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ABSTRACT

We investigate the convergence of various update schemes that yield Nash equilibrium
solutions for transmission policies of multiple users attempting to minimize deviations
from an assigned transmission rate and deviations from a desired queue length in a
bottleneck node of a telecommunication network. The environment where each user has
several traffic types available for transmission is also investigated, and update algorithms
that converge to Nash solutions are presented. Then, the objective function is further
generalized to include penalties for drastic changes in transmission rates, and a method for
obtaining a Nash equilibrium solution is developed and simulated. Finally, the behavior
of the queue is simulated and accrued cost is calculated for the case where the algorithms

are applied online to analyze the performance of the update schemes.
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CHAPTER 1

INTRODUCTION

We consider a bottleneck node in a telecommunication network where several users
are assigned a certain portion of the available bandwidth. It is often required that the
queue at the node be close to a certain desired length to assure that the node is neither
underutilized nor too congested. The goal for each user is to minimize deviations from
their assigned bandwidth and deviations from the desired queue length.

Flow control is often performed dynamically, requiring feedback information to adjust
the transmission rates. In TCP/IP, the user can obtain information about the state of
the network from the advertised window that it receives from the node and also from
the round-trip delay time for acknowledgments [1]. In the Available Bit Rate (ABR)
mode of ATM, users receive feedback information from Resource Management (RM) cells
that .contain information about the congestion level of the network through a congestion
indicator (CI) and supportable transmission rates through an explicit rate (ER) field [2].

In many telecommunication networks (such as the Internet and best-effort modes of
ATM), flow control is performed in a decentralized manner where users are responsible

for their own transmission policy and requires only their own information to determine



their policy. Cansever has derived algorithms that converge to Pareto-optimal solutions
where users minimize the ratio of throughput to delay denoted as the power of the virtual
circuit [3].

Any attempt to find policies in a decentralized manner that lead to a stable operating
point for the network node invites game theoretic analysis. The condition where no user is
willing to deviate from its current control is analogous to a Nash equilibrium in the game
theoretic setting. Modelling telecommunication network problems as a dynamic game
has produced Nash equilibria solutions in many settings such as capacity allocation in
routing [4], congestion control in product form networks [5], and flow control in Markovian
queueing networks [6].

Because flow control is often performed in a decentralized manner depending only on
local information, individual users may not have all the information to obtain a Nash
equilibrium solution. Thus, iterative algorithms based on feedback information that
converge to Nash equilibrium controls that can be applied online are desirable. Another
factor to consider is that users may wish to transmit more than one type of traffic. For
example, in the Internet, one source may alternate between sending voice, video and
data in the same connection. All three types of traffic have different quality-of-service
requirements. Douligeris and Mazumdar have used a game theoretic perspective to show
the existence of Nash equilibria in a multiclass traffic environment and have provided
algorithms that converge under certain symmetry conditions [7], [8].

In this thesis, we consider various decentralized update schemes, where users need only

local information and feedback from the node, and compare their rates of convergence



to established Nash equilibrium solutions [9]. We consider the case where users attempt
to minimize deviations from an assigned bandwidth and deviations from a desired queue
length. Algorithms for both single and multitype traffic structures are investigated. We
also investigate the case where users are penalized for drastic variations in transmission
rates. Finally, we study the behavior of the system and optimality of the algorithms
when the update schemes are implemented online.

The thesis is organized as follows. In Chapter 2, the basic model and background
is presented. In Chapter 3, several update schemes are presented and simulated. The
convergence rates of the various schemes are compared and analyzed. In Chapter 4, the
multitype traffic environment is introduced. An algorithm to reach a Nash equilibrium
is derived and convergence for various update schemes is investigated. In Chapter 5, the
objective of each user is expanded to the more general setting where there is a penalty
on drastic changes in the transmission rate. A methoc; for obtaining a Nash equilibrium
solution is developed and simulated in the two-user ca,;se. In Chapter 6, the performance
of the update schemes when implemented online are irgivestigated through analysis of the
behavior of the queue and cost accrued. In Chapter 7, some conclusions are given and

areas for future research are identified.



CHAPTER 2

BASIC MODEL AND BACKGROUND

The basic model adopted is described by several users seeking service or bandwidth
from a node with a known total available bandwidth denoted by s(t), where ¢ is the
continuous time variable. Let a,,(t) be the portion of the total available bandwidth
assigned to the m-th user, where m € M = {1,...,M}; M = number of customers
currently accessing the node. Hence, the bandwidth available to user m at time t is
ams(t) and =X, a,, = 1. Let g(t) denote the length of the queue at the node and Tm (%)
denote the transmission rate of user m, both at time ¢. The dynamics of the queue are

then described by the following:

y 4
%— =Y ru(t) — ams(t) (2.1)

m=1

It is desired to minimize both the variance of the queue length from a desired queue
length and the variance of the transmission rate of the users from the assigned bandwidth.
We introduce two new variables, z(t) := g(t) — Q where @Q is some desired queue length,
and um(t) := rm(t) — ams(t). Thus, the queue dynamics can be modified and expressed

as



M
&3 unlt) (2.2)

To accomplish the stated goals, a quadratic cost function was introduced for each

user minimizing the new variables around zero:

Jo(u) = /0 ” (Ix(t)|2 + —;:mm(t)ﬁ) it (2.3)

where ¢, for each user m defines their ability to vary about their assigned bandwidth
relative to the other users and their need to reduce the total queue length.
In this framework, we seek a state-feedback policy M-tuple p¥, := (u3,..., u};), that

would lead to a Nash equilibrium [10], i.e.,

In(w?) = 1ot Jm([um|pZn]) (2.4)

where um(t) = pm(x(t)), pm(-) € Un (the space of ali state-feedback policies for user
m) and where [pm,|u’ ] is the policy M-tuple where user 7 uses the policy u? if i # m
and user m uses fn,. Equilibrium is reached when, given all the other users’ policies, no
impfovement can be made by changing one’s current policy. The multipolicy where this
is true for all users simultaneously is a Nash equilibrium solution.

