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Algebraic methods

Quantum mechanical
systems

\ 4

. Lie algebras
Algebraic structure J u(n), so(n)
Spectra,
Observables J { Transitions,
EXperimentS J F. lachello, Algebraic Theory, 160, 151 (1994).
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Connection between algebraic and configuration space

Connection between the algebraic and configuration space

What is the translation of the coordinate ¢
and momentum p from configuration into
the algebraic space?
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Connection between algebraic and configuration space

Connection between the algebraic and configuration space

What is the translation of the coordinate ¢
and momentum p from configuration into
the algebraic space?

Configuration space Fock space Algebraic space

Heo(q,P)¥n(q) = Entn(q » Hpock|n) = Exq|n) » HyY Y| [Nn) = En|[N]n)




Connection between algebraic and configuration space

Example. 1D harmonic oscillator

Configuration space

~ 1 .5
-Hcs =—p
2,up +

w?p
2 )

Gn(@) = Nue T2 H, (g/20)

N, = (12" Aoy/7) /2




Connection between algebraic and configuration space

Example. 1D harmonic oscillator

Configuration space Fock space
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Connection between algebraic and configuration space

Fock space
1D harmonic oscillator

A=ala




Connection between algebraic and configuration space

Fock space
1D harmonic oscillator

A=ala

\ . / In practice, when the basis is cut off:
\ f M
\ /] aln)

It is possible to use a harmonic
Tn41) oscillator basis and recover the
closure condition?




Fock space
1D harmonic oscillator
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Algebraic space
Adding a scalar boson sf(s)

N=a'(a)+s'(s)

// t
i// s'al[N]n)
\ 1 HIN]n—1)
\ /
MINn+1)
a's|[Nn)
N
D NIy ([Nn| = 1




Connection between algebraic and configuration space

1D Algebraic realization

Adding a scalar boson s(s') to
the 1D oscillator:
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1D Algebraic realization

Adding a scalar boson s(s') to
the 1D oscillator:

The U(2) group becomes a
dynamical group.




Connection between algebraic and configuration space

1D Algebraic realization

Adding a scalar boson s(s') to
the 1D oscillator:

Guey = {N,n,a's,s'a},

N=da'a+s's; n=ala. -

The U(2) group becomes a
dynamical group.

[5]R. Lemus, Mol. Phys., (2018).
[6] R.D. Santiago, et al. Mol. Phys., 24, 206 (2017).

Coordinates and momenta take the
form [5, 6]:

A h
Q= m

Vi |
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=

P= (AITS—ST(AI:I .
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Connection between algebraic and configuration space

1D Algebraic realization

Adding a scalar boson s(s') to
the 1D oscillator:

Guey = {N,n,a's,s'a},

N=dala+s's; n=a'

The U(2) group becomes a
dynamical group.

.|

Coordinates and momenta take the

form [5, 6]:
> D LR S PR s
Q= 2/Lw\/ﬁ[a8+sa]’
P= L h,uwL I:(AITS - sTd]
V2 N

q |a’r(@)%51‘(1})_> Q;
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o= &

[5]R. Lemus, Mol. Phys., (2018).
[6] R.D. Santiago, et al. Mol. Phys., 24, 206 (2017).

3

o
1]
w
s




2D Systems. The U(3) unitary group approach

Harmonic oscillator in 2D:

2 Mo o ata o oa at
O.AHFock = 7 Z(TO'TO' + TaTo')7 o==

1 W A P.
S B R - ¥
L= el )




2D Systems. The U(3) unitary group approach

Harmonic oscillator in 2D:

2 Mo o ata o oa at
O.AHFock = 7 Z(TO'TO' + TaTo')7 o==

o

A L | [WHA . Px
L= el )

The U(3) space is generated by adding a scalar boson
o' (o) to the 2D oscillator space:

Di: = V2£rloFolrs), Ri=V2(rlo+o'rs),
Q;I: = \/iTlT:F, ﬁo = UTJa
n = T:[T+ +7ir, I= 7'17'4r —rir.




