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ABSTRACT

In this dissertation, we studied mathematical models of infectious diseases that consist of
ordinary differential equations (ODEs) and partial differential equations (PDEs). An ODE
model is formulated to describe the dynamics of wild mosquitoes when Wolbachia-infected
female and male mosquitoes are introduced in the wild as a biological control, where we
assume imperfect maternal transmission of Wolbachia to offspring and incomplete cytoplas-
mic incompatibility. In order to reduce the population of wild mosquitoes with minimal
release of Wolbachia-infected mosquitoes in the wild, we develop an optimal control model.
The optimal controls are found by using the Pontryagin’s Maximum Principle. We also
formulated an ODE optimal control model to describe the dynamics of dengue-infected hu-
mans when Wolbachia-infected mosquitoes are introduced in the wild along with efforts
on educational campaigns to motivate individuals for using personal protection in order to
reduce humans-mosquitoes. In this optimal control model, we also determined the most
cost-effectiveness control strategy among different control interventions to reduce dengue
infections in humans. In the host (Daphnia)— parasite (fungal spores) system, we study the
disease dynamics of Daphnia in a water column where both algae and spores sink and diffuse.
We formulated the Daphnia-spores-algae model using advection-diffusion partial differential
equations (PDEs). We studied the effects of algal carrying capacity, sinking rates of algae

and spores, and the water column maximum depth on the disease dynamics of Daphnia.
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CHAPTER 1

INTRODUCTION

In this thesis, we develop and investigate mathematical models that consist of ordinary and

partial differential equations to describe

1. the dynamics of wild mosquitoes when Wolbachia-infected mosquitoes are introduced

in the wild as a biological control method,

2. optimal release of Wolbachia-infected mosquitoes in the wild to suppress the population

of wild mosquitoes,

3. the transmission of dengue epidemic when Wolbachia-infected mosquitoes are used as

a potential control measure,

4. optimal release of Wolbachia-infected mosquitoes in combination with educational cam-

paign efforts for reducing dengue infections in humans,

5. the disease dynamics of Daphnia when both fungal spores and algae sink and diffuse

in a water column.

In this chapter, we present background information on mosquito-borne diseases and Daphnia
epidemics, along with terminologies and modeling techniques that we will use in subsequent

chapters.

1.1  Mathematical models

Mathematical models are a useful tool to understand the spread of infectious diseases within-

host and between hosts and vectors. Mathematical models can help to understand the



occurrences of outbreaks, the persistence of disease, and testing and comparing different
intervention strategies for controlling infectious diseases. Three fundamental questions arise

after an infected host is introduced into a susceptible population:

1. Does an epidemic occur?
2. If an epidemic occurs, then what proportion of the susceptible hosts get infected?

3. How does the infection spread with time and space?

Mathematical models can help to answer these questions. For example, whether a disease
persists or not after introducing an infected individual into a susceptible population can
be answered using the basic reproduction number %,. The basic reproduction number,
Xy, is defined as the average number of secondary infections produced by a single infected

individual during the infectious period when introduce into a susceptible population [1].

1.1.1 Forward and backward bifurcations

In epidemic models, two phenomena, forward and backward bifurcations, usually arise de-
pending on the value of Z,. Generally, a disease invades if the basic reproduction number is
greater than unity (%, > 1) and dies out if Zy < 1 [1]. As the basic reproduction number in-
creases through 1, there is an exchange of stability between the disease-free equilibrium and
endemic equilibrium at %, = 1, which is called forward (or transcritical) bifurcation [2, 3].
In the case of a forward bifurcation, a disease can not spread if Z, < 1. However, in various
complex epidemic models, a stable endemic equilibrium may also exist when the basic repro-
duction number is less than one (%, < 1). In this situation, the system can tend to a stable
endemic equilibrium state when the basic reproduction number is less than one ( %, < 1).
This phenomenon is called backward bifurcation. In the case of a forward bifurcation, it
is sufficient to reduce the basic reproduction number below one (%, < 1) to eradicate a
disease but %, < 1 is not sufficient, although necessary, to eradicate a disease in the case of
the backward bifurcation. In epidemic models that exhibit the backward bifurcation phe-
nomenon, It is necessary to reduce %, well below one to control the disease epidemic. The

backward bifurcation has been observed and studied in many infectious disease models [3-8].
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1.1.2 Mathematical models for mosquito-borne diseases

Several types of models are used to study infectious diseases such as deterministic, stochastic,
agent-based, and statistical models. In 1911, Ross [9] used a simple compartmental model to
explain the relationship between the incidence of malaria in the number of mosquitoes and
humans. Since then, deterministic models have been widely used to study the dynamics of
mosquito-borne diseases. In deterministic models, a population is divided into different com-
partments (classes), and differential equations are used to express transition rates from one
compartment to another compartment. For example, in mosquito-borne diseases models, the

population of humans and mosquitoes is normally divided into the following compartments:

e Susceptible (S): This compartment represents the number of individuals that are not

infected yet but can become infected in the future.

e Exposed (F): This compartment represents the number of individuals that are exposed
to the disease, but they are not transmitting the disease to other susceptible individuals

yet.

e Infected (7): This compartment represents the number of individuals that are infectious

and can transmit the disease to other individuals.

e Recovered (R): This compartment represents the number of individuals who have
been infected and recovered from the disease. There is no recovery compartment for

mosquitoes since they do not recover from the disease due to the short life span.

Other types of compartment models have also been studied in the literature, for example
SI, SIR, SIS, SIRS, SEIR to name a few, and the choice of which compartments to
include in a model depends on the disease under study. For example, we may ignore the
exposed compartment in the model if the incubation period of a disease is very short. The
flow diagram of a general SEIR type compartmental model is shown in Figure (1.1) for

mosquito-borne diseases.



SEIR Compartmental Model

Mosquitoes: S, X E,. — I,

\
\
- \

Humans: S E; 1

Figure 1.1: A general SEIR compartmental model for mosquitoes borne diseases. The
solid arrows show the rate of movement of mosquitoes and humans between two
compartments. The dash arrows indicate paths of disease transmission between mosquitoes
and humans. The subscript h is used for variables related to the human population, while
the subscript m is used for variables related to the mosquitoes population.

1.2 Optimal control theory in epidemic models

Optimal control theory is a useful mathematical tool for assessing the effect of different
intervention strategies in infectious disease models. For example, what fraction of people
need to be vaccinated as time evolves to minimize the number of infected people and the
cost of implementing the vaccination strategy? The desired goal (or objective) in optimal
control problems depends on situations. For mosquito-borne disease models, the main goal
is to minimize the number of infected individuals (humans) and mosquitoes along with
minimizing the cost of implementing control strategies (for example, spraying, larvicide, use
of bed nets to reduce contacts between humans and mosquitoes, etc.). We only explain the
general theory of optimal control for a single ordinary differential equation (ODE), but it
can be extended to a system of ODEs [10,11]. The state of a system in terms of a single

ODE is given by

with initial condition (1.1)

Z/(O) = Yo-



Now if the state of the system can be controlled through a variable u(.) (called control

variable), then the state equation (1.1) becomes
(1.2)

where f is a continuously differentiable function. Note that the solution of the ODE (1.2)
depends on the control variable u(.) as well as on the the initial condition yy. The control
variable is usually constrained and let u,., denotes the upper bound on the control variable.
The set U = {u : [0, 00) = Umax | u(.) measureable} denotes the collection of all admissible
controls. Knowing the initial condition y and the control trajectory u(.) over the interval
[0, T'], the state equation (1.2) can be integrated to get the state trajectory y(.) over the same
interval [0, T]. The goal of an optimal control problem is to determine a piecewise optimal
control u(.) and the associated state variable y(.) on the interval [0, T'] that minimizes a

given objective functional,

Jy(),ul)) = ming [ gly(®), u(®)) dt,
subject to

e = f(y(®), u(®))

y(0) = yo and y(T) free.

where y(.) solves (1.2) for the control u(.) and g is a given continuously differentiable function
of the state variable (y), control variable u and time (t). We will denote the optimal control

with u*(t) and the optimal trajectory, the solution of the state equation when u = u*, with

*

Y.

The constraints on the controls (and possibly on the state variable as well) limit the
values of the state variable at the final time T". Let x denotes the set of possible values that
can be reached when the state variable y(t) and the control variable u(t) satisfy imposed
constraints. If there are no constraints on the state variable, then y(7') is free, that is, the
value of y(T') is unrestricted at the final time 7. The final time T is fixed for models that

we consider in this dissertation. The objective is to find a control u*(.), which minimizes



the cost functional given in Eq. (1.3), that is

J(u) < J(u(.)

for all controls u(.) € U. The control u*(.) when it exists is called optimal control. The
functions f and g are continuously differentiable functions in their arguments y and u. To
show that an optimal control exists, we make use of the following theorem from Fleming

and Rishel [12].

Theorem 1.1 (Existence of optimal control). 1. The set of solutions of the state equa-
tion is not empty, i.e. there exists at least one pair (y(t),u(t)) that solves the state

equations and satisfies the control constraints.
2. The set of admissible controls U is convexr and closed.

3. The function f, which is the right hand side of the state equation (1.2), is continuous,

bounded from above by a sum of the state and control variables i.e.

S y(t), u(t) < (T + |y(E)] + |u?)]).

4. f can be written as linear function of the control i.e.

f@t,x(t),u(t) = N(t,y(t) + L(t, y(t))u.

J. |f<t7y17u) - f(t,y,U)‘ < CQ‘yl - y|<1 + ‘UD

6. The integrand g(t,y,u) in (1.3) is convexr with respect to control and also satisfies

g(t,y,u) < aj|ul* — ag for some fized a; > 0, ag € R and a > 1.

Condition (i) implies that the problem is well-posed and is needed if the minimum problem
is to make sense. Conditions (ii) and (iii) guarantees that the solution remains uniformly
bounded for all ¢ in the interval [0, 7. In condition (iv), the convexity of f(t, y(t), u(t)) is

required for the existence of a minimum solution. If f(¢,y,u) is not convex then minimum



solution does not exist in general. In condition (v), Lipschitz continuity ensures that the

system has a unique solution.

1.2.1 Characterization of controls

If the optimal control exists, that is all conditions of theorem (1.1) are satisfied, we use
Pontryagin’s Maximum Principle [13] to obtain the characterization of the optimal control
in terms of the state and adjoint variables. Pontryagin’s Maximum Principle converts the
minimization of the objective functional subject to the state system into pointwise mini-

mization of Hamiltonian with respect to the control variable. The Hamiltonian H is defined

as
H=gyt),ult))+A,  fly(t),ul) (1.4)
SN——— S———
integrand r.h.s of the state equation

where ), is the adjoint variable associated with the state x. Note that in the Hamiltonia H,
the first term denotes the integrand of the objective functional, while the adjoint variable

Ay is multiplied with the right-hand side of the associated state variable.

Theorem 1.2 (Pontryagin’s Maximum Principle). Given an optimal control u*(t) and the
corresponding state y*(t) of the system (1.2), there exists a piecewise differentiable adjoint

variable Ay, : [0, T] — R satisfying

dXy _ _OH
dt S (1.5)
Ay(T) = 0,

such that H(t,y*(t), u(t), A\y(t)) < H(t, y*(t), u*(t), \y(t)) for all admissible controls uw € U

at each time t.

Further,
02_’}—[ >0 at u”
ou? '

The formula for the optimal control u*(¢) in terms of the optimal trajectory y*(¢) and

the adjoint variable A,(¢) is known as the characterization of the optimal control. The



characterization is obtained by solving %—Z‘ = 0 whenever 0 < u*(t) < Upax and using the

bounds on .

1.2.2  Optimality system

The differential equation for the state variable (1.2) with initial condition y(0), the differ-
ential equation for the adjoint variable (1.5) with terminal condition \,(7") along with the

characterization of the optimal control v* form the optimality system, and given below

: dy(t

state equation: % = f(y(t), u(?)),

initial condition: y(0) = o, (L6)
.. . dX _ IH(t,y* (£),u* (£),M\y (1)) '

costate (adjoint) equation: - = — Y TR

terminal (transversality) condition A,(7) = 0.

Interpretation of A,(¢): The adjoint variable A,(f) can be interpreted as the per unit
change in the value of the objective functional for a small change in the optimal trajectory

y*(t) at time t.

1.2.3 Numerical solution of the optimality system

In the optimality system (1.6), the state equation has initial condition yg, while the adjoint
equation has terminal condition A\,(7") (also called transversality condition). A system of
differential equations where some variables have initial conditions and other variables have
terminal conditions is known as a two-point boundary value problem. Since optimality
system (1.6) is also a two-point boundary value problem and generally can not be solved
analytically, we use forward-backward sweep method [10] for solving the optimality system
numerically. The algorithm to solve the optimality system (1.6) using forward-backward

sweep method [10] is as follows:

1. Initialize the control variable v with an initial guess.

2. Using the current value of u, integrate the state equation forward in time using the

initial condition.



3. Using the current values of the state and control variables, integrate the adjoint equa-

tion backward in time using the terminal condition.

