

‘Assume that the expected cost-to-go at stage k is

BV /x ()] = 2xTosT ) x(k) + T k) i=1,2 (4.1.4)
then
eV ) /x (k)] = min 27T (00 () +LuT R o u () v (e 1) /¢ ) ]
u
= min [7x7 ()0t ()% (0 +1utT (0 R (0wt (0 +8 07 (ka 1) /2 ()]
- i=1,2 (4.1.5)
when k=N
Vi = Lot anxn i=1,2 (4.1.5)

when kz=k+1

ECVE (k1) /() T = Leax (i) +ntut (1) +83ud (10)+8%00 (1)) TSt (K1)

nj—

(ax () +Brut (k) +3dud (k) +8%u% (%)) + Trest (ke 1) (k)

+ Iyt (ke ) 121,2 i) (4.1.7)
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Using (4.1.7) in (A.1.5) to obtain u*(k) that minimize the expected

value of the cost function

ut () = - [RE81Tst (ke 1)B 17 83T s (k1) Lax () +BIud (1) +8°u0 (1) ]
i=1,2 i#4j (A.1.8)
Let
L) = (RE+B s (ke1)BE1" 8 Tsd (ks 1) | (4.1.9)

Then (A.1.8) becomes

ull) = L ) [ax(k)+BIud(K)+BUC (k)] 11,2 14 (4.1.10)

H

For 2-subsystems solve for_u1(k) and uz(k)

al (k) = =l (k) (Ax (k) +B%uO(k)) (A.1.11)
and

WP (k) = =a20¢) (ax (k) +8%u° (k) (4.1.12)
where

oty = (1-tipdpdsty-troiogipgdidy iz1,2  i#] (a.1.13)

Using (A.1.17) and (A.1.12) in (A.1.1) and defining

Q) = 4+ 8la’a + 8%% B (A.1.74)
B) = 8% - B'a'89 - 32%8° (4.1.15)
We have
x(e+1) = A0 ) + B)u® (k) + v(k) (4.1.16)
Now
207000 x(k)] = 3xT(k)s k) (k) + 1v0(k) (A.1.17)
Then v |
2(70(k)/x (k)] = ug?z)E[%xT(k)Qo(k)x(k)+%UOT(k)Ro(k)uo(k)+vo(k+1)/x(k)]

= ain [%XT(k)Qo(k)x(k)+%uOT(k)Ho(k)uo(k)+ECVo(k+1)/X(k)}]
u” (k) -
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At k=N,
o) = ST QO () x () (4.1.19)
at k=k+1

ECVO(k+1)/x (k)] = %(A(k)x(k)+8(k)u°(k))Ts°<x+1><A(k)x<k>+8<k>u°<k>)

+ 2SO (s 1) A(K) +37° (ke 1) | (4.1.20)
Using (A.1.20) in (4.1.18) we obtain
uP¥ (k) = ~(RO4BTSO (ke 1)B 1~ 18TSO (kew 1 Y ik (k) (A.1.271)
Let
o) = (R%BTsO(ke )31 2 80 (ler 1)2 (A.1.22)
Then
w0t (k) = -LO(k) x (k) (A.1.23)

To obtain recursive equation for S%(k), use (4.1.23) in (A4.1.18)

and after some algebra

SOk) = Q%) + ATSO(ks1)A-LOT[RO+BTSO (k+1)B L0 (4.1.24)
SO(N) = Q%) | | | (A.1.25)
(k) = vOlkst) + br $OCks1)A(k) | (4.1.26)
o) = 0 | (A.1.27)

To obtain recursive equations for Si(k) i=1,2, use (A.1.23),

(A.1.11), (A.1.12), and (4.1.5). after some algebra

st = ot + (a-8°L)TAlT () rial (1) (4-39L0)

+ (A-BLO)sl(k+1)(2-BL9) i=1,2 (1.1.28)
st = ot i=1,2 (4.1.29)
k) = i (ee1) 5 trsi(ket)ak) i=1,2 (4.1.30)
vl = 0 i=1,2 (4.1.31)



APPENDIX 2

Given a stochastic Markov sequence of state vector {x(k)}

x(k+1) = A(k)x(k) + B2%3)u®(k) + B (k)u'(k) + B2(x)u(k) + v(k)

2.