It has been shown in [9] that there exists a Nash equilibrium solution, which exhibits

appealing linear dependence on z, as follows:



p(z) ==Frz, m=1,...,.M (2.

o
(@]
g

where 3, m € M, are solved from the set of coupled M equations

IBm = fm(/B—m) = ”'IB—m + % ﬂ—%m +Cm , ME M: (26)

where B_p 1= 3 ;s Bi- It was also shown that if the users employ the following decen-

tralized algorithm,

gy fm(ﬂ(_ﬂ%) ifmeK, n=0,1,... o

Jes otherwise
where n stands for an iteration step, then we have local convergence to the optimal
g == (B,...,B4) that solves Equation (2.6) and hence to p*. The algorithm will
also converge globally under certain initial conditions. In this algorithm, K, is a set
which determines which users update at the n-th iteration. The first investigation in this

paper is how the rate of convergence of the algorithm above varies with different update

scenarios (as defined by K,).



CHAPTER 3

UPDATE SCHEMES AND CONVERGENCE

3.1 Description of Update Schemes

Given the update algorithm A+ = fm(ﬂ(_n,zl), n = 0,1,... it is not necessary nor
desirable for every user to use it at every iteration. If users update too often they might
be reacting to initial guesses that are far from the equilibrium values, thus prolonging
the convergence. On the other hand, being idle for long periods of time naturally extends
the convergence process as well. It is how to strike a balance between these scenarios
that was the goal of the investigation. Three different update scenarios are defined for

the algorithm described in Equation (2.7):

e Parallel Update (PU): K, ={1,..., M} Vn. Every user updates at every iteration.

e Round Robin (RR). K, = {(n + k)modM + 1)} where k is an arbitrary integer.
Users update sequentially and only one user updates at a time (i.e., each user
updates every M iterations and is idle otherwise and only one user is active during

an iteration).



e Randomized Update (RU): K, C {1,...,M} where Probli € K,| = p, i =
1,..., M. During a particular iteration, each user updates independently with

probability p and is idle with probability 1 — p.

To investigate the relative convergence of the update scenarios, each scheme was im-
plemented using MATLAB. Convergence over both uniform and varying cost structures,{c, }
(the latter was generated by a uniform distribution over a given segment of the positive
real line) were investigated. Also, convergence over uniform and varying initial values
for the algorithm, {8}, were investigated (as in the cost case, the latter was generated
by a uniform distribution over a given segment of the positive real line). In the case
of nonuniform initial values, the number of iterations to convergence was averaged over
several trials with differing initial values generated uniformly over the same set.

The convergence rate was measured by the number of iterations necessary until the

following stopping criterion is met:

> 18 - 6] < e 1)
m=1
where € > 0 is sufficiently small and IV is defined by the following:
e N =1 for Parallel Update (PU)
e N = M for Round Robin (RR)

e N = E[r] for Randomized Update (RU) where 7 is the earliest iteration where

B4 £ B ¥m € M (i.e., the first time when all users have updated at least once).



The N’s were chosen to give a common basis of comparison among the differing update
échemes. With the above definition of N, the algorithm is run until the difference in the
iterates between stages where it is known that every user has made at least one update
is sufficiently small. We use Me¢ in the RHS of Equation (3.1) so that we are consistent
when comparing simulations with different numbers of users. With such a criterion, we

continue until the average absolute difference in the iterates is less than e.

3.2 Comparison of Update Schemes

All three schemes were simulated with ¢ = 5 x 107%. The Randomized Update
scheme was implemented with a probability of update of p = 0.5. The results of the
simulations for the uniform cost, ¢,, = 1 ¥m, and uniform initial conditions, ,6,(,?) =0 Vm,
are shown in Figure 3.1. For Randomized Update, 10 trials were overlaid to show the
effect of the variance of the update times on the number of iterations until meeting the
stopping criterion. The results were similar when the users began with nonuniform initial
conditions and nonuniform costs (both generated randomly).

It can be seen that the Randomized Update scheme significantly outperforms the
Parallel update and Round Robin schemes, especially as the number of users increases.
An intuitive explanation for this performance is that the Randomized Update finds a
balance between overreacting to inaccurate information (Parallel Update) and being idle

for too long between updates (Round Robin).
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Figure 3.1 Convergence Rates for PU, RR, and RU for Uniform Costs and Zero Initial
Values

3.3 Optimal Randomized Update

When implementing the Randomized Update scheme, an immediate question that
follows is “which probability of update minimizes the number of iterations to conver-
gence?” To investigate this, we can linearize the update algorithm around the final g

values to yield the following one-step characterization:

ABTHD) = BAB™ 4 o(ABM) (3.2)
ABT = g - g (3.3)

10



where S} is the optimal solution as shown in [9]. It is shown in [9] that the mk-th entry

5f B is given by

B = M,jl) = bl — Okml, (3.4)
B |p—p-
where
by = =14 ——Z = ] P = B 0 (3.5)

N 2T
and O, is the Dirac delta function. A sufficient condition for all eigenvalues of B to
be in the interior of the unit disk is that > 4., |bx| < 1, which follows from Gersgorin’s
theorem [11]. Because ¥y4m |0k| = B87.,,/8 < 1, we have local convergence of the Parallel
update algorithm.