4. Using the current values of the state and adjoint variables, the control variable u is

updated using the characterization.
5. Repeat the process until the following convergence criteria is satisfied.

y — oldy <e Ay — oldA, <e u — oldu <e
Yy Ay u

where € denotes the required convergence tolerance.

1.3 Mosquito-borne diseases

Mosquitoes belong to the family of insects called Diptera (or flies) and cause millions of
deaths every year due to diseases they carry and transmit to humans [14]. While there exist
over 3,500 species of mosquitoes, Anopheles, Aedes, and Culex are known to be the vectors
of some life-threatening mosquito-borne diseases such as dengue, yellow fever, Chikungunya,
West Nile virus, Zika, and malaria [15]. The four stages of a mosquito lifecycle include eggs,
larvae, pupae, and adults. In the first stage, adult female mosquitoes lay eggs in stagnant
water. These eggs can survive even at low temperatures, and their development depends
on the ambient temperature. In the second stage, larvae emerge from eggs and feed on
microorganisms present in the standing water. In the third stage, the larvae developed into
pupae that continue to develop until the adult mosquitoes emerge from their skin and leave
the water. After leaving the water, the adult mosquitoes start mating roughly once per
day. Only female mosquitoes bite for blood to produce eggs. Once eggs are fully developed,
female mosquitoes lay eggs on water surface. Male mosquitoes feed on flowers’ nectar and
other plant juices [14]. Thus, only female adult infected mosquitoes transmit the virus to
humans through bites.

Among mosquito-borne diseases, dengue has grown significantly around the world in recent

years. It is now endemic in 128 countries, with roughly 50-100 million reported cases annually



[16]. Two vectors, Aedes albopictus and Aedes aegypti , transmit the virus to humans through
bites, but Aedes aegypti is considered the primary vector. Dengue exists in two forms called
Dengue Fever (DF) and Dengue Hemorrhagic Fever (DHF) [17]. Dengue Hemorrhagic may
evolve to a more severe case called Dengue Shock Syndrome (DSS) [17]. Dengue fever exists
in four distinct serotypes known as DENV1, DENV2, DENV3, and DENV4 [17]. If a person
get infected with one particular serotype of dengue, he/she gets life-long immunity against
that serotype only and the immunity against all other serotypes of dengue is temporary and
more susceptible for developing DHF. There is no vaccine available yet in the market for
dengue neither for some other widespread diseases such as West Nile virus, yellow fever,
and Zika. Therefore, the control measures of these diseases rely on controlling mosquitoes.
Traditional mosquitoes control methods, such as removal of mosquitoes breeding sites and the
use of insecticides, have proven not to be very useful due to the development of mosquitoes
resistance against the pesticides [18]. Instead of these traditional methods, biological control
methods are being used and tested to remove or suppress the population of wild mosquitoes.
One such biological control method is the transinfection of Aedes aegypti mosquitoes with
Wolbachia strains and then released in the wild to suppress the population of wild Aedes

aegypti mosquitoes.

1.3.1 Why transinfecting Aedes aegypti mosquitoes with Wolbachia
strains?

Wolbachia, which is maternally transmitted to offspring, is a bacterium which is naturally
present in more than 60% of all insect species [19] including Aedes albopictus [20]. Aedes
aegypti is known to be among the insect species that does not have Wolbachia present in them
naturally. Aedes aegypti mosquitoes can be transinfected with different strains of Wolbachia
and then released in different locations where Wolbachia infected mosquitoes interact with
wild mosquitoes and grow. Aedes aegypti mosquitoes, when transinfected with a particular

strain of Wolbachia, have the following advantages:

1. Wolbachia reduces the lifespan of mosquitoes,
2. Aedes aegypti mosquitoes when transinfected with wMel, wMelPop, and wAIbB strains

10



of Wolbachia [21] can block the transmission of dengue, yellow fever, Chikungunya,

and Zika viruses [22-24],

3. incomplete cytoplasmic incompatibility (CI) is the probability of producing no offspring
if a Wolbachia-free female mosquito mates with Wolbachia-infected male mosquitoes.
However, Wolbachia-infected female mosquitoes are not affected by the cytoplasmic
incompatibility phenomena and produce both Wolbachia infected and uninfected off-

spring when mating with either Wolbachia-infected male or Wolbachia-uninfected male.

4. Wolbachia can be passed on to the next generation, allowing the Wolbachia-infected

mosquitoes to suppress the population of wild mosquitoes.

Due to these advantages of Wolbachia-infected mosquitoes over wild mosquitoes, Wolbachia-
infected mosquitoes are being used to control widespread arbovirus diseases such as yellow
fever, dengue, Chikungunya, and Zika [22-24]. Aedes aegypti mosquitoes, when transinfected
with the wMelPop strain, have high fitness cost and reduced lifespan as compare to when
transinfected with wMel strain of Wolbachia. Due to lower fitness cost and high mater-
nal transmission associated with the wMel strain of Wolbachia, wMel transinfected Aedes
aegypti mosquitoes have been released in Australia for field trials [25]. Wolbachia-infected
mosquitoes are also being tested in Vietnam, Australia, and Brazil as a biological control to

reduce the dengue infection [25-29].

1.4 Mathematical models of Daphnia epidemics

Daphnia, also called water fleas, are freshwater zooplankton found in lakes and ponds.
Daphnia has been used as a model organism for research studies in different fields such
as eco-toxicology, ecology, behavior ecology, developmental biology, evolutionary biology,
evolutionary genetics, physiology, and comparative morphology [30,31]. Some of the reasons

why Daphnia is an attractive model organism are the following.

e They are available and can be collected from ponds, puddles, and lakes.
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e They are relatively easy to handle in a laboratory due to their size and can be analyzed

under a microscope.

e They have short lives and reproduction cycles compared to other microscopic crus-

taceans.

e Transparent body /shell structure of susceptible Daphnia makes it easy to study /analyze

various body parts such as heart and the reproductive system.

e Daphnia has a vital role in aquatic food webs because they are the primary grazers of

algae, bacteria, and fungi and also prey to juvenile fish.

e Clonal reproduction and maternal lines.

1.4.1 How do Daphnia become sick?

Daphnia are filter-feeders, and susceptible Daphnia (Daphnia dentifera) get infected by
accidentally ingesting fungal spores (Metschnikowia bicuspidata) that are distributed in a
water column [32]. These fungal spores are needle-like in shape and puncture the gut wall
of the host. The spores are released back in the water column upon the death of an infected
Daphnia where they can infect more susceptible Daphnia . Also, the infection reduces the
life span and fecundity of the hosts due to their resistance against the pathogens. The outer
shell of a Daphnia is transparent but becomes opaque when infected, and hence has a higher

risk of predation. A general schematic of the model is shown in Figure 1.2.

1.4.2  Previous Daphnia epidemic models

In previous models [32, 33], the interaction among Daphnia, spores, and algae has been
studied using coupled ordinary differential equations. Hall et al. [33] discussed an ODE
model of the Daphnia-fungal-fish system. Céceres et. al [32] developed and analyzed an
ODE model that incorporates algal resource and a competitor, Daphnia pulicaria, along
with hosts and spores. In a water column, the spores and algae can also move randomly due

to the temperature gradient and the wind on the water surface. They can even sink due to

12



the higher weight density than water. The dynamics of spores and algae in the presence of
diffusion and advection (sinking) is then modeled using advection-diffusion partial differential

equations.

S1ZA Compartmental Model

3 sink-+diffuse+loss { 7 I

birth

infection

N ’

sink + diffuse
[ e

Figure 1.2: Flow diagram of susceptible Daphnia (S), infected Daphnia (I), spores (Z),
and algae (A) compartmental model.

1.5 Dissertation layout

The layout of this dissertation is as follows. In chapter 2, we formulate a compartmental
model to describe the dynamics of wild mosquitoes when Wolbachia-infected mosquitoes
are released in the wild as a biological control method to suppress the population of wild
mosquitoes. We then formulate an optimal control model where we consider the release of
Wolbachia-infected mosquitoes as control variables and discuss optimal releasing strategies
of the Wolbachia-infected mosquitoes in the wild. Chapter 3 describes the transmission

dynamics of dengue virus into humans when Wolbachia-infected mosquitoes are introduced

13



in the wild as a potential control method for controlling the transmission of dengue infections
in humans. We discuss the existence of different disease (dengue)-free equilibria and their
stability properties in terms of Rg. In chapter 4, we develop and analyze an optimal control
dengue epidemic model. In this model, we consider two control variables; the release rate of
Wolbachia-infected mosquitoes and the use of educational campaigns to reduce human-vector
contact. The most cost-effectiveness strategy is then determined among the combination of
different control interventions. Chapter 5 describes the disease dynamics of Daphnia when
both algae and spores sink and diffuse in a water column. We use advection-diffusion-reaction
partial differential equations to describe the dynamics of algae and spores. In the Appendix
A, we define important terms and state theorems use in this dissertation and the stability

of dengue-free equilibrium points, found in chapter 3, is discussed in Appendix B.
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CHAPTER 2

OPTIMAL RELEASING OF
WOLBACHIA-INFECTED MOSQUITOES TO
SUPPRESS WILD AEDES AEGYPTI
MOSQUITOES

2.1 Introduction

Several mathematical models including deterministic ordinary differential equation mod-
els [34-42], delay differential equation models [43,44], stochastic models [45], and spatial
models [46-48] have been studied to understand the dynamics and spread of Wolbachia-
infected mosquitoes in wild mosquitoes. However, in most these models perfect (100%)
maternal transmission is assumed. But in a recent study [49] it has been demonstrated
that at a high temperature (80 - 98°F") maternal transmission is not perfect in Aedes aegypti
mosquitoes. Also, the cytoplasmic incompatibility is not complete and depends on the strain
of Wolbachia [36]. Recently Zheng et al. [50-52] considered imperfect maternal transmission
but considered perfect cytoplasmic incompatibility in their model. Farkas and Hinow [53]
considered a single sex model in which they incorporated different mortality and fertility

rates in individuals. A model that incorporates the following, has not been considered yet:

e all key state variables such as immature mosquitoes (eggs, larva, and pupa), adult

mosquitoes including both female and male mosquitoes (two-sex),
e imperfect maternal transmission,
e incomplete cytoplasmic incompatibility (CI),

e and different death and density dependent growth rates for Wolbachia-infected and

uninfected female mosquitoes.

To fill this gap, we first propose a more general compartmental model without controls

that incorporates aquatic stages (eggs, larva, pupa) for Wolbachia-infected and Wolbachia-
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uninfected immature mosquitoes, adult mosquitoes including both female and male (two-sex)
mosquitoes, imperfect maternal transmission, incomplete cytoplasmic incompatibility, and
density dependent growth rate for Wolbachia infected and uninfected female mosquitoes.
We further extend the model by considering the release of Wolbachia-infected mosquitoes
in the wild as time-dependent control variables and discuss different releasing strategies for

Wolbachia-infected mosquitoes using optimal control theory.

2.2  Mathematical model

First, we develop an uncontrolled two-sex mosquito population model in which we divide
the population of Wolbachia-uninfected (WU) and Wolbachia-infected ((WI) mosquitoes into
two stages: (i) aquatic stage that includes eggs, larva, and pupa and (ii) adult stage that
includes adult female and male mosquitoes. We denote the number of Wolbachia-uninfected
immature, adult female, and adult male mosquitoes by A,,, F},, and M, respectively. Simi-
larly, A, F,, and M, represent the number of Wolbachia-infected immature, adult female,
and adult male mosquitoes, respectively. To model the density-dependent fecundity rate, we
consider the following cases when a female mosquito mates randomly with male mosquitoes

and produces offspring.

e Wolbachia-free offspring are produced when a Wolbachia-free female mates with

Wolbachia-free male mosquitoes.

e Due to incomplete cytoplasmic incompatibility (CI), Wolbachia-free offspring are also
produced with probability 1 —a when a Wolbachia-free female mates with Wolbachia-
infected male mosquitoes, where a measures the probability of the cytoplasmic incom-

patibility.

e Due to imperfect maternal transmission, Wolbachia-infected as well as Wolbachia-
free offspring are produced in a certain proportion when a Wolbachia-infected fe-
male mosquito mates with either Wolbachia-infected or Wolbachia-uninfected male

mosquitoes.
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The fecundity rates of Wolbachia-free and Wolbachia-infected females are denoted by p,
and p,,, respectively. The maturation rates of Wolbachia uninfected and infected immature
mosquitoes are denoted by =, and 7,, respectively. The death rates of Wolbachia-free
immature, adult females, and adult males are denoted by 4, tin, and p,,, respectively,
whereas the death rates of immature and adult mosquitoes infected with Wolbachia are
denoted by fiwa, fw, and p,, respectively. A proportion 7 of immature mosquitoes are
female and 1 — 7 are male mosquitoes. K represents the carrying capacity of immature
mosquitoes and €, denotes the probability of the vertical transmission. The schematic of
the Wolbachia model is shown in Figure 2.1. In the model, the subscript n stands for
Wolbachia-free and w for Wolbachia-infected mosquitoes.