2.

(A.
where ui(k), 1=0,1,2 are deterministic inputs, v(k) randoum,
measurements given by

21 (k) = 22(k) = H(K)x(k) + £(k) (A
2°(k) 2 21(K);2%00) = BO(K)x(k) + £2k) (a.
The assumptions are the same as given in Section_3.2. Define
z*% (k) = (2'T0), ..., 2"t (A.
2% = 2°T(0),. .., 20T T (4.
(k) = E(x(x)/z%(k)] - | (A.
k) = Elx(k)/2%7(10)] (a.
Pk/k) = E((x()-R()) (x(k)-Rx)) T /2% (1)} (4.
Rk+1/7%) = Elx(k+1)/2%(k)]. : (4.

2.

The precursive relations define the conditional expectations for

level assumptions given by

32

and

.2)

.3)

lower

Rk+1/%) = AKIT(K) + B2(k)u(k) + BT (k)u' (k) + B2 (0)u (k) (4.2.10)
P(k+1/k) = Ak+1)P(k/OAT (ke 1) + A(K) (4.2.11)
T (k+1) = X(k+1/%) + Kk+1)[z(k+1)-H(k+1)%(k+1/%)] \ (4.2.12)
K(k+1) = Pk /K HT (ke 1) [H(kw1) P (ke 1)HT (ke 1)+ ke 1) )™ (A.2.123)
P(k+1/k+1) = [I-K(k+1)H(k+1)1P(k+1/%) ' (A.2.11)
2(0/0) = T(0). (4.2.15)
also
B(R(k+1)/2* ()] = R(ke1) = 4%0%) + B2%(%) + 2lu' (1) + B%uA(k)
(4.2.16)



CovlR(k+1)/2% (k)] = K(e+1)[Hke1)P (ke 1 /0BT (k1) 42 (ke 1) 1K T (k1)
(4.2.17)
The recursive relation defining the conditional expectation for the

coordinator subsystem is given by

%O (k+1) = R%(k+1/%) + KO(k+1)[20(k+1)~HO (ks 1)7 %Uk+1/%) ]
KO (k+1) = POk 1/k)HOT Cen 1) [HO (ke 1) PO (1 /1) HOT (e 1) 42 (ke 1) ]
POUK+1/K) 2 A(ke1)P%%k/k)AT (k1) + A (k)

PO(k+1/k+1)

[I-%%(k+1) 1P (k+1/K%)
p°(0/0) =57(0)
Also

E(RO(k+1)/2% (k)] A%P(k) + B%°wK) + Blut(x) + B2u2(k)

3

Covx®(k+1)/z% (k)] = KOO+ 1) (HO (ke 1) P (k1 /) E°T (10s 1) 4T (e 1) 16O (1w 1)
dssume at stage k the cost-to-go for the i-th subsystem is
i ¥ i va i
IV = 32T 008 0%k + Lrtx) (4.2.18)

The optimal strategies for subsystem i are given by

wt (k) = arg min E'%XT(k)Qi(k)x(k)+%uiT(k)Ri(k)ui(k)+Ji*(k+1)/z*(k)]

ut (k)
(A.2.19)
At k=N
A = ethTanetan ) /2% (n) ]
= RTanetanzan « deretanetan (4.2.20)

l(k) =z arg Tln [5 fok)Q (<3x(x)+ trot(x)pt (k)+%uiT(k)Ri(k)ui(k)
(k)

+ T () +B%0 () +2dud () 1Tt (k1)
[Aﬁ(k)+8°uo(k)+8iui(k)+8juj(k)]