To model the Randomized Update, we introduce the Bernoulli random variable Z ("),
such that Prob[Z(™ = 1] = p\™ where p\™ is the probability that the k-th user updates on
the n-th iteration. Thus, the Randomized Update linearized around the optimal solution

is characterized by

AP = B ABM) 4 o(Aﬁ(”)) (3.6)

where B(™ is obtained by multiplying the nondiagonal elements of the k-th row of B by

Z™ and replacing the diagonal element of the k-th row of B with 1 — Z\™. With the

)

simplifying assumption that pin = pg, We get

11



AT = 2 3 MG + (1= Z7) AL + o(AB) (3.7)

Jj#k
AT < 2PNk 186 + (1 = ZP)AB| + o(AB) (3.8)
J#k
BIASTTYL < peloe] 3 BIABMT| + (1 — pi) EIAB | + o(AB) (3.9)
i#k

where E denotes the expectation operator over the space generated by the Bernoulli

random variables up to stage n. Let us choose p; such that

1
> {(1-— . €. > . .
prlbkl 2 (1 —p) de  pe 2> T [or] (3.10)
If the inequality (3.10) is satisfied, then inequality (3.9) becomes
EIAGT] < palbe] 3 EIAGT| + o(AB) (3.11)
J

A

Z E!Aﬂ}(cn+1)‘
k

(%Pkl’%l) : (Z E]Aﬂj(”)]> + o(AB) (3.12)

Thus; for convergence, we need >, px|bx] < 1. Combining the previous with the re-

by

quirement on pi in (3.10), a necessary condition for convergence is 3, I—‘l*'_lsil] < 1, which
is always satisfied because 3 |bx] = 1. Thus, we can always select a set of pi’s for

which we have convergence (i.e., py = F}bﬂ) However, by analyzing the symmetric case

(p = 1) we get the convergence rate to be
M

12



P _
pryp M-D+Q-p=1-=1-70= 37

M

M

(3.13)

which is worse than the convergence rate for Parallel Update (2=2) [9]. So this analysis

has not answered the original question posed as to the optimal update probability. To

answer this question, we analyze the two-step linearized update around the optimal

solution

(n+1)

Z B ABTTY + o(AB)

where Af is defined as in Equation (3.3) and

Z5Vby

B = B Br-1) — Z§")b3

Z5

(1-2")

Z{P b

(1-2z&Dy  Zb Dy,

Z8 D, 20 Vb,

ZMp, Z™p,
1-2)  Z{Vb

ZMp (1 -2

ZOby 2y

2 by

_ Z:gn—l)) Zz(n_l)b2

(1—2z8)

Z5 by

13

1-zG™)

(3.14)

AR
Z(Tl) bg

ZMp,

1-2z%)

Z](.Tl—l) bl

Zf"—l)bl (3.15)




where

Bum = (1-Z8)1 =20+ S 220 Vb0 (3.16)
Jj¥m
Bk = (1= 220 Vb + 21— Z0 Nbm+ 3. ZW 28 Vbb;. (3.17)
jFEMk

By replacing A,B,(c”’l) with the maximum of all such values over all users and taking
expectation over the space generated by the Bernoulli random variables in Equation

(3.14), we have

BIAGS] < 3 B{| Bkl - max | ASV ]} + o(AB) (3.18)
max E|ASGY| < mgX((ZEIBmM) (maxEIAﬁ](-"_”l» +0o(AB)  (3.19)
A J

12079 < (g 3 E1Bml ) (1 2671 (3.20)
k

From our structure of the Randomized Update model, we can assume that {Z" "} is
independent of {Z, (")}, Because Zm, (1~ Z™), byuby are all nonnegative, from Equation

(3.16), it follows that B, > 0 (a.s.). Hence,

E{|Brml] = E[Bpm) = (1 = p@)(1 = p&0) + 3 pmpl® Dy b (3.21)
j#m

For k # m,

14



E(|Bul] = E{|Bn kliZ M =1,z =1} . Prob(Z®™ = 1, Z(" D=1
+E{| Bl |20 = 1,207V = 0} - Prob(Z) = 1, 28" = 0)
+E{|Bntl| 2 = 0} - Prob(Z{) = 0) (3.22)

= | X 2" Vbmby| ppY

J#EmME
+om + > P Vbmbs| pE(1 - p{*7Y)
J#Emk
+bmp V] (1= p) (3.23)

where the second equality is obtained by substituting from Equation (3.17) and taking
expectations. The next issue is dealing with the absolute values in Equation (3.23). In
the first term, we can drop the absolute value because b,b;, p§" Y'> 0. In the second
term we can replace |- | with —(-) since (143 ;4 4 pg-"‘l)bj) > 0 and b,, < 0. In the final

term, we can again replace | - | with —(-) because p(71 Y > 0 and b,, < 0. This yields

E“Bmk” = Z p(n 1)b bjp(n) 1)
J#mk
~(bm+ 32 B bmby) P (1 - p{"7Y)
JFEmk
~bmp D (1 — p) (3.24)

= (2 o bmbip) 260 - 1)
jFEmMk

~b (P (1 — pI) 4+ p7 V(1 - p) (3.25)

15



By substituting Equation (3.21) and Equation (3.25) into Equation (3.20), the con-

dition for contraction is a < 1 where

= _pn n—1)) (n Uy b,
a = %%X{(l Y1 —pE ) + 57 pmpln Vb,
jFEm

+Z< > B D bmbipl™) (2p Y 1))

k#Fm \ j¥Em,k
b 3 (P00 -3 400 - 1) | (3.26)
k#m

Under the case where p{™

5~ =p Vj,n, we have

o = max {(1—p)2+p2bm > b+t (2p—1)bpn(M~2) 3 bj—Q(M—l)p(l—p)bm}. (3.27)
’ J#Em j#Fm

Furthermore, for the symmetric case where b, = ‘Vl =b; Vj, we have

o = (-p-pr2 s - -2 (329

_2)p]+p2(MM2

= @-ppn+ 1+ (20— 1)(M - 2)] (3.29)

M

IM>»1

16



a = (1-p)(1+p) +p°(2p~1)
=2p° —2p* +1

2
mpina(p) = 6p2—4p:=0=>p=-§

19

2
3 =%

(3.30)
(3.31)
(3.32)
(3.33)

(3.34)

Thus, under uniform costs and constant update probability we have obtained the

probability of update under which the deviation from the optimal solution diminishes

the fastest.