The resulting model reads as follow:

dA, I M, 1_An+Aw
a P, M, K
R e T (R )
A, + A,
+ Pw (1 — Ew) Fw (1 — T) — (’Yn + ﬂna)Ana (21&)
dF,
b= nAn - nFn7 2.1b
o =T 1t (2.1b)
dM,,
dt = (1 - T)’ynAn - ,umMna (21C)
dA, A, + A,
— = F,l1l——— | — A 2.1
o = PucuFu ( e ) (Yw + Hwa) Aw, (2.1d)
dF,
d_tw = T’VwAw - Mwav (216)
dM,
dtw = (1 = T)VAw — i M, (2.1f)

From equation (2.1b) it follows that

d
EFH = TYAn — nFy, < 7 K — ppF), (it A, <K),

n K WK\
0< F(t) < n2 4 (Fn(O) 7 ) e~hnt,
fhn fn
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Wolbachia-uninfected Wolbachia-infected

Figure 2.1: A schematic of the model (2.1). The subscripts n and w are used to denote the
population and parameters of the Wolbachia-uninfected (wild) and Wolbachia-infected
mosquitoes, respectively.

Thus,
0< FL(t) < T as t — oo.
[in
Similarly, (2.1c) implies
1—7)vK
OSMn(t)Sﬁ as t — 0o.
Hm

From equation (2.1e), it follows that

d
%Fw = TV Aw — pwFuy < TV K — pfwFy (if A, < K),

WK KN
0< Fy(t) < w2 4 (Fw(()) 7 ) e~hut,
Haw M
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Table 2.1: Description of variables and parameters used in model (2.1).

Symbol Description Value Unit Source

Variables:

A, Wolbachia-uninfected aquatic stage of
mosquitoes

F, Wolbachia-uninfected adult female
mosquitoes

M, Wolbachia-uninfected  adult  male
mosquitoes

Ay Wolbachia-infected aquatic stage of
mosquitoes

F, Wolbachia-infected adult female
mosquitoes

M, Wolbachia-infected adult male
mosquitoes

t Time days

Parameters:

P Reproduction rate of Wolbachia-free fe- 2 day~! [37]
male mosquitoes

Puw Reproduction rate of Wolbachia- 0.95 X p, day~! [37]
infected female mosquitoes

T Fraction of female offspring [0, 1]

€w Probability of maternal transmission [0, 1] —

@ Strength of cytoplasmic incompatibil- 0.9,0.95,1.0 [36]
ity

Lna Death rate of Wolbachia-free immature 1/8 day~! [37]
(aquatic stage) mosquitoes

Huwa Death rate of Wolbachia-infected im- 1/8 day ! [37]
mature mosquitoes

Hn Death rate of Wolbachia-free female 1/16 day™* [37]
mosquitoes

o Death rate of Wolbachia-infected fe- 1.5/16 day~! [37]
male mosquitoes

L, Death rate of Wolbachia uninfected and 1/10.5 day~! [41]
infected male mosquitoes

o Maturation —rate of  Wolbachia- 1/10 day ! [37]
uninfected immature mosquitoes

Yoo Maturation rate of Wolbachia-infected 1/10 day™* [37]
immature mosquitoes

K Carrying  capacity of immature 2 x 10* — assumed
mosquitoes

Thus,

0 < F,(t) < Tw as t — oo.
Moy
Similarly,
0 < My(t) < { ;)%UK as t — oo
m
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Now consider the region D:

( )

(Ap, Fo, My, Ay, Fy, M) € R
0<A,+A, <KO0<F, <K,
0< M, <D,

| 0< P, < 22K, 0< M, < e

(2.2)

7

From equations (2.1a)-(2.1f) A, = 0= %2 >0, F, =0 = %= >0, M, =0 = %k >0,
Ay=0= % >0 F,=0= L >0, M, =0= % >, Thus, D is positively invariant,

that is if a solution starts in D, it remains in D for all ¢ > 0, for the system (2.1a)-(2.1f).

2.3 Local stability of the Wolbachia-free equilibrium (WFE) point

2.3.1  Wolbachia-free equilibrium point

The Wolbachia-free equilibrium point is obtained after setting A, = F,, = M,, = 0 in the
system of equations (2.1a)-(2.1f) and solving the resulting system of algebraic equations.

The only biologically realistic Wolbachia-free equilibrium point is
El = (A1n7 Sln7 Mlny 07 O? 0) )

where

1
Ay, = K(1- ,
1 ( %n)
TYn 1
Sin = —K(1- ,
' Hn, ( t%On)
M, = — U "K1 - —),
! Hmn ( %On)
Ry, = T Pn
'7n+/lna,un

Since Ay, > 0 so it requires %, > 1.Thus, the population of Wolbachia-free (wild)

mosquitoes exists only if %, > 1. In terms of biology, %, denotes the total number of
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female offspring produced by a Wolbachia-uninfected female mosquito during its lifetime.
The term makes sense since the term Z—’:L stands for the total eggs produce during the lifespan
of an adult wild female mosquito. These eggs go through different aquatic phases and survive
in aquatic phase with probability %1% and finally developed as female adult mosquitoes

with probability 7. If %y, < 1, then there will be no mosquitoes (i.e. trivial equilibrium

point).

2.3.2  Wolbachia basic reproduction number Zy"

The Wolbachia basic reproduction number (Z@°") for the model (2.1) is calculated using
the next generation matrix approach [1,54,55]. The spectral radius (the largest absolute
eigenvalue) of the matrix FV~1 gives Zw°.

To calculate ZY°" for the model (2.1), we consider the state equations that correspond to
the state variables A,,, F,, and M,,, and then write the corresponding system of differential

equations as

4 [Ay, Fy, M, |" = F -V, (2.3)
dt
pwEwa (1 - %) (711) + luwa)Aw
where F' = 0 and V = L Fy — TYwAw . The matri-
0 pn My — (1 = T) v Asy
ces F and V are defined as
OF, ov;
F = { (yo)} , V= [M] , (2.4)
Ay, Y,

where F; denotes the rate of new infections in the compartment ¢ and V; represents the rate of
infections transfer out of compartment . The point g, represents a disease-free equilibrium
point, and y; represents the number of infected individuals in the compartment j. For our
model, the transmission matrix F and transfer matrix )V at the Wolbachia-free equilibrium

pOil’lt E1 = (Alnu Mln; Mln; 0, 07 0) are:
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0 v Yo + Hwa 0 O

%On
F=10 0o 0], V= —TYw fey O
0O 0 0 —(1=7)Y% 0 pm

The next generation matrix, denoted by FV 1, is

Ew T YwPw ?w Pw
r%On ('Yw +,Mwa)#w =%)On#w
-1
FV— = 0 0 0
0 0 0

After simplifying, the largest absolute eigenvalue of the next generation matrix is

1\ EwT Puww ,Un(’)/n + ,Una) . <@Ow
Haw (’yw + ,uwa) TPnVn on
where Zy, = %ﬁ and denotes the number of female Wolbachia-infected offspring

produced by a Wolbachia-infected female during its lifespan (€, /1) that survived in

the aquatic stage with probability ,ywrzm and developed as female adult mosquitoes with

probability 7. Therefore, the basic reproduction number Zy°" is

EwT PwYw Hn(’)/n + ,una) _ '%Ow
Hw (710 + Mwa) TPnVn Hon

Ry = (2.5)

Interpretation of ZY°"*: Wolbachia basic reproduction number Z@° given in (2.5) is the
ratio of the WI female offspring produced by a WI female during her lifespan to the WU
female offspring produced by a WU female during her lifespan.

2.3.3 Endemic equilibrium points

We calculate the endemic equilibrium points for complete vertical transmission (i.e., €, = 1)
as well as for incomplete vertical transmission (i.e., 0 < €, < 1). (See appendix B for the
stability analysis of the Wolbachia-free equilibrium point Fy = (A1, Fin, Fis,0,0,0). )
Case 1: Complete vertical transmission (¢, = 1)

When the vertical transmission is perfect, that is €,, = 1, then there is only one endemic
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equilibrium point that corresponds to the existence of Wolbachia-infected mosquitoes only

and is given by

E2 = <O7 07 07 A;wv F2*w7 M2*w> )
where
A = K(1— —
2w T %O’w )
* T’}/w 1
F, = g0
2w Haw ( %Ow)’
(1 T T)’yw 1
My, = S o
2w Lo ( '@Ow)’
1
'@010 = prﬁy—_'
Yw + Hwa Hw

Since A%, > 0 which requires %, > 1. The equilibrium point E, exists only when €, =1
and gy, > 1. Biologically, %y, denotes the number of Wolbachia-infected female offspring
produced by a Wolbachia-infected female during its lifetime.
Case 2: Incomplete vertical transmission (0 < ¢, < 1)

For incomplete vertical transmission (0 < €,, < 1), the endemic equilibrium points are given

by

K 1
A= (1 —), 2.6
Fro= 2R, (2.7)
Ln
1 —
ar = LTy (2.8)
fim
A, = A, (2.9)
Fro= Tegr (2.10)
oo
1 —
TR Gk d T (2.11)
[im

where 7 := ff,f and denotes the positive solutions of the following quadratic equation

in® + hom + 1=0, (2.12)

wolb
0
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where

1 _way_waw +,uwa

wl = )
€w Tn Tn + Hna
1— €w Yw + Hwa Yw Yw b
Yy = C (1= )T g,
€w Ynthna  Tn Yo O

Depending on the parameter values, Eq. (2.12) has zero, one, or two positive solutions.

s+ [9F — 4 (g — 1)
m = 20

— — [0} — 401 (5 — 1)
N2 = \/ - 5
21

Table 2.2: Existence of positive endemic equilibrium points

Parameter values Endemic equilibrium values
R > 1 e <0 m
P2 >0 Ui
Ay =1 s <0 m
R = Rer Yo <0 m =1z = ;:ff
Ry < BE" <1 | 1hy <0 n, 172
Rl < B, Py >0 nonexistence
Py < 0 nonexistence

The results in Table 2.2 indicate that the system exhibits backward bifurcation and the

critical value above which the backward bifurcation occurs is given by

4

Ry = ———.
Ib% + 4

In Table 2.2, we summarize the existence of positive endemic equilibrium that depend on the

value of ZY®. For K., < BY°® < 1, there exist two positive endemic equilibrium points,
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namely:

1 1
m = 2—% <—¢2 + \/@D% - 4¢1(W — 1)) , (2.13)

1 1
R <—¢2 - \/¢§ - 4%(@ - 1)) : (2.14)

Only one globally stable endemic equilibrium point exists for Zx°® > 1.

2.4  Backward bifurcation analysis

In this section, we prove the existence of the backward bifurcation phenomena theoretically
using Center Manifold theory [56]. We take =, as a bifurcation parameter and then by

setting 2y = 1 and solving for 7,,, we get

e PYbtw (Yo + M)
’Yw - .
PuwYwlkn(Vn + Hna

(2.15)

Let Jg“; represents the Jacobian of the system of equations (2.1a)-(2.1f) at the Wolbachia-
free equilibrium (WFE) point E; with ~,, = 7% and is given by

~( ) B E 0 S T
Tn —n 0 0 0 0
ng;% _ (1 =7)v 0 —fmn 0 0 0 7
0 0 0 —(yw+fwa) 0
0 0 0 TV — Ly 0
0 0 0 (1= 7)Y 0 —Hm

where
(1 - '%On)T’ann
Mn'QOn .