St & ey [at (er 1) 2L e 1100 85T (k1) sz 1) 16 T (e 1)

+
Pof

Jot

.2.21)

+2‘/lk+1] ' (

o>
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The minimizing control ul(k) is

ule) = =[rick)+BiTs l(K+1)B 11=TpiT5t (1h 1) [ 4% (k) +B%uC (k) +BIud (1) ]

(4.2.22)

Recall the difinition of LY(k) in (4.1.9) |

L) = (RE (k) +8 st (ke1)E 17183 5T (k1) (4.2.23)
Then

ut () = L) [a% ) +B%uC (k) +dud (k) ] (A.2.21)
For 2-subsystem solve for u1(k5_and w2 (k)

ul (k) = -l (0) (4% (%) +8%0(x)] - (4.2.25)

w2 (k) = -2 (k) [ AR (x)+BuO (k) ] (a.2.26)
where ‘

) = rr-nisdidsiy=trnionipdniy is1,2 12 (4.2.27)

Assume that at stage k the cost-to-go for the coordinator subsysten

l 29(k) JT [3A<k> s5<k>} { 2°(k) :
100
. n + T
2 (k)-8 (%) sBT(ky  sCee) ) [R(k)-%%(k)

(4.2.28)

<y
O.
N
~
p—
O}

w9 (k) = arg min E02xT(0)0% () x () +3uT (1) R ()u (k) +3°% (k1) /207 (%))
) (4.2.29)
For any matrix 77 [3.12]
E{RT (ks 1T (k1) 7297 (1)}
= E{LRO (k1 /K)+K (k1) (2 (e 1) =H (ke 1)RO (ler1 /%) 17T

T (& (k+1/K)+K(k+1) [z(ke 1) -H (kr1) R ex1) /%) 11/2°7 (%)} (4.2.30)
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where
K(ke1) = 2Okt /1) BT (ke ) [Hke 1) PO (kr 1 /)BT (ke )42+ 1) 1™ (8.2.31)
22T (ke PR (k1) /207 ()} = B0k DT ECkr1) » 29T (ken )T (ko 1) (ko)
(RO(k+1) =X (k+1)) + £rPO(k+1/K)TK(k+1)H(k+1)
(4.2.32)
B[R (k+1 MR (k+1)/2°7 (k)]
= E{{R(k+1/K)+K (ke 1) [2(k+ 1) =H (ke 1) R (k2 1/%) 11T
[%(k+1/k>+k(k+1)[z(g+1)-a(k+1)%(k+1/k)}]/z°*(k)}
= RT (ke 1P R(k+1) + 27 (e 1ITK (ke ) (k1) (RO (k1) =R (k1) )
+ tr{TR(k+ 1) [H(k+1)PO (ke 1 /1) HT (k1) 4T (k1) 1K (k1)
o (R R D THT (er ) ET (e 1K (e 1 H (ke t) (R 1) 70 (ke 1))
(4.2.33)
Expand (A.2.29) using (4.2.32) and (4.2.33)

67 = arg min (13T 00Q%002° () JuCT (k)R (k) u® (k) +J£rQ (1) 2O(k)
uk) -

o 22T (1) (5-40-25%) %0 (ka 1) = 7T (ko) (8B=5C) Rk 1)
+ 20T (k1) (SB=sC) R (ke 1 H (1) (RO (ke 1) <F (ke 1))
+ 2 k1) SO 1) ¢ ®T (ke 1) SOR (ke 1) H (k1) (RO (k1) =R (k1))
+ T(R&e1) 7001 TaT (e 1) KT (e 1) SCK (ke 1) H (K1)
(R 1)-Z20 1))+ $12(k)
+ Ter (KO (ke 1) (HO (1) 2O (ke 1/10) BOT (1w 1) +2° (e 1) 180T (k1)
(s%480-25B)1 + £r209 (ka1 k)R (ke 1) (k1) (3B-5C)
+ Terk(ke 1) [H (e 1) 20 (e 1 /1) HT (ke 1)+ (ke r 1) 1K (ke 1)8C)
| (4.2.34)
Recall that _
KCer1) = 20)R%) - (81004 (1040432210 4(0)R(%) + BkIu® (k)