3.4 Performance of Randomized Update

To verify the validity of the result (3.33), the Randomized Update scheme was simu-

lated over the probability range p € [0.3,0.9] using uniform costs and zero initial values

with € = 5 x 10~7. Because the derivation of the best update probability depended on

local analysis, an adjusted iteration counter was also introduced. This counter began

counting iterations only after > _, |8 — gr—N)| < Me where € = 0.5. This had the

effect of only considering the rate of convergence once the update variables were within a

sufficiently small neighborhood of the optimal solution, thus mirroring our assumptions

in the derivation more closely. The results of the simulation are shown in Figure 3.2.

17



Convergence Rate vs. Randomized Update Probability
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Figure 3.2 Original and Adjusted Convergence Rate of Randomized Update Scheme
versus Update Probability

From the simulations, the optimal update probability seems to lie at approximately
0.74. However, it is noted that the rate of convergence does not vary significantly in
the interval [0.65,0.75], verifying that the theoretical optimal update probability yields
a rate of convergence very comparable to the optimal rate derived from the simulations.
The effects of the bounds made in the derivation and other sources of the discrepancy is

still an issue to be investigated.

18



CHAPTER 4

MULTITYPE TRAFFIC

4.1 Multitype Traffic Model

In the previous model, transmission policies were calculated based on the assumption
that only one type of traffic was available to each user m, and the cost for that traffic type
was denoted by ¢,,. We now consider the case where each user has several types of traffic
available. At each time ¢, the user m transmits traffic type i,, € S;, C €2 where Q is the
set of all available traffic types and |S,,| = sm- Thus at each time ¢, there exists a traffic
constellation ¢ = i12p - - - iy € S = 8 X S X -+ - Spr which is the M-tuple of traffic types
being transmitted by the users. The behavior of the traffic is modeled by a continuous
time Markov jump process taking values in a finite state space S (s := |S| = II¥s;).
An element 6 € S represents a possible traffic constellation of the M users. The jump
process is characterized by the transition rate matrix A = {A;;}, 4,7 € S, where the
Ai;’s are real numbers such that A;; > 0 Vi # jand Ay = — YoM Vi€ S.

In our earlier cost structure described in Equation (2.3), the value of c,, reflects the
balance that the m-th user wishes to achieve between minimizing the deviation from the

desired queue length and minimizing the deviation from assigned bandwidth. Similarly,
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under the multitype structure, each user can associate the performance goals under a
giV'en constellation 4, with the cost ¢;,(¢). Thus, if the m-th user wished to put more
emphasis on minimizing deviation in queue length in constellation ¢ when compared to
constellation j, the user would choose ¢,,(7) > ¢n(4) to allow higher variations in the
transmission rate to facilitate quicker convergence to the desired queue length. Under

the multitype structure, each user minimizes the cost

ot = B | [ (18I + s umOF ) dfo(0) = 20,00 =] (4)

where ip € S, 6(¢) is the value of the Markov jump process at time ¢, and E* denotes the
expectation operator under multipolicy .

It was shown in [9] that when each user minimizes the cost defined above, there exists a
Nash equilibrium given by um,(z,7) = —fBn(i)z, m =1,..., M, where 8,,(¢) = ¢ (i) P (3),
and {P,(4),7 € §,m € M} is defined through the following coupled equations, where

B = Zj;ém ﬂj:

=2B-m())Pn(i) = Pn(i)’em(@) + 14+ > NjPr(f) =0, €S8, m=1,...,M. (4.2)
jES
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4.2 Derivation of Algorithm

Substituting for P, (z) in Equation (4.2) and multiplying by ¢, (3), form =1,2,..., M,

we have

2 ($5m(5) = B8+ emi) + T N2 = 0 (43)

jes m
Removing the §,,(i) term from the summation and grouping it with the first term, we

have

(i) 4 Brli) (<28m(®) + M) +en@ + 3 AL iy 0 (aa)
jeS j#i J
B (8)? + B (1) (26-m(3) = Miz) — cm(2) <1+ > Aijﬁ ’“(J: ) =0 (4.5)
JES,j#i CmJ

By solving the quadratic equation (4.5), we obtain a solution for §,,(2) as a function of
Bm(i), cm(i) Vi € S, and \y; Vi € S, where B (i) 1= 31m £i(%) is the only term that
does not solely depend on information pertaining to user m. Thus, if the server broadcast

B (i) .= $M B(i) Vi € S at every iteration n , user m could use the solution of the

quadratic equation (4.5) to obtain iterates using the following decentralized algorithm:

BE(5) = — (g, — 28

ey
)+ [ (8% — )2 + em(7) [1 + Z/\m gj)} (4.6)

J#F ( )
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Under this algorithm, each user has a value §,,(i) for every possible traffic constella-
tion, thus each can make up to s updates whenever feedback is received. This algorithm
requires the server not only to broadcast ﬁ_,(,?) (1) for all traffic constellations but also the
current constellation under which the system is operating, allowing the user to know the
value of 3, (¢) to use online.

Simulations have shown both that the algorithm converges for a robust set of initial
conditions and also that the maximum eigenvalue of the first-order derivative matrix
obtained from local analysis remains less than one throughout the iterations but an
analytical proof of convergence is lacking. Under various simulations, the maximum
eigenvalue has reached values in excess of 0.99 and even Gersgorin’s theorem [11] does
not offer a tight enough bound to show convergence. In the following, we investigate
how the convergence of the multitype traffic algorithm varies for update scenarios similar
to those implemented in the original algorithm (Parallel Update, Round Robin, and

Randomized).