J1 =

The system (2.1a)-(2.1f) has a non-hyperbolic equilibrium point when 7, = v (i.e., ZY°% =
1). Thus, the linearized system of (2.1a)-(2.1f) at E; and 7, = 7} has one eigenvalue equal
0 and all other eigenvalues with negative real part. Hence, center manifold theory [6,57, 58]

can be used to discuss the dynamics of the system (2.1a)-(2.1f) near the bifurcation point
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Yw = 7. To analyze the dynamics of the model (2.1a)-(2.1f) near the bifurcation point
Yo =7 (ZE" = 1), we make use of the theorem 4.1 proved in [6]. To use the theorem 4.1
in [6], we need to calculate the right and left eigenvectors of the Jacobian matrix at the zero
eigenvalue. Let w = (wy, we, w3, wy, w5, wg) denotes the right eigenvector of the Jacobian

matrix Jg’} at the zero eigenvalue and is given by

TP (V2 o bw TP — Pomfbn (K1l + K2)))

w1 1 )
Ywks(l —T) (1 - %>
T (ki F K2) = Ya TPy
Wy = )
PnYwhks(l — T) <1 — %>
2 2
wsy = lu‘n (Iuw"il + "{‘2) fYnlu’prn7 (216)
Ywhs3 (1 - @L()n>
Wy = ,um,un(’)/n + /ana) <T€w,0w - Ron) )
VnﬂwapnT(l - T) Mo
Tl
Ws = ——F
ﬂw(l - T)
Weg = 1,
where
R1 = 7727, — Ywlna — %(2%; + twa — Mna))pna (217)
Ko = Yuhn(Yn + [n@)puw, (2.18)
Ks = Ynflwpi (2.19)

Let v = (v, v2,v3,v4,v5,06) be the left eigenvector of Jg“f at the zero eigenvalue and its

components are given by

T VnwPn

v =v2=v3 =0, vy = ,
€wPuwltn(Vn + Hna)

V5 = 1, Vg = 0. (220)

Now following the results proved in [6], the local bifurcation analysis near 7, = 7. is
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determined by the sign of a and b where

6 82f
3
——— VW, —=—(yo, P), 2.21
6
D fi
n = ;Ukwiayi—aew<y07¢)7 (2-22>

and yo denotes the equilibrium point which in our case is £} and ¢ represents the bifurcation
parameter which is 7 in our case. After calculating the partial derivatives and keeping only

the nonzero terms, m and n defined in (2.21) and (2.22) take the following form

0? 0?
m = U4w1w5ﬁ(Eh%z>+U4W4M5M(E177;)7 (2'23)
2 2
+U4w5w1W84An(El’ Vi) + U4w4w5M(E1a Vi)
o2
n = v4w5ﬁ(E1,%’Z). (2.24)

Substituting the values of w; and v;, where i = 1,...,6, from Eqgs. (2.16) and (2.20) in Egs.
(2.23) and (2.24) and simplifying we get

_ 2m(G — (1~ ew))
= K(l . 7)2%%7’(1 _ %tn> ? (2.25)

2
b [Onbtapn — €uttn(Yn + pina)pul” T (2.26)

’Ynﬁw,un(”)/n + Mna),uw,uwapnpw(l - T) ’

where Gy = Z—Z / Z—z. In terms of biology G, represents the ratio of eggs produced by a WU
female mosquito to eggs produced by a WI female mosquito during their lifespan. From Eq.
(2.26), it is clear that n > 0. Thus, it is the sign of m that matters. m > 0 if Gy > (1 — €,)

and m < 0 when Gy < (1 — €,). Thus, we have the following theorem

Theorem 2.1. The model (2.1a)-(2.1f) exhibits a backward bifurcation at 7, = ~ (i.e.
R = 1) when Gy > (1 — €,).

In Figure (2.2), we also numerically confirmed that the model (2.1a)-(2.1f) exhibits the

backward bifurcation phenomenon when the conditions of the Theorem 2.1 hold.
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Figure 2.2: Backward bifurcation when €, = 0.9, u,, = 0.09, p, = 1.9 and all other
parameter values follow Table (2.1). Corresponding to these parameter values
R = 0.57, K., = 0.48, and m = 0.1579 > 0.
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Figure 2.3: Region of attraction when the initial conditions A,(0), F,(0), M, (0) are fixed.

2.5 Optimal control model

Motivation: The following observations in the uncontrolled model (2.1) motivate us towards

formulating an optimal control model.

e The uncontrolled model (2.1) has two positive endemic equilibria (stable and unstable)
when Z@°* < 1, which means that it is possible for Wolbachia-infected mosquitoes
to persist even if ZY°® < 1 but a large number of Wolbachia-infected mosquitoes is

required to be released initially.

e The results in Figure 2.5 show that the Wolbachia basic reproduction number, de-
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Figure 2.4: Effects of ¢, and « on steady states when the initial release of
Wolbachia-infected mosquitoes is F,,(0) = M,,(0) = 10,000

noted with Z2°, remains below one for parameter values that are biologically fea-
sible. Therefore, the initial release of Wolbachia-infected mosquitoes is critical if we
want Wolbachia-infected mosquitoes to persist and suppress the population of the wild
mosquitoes. If the initial release of Wolbachia-infected mosquitoes is not large enough,

Wolbachia-infected mosquitoes will not persist and die out.

The above-mentioned observations suggest that an initial release of Wolbachia-infected
mosquitoes is important for Wolbachia-infected mosquitoes to persist and suppress the wild
mosquitoes population. If an initial release of Wolbachia-infected mosquitoes is below a cer-
tain threshold value, they will not persist in the system. Thus, there is a need to develop a
mathematical model that ensures the persistence of Wolbachia infection in wild regardless of
the initial release number of Wolbachia-infected mosquitoes in the wild. To achieve this goal,
we extend the model (2.1a) - (2.1f) by considering time-dependent control variables u;(¢) and
us(t) in the WI female and male compartments, respectively. We also notice that authors
in [39,40] studied optimal control models for releasing Wolbachia-infected mosquitoes, but
they simplified the models by considering only female mosquitoes (single-sex) along with
perfect maternal transmission and complete cytoplasmic incompatibility. Also, the models
in [39,40] considered feedback control that depends on the current population of female
mosquitoes, which is not realistic due to the difficulty of counting female mosquitoes. In

our model, the control variable u;(t): [0, 7] — U1mqe denotes the release rate of WI female
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Figure 2.5: Z@°" values for different parameters space. On the top left panel (a) values of
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and on the bottom panel (c) values of ZY°" for (p—w, 'u—w>space.

P’ b
mosquitoes, while the control variable us(t): [0,7] — ugma, represents the release rate of
WI male mosquitoes. The upper bounds on the maximum release rate per day of WI female
and male mosquitoes are denoted with 1,4, and ugm,q., respectively. With these control
variables in the Wolbachia-infected female and male compartments, the new system reads

as follows:
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Ay o My Aut Ay
a1, K

M, A, + A,
et e (1 At )

M, + M, K
Fpul =) Fo (1= 225020 = 0 4 )
% = TYnAn = finFh,
= (= 7 e i Mo,
d;% = Pucwky (1 - %) — (Yw + Hwa) Auw,
dd% =u1(t) + T Aw — pwFu,
d;\fw =us(t) + (1 = 7)Y Aw — i My,

with the initial conditions

An(0) >0, F,(0)>0, M,(0) >0,
Au(0) =0, F,(0)=0, My(0)=0.

and with

0 S Uy S Uimaz and 0 S U2 S U2maz-

(2.27a)
(2.27b)
(2.27¢)
(2.27d)

(2.27¢)

(2.27f)

(2.28)

(2.29)

The objective of the optimal control model is to minimize the population of wild female

mosquitoes along with the cost associated with the production and release of WI female

and male mosquitoes on the time interval [0, 7|, which is also in line with other studies

[39,40,59,60]. Thus, we define the objective functional as

T
1
J(u1,u2) = min /0 Ban—i_i(BQu%‘i‘Bgug) dt,

ul,uz2 €U
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subject to the system (2.27a)-(2.27f) and (2.2). The set U of admissible controls is defined

Y e (ur(t), ua(t)) | 0 <up(t) < Uimaz, 0 < ua(t) < Uzmaz, (231)
uy and uy are measurable Vit € [0, T).

The term B;F,, in the functional (2.30) represents the social cost (for examples hospital-
ization, screening, testing, etc.) due to female mosquito bites whereas the terms Byu; and
Bsus denote the marginal cost of producing and releasing W1 female and male mosquitoes,
respectively. The weight constants B; are positive and describe the relative importance
of the state variable F,, and control variables u;(t) and wuq(t). Since the cost associated
with the production and release of WI female and male mosquitoes is the same, we take
By = Bs. Also, we consider quadratic cost on the control variables u(t) and wus(t), which
is the simplest and widely used nonlinear representation of controls cost in epidemic models
and consistent with previous studies [7,10,39,40,59-63]. Thus, our goal is to find the optimal
release of the Wolbachia-infected female uj(t) and Wolbachia-infected male uj(t) mosquitoes

that minimize the objective functional (2.30), i.e.

J(uj,uy) = min  J(ui,ug), (2.32)

u1, ug €U

where U is the control set defined in (2.31).

2.6 FExistence of controls

To prove that the optimal control pair (u}, u3) exists, we make use of results from [12] and

also stated in chapter (1).

Theorem 2.2. Suppose the objective functional

uy, ug €U 2

T
B
J(ui,up) = min / B F, + =2 (ui +u3) dt
0

where (uy, uy) € U are measurable functions subject to the dynamical system (2.27a)-(2.27f)
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along with the initial conditions (2.28) and (2.29) and (2.2), then there exists an optimal

control pair (uj,u}) such that J(uj,ul) = min,, ey J(u1, us2).

Proof. 1. The set of controls and the corresponding state variables is not empty because
the solutions to the state equations are a priori bounded and the state equations
are continuous and Lipschitz in the state variables, hence there is a unique solution

corresponding to every admissible control in U.
2. The control set U is closed and convex by definition.

3. The right hand side of the system (2.27a)-(2.27f) can be written as the sum of linear
functions in the control and state variables by observing linear dependence of the state

equations on the controls u; and us.

4. The integrand of the objective functional, defined in (2.30), is convex with respect to

control variables due to the quadratic nature of the controls.

5. The integrand of the objective functional (2.30) is bounded below.

L(t7Fn7Mn7u1au2) = Ban‘{'%(U%“‘U%)

v

By (u? + u3)
8
2

(3 i) * = s

Y]
&

where the last inequality is satisfied if we take c3 = Bs, f = 2, and ¢4 > 0.

2.7 Necessary conditions of the control

Since it is a constrained problem, we use the Pontryagin’s maximum principle [13], which
converts the system (2.27a)-(2.27f) and the objective functional (2.30) into a problem of

minimizing the Hamiltonian point-wise with respect to the control variables u; and us.

Theorem 2.3. If (u}, u}) is an optimal control pair corresponding to the states A%, F¥ M,

Al FY and MY which minimize the objective functional J(uy, ug), then there exists adjoint
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variables \; 1 € {A,, Fy,, My A, Fy, My} which satisfy:

dAa, _ OH
dt  0A,
)\A Pn FnMn
= Y Aa, —TAr, — (1 —7T)\ -
’lL)F’lU
250 e, + (1= €)Aa,) + tinada,
dA\r, _ OH
dt —  OF,
= —-B AR — A 1-—
1+ bR, Anpn( K >Mn+Mw
d v, _ OH
a  OM,
A, + A, EF,M,
= lUmArM, — A4, pn |1 — 2.33
s, = A (1= ) ey (289
dAa, _ OH
. 0A,
pn/\A FnMn (1 - Ew)pw/\A
— n ’an
K M, + M, K
ewpw)\Aw
+(’7w + ﬂwa))\Aw + TFw - (1 - T)’Yw/\Mw - 7_’Yw)\Fw
d g, _ OH
d —  0F,
A, + Ay,
= ,uwAFw — Puw (6w)\Aw + (1 — €w>)\An) (1 — T)
dA\v, _ OH
at  OM,
A, + A, EF,M,
= UmArM, T A4,0n |1 —
2 M. An P ( K ) (Mn +Mw)2
with the terminal (also called transversality) conditions
MN(T)=0 where i€ {A,, F,,M,Ay, Fy, My} . (2.34)
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Furthermore, the characterization of optimal control variables ui and u} are given by

AR,
uy = max{O,min{—B ulmw}}
2

3

uy = max < 0, min
B2

Proof. The Hamiltonian H is given by

H = Ban + % (BQU% + BQU%)

dA, aFy dM, dAw dFy dM.y,
+>‘An_dt +>\Fn —l—)\Mn at + A4, 7 + Mg, 7 +)‘Mw_dt

Differentiating H with respect to the control variables, u; and us, and setting equal to zero,

we get

Now using the bounds on the control varialbes u; and uy, we have

0 if -2 <0

T B (23)
Ulmaz 1 — /\ﬂ > Ulmaz
0 if — M <

P (2.36)
Umaz If  — AM” > Ugmag-

Writing (2.35) and (2.36) in compact notation, we get the following characterization of

control variables

AR
uy = maX{O mln{—B ulmax}}
2

* a : )\Mw
u = Imax .
2 ) _B2 )
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Finally, optimality system is given by

State Equations:

(a4,

dt

\

= puF M (1 — Autdu)

n Mn“’Mw

+(1 — oz)pnFnMﬁ“Mw (1 — —A"}Aw)

—H)w (1 - 6w) Fw (1 - %) - (fyn + ,LLna>An,

= TVAn — pnF,

= (1= 7)vmdn — pm My,

= puwew(Fu) (1= 22522) — (% + fwa) Aw,
= uj(t) + Ty Aw — pw

= u(t) + (1 = 7)vwAw — M,

(2.37)

. FR(0) =0, M,(0) >0

= 0, F,0)=0, M,y(0)=0.

Adjoint (co-state) Equations:

( dAa,

dt

A,
dt

Ay,
dt

dAa,,
dt

dApy,
dt

A,
dt

Ai(T)

A n " M,
Yn(Aa, = TAR, — (1= 7)) + 2242 el

+pwlfw <€u))\Aw + (]. — Ew))\An) —|— /’l’na)\An

An+Ay Fn My,
HmAM, — AA,Pn (1 - ;_( ) (Mp+M,,)?

nA n niVin (17610) wA n
. KA ]\/Z-}J-V[Mw + Ke 4 Fw + (lyw (238>

+,uwa)>\Aw + %Fw - (1 - T)P)/w)\Mw - 7—'}/w)\Fw

[ B, — P (€wda, + (1 — €w)Aa,) (1 — Aofde)

An+Ayu Fn My
mAM, T AA, Pn (1 T T K ) (Mp+My)?

0 where i={A,, F,, M, Ay, Fu, My} .