(4.2.35)
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where
B = B%(k) - B (104 (10B(k) - 3201042 (k)80 (k) (4.2.36)
Let |
Gl = BT (k)al (k) + 82()a2 (k) (4.2.37)

Then (A.2.35) becomes

*0(k+1) = (I-G(k))AM)RO(K) = Gl A(K) (R()-R(K)) + Bk)uC (k)

(A.2.38)
and ’
X(k+1) = (I-G(k))A(K)XO(K) ~ (I-G(k))Alk) (F(k)=%°(x)) + Blk)u(k)
| (4.2.39)
R(er1)-220er1) = 400 (R0 2200)) (4.2.40)

. ¥
Substitue (A.2.40) in (A.2.34) and differentiating u® (k) is given by

Wi (k) = =22 T(R0(K) - (k)M (%) (% (%) -RO (k)] (A.2.41)
where |
A%(x) = (RGBT ()8 (ke 1)B (k) 1™

T(k) = BOOSH k1) [I-G(k)TA(K)

M) = BT OO SM (k1600800 + BT () (5B (ke 1) =84 (a1 )4 (k)

= BT ) SB ke 1)K (ke 1) H (1w 1) 4 (1)

The recursive equations for SA, SB, SC, 59%(k) are obtained oy

substituting u® (k) back in (4.2.40)
sk = 200 + AT (T-6 (k) Tt (k1) (T-G (1)) a (k) = ¥T(k)A (ke )¥ (1)
| (4.2.42)
B( '

) = AT () (1-0(6)) TSB (ke 1) (1-G (%) )4 (k)

it

+ 2T (1-6 () TUSB (k1) =84 (k4 1) )G (<) & (k)
= AT 0 (T-0 () TSBea K (e D H 1) 8 (k) = 1T (1)A% (k)M (k)

(A,2.43)
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s9k) = = T 0022 M) + aT006T () SA (ke 1)a (k) A (k)

+ AT (T-K e 1) E (e 1) 1780 (k1) [ T8 (ks 1 ) (1) T4 (%)

+ 8100 (8B )R (e 1 (ke 1) =8B (k1) Yo (k) a (1)

- aT006T (0 (5B (ke 1) =8B (ke 1)K (ke 1) H (k1) ) A (k) (K.z.uu)
5%(%) = ¥(k+1) + £rQ°(k)PO(k)

+ tr[ROk+1) [HO (k1) PO (ka1 /1) HOT (k1) 439 (k) T6OT (1 1)
(84 (k1) +5C (ke 1) =28B (k1)) ]
+ 26rPO (ke 1 /KK (w1 H ke 1) (SB (k1) -5C (ke 1))
. ErK (ke ) (8 (ke 1) P2 (ke 1/10) BT (k1) 420kr 1) 1K T (6 1) $C (k1)

(A.2.45)

To obtain the recursive equation for S'(k) of the i-th subsysten,

% I3
substitue u® (k), u®(k) back in (4.2.21)

ST = @M+ (A00+B00 2101000 s (er ) (4043 (A () (1)
+ (M0 A0+ ()2 (10 7 (1)) TrE (k) (al (1) 4 (1) +8° (A% (k)Y (1))
i=1,2 (4.2.48)
w0 = k1)« el ()P0 + brskat)t(kat)

+ trSi(k+1)K(k+1)[H(k+1)P(k+1/k)HT(k+1)+3(k+1)]KT(k+1)
+ tr(P (/) =P (k/K) T (M(k) =Y (k) ) TA0T (1)

(BT ()R (1) 82 (1) +BT s (her 1) B)A (1) ((k) =Y (%) ) (4.2.47)