4.3 Multitype Traffic Update Schemes

As with the algorithm presented earlier through Equations (2.6) and (2.7), it is of
interest to investigate the effects of the differing update schemes on the algorithm de-
scribed by Equation (4.6). Because the update variables {8 (i)} incorporate both the
user and the traffic constellation, the algorithm solves for sM variables, where M is the

number of users and s is the total number of traffic constellations. We say that 8()(4)

22



updates on the n-th iteration if m € K, and ¢ € L, and is idle otherwise. The update

schemes are defined by K, and L, as follows:
e Parallel Update (PU): K, ={1,...,M}, L,={1,...,s} Vn.

e Round Robin by User (RR-1): K, = {(n+ k) mod M + 1)}, L, ={1,...,s},

where k is an arbitrary integer.

e Round Robin by Traffic (RR-2): K, = {1,...,M}, L, = {(n+k) mod s+ 1)},

where k is an arbitrary integer.

e Randomized Update (RU): K, C {1,...,M}, L, C {1,...,s}, where Problm €

Kui€L)=p, m=1,...,.M i=1,...,s.

We also replace the previous stopping criterion described in Equation (3.1) with

M
STBE - BN < Ms e (4.7)
m=1

where N is defined by the following

N =1 for Parallel Update (PU)
e N = M for Round Robin by User (RR-1)
e N = s for Round Robin by Traffic (RR-2)

e N = Ej[7] for Randomized Update (RU) where 7 is the earliest iteration where
B(i) # BOGE) Vm e M, i€ S (ie., the first time when all update variables

have updated at least once).

23



4.4 Comparison of Update Schemes

The algorithm presented in Equation (4.6) was implemented using MATLAB under
the four mentioned update scenarios under uniform costs and zero initial conditions with
€ =5 x 107°. The results of the simulations for the uniform cost, c,(i) =1 Vm, 1, and
uniform initial conditions, 8,(:)”) = 0 Vm, are shown in Figure 4.1. The number of
traffic constellations, s, was set to three. The number of iterations to convergence was
averaged over 50 trials where the matrix A was generated randomly for each trial. The
Randomized Update scheme was implemented with a probability of update of p = 0.5.
The results were similar when the users began with nonuniform initial conditions and
nonuniform costs (both generated randomly).

It can be seen, as before, that the Randomized Update significantly outperforms the
other update schemes. The optimal update probability for the algorithm presented in

Equation (4.6) is still open for investigation.
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Convergence Rates for Multitype Traffic for Various Update Schemes
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Figure 4.1 Convergence Rates for Multitype Traffic for PU, RU, RR-1 and RR-2 for
Uniform Costs and Zero Initial Values
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CHAPTER 5

JITTER COST

We now consider a more general class of performance measures by placing a cost on
jitter (i.e., penalizing excessive variations in the transmission rate). The cost function

for user m is accordingly modified as follows:

() = [ (O + Hun(F + 15 51

™m

where d,, determines how quickly user m may vary the rate of transmission relative to
his or her needs to reduce variance from a desired queue length and reduce variance from
an assigned bandwidth.

An issue of importance in the jitter case is what variables user m’s transmission rate
at time ¢ will be allowed to depend on. The control variable for which we will solve here

is the rate of change of the transmission rate of user m, which we denote by vy, i.e.,

= —7Tn(t) (5.2)

The easiest, as far as analytic derivation goes, is to let v, (¢) depend not only on z(t),

but also on u(t) := (ui(t), ..., unm()). Hence the new state in this case is
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z =z, u1,...,upml’, (5.3)
which evolves according to
d M
——Q:A_:U_—%—ZBivi-l-c (5.4)
at i=1
where
- 01
[0 11 1] : 0
0 00 - 0 0 .
—a18(2
A=1]10 020 0 B;=11 c= 1.() (5.5)
: 0 "
000 - 0] : —au(t)
| 0

with the nonzero term in B; being the (i 4 1)-th entry and $(t) = £s(t).
In conformity with this, we can also rewrite the cost function for the m-th user into

standard LQR form in the following manner:

o 1
_ T L 2
o = /0 (gg Qe + dm(vm)> dt (5.6)
10 0]
0 O 0
o L 0 0 0 .
S RS S S (5.7)
0 0 0 :
0 T
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where ; is the (m + 1)-th diagonal element of Q.

A Nash equilibrium solution for this problem (which turns out to be strongly time

consistent with respect to z) [10] is:

Uy = —d BT (Prz + () meEM

where {(,,} are obtained from the following coupled linear equations:

Cm + F G + AP B BEGn + Pr(c = 3. diBiBIG) =0 m=1,....M
1eEM

and P,’s solve the coupled Riccati equations:

PpF + FPy + dyPyBmBL P+ Qm =0

where

- M
F.=4- ZdszB?R,

=1

all this being true provided that such P;’s exist that make F* stable.

(5.10)

(5.11)

The question that remains is “how do we go about determining such P,,’s?” Towards

this end, let us assume that we begin with some initial guess, {Pl(o) yer ,Pﬁ) }, that makes

F stable and then use an algorithm of the form
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Pr(;;H_l):fm(Pl(n)w'"1P7(nn—)11P(n-})-1:'-'J JE/?))’ m::l""’M (512)

m

where the function f,, is defined implicitly via the corresponding relation:

PO ) 4 BT PO 4 4 PO BB P + Q= 0 (5.13)
M

F® .= A—Y d,B;BTP™ (5.14)
=1

Thus, at every iteration it is necessary to solve M independent Riccati equations
given the values of { P,,} from the previous iteration. Simulations of this algorithm show
that it does indeed converge to a solution for the two-user case. It can further be shown
that the optimal cost of a jitter problem obtained from using this algorithm approaches
the optimal cost of the no-jitter solution discussed earlier as d,, — oo for the two-user
case. Simulations results that verify this can be seen in Appendix C.