2.8 Numerical results and discussion

Due to non-linearity and complexity of the control dynamical system (2.37) and (2.38), we

solve the control system numerically and present the results of the simulations in this section.
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Figure 2.6: Dynamics of wild female mosquitoes (left panel) and male mosquitoes (right
panel) population when Wolbachia-infected mosquitoes are released using different
strategies. The solid circled line shows the steady state of wild mosquitoes in the absence

of Wolbachia-infected mosquitoes.
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Figure 2.7: Dynamics of Wolbachia-infected female (left panel) and male (right panel)
mosquitoes when different strategies are implemented for releasing Wolbachia-infected

mosquitoes in the wild.

For solving the control system numerically, we assume that initially there are no Wolbachia-

infected mosquitoes present and the population of wild mosquitoes is at the equilibrium

states, that is

£,(0)

TYn

Lin
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Figure 2.8: The trajectories of the optimal controls uf(t) (left panel) and w3 (¢) (right
panel) for different control strategies.

F,(0)=0,and  M,(0) =0.

Thus, the state equations (2.37) in the optimal control system are defined at the initial
time (initial conditions) whereas the costate equations (2.38) are defined at the terminal
time (terminal conditions). We solve the control system (2.37) and (2.38) numerically using

the forward-backward sweep method and the algorithm discussed in Section 1.2.3 of chapter

1. In all simulations, we choose parameter values given in Table (2.1). In our optimal

control problem, our top priority is to decrease the number of wild female mosquitoes F,;
hence we need to take high values for the weight constant B; associated with F,, and in
our simulations we set B; = 5. For the weight constant Bs, we consider B, = —

= o,
10? is used to balance all the terms in the objective functional (2.30). In all simulations,

where

we consider 7" = 150 days (5 months). To study the effects of releasing Wolbachia-infected

mosquitoes on the population of wild mosquitoes, we investigate the following releasing

strategies of Wolbachia-infected mosquitoes:

1. Strategy F: When only Wolbachia-infected female mosquitoes are released
(i.e. up # 0 and up = 0).

2. Strategy M: When only Wolbachia-infected male mosquitoes are released
(i.e. ug # 0 and uy = 0).
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Figure 2.9: Dynamics of wild female mosquitoes (left panel) and Wolbachia-infected female
mosquitoes (right panel) under different weight constant B; and fixed By = 0.001. The
upper bound on u,,, . and us,_ . is 3000.

3. Strategy FM: When both Wolbachia-infected female and

male mosquitoes are released (i.e. uy # 0 and uy # 0).

The numerical results for the number of Wolbachia-uninfected female
mosquitoes (left panel) and Wolbachia-uninfected male mosquitoes (right panel) are shown
in Figure 2.6 when Wolbachia-infected mosquitoes are released according to the above men-
tioned strategies. The black solid circle line in Figure 2.6 represents the wild mosquitoes
population in the absence of Wolbachia-infected mosquitoes and the green solid line shows
the dynamics when Wolbachia-infected mosquitoes are released initially only (i.e. no con-

trols). The dotted and dashed lines show the dynamics of Wolbachia-free mosquitoes when
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Figure 2.10: Trajectories of the optimal controls v} and uj under different weight constant
Bj; and fixed By = 0.001.

Wolbachia-infected mosquitoes are released according to the three different strategies. The
numerical results in Figure 2.6 manifest that the number of wild mosquitoes is large in the ab-
sence of Wolbachia-infected mosquitoes (black solid circle line) whereas the wild mosquitoes
population decreases when Wolbachia-infected mosquitoes are released using any of the above
mentioned strategies. However, the results in Figure 2.6 show that the population of wild
mosquitoes does not decrease significantly when only Wolbachia-infected male mosquitoes
are released (i.e. when strategy 1 is applied only) and the population of wild mosquitoes
decreases significantly when both, female and male, Wolbachia-infected mosquitoes are re-
leased into wild (i.e. when strategy 3 is applied). The results in Figure 2.6 also demonstrate

that the population of wild mosquitoes decreases more when Wolbachia-infected female
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Figure 2.11: Dynamics of wild female mosquitoes (left panel) and Wolbachia-infected
female mosquitoes (right panel) under different weight constant By while By = 10 is fixed.
The upper bound on u;, . and uy . is 3000.
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Figure 2.12: Trajectories of the optimal controls uj and wj under different weight constant
B, while B; = 10 is fixed.

mosquitoes are released alone (i.e. under strategy 2) compare to the strategy 1. The op-
timal control trajectories in the left panel of Figure 2.8 also show that smaller numbers of
Wolbachia-infected female mosquitoes are required to release under strategy 3 and is also in
favor of humans since female mosquitoes are the one who bite for the blood meal and thus
are nuisance for humans. The numerical results in Figures 2.6 and 2.8 show that strategy

3 (i.e. releasing both female and male Wolbachia-infected mosquitoes) is more effective in
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reducing wild mosquitoes population compare to the other two strategies. Under strategy 3,
the total number of Wolbachia-infected female and male required to release is 3.5 x 10® and
8.1 x 103, respectively. The evolution of Wolbachia-infected female and male mosquitoes as a
function of time is also shown in Figure 2.7 when different control strategies are implemented

for releasing Wolbachia-infected mosquitoes.

2.8.1 Effects of weight constants B; and Bs

The effects of the weight constants By (social cost) and By (production and releasing cost of
Wolbachia-infected mosquitoes) are also studied for different values of the weight constants
B; and Bs. Since strategy 3 seems more promising in terms of cost and effectiveness, we only
study the effects of the weight constants, By and By, when Wolbachia-infected mosquitoes
are released under strategy 3. The results in Figure 2.9 show the evolution of wild female
mosquitoes when By = 0.001 is fixed and Bj is varied. The upper bound for both controls
is also kept constant at 3000. The results in Figure 7?7 show that when the weight constant
is the smallest (i.e. By = 0.01), reduction in the number of wild female mosquitoes is small
compare to when high values of B; are used. However, the results in Figure 2.9 show that
increasing the values of By beyond 5 do not change the dynamics of wild female mosquitoes
much but only increase the total cost to implement the strategy. The trajectories of the
optimal controls, uj(t) and wj(t), are also shown in Figure 2.10 for different values of Bj.
In Figure 2.11, time series plots for wild (left panel) and Wolbachia-infected (right panel)
female mosquitoes are shown when Bj is fixed and B, is varied. The results in Figure
2.11 show that the population of wild female mosquitoes is small for smaller values of B,
(i.e. when production and releasing cost of Wolbachia-infected mosquitoes is cheap) and
reduction in the number of wild female mosquitoes is small for larger values of By (i.e. when

production and releasing cost of Wolbachia-infected mosquitoes is expensive).
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2.9 (Conclusion

In this chapter, we considered both uncontrolled and controlled models to study the popu-
lation dynamics of wild and Wolbachia-infected mosquitoes. To fill the gap in the existing
models on Wolbachia, we considered a more general model that incorporates key biological
parameters such as imperfect maternal transmission, incomplete cytoplasmic incompatibil-
ity, and density dependent birth rates along with aquatic, female, and male compartments
for both group of mosquitoes population. Using the next generation matrix approach, we
found an analytic expression for the basic reproduction number, Z¢°?, and studied stability
properties of the Wolbachia-free equilibrium point for the uncontrolled model. The existence
of backward bifurcation phenomena when Zy°" < 1 along with the observation that Zy°%
remains below one for biological feasible parameter values led us to consider an optimal con-
trol model to ensure persistence of Wolbachia-infected mosquitoes in the wild. We studied
three different releasing strategies for Wolbachia-infected mosquitoes in the controlled model
and compared the numerical results with those obtained from the uncontrolled model. The
numerical results show that releasing both Wolbachia-infected female and male mosquitoes
in the wild is the best optimal releasing strategy because when this strategy is implemented
it keeps the population of wild mosquitoes at the minimum level and Wolbachia-infected
mosquitoes at a higher level. The numerical results also indicate that lower number of Wol-
bachia-infected mosquitoes are required to release when both Wolbachia-infected female and
male mosquitoes are introduced in the wild to combat with wild mosquitoes. The effects of
weight constant Bj, which measures the social cost due to mosquitoes bite, are also studied
and the numerical results show that a higher number mosquitoes infected with Wolbachia
are required to release for longer time period when the social cost is more expensive (i.e.
when Bj increases). The numerical results also show that a lower number of mosquitoes
that are infected with Wolbachia is required to release for high values of the production and

releasing cost of the Wolbachia-infected mosquitoes (i.e. when Bj increases).

43



CHAPTER 3

CONTROLLING DENGUE EPIDEMICS THROUGH
WOLBACHIA-INFECTED MOSQUITOES

Dengue, a vector-borne disease, is now endemic in more than 100 countries in the world and
approximately 50-100 million cases are reported every year including tropical and subtropical
regions [16]. Dengue virus is transmitted to humans via a bite of infectious mosquitoes.
Aedes aegypti and Aedes albopictus are the two vectors that transmit the virus to humans
through bites, but Aedes aegypti mosquitoes transmit the virus to humans mostly. Dengue
exists in two forms called Dengue Fever (DF) and Dengue Hemorrhagic Fever (DHF) [17].
Dengue Hemorrhagic may evolve to a more severe case called Dengue Shock Syndrome
(DSS) [17]. Dengue fever exists in four distinct serotypes known as DENv1, DENv2, DENv3,
and DENv4 [17]. A person infected with one serotype gets life-long immunity against that
particular serotype, but only temporary immunity against all other serotypes and becomes
more susceptible to develop DHF. In [64], it is observed that a particular strain of Wolbachia
blocks the transmission of virus for a particular serotype of dengue, but it is not clear yet
that a particular strain of Wolbachia effectively blocks the virus transmission against all

dengue serotypes.

3.1  Mathematical model

Several mathematical models have been proposed in the presence of Wolbachia [35,38,53,
65,66]. Hancock et al. [65] studied a mathematical model to understand the population
dynamics in the presence of Wolbachia-carrying mosquitoes. Chan and Kim [67] developed
a reaction-diffusion model to study the spread of Wolbachia in the mosquitoes population.
Ndii et al. [37] formulated a compartmental model by considering aquatic and adult classes

for Wolbachia-infected and non- Wolbachia mosquitoes. They showed that only for perfect
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maternal transmission, Wolbachia-infected mosquitoes alone persist. Ndii et al. [38] devel-
oped a compartmental model for the transmission of dengue in the presence of Wolbachia. In
this chapter, we develop a dengue epidemic model which is an extension of the model (2.1)
formulated in chapter (2). In this model, we also consider human population and divide hu-
man population into SEIR compartments and mosquito population into SEI compartments.

After including human compartments in the model (2.1), the dengue model reads as follows:

dA, M, A, + Ay
o —pn(Sn+En+In)Mn+Mw (1— 7 )

M, A, + A,
+ (1 — oz)pn(Sn + En + In>m (1 — T)

+ pu (1 = €0) (Sw + By + L) (1 - %) (3.1a)

— (Yo 7+ Hna) An,
dci" = TV An — tnSp — a”f\’;:[h Shs (3.1b)
dg” - a"fv":]h Sy — BuEy — ftnEn, (3.1c)
% = BuEy — pinly, (3.1d)
dgfn = (1 = 7)vAn — My, (3.1e)
% = puw€uw(Sw + Ey + L) (1 — %) — (Y + Hwa)Aw, (3.1f)
% = T Aw — Sy — %}":I}LS@U, (3.1g)
dzw - “wﬁ’;:[h S — BuFw — B, (3.1h)
ddi;” = BuEw — pwly, (3.1i)
= (1= T — oMo, 3.1
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dSh anﬂnh]n awﬂwh[w

— = up Ny, — upSy — Sy, — S 3.2
dt /’Lh h luh h Nh h Nh ho ( a>
dEh anﬁnhjn awﬁwh[u}

= Sp+ ———5y — upEy, — 0L E 3.2b

7 N, h+ N, h — MnLop — OpLip, ( )
dl

d_th = GhEh - ,uh[h - ﬁhIh, (320)
dR

o= Onln = fn (3.2d)

In the model (3.1), we assume homogeneous mixing between mosquitoes and hosts (hu-
mans). The schematic of the model (3.1) is shown in Figure 3.1. The mosquito population
is divided into two groups: Wolbachia-free mosquitoes (i.e. wild mosquitoes) and Wol-
bachia-infected mosquitoes. Each mosquito group is further divided into four compartments:
aquatic stages (A,, A,), susceptible (S,,,S,), exposed (exposed to dengue virus but not yet
infectious) (E,, F\), and infectious (can transmit dengue virus to humans) (I, I,,). In both
mosquito groups, the aquatic compartments A, and A,, include eggs, larva, and pupa stages.
Total non- Wolbachia adult female mosquitoes population is F,, = S,, + E,, + I,, and total
Wolbachia-infected adult female mosquitoes population is F,, = S, + E,, + 1.