Subalgebra chains of algebra U(3)

The algebra U(3) provides the following three chains:

Chain Casimir operator

U@3) D U(2) D SO(2) Cue) =n

U(3) D SO(3) D SO(2) Csop =W?=D>+1?
(

U(3) D> 80(3) 5 80(2) Cspiy =W? =R +1?



The U(3) unitary group approach
Subalgebra chains of algebra U(3)

The algebra U(3) provides the following three chains:

Chain Casimir operator
UB)DU(2) DSO(2) Cue) =n X
U(3) D SO(3) D SO(2) Csop =W?=D>+1?

(
U(3) D> 80(3) 5 80(2) Cspiy =W? =R +1?

The bases associated with the Casimir Operators:
7|[N];nl) = n|[N];nl),

WZIINJ; €)= ¢(C+ DIINT; ¢y,
WZINT; ¢ty = C(C+ DIINT; €,
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The U(3) unitary group approach
Subalgebra chains of algebra U(3)

The algebra U(3) provides the following three chains:

Chain Casimir operator
UB)DU(2) DSO(2) CU(g) =n
U(3) D S0(3) D SO(2) 050(3) =W?=D? + 12
U(3) D S0(3) 5 80(2)  Cso = W2 =R+ 12
The bases associated with the Casimir Operators:
7|[N];nl) = n|[N];nl),
W2|[NT; 1) = ¢(¢ + DIINE GO,

W2IINJ; ) = C(C+ DIINT; €y,
the bases satisfy:

D IINInD)([N]nl| = > [[NGD(] CZI—Z\ JCO(INICH = 1.
n,l ¢l
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Connection between algebraic and configuration space Energy, coordinate and momentum representation

Algebraic representation of the coordinate and momentum

Using a mapping to the 2D h. o. basis, the coordinates and momenta take the form [7]:

’Qi—)QAﬂ: pﬂ:—>75j:‘
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Connection between algebraic and configuration space

Energy, coordinate and momentum representation

Algebraic representation of the coordinate and momentum

Using a mapping to the 2D h. o. basis, the coordinates and momenta take the form [7]

P

A 1 h 1 - A ) 1 -
-+ = X hp—— e
o 2 VN P e VI N
The operators 1772 and 1172 associated with the SO(3) and SO(3) subalgebras:

W2=D>+1? W?=R*+12
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Connection between algebraic and configuration space Energy, coordinate and momentum representation

Algebraic representation of the coordinate and momentum

Using a mapping to the 2D h. o. basis, the coordinates and momenta take the form [7]:

’Qi—)QAﬂ: pﬂ:—>73:t‘

A 1 o1 - - i 1
Q:l:—i§ NjﬁDi’ ,Pi__i ﬁuw\/—ﬁ

The operators 1?2 and 117? associated with the SO(3) and SO(3) subalgebras:

Eq:o

W2 = 2“‘”Q+i2 W2 = N2 PP 4 2,
Apw
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Connection between algebraic and configuration space Energy, coordinate and momentum representation

Algebraic representation of the coordinate and momentum

Using a mapping to the 2D h. o. basis, the coordinates and momenta take the form [7]:

e

Q+ = QO+ pﬂ:—>73:t‘

R 1 o1 - - i 1
Q:l:—i§ NjﬁDi’ ,Pi__i ﬁuw\/—ﬁ

The operators 1?2 and 117? associated with the SO(3) and SO(3) subalgebras:

Eq:o

W2 = 2“‘”Q+i2 W2 = N2 PP 4 2,
Apw

This result leads to the identification:
U(3) D SO(3) D SO(2) — coordinate
U(3) D SO(3) D SO(2) — momentum

[7] M. M. Estévez-Fregoso and R. Lemus, Mol. Phys., (2018).
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Algebraic representation of energy

The harmonic oscillator hamiltonian can be written in the algebraic space:

. 1 N A 1 A A
OaHL) = —Sgi (PyPo+P-Pu) = 5 fim (QrQ- +0Q-Q),



Energy, coordinate and momentum representation
Algebraic representation of energy

The harmonic oscillator hamiltonian can be written in the algebraic space:

(ﬁ+ﬁ—4-ﬁ—ﬁ+f—%f+—(Q+Q—+—Q_Q+%

U 1
oaHy) = —59+-
and in terms of the C’U(Q) = N operator:
.2
UB) 1 N n
O‘AHalg = h(d.){ <1 — W)n—i— 1-— ﬁ}
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Energy, coordinate and momentum representation
Algebraic representation of energy

The harmonic oscillator hamiltonian can be written in the algebraic space:

(ﬁ+ﬁ—4-ﬁ—ﬁ+f—%f+—(Q+Q—+—Q_Q+%

U 1
oaHyy = 504~
and in terms of the C’U(Q) = N operator:
-2
n
n+1——5.
)n + N }

FUG) _ o
i~ (1-

OA 1,

We can thus identify the chain as the energy representation:
U(3) D U(2) D SO(2) — energy
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Energy, coordinate and momentum representation
Algebraic representation of energy

The harmonic oscillator hamiltonian can be written in the algebraic space:

1 PPN PPN 1 A A
OAHazg = =59+ (PaP-+P-P1) = o fo- (C+ Q-+ Q-Q4),
and in terms of the C’U(Q) = N operator:
1. n?
OAHalg = h(.d{ <1 — ﬁ)n—i- 1-— ﬁ}.
We can thus identify the chain as the energy representation:
U(3) D U(2) D SO(2) — energy

The results are summarized in:

Chain Basis Representation
U@B)DU((2) >50(2) | [[N];nl) | Energy
U(3) 2 SO(3) 2 SO(2) || |[N];¢l) | Coordinate
U(3) D SO(3) D S0O(2) || |[IV];¢l) | Momentum
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Connection between algebraic and configuration space

A hamiltonian in the algebraic space :

Ba= T o v/@) — B =T v/
cS 2/11 alg 2” N



Connection between algebraic and configuration space

A hamiltonian in the algebraic space :

Ba= T o v/@) — B =T v/
cS 2/11 alg 2” N

Adding and subtracting the term —%Q%



Connection between algebraic and configuration space

A hamiltonian in the algebraic space :
] p? 2 TU(3) P? 92
H. = —M+V(\/Q ) — H, = —N+V( 02).
Adding and subtracting the term —!2 Q2

N 752 U A U A ~
YO _ 2 2 A2
alg 2/1' + 2 Q 2 Q +V( Q )7



Connection between algebraic and configuration space Energy, coordinate and momentum representation

A hamiltonian in the algebraic space :

-2 +V(HVQ) — HYO = P2 +V(/9?)
cs 2/14 alg 2,“/ .

Adding and subtracting the term —%92:

29
VG _ p, [(1 _ L)fH— 1-— %} + KV (y/ QA2),

alg 2N
where:

V(%) = —mTwQQQ + V(\/E), k€ [0,1].
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Connection between algebraic and configuration space Energy, coordinate and momentum representation

A hamiltonian in the algebraic space :

-2 +V(HVQ) — HYO = L V(y/ 92)
cs 2/14 alg 2,“/ .

Adding and subtracting the term —%Q%

. 1 f2 -
AP = hw [(1 - W)ﬁ—l— 1- %} +KV'(\/ 02),

V(%) = —mTWQQQ + V(\/E), k€ [0,1].

where:

We have the following matrix elements in the coordinate representation:

Ve = SEEFD = 5 as i

12/24



Algebraic representation of 2D Hamiltonian

Algebraic representation of 2D Hamiltonian

Hence the matrix elements of the Hamiltonian (for a given [) in the energy repre-
sentation take the general form:

HE) = AE) HTTA(Q)T,
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Algebraic representation of 2D Hamiltonian

Algebraic representation of 2D Hamiltonian

Hence the matrix elements of the Hamiltonian (for a given [) in the energy repre-
sentation take the general form:

where: 1 72
IIAB)|| = hw [(1 — )ﬁ+ 1-— ] Ont s
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Algebraic representation of 2D Hamiltonian

Algebraic representation of 2D Hamiltonian

Hence the matrix elements of the Hamiltonian (for a given [) in the energy repre-
sentation take the general form:

H®E = AE) L A@)

where: 1 72
HA(E)H = hw |:<1_2]V)ﬁ+1—N]5n’,nv
LE(C,D? 1 (S)
@] = _ — EACLAYA )
1@ = | - 304 v (¢S50 o

with £(¢,1) = \/C(C+1) — 12 and & € [0,1].
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Algebraic representation of 2D Hamiltonian

Algebraic representation of 2D Hamiltonian

Hence the matrix elements of the Hamiltonian (for a given [) in the energy repre-
sentation take the general form:

HE — AE) + kTTA@T

where:

1 n?
B = hw — — |7 — — |6
[|AY)| Kl 2N)n+1 N]én’"’

1 l 1 N/
R B e (o3| Lo

with £(¢,1) = /¢(C+ 1) — 2 and k € [0,1].
T stands for the transformation brackets:

T = ||{[N]¢I|[N]nd)|],

which connect energy and coordinate representations.
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Algebraic representation of 2D Hamiltonian

Quartic potential in algebraic space

The Hamiltonian to be considered is given by:

2

H=7 - aQ?+ 5Q*
2p



Algebraic representation of 2D Hamiltonian Quartic potential

Quartic potential in algebraic space

The Hamiltonian to be considered is given by:
N P2
=5 —aQ?+ 5Q"*
2p

can be expressed in matrix form:

HE) = AF) 4 xTIAQT,

where:
1 1) 1)
||A(Q)|—m{(2 ()f(g ) d(f(CZA)[ )}(&C’
N « - Bh
o= uwQ; = 2w’

] 1424



Algebraic representation of 2D Hamiltonian Energy spectra and wave functions
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Correlation diagram from harmonic oscillator (x = 0) to quartic potential (k = 1). The parame-
ters used N=1500, a= 4.0, B: 0.5. The levels with angular momentum [=0,1,2,3. The lowest
level in black of each group corresponds to [=0. The correlation between the linear and the dis-
placed oscillator provides the labeling v for the vibrational states for the bending modes through
v=(n-—I|l])/2.
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Algebraic representation of 2D Hamiltonian Energy spectra and wave functions

Energy (units of fw)

Quartic potential with parameters N=1500, a= 4.0, B
for v=0, 1, 2 and [=0, 1, 2, 3 are displayed.

= 0.5, choosing Qo = 2. The energy levels

] 1624



Algebraic representation of 2D Hamiltonian Energy spectra and wave functions

Lo
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Energy levels as a function of angular momentum (1) with the parameters N=1500, a= 4.0, =
0.5 and k=1.0.
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Algebraic representation of 2D Hamiltonian Energy spectra and wave functions

The eigenstates are given as an expansion in terms of the eigenkets |[N]nl) in the
following form N

[0 = (INInl|y ) [N]n)

n=0

~
n

EN, = 3,296

()]

()
3
'S

[EY, = 0,232

0
W

Energy (units of fw)
)
[ (e}

&
=
—

1
~
W

Energy levels and calculated radial wave fgnctions with angular momentum (=0 and v=0, 1, 2,
3 with the parameters N=1500, a= 4.0, 8= 0.5 and k=1.0.
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Application to carbon suboxide (C302)

Application to carbon suboxide C30,

The structure of C302 with ab initio parameters in the principal axis system [8].

[8] M. Winnewisser et al., J. Mol. Struct. 798, 1 (2006).
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Application to carbon suboxide (C302)

The Hamiltonian in algebraic space used for describe the CCC bending modes is given by:
2 1 n? pe? 2 4
H=h<(1-— )|n+1——p— | — B
{(oge)rer-F - (o) @ ere
The best spectroscopic description was obtained with the parameters:

w = 5,09607 x 1012 Hz, o =27,25889 cm~1/A% 3 =17,72693 cm~'/A%.
[ Bending mode | Observed [9] | Residual | Residual Ref. [10] |