The information structure that we have picked, which allowed v,, to depend not
only on z but also on u, may not be desirable for the problem at hand because online
implementation of the policies that emerge from this may not be possible, with each
user required to have access to the instantaneous transmission rates of the other users.
A more realistic information structure is the one where v, depends at time ¢ only on
the present and possibly past values of z. Derivation of a Nash equilibrium solution in
this case is a more challenging task as the standard sufficiency results based on dynamic

programming [10] do not apply here.
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CHAPTER 6

ONLINE PERFORMANCE

6.1 Online Queue Dynamics and Accrued Cost

We have analyzed in the previous chapters the rate of convergence of various update
scenarios and seen that they converge to a stable equilibrium solution. We now investigate
the behavior of the queue length and cost accrued to each user when the updates are
done online. If the users employ controls of the structure u(t) = —8(¢)z(¢), the queue

evolves according to the following dynamics:

dr M M M ~
S =2 U= ;ﬁi(t)x = —z;ﬁi(t) =: —zf(t), (6.1)

i=1

where the last equality is due to the definition of 3. Let us assume that the users begin
using the controls u, = =89z, m =1,2,..., M at time t,, where 89 is some positive
real number for all users. Let the users follow a decentralized update scheme where the
n-th update occurs at t, = 57=; 6; for n > 1. This assumes that {6,} is the sequence
of delay times required for the server to get information back to the users and all users

receive this information at the same time. The users’ controls can be described as follows:
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u(t) = =B ()z(t)  tn <t <tnp1 =tn + 0y (6.2)

where ﬁi(") is the positive real number which is the n-th iterate of the i-th user for the

update scheme being used. Substituting into Equation (6.1), we have

d ~
e Bty <t <t (6.3)
dt
where B .= ¥ M, B™ is a positive real number. Solving for z(t), we have
z(t) = a(ta) e PV, <t <o (6.4)

Let 6, = Vn. Then, given the initial deviation from the desired queue length z; at
to, x(t) evolves as follows:
2(t) = g e Lico BV e7BME00)  y L s <t < to + (n -+ 1)6, (6.5)

where 324 B = 0 and n is any nonnegative integer.
By substituting for the control in the cost for the m-th user described in Equation

(2.3), we have

© 1

I = /0 o(t) + = (~Bn()a(0))” d
- /0 ” <1+-ﬂ-";(—t)2> (t)2dt. (6.6)
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But because B, (t) takes on the value of the iterates and is constant during intervals of

léngth 8, we have

o n+1 (n)z
In = Y /n( e <1 + éﬂ—) z(t)%dt. (6.7)

n=0 /1o Cm

Substituting the expression in Equation (6.5) for z(t), we have

m

oo n+ z n—1 =
IJn = Z/ v (1—&—6(“) ) [:c e~ Lis, BY _2ﬂ(n)(t'"‘5)] dt

o (n)? e in (n+1)8 in
- xg Z ( ,3 > < 252 15(!)> (egﬁ( )na)/ 8_23( )tdt

n=0 né

% —2B(m)g (n+1)8
(o4 ) (o) 2

n=0 _zﬁ(n) nd

= (n)2 . —280ng _ -2} (n+1)s
_ 2 O, 25(Mns—26 01 ﬂ(l)) e e
= 23 (1+ (e i

% 0+ )

ad - n—1 z(1) 1 — =288

= z? ZO (1+ ) (e 263 0, B ) (———_25(”) (6.8)

where 3°; %) = 0 and the last factor within the summation in Equation (6.8) becomes
¢ if B(”) = 0. By expressing z(t) and J,, as functions of the iterates, we can generate the
queue dynamics of the system and the accrued cost for each user when the updates are

done online.
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6.2 Simulation of Queue Dynamics for Online Updates

The behavior of the queue was simulated in MATLAB under a variety of update algo-
rithms, cost structures and initial conditions. A sample of the results obtained are shown
in Appendix B. The queue dynamics were simulated over the time interval ¢t € [0, 3],
with the time between updates taken as 6 = 0.25 seconds.

An immediate property that is verified is the monotonicity of the convergence of
the queue to the desired queue length. Because we begin with nonnegative values for
{89} the update algorithm described in Equation (2.6) yields positive values for all
{B™1},5, because c,, > 0 Vm. Thus, from Equations (6.3)-(6.5), it can be seen that
|z(t)| is nondecreasing until the first iterate and then decreases monotonically toward
zero afterwards. This is shown in Figure B.1. This result is intuitive as well, because
the structure of our control (u, = 7 — @ms = —fnz) implies that for 5, > 0, we
transmit lower than our assigned rate (a,,s) when the queue is greater than the desired
length (z > 0) thus reducing the queue length (% o —z < 0) and similarly, we transmit
higher than our assigned rate when the queue is lower than the desired length (z < 0)
thus increasing the queue length (% x —z > 0). It is also noted that, in our structure,
theré is never an overshoot, i.e., if queue is initially greater than the desired value it will
at no point dip below the desired value even as the users change their controls. This
is because our control assumes instantaneous or near instantaneous feedback of queue
status. If, however, queue length information is sent back periodically where the time

between samples is long, one may see oscillations around the target queue length.
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A second result of the queue analysis, as shown in Figures B.2 - B.4, is that knowing
t‘he equilibrium value at the beginning does not necessarily lead to faster convergence to
the desired queue length. Equation (6.5) shows that {#(™} is the determining factor in
the rate of convergence and this is reflected in the simulations as update schemes with
B9 = 0.1 had slower convergence to zero than update schemes with 8% = 1. Again,
this follows intuitively as larger {%)s imply that the users are more dramatically reducing
their transmission rates and thus accept less bandwidth to allow the queue to diminish
more rapidly. The simulations show that PU is better suited to deal with low 8 values
than RR especially for a large number of users. This is because PU can change the low
B values after one iteration while RR must wait M iterations until all the users reach
one update, thus making {5} remain at a lower value for a longer period of time. The
performance of RU is generally comparable to PU as long periods of inactivity though
possible are generally unlikely. The RU simulations show that the initial guess, {39},
is the most significant factor in determining the convergence of the queue length to the
desired value as can be seen in Figure B.4 where four trials of each initial condition are
shown.