The host (humans) population is also divided into four compartments: susceptible (Sy),
exposed (E},), infectious (1), and recovered (Rj). In this model, we assume constant total
host population N, = Sy, + Ej, + I, + Rj,. Each host class decreases due to natural mor-
tality at a rate pu;,. The susceptible class (Sy) increases due to births at a rate of p;, and
decreases after being bitten by dengue infectious mosquitoes, either Wolbachia-infected or
Wolbachia-uninfected, with a rate of a, 5,1, /Ny and ay,Buwn Ly /Ny, respectively, where 3, is
the transmission probability from non- Wolbachia dengue infected female mosquitoes to hu-
mans and [, is the transmission probability from Wolbachia-infected and dengue infected
female mosquitoes to humans. Exposed people become infectious at a rate of 6. Infectious
people either die at rate u, or recover at a rate of 5. The decrease in recovery class is due

to death at rate pup,.
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Figure 3.1: A flow diagram of the compartmental model for the transmission of dengue
virus in presence of Wolbachia-infected mosquitoes along with wild mosquitoes. The
subscripts n, w, and h are used to denote the population of wild mosquitoes,
Wolbachia-infected mosquitoes, and humans, respectively.
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Table 3.1: Description of variables and parameters used in the model (3.1). The other
parameters are the same as explained in chapter (2).

Symbol Description Value Unit Source
Variables:
Sh Number of susceptible humans
Ey, Number of humans which are exposed
to dengue virus but not yet infectious
1, Number of humans infected with
dengue virus
Ry, Number of humans recovered from
dengue
A, Wolbachia-uninfected population in
aquatic stage
Sn Number of Wolbachia-uninfected sus-
ceptible female mosquitoes
E, Number of Wolbachia-uninfected ex-
posed female mosquitoes
I, Number of Wolbachia-uninfected infec-
tious female mosquitoes
M, Number of Wolbachia-uninfected Male
mosquitoes
Ay Wolbachia-infected  population  in
aquatic stage
Sw Number of Wolbachia-infected suscep-
tible female mosquitoes
E, Number of Wolbachia-infected exposed
female mosquitoes
M, Number of Wolbachia-infected male
mosquitoes
t Time e Days
Parameters:
1/, Average life span of humans 1/(70 * 364) days [68]
1/6), Intrinsic incubation period 5 days [68]
1/8 Infectious period 7 days [68]
an average number of bites of Wolbachia- 0.63 day~! [38]
free female mosquitoes
Ay average number of bites of Wolbachia- 0.95a,, day~! [38]
infected female mosquitoes
Ban Transmission  probability from a 0.26 e [38]

dengue infected host to Wolbachia-
uninfected female
Bun Transmission  probability from a 0.13 [38]
dengue infected host to Wolbachia-
infected female

Bhn Transmission probability from a 0.26 [38]
dengue infected Wolbachia-free female
to hosts

Bhw Transmission  probability from a 0.26 [38]

dengue infected Wolbachia-infected
female to hosts

Bn Extrinsic incubation period for Wol- 10 days (38]
bachia-uninfected
B Extrinsic incubation period for Wol- 10 days (38]

bachia-infected
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To check that model (3.1) is well-posed, we define the following region D:

( )

(An, Sn, Eny Iy, My, Ay, S, By, Ly, My, Shy En, I, Rp) € R
Ay + Ay <K, S+ By + 1, < 2K, M, < 2K,
Sw+ By + 1, < Z_ZK’Mw < %’

Sh+ En+In+ Ry < Ny,

From equations (3.1a)-(3.1e) 4, = 0 = %= >0, S, =0 = £ >0, E, = 0 =

dd% >0,1,=0= ‘%" >0, M, =0= % > 0. Similarly from equations (3.1f)-(3.1j)
_ dAy _ S _ dEw _ dlw

Aw—0:>720,5w—0:>720,Ew_02>720,[w_02>720,and

M, = 0= e > (. Equations (3.2a)-(3.2d) yield S, = 0 = ©= >0, B, =0 = %= > 0,

I, =0= % >0, R,=0= % > 0. Thus, D is positively invariant, that is if a solution

starts in D, it remains in D for all ¢ > 0, for the system (3.1a)-(3.2d).

3.2 Dengue-free equilibrium points

Disease(dengue)-free equilibrium points are obtained by setting £, = I, = E, = I, = E} =
I = Ry = 0 in the system (3.1a)-(3.2d) and solving the resulting system of equations. In
the absence of dengue, the equilibria of the system (3.1a)-(3.2d) are:

1. Host only equilibrium point Ey = (0,0,0,0,0,0,0,0, Sk, 0,0,0,0).

2. Host and wild mosquitoes only Wolbachia
El = (ALm an, 07 07 Ml*na 07 07 07 Oa 07 ShOa 07 07 0)7

where S, = N}, represents total human population and

1

A = K(1— ——
1n ( C@Qﬂ)’

1n»

n 1 - n 4%
L L V. A=) AL (3.3)
fn

mn

where %, = Tpn%l%t is defined in Chapter 2 and represents the total number of
female offspring produced by a single Wolbachia-uninfected female mosquito during its

lifespan. Thus, the disease-free equilibrium point (E;) persists only if %, > 1.
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3. Host with Wolbachia-infected mosquitoes only:

When maternal transmission is 100% (i.e. €, = 1), then the disease-free equilibrium

point is
E2 - (07 07 07 07 07 ASW ;w’ 07 07 MQ*wa Sh07 07 07 0) )
where Spg = Ny, is the total number of human population, A3, = K (1 — Gw—]l%w), e =

e As,, and M3, = %A;w. A3, > Orequires Ry, > 1, where Zow = Tpuws—4— uiw
is Wolbachia-infected offspring number which gives total number of female offspring
produced by a Wolbachia-infected female during its lifetime. Thus, for Wolbachia-

infected population to persist only %y, > 1 and €, = 1.

4. Host with Wolbachia-infected and wild mosquitoes:
E3 = (A:L7 S’:,’ 07 07 M’;? A’Z}? S’:}? 07 O? M::}? Sh07 07 07 O) )

where A%, S¥ My, A Sk and M} are defined in chapter (2) Eqns. (2.6) — (2.11).

3.3 Dengue basic reproduction number 25"

In this section, we compute the basic reproduction number ( Z5°"Y) for the dengue epidemic
model when Wolbachia-infected mosquitoes are introduced in the wild as biological control
to reduce dengue infections in humans. To calculus %36”9 , we use the next generation matrix
approach proposed by Diekmann et al. [54]. We write the system (3.1a)-(3.2d) in matrix
form and linearize the equations that correspond to exposed and infected classes about the
dengue-free equilibrium (DFE). The linearized matrix can be decompose into two matrices
F and V, where F denotes the transmission part and V' denotes the transition part. The

next generation matrix FV~! is given by
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Bn B—w
O O Ql (ﬁn"l‘un) Ql Q2 (5w+l£w) Q2
0 0 0 0 0 0
0
Fy-t— | B 0 ’ ! "
0 0 0 0 0 0
(4
49h":L,U«h {h 0 0 0 0
0 0 0 0 0 0
where Q) = ”B"h " Sho, §lo = wﬁ“’h L Sho , (g = ;:ff,ﬁ) N, and €y = E:—ﬁi) i_i

Dengue basic reproduction number 9?5’6”«”’ is the spectral radius of the next generation

matrix FV ! and given by

anﬂnh ﬁn ShO anﬁhn eh S;: awﬁwh ﬁw % awﬂhw eh SZ; (3 4)
P B+ tn Ny Bp + pn On + pn Ni, P Buw + pw Np B+ pin On + pn Np,

deng pdeng
JOn c%Ow

deng
6@0 —

The first term 25" in (3.4) denotes the basic reproduction number of the dengue model
when only wild mosquitoes persist, while the second term ;<" denotes the basic repro-
duction number when only Wolbachia-infected mosquitoes persist. The basic reproduction
number Z;" in (3.4) represents when Wolbachia-uninfected and Wolbachia-infected coex-
ist. It is worth mentioning here that the basic reproduction number ;" depends on the

values of S, S, and S for the particular dengue-free equilibrium point under considera-

tion (i.e. either Fy, Fs, or Ej3).
Interpretation of Z.":

Note that the term “”ﬂﬂ 3 ﬁfu S5m0 denotes the number of infections produced by a single

dengue infected wild female mosquitoes during its lifespan when bite susceptible humans,

AnBrn 6 Sy
while the term Snthn __Ch . Zn
t t /8 1220 eh HKh Np,

infectious human when bitten by susceptible Wolbachia-uninfected adult female mosquitoes.

represents the number of infections produced due to a single

waﬁwh Bw M aw Bhw eh _
The terms Ll e and P N © have similar interpretation but for Wolbachia

infected mosquitoes.
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3.4 Stability analysis of the dengue-free equilibrium points

In this section, we discuss the local and global asymptotic stability of the disease-free equi-

librium point Ej.

3.4.1 Local asymptotic stability of the dengue-free equilibrium point F;

The Jacobian of the system (3.1a)-(3.2d) at the dengue-free equilibrium point

E1 - (A;kzv S:m 07 07 Mn*7 07 Oa 07 07 07 Sh07 07 Oa O)

is given by:
Jo i Ji i 0 R A T Ts 0 0 0 0
W =m0 0 0 0 0 0 00 0 0 0
0 0 ~Bu—pn O 0 0 0 0 0o 0 0 0 0
0 0 R 0 0 0 0 0o 0 o 0 0
(- 0 0 R 0 0 0 0o 0 o 0 0
0 0 0 0 ot A 0o 0 o 0 0
Jg, = 0 0 0 0 ™ “pe 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 —fo—pe 0 0 0 0 0 0 ’
0 0 0 0 0 0 0 B —m 0 0O 0 0 0
0 0 0 0 0 (-7 0 0 0 i 0 0 0 0
0 0 0 —J 0 0 0 0 “Js 0 —m 0 0 0
0 0 0 s 0 0 0 0 J 0 0 —puu—0 0 0
0 0 0 0 0 0 0 0 0o 0 o 0 —Bu—pn O
0 0 0 0 0 0 0 0 0o 0 0 0 B —m

J4 = €wPw J5 = anﬁnhy and Jﬁ = awﬁwh-
Eigenvalues of the Jacobian matrix Jg, are —fin, —fhw, — fmn, —tmws —(Bw + ) and the

roots of the following equations:

MNtad+a = 0, (3.5)
/\2 + 043/\ +oy = 0, (36)
M+ asA + g\ +arh+ag = 0, (3.7)

where
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Q@ = ’Yw—f_/iw +,uwaa

o — €wT PuwYw %()n -1
? t%()n %010 ’

T PnVn 1
a3 = Ynt ln T+ lpe T <1_ )7
’ n %On

1
ay = TYapPn | 1— )
4 TnpP ( %()n)
Qs = Bh + Bn + 2(,uh + ,U/n) + 6’17

ag = (Bn+ pn)(On + pn) + (Bu 4 0 4 200) (Bn + 24n) + (B + fn) fin,
ar = (B + pn)(On + pn)(Bn + 2pn) + (Br + On + 200) (B + fn) i,

as = (B + pn)(tn + 0n) (B + 1) (1 = (%5)?).

Using Routh-Hurwitz criteria, we find that roots of (3.5) have negative real part if all the
coefficients of (3.5) are positive. Clearly, «; is positive and «y is positive if %o, > Zow.
Thus, Eq. (3.5) has roots with negative real part if Zo, > Zo,. Similarly, Eq. (3.6) has
roots with negative real part if %, > 1. Again by using Routh-Hurwitz criteria for (3.7),
its roots have negative real provided as > 0, ag > 0, ay > 0, ag > 0, and asagar; > aga?.
Clearly, a5, ag, and oy are positive while ag is positive if %736"9 < 1. Now following [69],
asagar > aga? is satisfied if 25" < 1. Thus, if Zo, > max{1, %Zo,} and Z;" < 1, all
eigenvalues of Jg; have negative real part. Therefore, F; is locally asymptotically stable for

Ron > max{1l, %o, } and %ge"g < 1.

Theorem 3.1. If Zy, > max{1, Zo,} and Z™ < 1 then the dengue-free equilibrium point
E, =(43,,5;,,0,0,M;.,0,0,0,0,0, Ny, 0,0,0) is locally asymptotically stable.