83

00"t 0667 00" 00°L 00 00" €y~ 00" 00" 00" 00 00 00" 00" 00" ]
00" 00°L 00" 00° 00" 00" 00" 00°L 00" 00 €r° 00" 00" 00" o0
00" 00" 007t 00° 00" 00" 00" 006 00" 00" 00" 00°L 00" 00 N

607 L0'- L0~ LL = 60° 10'- Lo"- Zl'-

W
—
o
N

00" 00" 00" o089 At
00" 00" 00" ¢20°- 2t G&€° 91°=- QO° 60" 00" 00" 00 00" 00" 00°
00" 006" 00" KEL- QL 69 89" {0~ 00 KO" 60" SO~ 00 £0° 60"
00" 00" 00" 60 Lo"= Lo~ 2L - 1g- <0’ m_.. k™ 60° LO™~ LO0" - ti°-
oo. 00" 00" 00" 00" 00 20— oK” 00" 62~ E£E - QO 00" 00" . 20"~
00" 00" 00" 00° 00" 00 0C° 1t° ELT 68 91— 00" 00" 00" 00°
006" 00" 00" S0°= 00" H0" 60" HKE“L- 61° 68" 89" G0'- 00" HO' 60"
00" 00" 00" 60 L0™= Lo~ 21"~ 60" LO"— Lo"~ 2L - g~ c0" Sl° we
060" 00" 00" 00 00" 00 00" o00° 00" 00" 20"~ on° 00" 62— ££°-

00" 00 00" 00° 00" 00" 00" o0 06 00" 007 it- ELT cEt 9l--

00" 00" 00" S0°- 00" kO™ 60" SO~ 00° KO 60" hE L= 61" 68" Q9"

£  XTaNaddv



89

00°
00°
00"
RE L=
00"
00°
00°
00°
00°
00°
00°

00°

00°
00°
00~
06"
00~
00°
00~
HE" L=
00
00°
00~

06"

00"
00"
00"
00°
Oo..
00~

00°

00°
00°

00°

HE 1- ]

00"
00"
00"
0e"
00"
00"
00"
00"
00"
00"

00"

00°

00°

00°

00"

00°

00°

00°

0e”

00°

00°

00°

00"

00°

00"

00°

00"

00°

00°

00°

00°

00°

00°

00"

0e°

00"

00" |



(1]

(2]

(3]

(4]

(7]

(8]

(91

(10]

90

LIST OF REFERENCES

Aoki, M., "On Decentralized Linear Stochastic Control Problems

with Quadratic Cost", IEEE Tran n futo. Conktr,, Vol.AC-18,
p.243-250,1973.

Aoki, M., Optimization of Stochastic Svstems, Academic Press,

N.T., 1967.

Astrom, K.J., Introduction to Stochastic Control Theorv, Academic

Press, N.Y., 1970.

Behn, R.D., and Ho, Y.C., "™ On a Class of Linear Stochastic
Differential GCames™", IEEE Trans, an Auto, Contre,,

Vol.AC-13,1968.

Bellman, R., Dynamic Programming, Princeton, New Jersey, 1957.
Basar, T., "On the Optimality of Vonlinear Design in the Control

of Linear Decentralized Systems", IEEE Trans, on Aute. Contr.,

Vol.AC-12, p.797, 1975.
Basar, T., and Ho, Y.C., "Information Propertiss of the Nash
Soluticns of Two Persons Stochastic Nonzero-sum Games”", J. of

Economic Theory, Vol.7, April 1974, p.370-387.

Basar, T., "A Counterexample in Linear Quadratic Games: Existence
of Nonlinear Nash Solution", JQTA, Vol.14, 1974,
Basar, T., "Equilibrium Solutions in Multi-criteria Decision

Problems with Static Informaticn Structures", IEEE Trans., on

Auto. Contr,, Vol.AC-20. p.320-328, 1975.