Finally, queue simulations also verify the role of ¢, in the basic cost that each user
optimizes as described in Equation (2.3). Intuitively, a larger value of ¢, would reflect a
larger tolerance in variation in u,, and because we have ,, > 0, larger ¢,,, would allow user
m to reduce the transmission rate, r,, without a high penalty, thus facilitating greater
reduction in the queue. So, we expect the queue to diminish faster for cost structures

with higher ¢,,’s. Simulations verify this, as can be seen in Figure B.5.
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6.3 Calculation of Accrued Cost for Online Updates

Using Equation (6.8), the accrued cost under various {8} sequences were calculated.
Analysis was restricted to the two-user case where ¢; = ¢; =1, as this was sufficient to
demonstrate the relevant properties of the accrued cost. The cost was also calculated
over the interval [0,10], with § = 1 and zp = 1. A realization that becomes readily
apparent is that the numerical value of the accrued cost alone is not a reasonable judge
of optimality. For example, if both users begin with the equilibrium values that solve
Equation (2.6), B = Bz = 0.5774, the accrued cost is 0.5774, but if both users begin
with 89 = 1 and use PU, the accrued cost is 0.5032. This does not imply, however,
that employing PU with 890 = 1 which converges to 3, ~ 0.5774 is a superior control
to using B = 0.5774 Vn.

User m'’s control is based on minimizing the cost J,, based on the assumption that the
other user(s) is using a certain given strategy or, equivalently, a given {ﬁ(_",zl}nzo. When
this is accomplished simultaneously for all users, we have a Nash equilibrium. Thus,
the accrued cost for user m using a certain sequence {8M™},>o given {,8(—121}1120 can only
be compared to the accrued cost for other sequences {4 },50 given the same informa-
tion {ﬁi"%}nzo. The comparison in the example above is invalid because in the case where
B = 0.5774, the information is the sequence {87} = {0.5774,0.5774,0.5774,0.5774, .. .},
whereas in the PU case the information is the sequence {,8(_721} = {1.0000, 0.4142,0.6682,

0.5345,0.5994, . ..}, and they are not the same.
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Let us look at the illustrative case where the first user applies the control ﬁ§") =
0.1 ¥Yn > 0 and the second user applies the control ,Béo) =1, ﬂén) = fm(ﬁ§"_1)) =
0.9050 Vn > 0, where f,, is defined as in Equation (2.6). Under this case, J; = 0.4841
and J, = 0.9067. Even though J, > J; for ¢; = ¢; = 1, this does not imply that
the first user’s control is a superior control or that the second user’s application of the
algorithm is not optimal. As mentioned earlier, one cannot look at the value of the
accrued cost alone to judge a policy. Given ,B{n) = 0.1 VYn > 0, if the second user
varies slightly from the control used earlier (e.g., ,Béo) =1, é") = 0.9250 Vn > 0 or
B =1, B = 0.8850 Vn > 0), Jo increases (to 0.9068 for both cases given). Thus,
the second user’s control is optimal given the control sequence of the first user for n > 0.
The same cannot be said for the first user. If the first user had instead used the sequence
B89 =01, ™ = £,(0.9050) = 0.4437 ¥n > 0, J; would have been reduced to 0.4502.

In the earlier case, we analyzed the controls assuming we had access to the entire
control sequence of the other user, but in the online implementation, users only have
access to controls of the past with one iteration delay. If the first user applied the con-
trol B9 = 0.1, B™ = £,(8" ) while the second user applied the sequence {8{™} =
{1.0000, 0.9050, 0.9050, 0.9050, . ..}, we would have {ﬂg")} = {0.1000,0.4142,0.4437,0.4437, .. .}.
This is the same control sequence for the first user as when the entire sequence of the sec-
ond user is known except that ﬂfl) = 0.4142 instead of 0.4437. This makes J; = 0.5478,
which is greater than the cost under the “blind” strategy of ﬁ§”) =0.1 Vn > 0. Again,
this does not mean that the first user would be better off using the “blind” strategy. Intu-

itively, what is happening is that the first user is transmitting at a high rate and putting
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the responsibility of managing the queue on the other user. However, if the second user
fbllows the same “blind” strategy as the first user, both users’ costs will dramatically
increase to 2.4832. Thus, only the algorithm defined in Equation (2.7) assures users that
their objectives are being optimized regardless of the controls applied by the other users.
Even though they may yield lower costs for a subset of possible control sequences of the
other users, all other strategies risk dramatically undesirable performance if the other

users stray from that subset.

37



CHAPTER 7

CONCLUSION

7.1 Summary

We have investigated the performance of various iterative algorithms that attempt to
find a Nash equilibrium solution for transmission rates in an M-user bottleneck node en-
vironment. Under the objective of minimizing deviation from a desired queue length and
minimizing deviation from an assigned transmission rate, it was shown that a randomized
update scheme achieves the quickest convergence to an equilibrium solution, especially
when the number of users is large. The Randomized Update algorithm was analyzed
to obtain a theoretical optimal rate of update and the validity of the resulting optimal
probability was verified through simulations. A more general problem where each user
could transmit one of several types of traffic was considered. An update algorithm to
achieve a Nash equilibrium was derived and §hown to converge through simulations. The
convergence rate of various update schemes using the multitype update algorithm was
investigated, and it was shown that the Randomized Update again converged fastest to
an equilibrium solution especially with a large number of users. We then considered a

more general objective where users were also penalized for drastic changes in transmission
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rate. A two-step iterative algorithm to reach a Nash equilibrium solution was developed.
Simulations showed that the algorithm converged and also that the objective cost under
the jitter structure approached the cost under the original structure in the limit as the
cost on jitter was diminished. Finally, the behavior of the queue and significance of
the accrued cost were investigated in the case where the users applied the algorithms
online. Simulation of the queue verified the expected properties of monotonicity, and
also revealed the significance of the initial transmission rates and cost structure to the
dynamics of the system. Calculation of the accrued cost for various control sequences
helped illustrate the game-theoretic nature of the problem and the optimality of the Nash

solution.