1n» ~1n>

3.4.2 Global asymptotic stability of the DFE

To prove the global asymptotic stability of dengue (disease)-free equilibria, we make use of

a result from Kamgang and Sallet [70]. Using the property of a disease-free equilibrium, we
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can rewrite the system (3.1a)-(3.2d) as

Us = A1(y) (ys — yore,s) + A12¥i,
1 12 (3.8)

where y, represents the state of different compartments of non-transmitting individuals (e.g.
susceptible, recovered) and y; represents the state of compartment of different transmitting
individuals (e.g. infected, exposed). For our model, ys = (A, Sp, My, Aw, Sw, My, Sh, Rh)T,
Yi = (En,In,Ew,Iw,Eh,Ih)T, y = (ys,¥:), and yprp = (A3, S5,,0,0, M5, 0,0,0,0,0, Sk, 0,0).
The matrices Ay, A2, and Ay are given by:

oS () G0 =R G g (1-M0) 0 0
TYn — 0 0 0 0 0 0
(1 - 7—)A//" 0 —Hmn 0 0 0 0
0 0 0 —(yo+lwa) C 0 0 0
Al(y) = ( ) G
0 0 0 TV — 0 0 0
0 0 0 (1=7)Yw 0 — 0 0
0 0 0 0 0 0 —un 0
0 0 0 0 0 0 0 —un
3 G (I—€w)ls (1—€w)s O 0
@nBrnSn
0 0 0 0 0 hoih
0 0 0 0 0 0
0 0 6wC4 6wC4 0 — AwBhwSw
Ana(y) = el
0 0 0 0 0 0
@ BhwSw
0 0 0 0 0 —#
0 7%‘3\7:5;1 0 7¢1w/§thh5h 0 0
0 0 0 0 0 Bn
- ([J)n + Mn) 0 0 0 0 an[j\;;:Sn
0 0 _ (ﬂw + ,U'w) 0 0 wPBhwSw
As(y) = N ;
0 0 Buw — 0 0
0 ot 0 GulehSh — (p + 6y) 0
0 0 0 0 On — (o + B)
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where

Any
Cl = Pn (1 - Tln> )

An*
C? - pw(l _Ew) (1 - Tln> 5
T M, + M, K ’
A, + A,
C4 = Puw (1 - —K ) .

The matrix A, is a Metzler matrix since all its off-diagonal entries are non-negative. The
eigenvalues of A; are real and negative; hence the system y; = A;(y) (ys — yore,s) is globally
asymptotically stable (GAS) at the dengue-free equilibrium point Fj.

Now we define a bounded set G:

(Ana Sna Eny Ina Mna Awa Swa Ewa Iwa Mwa Sh7 Eha Iha Rh) € R}l,_4|

A, <K, S, <K E, <K, <2k M, <K
Hn Hn Hn Hmn

Ay < K, S0 < K, B, < K, I, < ™K, M, < 2K,

g — Hw Hw Hw Hmw

Sp < Np, By < Np, Iy < Np, R, < Ny,

Su+ Bo+ I < K,

Sw+Ew+Iw§lj—zK,Sh+Eh+Ih+Rh:Nh.

?

\ 7

We now state a theorem proved by Kamgang and Sallet [70] which we will use for our model

to discuss the global asymptotic stability of the disease free equilibrium point Fj.

Theorem 3.2. [70] Let G C N = RE x RS be a bounded set with nonempty interior. The
system (3.8) is of class C' defined on N'. If

1. G is positively invariant relative to (3.8).
2. The system 41 = A1(y) (y1 — yprea) is globally asymptotically stable (GAS) at yprg.

3. For anyy € G, the matriz Ay(y) is Metzler irreducible.
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4. There exists a matriz Ay, which is an upper bound of the set
M ={A;(y) € Mg (R)|y € G} with the property that if A5 € M, for anyy € G, such
that Ay (y) = Aq, then' y € R7 x {0}.

5. The stability modulus of Ay satisfies o (Zg) <0.

Then the DFE is GAS in G.

Now we verify all the assumptions of the theorem. Assumptions (1-3) are obvious. The

upper bound, A, of the set of matrices M is given by

anBhnSn
—(Batpm) 0 0 0 0 Enbae
B —ln 0 0 0 0
- 0 0 —(Butpw) O 0 e et
A2 = " ’
0 0 Bu —fhu 0 0
0 et 0 GwBurSh (1), +6),) 0
0 0 0 0 On — (kn + Br)

To check the condition (5) in the theorem (3.2), we use a lemma which is also proved
in [70].
A B

C D
with A and D square matrices. M is Metzler stable if and only if matrices A and D—CA™'B

Lemma 3.1. [70] Let M be a square Metzler matriz written in block form M =

are Metzler stable.

— (Butin) 0 0 0 0 alpnde
In our case, we have A = P s , B= ,
0 0 - (ﬁw +Mw) 0 0 0
0 0 Buw — 0 0
0 anlgnhgh 0 awﬁwhgh _ +9 h O
C = N N ,and D = (ki +01h) . A is Metzler and
0 0 0 0 On — (pn+Bn) -

stable since all diagonal elements are negative, all off diagonal elements are positive, and all

eigenvalues are negative.

— a%ﬁnhﬂhnﬂn g_h&
(Mh—{_eh) #n(ﬂn+#n) Np Np,

O —(Bu+pn)
Clearly the matrix D — C A~ B is Metzler, and it is also stable if

D — CA™'B =
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a2 n nBn Sh Sn
(kn + 01) (Bn + pn) > O, (%%%) .
Thus, D — CA™'B is stable if £2, < 1, where

anﬁnh 571 & anﬁhn eh &
Hon, Bn"i_ﬂnNhﬁh"i_,uheh"i_,uhNh .

R = (3.9)
Thus, #%, < 1 gives the necessary condition for the DFE to be globally asymptotic sta-
ble(GAS).

Since the matrix A, is not obtained at DFE, the condition we obtained for the DFE to
be GAS is not Z;". The relationship between Z5™ and Z.q is given by:

2 K"YnNh

Ry = Ry > R
¢ MnS ho S no

Theorem 3.3. If Zy, > max{1, %y, } and %geng < R.q < 1 then the dengue-free equilibrium
point

E1 = (A){ru an’

0,0, M;,,0,0,0,0,0,Sh0,0,0,0) is globally asymptotically stable in G.

Using the same analysis for the disease-free equilibrium point F5, we have the following

result

Theorem 3.4. If %o, > 1 and Z" < %%, < 1 then the dengue-free equilibrium point
E, =1(0,0,0,0,0, A%, S5,,,0,0, M3

2w?

Sho, 0,0,0) is globally asymptotically stable in G.

Remark 3.1. It is worth mentioning here that both %ge”g and X.q depend on K through
Sno, S0 it was important to consider the aquatic stage in the model. Lowering the value of

K can be used as controlling strategy to reduce the number of dengue infections.

3.5  Numerical results and discussion

To study the effects of maternal transmission ¢,, incomplete and complete cytoplasmic
incompatability on the dynamics of dengue disease, we numerically solve the model (3.1)

using the parameters values given in Table (3.1).
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Figure 3.2: The dynamics of the infected humans (top panels), Wolbachia-free susceptible
female mosquitoes (middle panels), Wolbachia-infected susceptible female mosquitoes
(bottom panels) for different values of maternal transmission €,, and strength of
cytoplasmic incompatibility «. The plots in the left panels correspond to a = 0.9, while
the plots in the right panels correspond to complete cytoplasmic incompatibility o = 1.0.
The effects on the dynamics for different values of ¢, are shown within each panel.
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Figures (3.2a) and (3.2b) illustrate the effects on the dynamics of the infected humans
under different values of vertical transmission ¢, and «. In Figures (3.2a) and (3.2b), we
first observe significant decrease in the number of infected humans compare to when only
wild mosquitoes persist when € > 0.95. However, when «0.9 (left panels) there is no sig-
nificant difference in the number of infected humans when €, = 0.9 compare to when only
wild mosquitoes persist in the wild. However, for complete cytoplasmic incompatabilty
a = 1(right panels), there is significant decrease in the number of infected humans when
€w = 0.9. The results of these graphs reveal that when cytoplasmic incompatibility is not
complete, higher vertical transmission of Wolbachia-infected female to its offspring is re-
quired to eradicate dengue epidemic. can also be seen when we compare Figure anFor the
case of perfect vertical transmission €¢,, = 1, we observe no significant difference in the num-
ber of infected humans for different values of or. The numerical results in Figure (3.2) also
reveal that the peak (maximum infections) is shifted to the right as we increase the values of
€, from 0.85 to 0.9 when v = 0.9. This shift of the peak is expected since Wolbachia-infected
female mosquitoes spend more time in the exposed class compare to non- Wolbachia female

mosquitoes.

3.6 Conclusion

We formulated a model to study the transmission of dengue virus to humans when Wol-
bachia-infected mosquitoes are released in the wild as a biological control method to sup-
press the population of wild mosquitoes. We found and derive conditions for the existence
of three dengue-free equilibria: host and Wolbachia-uninfected only, host and Wolbachia-
infected provided the maternal transmission is complete, and host along with coexistence
of Wolbachia-free and Wolbachia-infected mosquitoes. We also calculated the basic repro-
duction number and discussed the global asymptotic stability of the disease-free equilibria.
The effects of the cytoplasmic incompatibility (CI) and the maternal transmission on the
dynamics of disease infection in humans have been studied numerically. The results indi-
cate a higher reduction in the number of infected humans for high values of €,, a. Overall,

there is significant reduction in the number of dengue infected humans in the presence of
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Wolbachia-infected. Also the reduction in the number of dengue infections depend both on
a and €,; a higher reduction for higher values of a and ¢,. Our numerical results suggest

that introduction of Wolbachia in the wild as a biological control method for dengue disease

is a promising approach to eradicate dengue.
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CHAPTER 4

OPTIMAL RELEASE OF WOLBACHIA-INFECTED
MOSQUITOES FOR A DENGUE EPIDEMIC
MODEL

4.1 Introduction

Many models have been studied that incorporate optimal control models that include only
a single control strategy such as insecticide spraying [71-73], Sterile Insect Technique (SIT)
[74]. Some models also considered combinations of different types of vector controls such
as the combined effects of insecticide spraying with personal protection measures [75] or
educational campaigns [76-78|, the use of insecticide spraying along with larvicides and
SIT [59,79-81], or along with vaccination [82].

In this chapter, we extend the model (3.1) developed in chapter 3 and formulate an optimal
control epidemic model of dengue by considering continuous release of Wolbachia-infected
mosquitoes in the wild and through educational campaigns that promote awareness for using

personal protection (e.g., bed nets, mosquito repellents) to limit the humans-vectors contact.

4.2 Optimal control model

We formulate an optimal control model by considering the following time-dependent control
variables in the model (3.1) formulated in chapter 3. The control variables wu(t): [0,T]
Utmaz and ug(t): [0,T] + ugmer represent the investment in production and release of
Wolbachia-infected female mosquitoes wuy(t) and male mosquitoes uy(t), respectively. The
control variable ug(t): [0, T] — ugmar < 1 denotes the percentage reduction of disease trans-
mission to humans due to educational campaigns for motivating individuals to use personal
protection, such as bed nets and mosquito repellents, in order to minimize female mosquitoes

bite on humans. Therefore, in the presence of time-dependent control us, the force of in-
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fection between humans and mosquitoes will decrease by a factor of 1 — us(t). The upper

bounds %14 and Us;,e: on control variables u; and wus, respectively, denote the maxi-

mum number of Wolbachia-infected mosquitoes that can be produced and released per day,

whereas 0 < Ugpe: < 1 stands for the maximum efficiency of educational campaigns in re-

ducing disease transmission. In the presence of controls uq, us and ug, the new model reads:

dA, M, A, + A,
a Pt <1_ K )
+(1- a)pnFnﬁ <1 - %)
+ pw (1 — €4) Fyy (1 - %) — (W + Hna) An,
% A — S — an(1 —Nu’::,)ﬁhnlh S,
dE, (1 — nl
= _a ( ]\?;Z’)ﬂh hSn—ﬁnEn o
O Bus — pal,
dif” =1 = 7)MmA, — umM,,
d;% = pwewly (1 — %) — (Yo + Hwa) Aw,
B — ) + 70— S, — 20 _N“j)ﬁ s,
E 1— I
ddtw _ oy Nuj)ﬂhw hSw — BuEw — iwEu,
U o BB — ol
di\gw = ug(t) + (1 — T)VwAw — My,
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dd_S;h = Ny — pnSh — an(1 _Nus)ﬁnhln Sh (4.22)

(1 —;i)ﬁwhfw S, (4.2b)
% = O En — pndn — Brln, (4.2d)
% = Bulp — pn . (4.2¢)

subject to the following initial conditions

An(0) 20, S,(0) >0, E,0)=>0, I[,0)=>0, M,y(0)=>0,
Ay(0) 20, S,(0) >0, E,(0)>0, 1,(0)>0, M,(0)=>0, (4.3)
Sn(0) >0, En(0) >0, I,(0)>0, Ry0)>0
and with
0 S Uy S Ulmaz 0 S U2 S U2maz and 0 S us S U3maz S 1. (44)

Our goal with the optimal control dengue model (4.1) is to minimize the number of infected
humans (/) and susceptible Wolbachia-free mosquitoes S,, along with the cost associated
with the implementation of control strategies during the time interval [0, T]. To this end, we
define the following objective functional, which is also in line with optimal control models

considered in the literature on malaria, chikungunya, and dengue [61,62, 83, 84],

J (U}, 1, wh) = Millyy y wgcrr [y Arln + AsS, + 2 (Biud + Byud + Byul) dt, (4.5)

subject to the system (4.1a)-(4.2¢) and (2.2). The set U/ in (4.5) is a measurable control set
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and is defined as

(ul(t)7 Ug(t), U3(t)) ) O S U’l(t) S U1 max»
U:= 0 S Ug(t) S U2 max 0 S u3<t) S U3 max (46>

uy, Uz, ug measurable Vt € [0, T

The positive weight constants A; and A, in the objective functional (4.5) express the
priorities of reducing the number of humans infected with dengue [, and the number of wild
susceptible adult female mosquitoes \S,,, whereas the constants By, By, Bs > 0 represent the
weight (or marginal unit costs) associated with the implementation of controls uy, us and ug,
respectively. The values of the weight constants are chosen to give each term in the objective
functional (4.5) its relative importance. The quadratic terms $Byu? (i = 1,2,3) in the
objective functional state that the total marginal cost of the control interventions Byu (t) +
Bous(t)+ Bsus(t) depends on the implementation of controlling strategies. Since the marginal
cost is the change in total cost, the integrand in the objective functional (4.5) is quadratic
with respect to control variables u; (), us(t), and uz(t) and commonly used in optimal control
epidemic models to avoid convexity and convergence issues [7,10,39,40,59-63, 78, 84].