Rasar T. "On the Uniqueness of the Nash Solution in Linear
b b i

T

Quadratic Differential Games", Int, J. Game Theorv 4, 1975,




(11]

(12]

(13]

(18]

(157

(16]

[19]

91

Bingulac, S., "LINSYS Conversational Software for 4nalysis and

Design of Linear System", Coordinated Science Laboratory Report

T-17 June, 1975.

Chong, C.Y., and Athans, M., "On the Stochastic Control of Linear

Systems with Different Information Sets®, IEEE Trans, on Auto,
Contr,, Vol.AC-16. p.423-430, 1971.
Chong, C.Y., and Athans, M., "On the Periodic Coordination of

Linear Stochastic Systems"”, Proc. 5th IFAC World Conerass, Paper
y b 1 by

No. 19-U4, Aug. 1975.

Chu, K.,C., "Team Decision Theory and Information Structures in

Optimal Control Problems: Part 2", IEEE Trans. on Auto. Contr.,

Vol.AC-17, p.22-28, 1972.

Chen, C.I., and Cruz, J.B., Jr., "Stackelberg Sclution for Two
Person Games with Biased Information Patterns”, IEEE Trans. on

Auto. Contr., Vol.AC-17, p.791-798, 1972.

Cruz, J.B., Jr., "Stackelberg Strategies for Multi-level Systems",

9]

%
sl

In Direction in Large-Scals Svstems, Ho, Y.C., and Mitter,

A

editors, p.139-147, Plenum Preess, ¥.Y., 1976.

Cruz, J.B., Jr., "Survey of WNash and Stackelberg Ecuilibrium
Strategies in Dynamic Games", Annals, of Economic z2nd Sccizl

Maesurements, Vel.4, p.339-344, 1975,

Castanon, D., and Athans, M., "Cn Stochastic Dynamic Stackelberg
Strategies", Automatica, ?01.12, p.177-183, 1976.

Calovie, M.S., '"Linear Rsgulator Design for a Locad and Freguency

E TIrans. on Power Apn, and Sys., Vol.PAS-07,




(20]

(21]

(22]

(23]

(a4]

(2s]

[26]

(271

92

Calovic, M.S., "Power System Load and Frequency Control Using an

Optimum Linear Regulator with Integral Feedback", Proc 5th IFAC

World Congress, Paper No.7.3 (1972).

Calovie, M.S., Cuk, N.M., and Bingulac, S.P., "The compensation of
Immeasurable Disturbances via Optimum Output Feedback", Int, J,

Control, Vol.19, p.1005-1020, 197%4.
Calovie, M.S., Cuk, N.M., and Djorovic, M., "Autonomous Area

Generation Control of Interconnected Power Systems", Pree, IEE,

Vol.124, p.393-402, April 1977.

Cohn, N., Control of Generation and Power Flow on Interconnected

Systems, New York, Wiley, 1966.
Ermer, C.M., and Vandelinde, 'V.D., "Output Feedback Gains for a

Linear Discrete Stochastic Control Problem", IEEE Trans. n Auto.

Contr,, Vol.AC-18, p.154-157, 1973,

Elgerd, 0.I., and Fosha, C.S., "Optimum Megawatt-Frequency Control
of Multiarea Electric Energy Systems", IEEE Trans. oa Power A&nn,

and Sys., Vol.PAS-39, p.556-563, 1970.
Gardner, B.F,. Jr., and Cruz, J.B., Jr., "Feedback Stackelberg

Strategy for a Two Player Game" IEEE Trans. on Auto. Contr,

Vol. AC-22, No.2, p.270-272, 1977.