09 0.00 0.00 0.0
1t 18.33 -3.55 -2.37
22 46.26 -4.26 -3.74
20 60.70 -0.29 0.7
33 80.85 -2.74 -4.85
3! 97.30 -1.03 -2.70
44 120.68 -1.14 -5.82
42 137.41 -2.01 -4.49
40 144.30 -1.44 3.3
55 164.88 3.51 -6.82
53 181.25 0.23 -6.15
51 191.14 -0.29 -4.96
66 212.87 6.34 -7.73
64 228.55 0.67 -7.75
62 239.70 -1.70 6.9
60 244.70 -1.36 5.5
values in cm— 1 rms = 2.56 5.14

[9]L. Fusina, I.M. Mills, J. Mol. Spectrosc., 79 (1980) 123.
[10]J. Koput, Chem. Phys. Lett.. 320 (2000) 237.
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Application to carbon suboxide (C302)

The Hamiltonian in algebraic space used for describe the CCC bending modes is given by:

2 1 n? pe? 2 4
H=h<(1-— )|n+1——p— | — B
{(oge)rer-F - (o) @ ere
The best spectroscopic description was obtained with the parameters:
w =5,00607 x 10'2 Hz, o = 27,25889 em™ /A%, 3 =17,72693 cm™'/A%.
[ Bending mode [ Observed [9] | Residual | Residual Ref. [10] |

09 0.00 0.00 0.0
1t 18.33 -3.55 -2.37
22 46.26 -4.26 -3.74
20 60.70 -0.29 0.7
33 80.85 -2.74 -4.85
3! 97.30 -1.03 -2.70
44 120.68 -1.14 -5.82
42 137.41 -2.01 -4.49
40 144.30 -1.44 3.3
55 164.88 3.51 -6.82
53 181.25 0.23 -6.15
51 191.14 -0.29 -4.96
66 212.87 6.34 -7.73
64 228.55 0.67 -7.75
62 239.70 -1.70 6.9
60 244.70 -1.36 5.5
values in cm— 1 rms = 2.56 5.14
[9]L. Fusina, I.M. Mills, J. Mol. Spectrosc., 79 (1980) 123. M.Rodriguez-Arcos and R. Lemus,
[10]J. Koput, Chem. Phys. Lett.. 320 (2000) 237. Chem. Phys. Lett., 713 (2018) 266. J
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Application to carbon suboxide (C302)

300» L L B R B
i =2 v=3 /]
250j vr=1 v 9 0 7
— i v=_0 1 ]
T 200f 6 . ]
£ [ 3 ]
S 1 5 ]
o 150j 9 0 ]
= i — ]
& 100F 1 .
& i — 3 ]
50F — =0 ]
[ [ ]
0 n n n n 1 I T 1 n n n n 1 n n n n 1 n n AA

0.0 0.5 1.0 1.5 2.0 25

Q (A)

Energy levels of the molecule C302 calculated with the quartic potential taking the parameters
N = 1500, o = 27.26 + 0.45 cm~!/A® and 8 = 17.73 & 0.74 cm~1 /A", with minimum located
in Qo=1.127 A.
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Application to carbon suboxide (C302)

3001
250

200¢

)

N
V7

150}

Energy (cm™!)
(@Y

100

50

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Calculated radial wave functions with angular momentum (=0 and v=0, 1, 2, 3. The parameters
used for the quartic potential was N=1500, o = 27.26 4+ 0.45 cm_l/A2 and 8 = 17.73 £ 0.74
em~1 /A%,
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Application to carbon suboxide (C303)

Summary

@ As a crucial ingredient of our approach an algebraic realization of the
coordinates and momenta is obtained.



Application to carbon suboxide (C302)

Summary

@ As a crucial ingredient of our approach an algebraic realization of the
coordinates and momenta is obtained.

@ This feature provides the tools to obtain the algebraic representation of
a 2D Hamiltonian in terms of similitude transformation of a diagonal
matrix.
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Application to carbon suboxide (C302)

Summary

@ As a crucial ingredient of our approach an algebraic realization of the
coordinates and momenta is obtained.

@ This feature provides the tools to obtain the algebraic representation of
a 2D Hamiltonian in terms of similitude transformation of a diagonal
matrix.

e The U(3) algebraic approach may be applied to: linear-bend transitions
of non rigid molecules, for example C50..

] 23/24



Application to carbon suboxide (C303)

Thank you very much for your attention!
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