7.2 Analysis and Proposition for Future Research

One conclusion that can be extracted from the simulations of the various update
schemes is the superiority of randomization. When used with contractive mappings
that form the algorithms, randomized update schemes seem to find the balance between
updating too often on inaccurate information and waiting too long between updates.
Under the original cost structure, the slight discrepancy in the theoretical and simulated
optimal probability is still an issue to be investigated. For the randomized update scheme
in the multitype environment, the optimal update probability is also an issue to be
investigated. An analytical proof for the convergence of the multitype algorithm is still
open and because bounds on the spectral radius of the mapping have not yielded this

result, it would seem that explicit computation of the eigenvalues of the matrix of the
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linearized evolution of iterates is necessary. The model for the multitype traffic is very
cﬁmbersome and update algorithms require large amounts of information to be passed
between the node and the users. Also, the required feedback grows rapidly as users
are added to the system. Alternative models and algorithms that yield solutions that
do not require such large overheads would be desirable. Finally, with respect to the
jitter cost structure, the current solution requires feedback of transmission rates of all
users which may be both undesirable and unimplementable. Information structures that
facilitate a more decentralized control while still yielding a consistent solution should be
investigated. When simulating algorithms, additional complexity such as varying delay
in information feedback among users and discrete and delayed feedback of the queue
length can be included to more accurately model real systems. The main result remains
the effectiveness of randomized algorithms. In fact, simulations show that the number of
iterations to convergence for randomized algorithms does not increase as the number of
users increase, revealing a property that merits further investigation. Randomization has
been successfully applied to two specific update algorithms in this paper. The general
question that this leaves us with is “Can the optimality of convergence of randomized
update schemes be shown in a general dynamic game setting, and under what conditions

does this optimality hold?”
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APPENDIX A

CALCULATION OF E[7]

We show the derivation of the expression used to calculate E[r], the expected number
of iterations necessary for all users to have updated at least once. This is used in the
stopping criterion in various Randomized Update schemes. Let o, = the event that all
M users have updated at least once in exactly n iterations. We assume each user m
updates independently of all other users with equal probability of update, p,,, at every

1teration.

Elr] = in - P(on) (A.1)

where P(-) is a probability measure over the space of the sequence of Bernoulli random
variables {Z®)} x5, and m = 1,2,..., M where P(Z¥ = 1) = p,,. Let w, = the event
that all M users have updated at least once in n or fewer iterations, i.e., w, = UL 0;.

Because {0,} are disjoint events and the users update independently we have
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where 7] = the event that the i-th user has updated at least once in n or fewer iterations
and 77 is the complement of 77, i.e., 7% = the event that the ¢-th user has not updated
at least once in n or fewer iterations < Zi(k) =0, k=1,...,n. Because in our update

schemes we have p,, = p Vm, we have

P = (L-p)"

= Plw.) = L4 (1~1-p)"

= Plon) = 1-1-p""-(1~1-p" )™

= Blr] = X (1-0-p)""-0=@1-p" M) (A.-4)

n=1

42



APPENDIX B

QUEUE DYNAMICS FOR ONLINE UPDATES

The following figures show the results of MATLAB simulations of the queue dynamics
under various update algorithms, cost structures and initial conditions referred to in
Section 6.2. In Figure B.1, four trials of RU (p = %) with each initial condition are

displayed. In Figure B.4, four trials of each initial condition are displayed. Update times

are marked with circles in Figures B.1-B.4.

Monotonicity and Asymptotic Behavior of Online Queue

deviations from desired queue length

x{t)

-1 L L i L 1
4] 0.5 1 1.5 2 2.5 3
t=time

L

Figure B.1 Monotonicity and Asymptotic Behavior of Online Queue Dynamics
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Queue Dynamics for PU for 5 users with g, =1vm
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Figure B.2 Queue Dynamics for PU for 5 users with ¢,, =1 Vm
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o o o o o o
s o (23] ~ [y ©

deviations from desired queus length

o
(A

x(t)

Q
[N

o
=

0 0.5 1 1.5 2 25 3
t =time

Figure B.3 Queue Dynamics for RR for 5 users with ¢, =1 V m

44



Queue Dynamics for RU for 5 users with =1 Ym,p=23
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Figure B.4 Queue Dynamics for RU for 5 users withc,, = 1 Vm, p = %
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Figure B.5 Queue Dynamics for Various Costs with 89 = 8z (c,) V m
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APPENDIX C

JITTER COSTS IN THE LIMIT

The following table shows that the limit of the jitter solution cost (Equation (5.1)) as

the weight on jitter ( 3-1;) tends to zero is the cost in the original problem (Equation (2.3)).

Table C.1 Jitter Costs for Various 2-User Cost Structures as A — 00

4 [ [ale]l 4 [ K |
1 [1 |1 ] 1 |112421 112421
10 {10 | 1 | 1 |0.79518 | 0.79518
1021102 | 1 | 1 |0.65487 | 0.65487
10° [ 10% | 1 | 1 |0.60306 | 0.60306
10 | 10°| 1 | 1 |0.58562 | 0.58562
10°10° | 1 | 1 |0.57998 | 0.57998

oo | o0 1 1 10.57735 | 0.57735
10% | 103 [ 100 | 100 | 0.17964 | 0.17964
10* | 10* | 100 | 100 | 0.11242 | 0.11242
10° | 10° | 100 | 100 | 0.07952 | 0.07952
10° | 105 | 100 | 100 | 0.06549 | 0.06549
107 | 107 | 100 | 100 | 0.06031 | 0.06031
108 | 108 | 100 | 100 | 0.05856 | 0.05856
co oo | 100|100 | 0.05774 | 0.05774

1 1 1 2 1 1.07256 | 1.07681
10 |10 1 2 10.69633 | 0.74489
102 | 10% | 1 2 1 0.51155 | 0.60826
100110%] 1 2 10.43450 | 0.56026
10 | 104 ] 1 2 | 0.40682 | 0.54457
10° | 10° | 1 2 | 0.39764 | 0.53959
108 | 106 | 1 2 10.39469 | 0.53802
o0 | o0 1 2 10.39332 | 0.53729
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