Ho, Y.C., and Cau, K.C., "Team Decision Theory and Information
Structures in Optimal Control Problams; Part 1, IEEE Trans. on

Auto. Contr,, Vol.,AC-17, p.15-22, 1972,

Ho, Y.C., and Cnu, K.C., UIaformation Structure in Dynamic
Multi~-Person Control Problems™, futomatieca, Vol.10, p.341-3571,

July 1974,



(29]

(30]

(31]

£32]

(33]

[34]

(35]

(361

(371

(38]

93

Isaces, R., Differential Cames, John Wiley, 1965,

Jacobson, J.D., and Mayne, D.Q., Differential Dvnamic Progcramming
b ? « b ) H

American Elsevier Publications, N.Y., 1970
Johnson,, T.L., and Athans, M., "On the Design of Optimal
Constrained Dynamic Compensation for Linear Constant Systems!,

IEEE Trans. on Auto, Contr,, Vol.AC-15, p.658-660, 1970.

Kurtaran, B.Z., "Suboptimal Contrcl for Discrete Linear Constant
Stochastic Systems", IEEE Trans, on Auto, Contr., Vol.AC-20,

0'423")4257 1975-
Kwatny, #H.G., Kalnitsky, K.C., and Bhatt, A., "An Optimal Tracking

Approach to Load-Freguency Coatrol', IZEE Trans on Power Avo. and

' Sys., Vol.PaS-94, p.1635-1543, 1975.

Levine, W.S., and Athans, M., "On the Determination of the Optimal
Constant Qutput Feedback Gains for Linear Multivariable Systems",

TEEE Trans, on Auto. Contr., Vol.AC-15, p.44-48, 1970.

Lukes, D.L,. and Russel, D.,L., "& Global Theory for Linear

Quadratic Differential Games", J. f Math. Anal. and Ago,.,

Vol.33, p.96-123, 1971.

Lukes, D.L., "Equilibrium veeddback Control in Linear Games with
Quadratic Costs", SIAM J. Control, Vol.9, p.234-252, 1971.
McLane, P., "Linear Optimal Stochastic Control Using Instantaneous
Output Feedback", Int, J. Control, Vol.12, p.383-396, 1971.
Mendel, J.M., "A Concise Derivation of Optimal Constant limited

State Feedback Gains'", IEEE Trans. n Auto. Contr,, Vol.AC-19,

D.ULT-LUS, {974,



(391

(40]

(41]

(42]

(43]

(4n]

(45]

(46]

94

Miniesy, S.M., and. Bohn, E.V., "Two-Level Control of

Interconnected Power Plants", IEEE Trans. on Power App., and

Sys., Vol.PAS-90, p.1910-1915, 1971,
Mesarovie, M.D., Macko, D., and Takapara, Y., Theory of

Hierarchical Multilevel Systems, Academic Press, N.Y., 1970.

Medanic, J., and Andjelic, M., "On a class of Differential Games

Without Saddle-Point Solutions" JOTA, Vol.8, Vo.6, p.413-430,

1971.
Rhodes, I.B., and Luenberger, D.G., "Differential Games with
Imperfect State Information”, IFEE Trans. on  Auto, Contr.,

Vol.AC-14, p.29-38, 1989,
Rhodes, I.B., and Luenberger, D.G., "Nondeterministic Differential
Games with Constrained State Estimators", IEEF Trans. on Auto,

Contr,, Vol.AC-14, p.479-481, 1969,

=Y

Radner, R., "Team Decision Problems", Annals., of ath,
Statistics, Vol.33. p.867-381, 1962.
Sandell, N.R., Jr., and Athans, M., "Solution of Some Nonclassical

LQG Stochastic Decision Problems'", IEEE Trans, on Auto. Contr,
1 ’

Vol.AC-19, p.108-116, 1974,

Sandell, N.R., Jr., Varaiya, P., énd Athans, M., "A Survey of
Decentralized _Control Methods for Large Scale Systems", Proc.
Systems Eng, for Power, EZRDA Conf, Henniker, New Hampshire,
1975.

Starr, A.W., and Ho, Y.C., "Nonzero-Sum Differential Cames', JOTA,

Vol.3, p.18U-206, 1969,

Starr AW, and Ho Y.C. "Further ?Propertises of Nonzero-Sum
b 3 b 1 ks

Differential Games, JOTA, Vol.3, p.207-219, 1969.



(49]

(501

(51]

(52]

(53]

[54]

(551

95

Simaan, M., and Cruz, J.B., Jr., "Sample Data Nash Controls in
Nonzero-Sum Differential Games", Int. g Control, Vol.17,

p.1201-1209, 1973.
Simaan, M., and Cruz, J.B., Jr., "On the Solution of the Open-1loop
Nash Riccati Equation in Linear Quadratic Differential Games",

Int. J. Contrel, Vol.17, p.57-63, 1973.

Simaan, M., and Cruz, J.B., Jr., "On theStackelberg Strategy in

Nonzero-Sum Games", JQTA, Vol.11, p.533-535, 1973.

Simaan, M., and Cruz, J.B., Jr., "Additional Aspects of the
Stackelberg Strategy in VNonzero-Sum Games", JOTA, Vol.11,

p.613-626, 1973.
Simaan, M., and Cruz, J.B., Jr., "A Stackelberg Strategy for Games

with Many Players", IEZE Trans. on Auto. Contr,, Vol.iC-18,

p.322-342, 1973.
Sims, C.Sf, and Melsa, J.L., "A Fixsd Configuration Approach to

the Stochastic Linear Regulator Problem', 2roc, JACC., p.708-712,

1970.
Smith, H.W., and Davidson, E.J., "Design of Industrial Regulators:
Integral Feedback and Feedforward Control", Proc. I5E, Vol.119,

No.8, 1972.

o~

Schmitendorf, W.E., and Leitmann, G., "A Simple Derivaticn of

EEE Trans. n Auto.

Necessary Conditions for Pareto Optimality",

Contr. Vol.AC-19, No.5, 0.601-602, 1974.

Tacker, 2.C., Lee, C.C., Rsddoch, T.W., Tay, T.0., and Julich,

£33

P.M., "Optimel Control of Interconnected Zlectric Energy Svstems',

Proc. IEEE, Vol.60, p.1239-1240, 1972,



(58]

(59]

[60]

(62]

(63]

(o4]

96

Von Stackelberg, H., The Theorv of the Market Economv (1852),

Oxford University Press, Oxford, England.

Von Neumann, J., and Morgenstern, 0., Theory of Games and Economic

Behavior, Princeton Univ., Press, 1944,

Varaiya, P., "Trends in the Theory of Decision-Making in Large
Systems", Annals, of Economic and Social Measurements, Vol.1,

p.493-500, 1972.

Witsenhausen, H.S., "A -Counter Example in Stochastic Optimal
Control", SIAM. J. Cont;ol, Vol.6, p.131-147, 1968,
Witsenhausen, H.S., "Separation of Estimation and Control for
Discrete-Time Systems", Proc. IEEE, Vol.59, p.1557-1566, 1971.
Witsenhausen, H.S., "On Information Structures Feedback and
Causality ", SIAM, J, Control, Vol.9, p.149-159, 1971,

Witsenhausen, H.S., "On the Relations Between the Values of a Came

and Its Information Structure", Information and Control, Vol.19,

1971.



97
VITA

Suvalai Pratishthananda Glankwamdee was born on April ¥, 1950 1in
Bangkok, Thailand. She received the Bachelor of Engineering degree fronm
Chulalongkorn University, Bangkok, Thailand in 1971, From 1971 o 1972
she was with the Electricity Generating Authority of Thailand as a
System analysis engineer. She received the degree of Master of Science
in Control Systems in 1973 from TImperial College of Science and
Technology, London, England. From 1973 to 1974  she was with the
Electrical ingineering Department at King Mongkut Institute orf
Technology, Bangkok, Thailand 4s an acting head or department. She
attended the University orf Illinois from 1975 to 1977, while she also
served as a part time reseahch assistant with the Coordinated Science

Laboratory of the University of Illinois.