Thus, in mathematical terms, we want to find an optimal control strategy (uf(t), uj(t),

wj(t)) that minimizes the objective functional (4.5), i.e.

J(ug, ub, ul) = Mily,, uy, us e fOT AL, + AsS, + % (Byu? + Bou3 + Bgu?) dt, (4.7)

where U is the control set defined in (4.6).

4.3 Existence and characterization of optimal controls

4.3.1 Existence of optimal controls

To prove the existence of the optimal control pair (uj, u}, u}), we use results from (1.1) and

also stated in chapter (1) .
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Theorem 4.1. There exists an optimal control pair (ui,us, u}) and the corresponding so-
lution of the system (4.1a)-(4.2e) with initial conditions (4.3) that minimize the objective
functional (4.5) over the set U.

Proof. To show the existence of an optimal control pair (u}, uj, u}), we verify the conditions

of the Theorem (1.1):

1. The set of controls I/ is nonempty since u; = us = uz = 0 is a solution of the dynamical

system (4.1a)-(4.2e).
2. The control set U is bounded and convex on [0, T'| by definition.

3. the right hand side of the dynamical system (4.1a)-(4.2e) is continuous, and the state
variables and controls are bounded on [0, T]. Note that the right hand side of the

dynamical system (4.1a)-(4.2e) is linear in control variables uy, us, and ug.

4. The integrand of the objective functional (4.7) is strictly convex in controls by defini-

tion.

5. To show condition 5, we write the integrand of the objective functional (4.7) as,

L(t, Ihv Ina Snv Uy, U2, Ug) Al-[h + AQIn + Agsn + % (Blu% + BQU% + Bgug)

5 (Biu} + Bouj + Bsu3) (for Iy, I,,S, >0)

@
(s ual?) =

%

Y

The last inequality is satisfied when §; = min{ By, By, B3}, ¢ = 2, and d2 > 0.

Since all conditions are satisfied, there exists an optimal control (uf, u3, uj) for the dynamical

system (4.1a)-(4.2e). O
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4.3.2 Characterization of the optimal controls

The Hamiltonian function H associated to the dynamical system (4.1a)-(4.2e) and (4.5) is
defined by:

H = Allh + Agln + AgSn + % (Blu% + Bgug + Bgug)
+ Ao (Sn + En + L) 378 (1 — 4epte)
+A4, (1 = a)pn (Sp + En + 1) M,f\-{-ujj\/lw (1 - An;Aw)

A4, (Pl =€) (Sw + By + L) (1= 22242 ) — (0 + fina) An)

As, (T”}/nAn — Sy — —(176“3])\;;"5“[’1 Sn>

Ab, <(1—su31)v«1n6hn1h Sy — BBy — i En>

)\In (BnEn - ann>

Mg, (1= 7)1 An — pin My,)

Ay (Pu (Suw+ Bu + L) (1= 22528) ) = Xa, (o + Hua) Aw (4.8)
N (1(8) + Ay — S,y — (S0l g, )

A, (W%Sw — BuwEw — ,quw>

A1, (BuwEw — thwly)

Mgy, (g () + (1 = 7)Y Aw — i M,,)

AB (u_@?\f%s’t T W%Sh — pnEp — HhEh)
A1, (OnEn — pnIn — Brly)

Ary, (Budn — pnRy),

+ + + + + + + + + o+ o+

where A, As,., g, AL, AMny Auy ASwy AEws Alus AMys AS, > AE,, AL, AR, are the adjoint

variables (also called co-state variables).

Theorem 4.2 (Pontryagin’s Maximum Principle [13]). If u* = (u},u}, u}) is an optimal
control pair and
(Ar, Sy B Ix My Ax Se, Ex Ln M: Sy, Er, Iy, Ry) is the corresponding solution that

minimize the objective functional J(uy, ug, ug) (4.7), then there exists adjoint variables \;,
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where i = {Apn, Sn, En, L, My, Aw, Swy Ew, Ly, My, Shy En, In, Ry}, that satisfy:

d\a, Y N P (S + En 4+ 1) (M, + (1 — a)M,,)
at A\ M K (M, + M,)
(S Fu 4+ I) (1 — €)Aa. + )
77L()\An_(1—7')/\Mn—T)\Sn)+p (S + )((K €w) Mo + Cwdan)
dMs, 4 Aa,pn (M, + (1 —a)M,,) L A, + A,
a 7 K(M, + M,) K

I
+a,(1— US)Bhth(ASn = Ag,) + s,
h
Dp,  Aagpe (Mo + (1= a)M,) <1 A+ Aw>

at K(M, + M,,) K
+ )\En (Bn + Nn) - )\Inﬁn

dAr, A A, pn (M + (1 — a)M,,) A, + A,
a7 K(M, + M,)

S

1_ n
K

+ anﬁnh(l - U3) ()\Sh - /\Eh) + )‘Inlﬁn

Ny,
d\v, M, A+ Ay
T St = e (5 Bt ) s (12 225
d/\Aw _ (Sn + En + In) (Mn + (1 — Q)Mw)
il =M +wa /\An + pn)\A,L K(Mn + Mw)
1—ey)A A
+pw(Sw+Ew+Iw)( w)han F A
K
+’Yw()\,4w — (]. —T))\jij —T)\S” (4 9)
dA I ’
df” =fwAs,, + auw(l = uz) Bruw(As, — )\Ew)ﬁ:
An + Ay
R
dA
d?” =t e, + Bw(Ae, — A1)
An + Ay
— Pw (EwAAw + (1 — Gw))\An) (1 - K)
d)\[w Sh
7 :Mw)\lw + aw(l - u3)5wh()\5‘h - )\Eh)ﬁh
A’l’l + Aﬂl
— Pw (611)>\Aw + (1 - 6w))\An) (1 - K)
d s ( An+Aw) M, (S, + E,+I,)
= =l A, + A, P |1 —
de Tl T OAAD K (M, + M)’
d)\sh —u A 4 (1 — U)S) (anﬂnhIn + awﬁu}hjw) ()\Sh - )\Eh)
dt oo N,
dA
dfh :(AEh - )‘1h>9h, + /Lh,)‘Eh
d\ Sn
dtjh = — Ay + Br(Ar, = Ary) + s, + (1= ug)(As, — Az, )anBhn) N,
Su
+ (1 = u3) (Mg, — Ar,)@wBhw) N,
h
dA
dfh :,uh)\Rh.
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and with transversality conditions
MN(T)=0 where i€ {A,,Sn Epn, In, My, Ay, Sw, Ew, Ly, My, Sh, En, In, Ry} . (4.10)

The optimality condition is given as

oH

= =0, =1, 2, 3.
8Uj J

Furthermore, the optimal controls uy, uj and uj are given as

uj = maX{O mln{ B ,ulmaz}}
uy = max{() min{— 22 UQWH}} (4.11)

u§ = max {0, min {—(A1 + A2), u3ma:r}} )

where
Ay = %—’7 <5hn5n()\sn — A5 )3+ BunSn(Xs, — )\Eh>N_7;) ;
Ao = % (BrwSulrs, = A) B + BunSu(As, — Am) %)
Proof. Using the Hamiltonian H and dj]‘j = SH we obtain the system of adjoint equations

n (4.9). Since the state variables are free at the final time 7', we get the transversality
conditions \;(T") = 0. Using the optimality conditions 3_3: = 0 and the property of the

control set U, we have

* Ay
g—i’i: Biu; +Xg, =0 :>u1:—BL1
« A
g—z; = BQUQ + )\Mw = O — u2 = _BL;) (4]‘2)
g—z‘g: B3U3+<A1+A2) =0 = U;Z——AlggAQ
Now using the definition of the control set U, we get
0 if -3 <0
U/T - —)\BL;) lf 0 < — Sw < ulmaaj (413>
. A
Uimazx if - Biqlﬂ > Ulmaz-
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. )‘w
0 if —g—12<0

* AMy, e AMy,
: A
U2max if - l];_jzw > U2maz -
0 if — Atk <
u; = _(Al + AQ) lf 0 < _AIB;?’A2 < U3maz (415>
: A +A
U3maz if - %32 > U3mag-

Writing equations (4.13), (4.14) and (4.15) in compact form, which is also known as charac-

terization of optimal control, we get

A
uy = maX{O,min{—ﬂ,ulmM}}, (4.16)
By
. . Au
uy = max <0, min{——", Uomax} ¢ , (4.17)
By
vy = max {0, min{—(A; + Ag), Usmax} } , (4.18)
[

4.3.3 The optimality system

The optimality system (two-point boundary value problem) consists of state equations (4.1a)-
(4.2e) with initial conditions (4.3) along with adjoint equations (4.9) with transversality
conditions (4.10) where the control variables u;, ug, and ug are replaced with their charac-

terizations given in (4.11).

4.4 Numerical results and cost-effectiveness analysis

We numerically solve the optimal control model (4.1a)-(4.2¢) using the forward-backward
sweep method as discussed in Section 1.2.3 of chapter 1 and investigate the effects of control
strategies on the transmission dynamics of the dengue disease.

In all simulations, we used the final time 7" = 150 days (5 months), which is around the
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Table 4.1: Seven different combinations of control strategies.

Strategies Description

Strategy F Releasing only Wolbachia-infected female mosquitoes
(i.e. control u; only)
Strategy M Releasing only Wolbachia-infected male mosquitoes
(i.e. control uy only )
Strategy FM  Releasing both Wolbachia-infected female
and male mosquitoes (i.e. controls u; and us)
Strategy E Reducing humans-mosquitoes contact through
Educational campaigns (i.e. control ug only )
Strategy FE Releasing Wolbachia-infected female mosquitoes along with
Educational campaigns (i.e. controls u; and ug only )
Strategy ME Releasing Wolbachia-infected male mosquitoes along with
Educational campaigns (i.e. controls us and ugz only )
Strategy FME Releasing both Wolbachia-infected female and male mosquitoes
along with Educational campaigns (i.e. all controls )

average infection season of dengue. Since the top priority of the optimal control is to reduce
the number of human infections, we need to put a higher weight for the weight constant
A;. We use the estimate given in [75, 85] that the average medical cost of one dengue
infected person is about $400. Therefore, an average daily cost of one dengue infected
person is A; = %0 = % = $50, where é = % is the length of infectious period in humans.
The weight constant A,, which is associated with the societal unit cost of one susceptible
mosquitoes, is taken 10 times less than the average cost of one dengue infected individual
(ie. Ay = ‘f—é) [75,85]. The values of the control weights By, B, and Bjs are taken as
B, = By, = 0.06 and By = 103. Since the magnitude of the state and control variables
in the objective functional (4.5) are on a different scale, we chose the values of the control
weights to balance the state and control variables in the objective function (4.5). Since
educational campaigns and protective measures are generally more expensive, we set the
cost of educational campaigns higher than the cost of producing and releasing Wolbachia-
infected mosquitoes. The values of other parameters are shown in Table 3.1 in chapter 3.

We analyze the model (4.1a)-(4.2¢) for the seven different control strategies based on the

combination of the three controls uq, us, and us.
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4.4.1 Only Wolbachia-infected mosquitoes as control interventions

The numerical results in Figure (4.1) show the dynamics of infected humans (upper left
panel) and infected mosquitoes (upper right panel) when only Wolbachia-infected mosquitoes
are used as control strategies: strategy F (releasing Wolbachia-infected female mosquitoes
only ), strategy M (releasing Wolbachia-infected male mosquitoes only ), and Strategy FM
(releasing both Wolbachia-infected female and male mosquitoes). In Figure (4.1a), we see
that the number of infected individuals (1) significantly reduced compared to uncontrol
model under strategies FM and F, whereas under the strategy M we do not see a significant
deviation from the uncontrolled system. It is also evident from Figure (4.1a) that the
number of infected individuals (1) is lower under strategy FM compared to strategy F. In
Figure (4.1c), the optimal control plots for uj(¢) (middle left panel) show that the number of
Wolbachia-infected female mosquitoes required to release under strategy F and FM is almost
the same for the first two weeks, and after that release rate of Wolbachia-infected female is
higher under the strategy F compared to strategy FM. The numerical results in Figure (4.1d)
(middle right panel) show the optimal control variable u3(#) under control interventions F,
M, and FM. The plots in Figure (4.1d) show that a large number of Wolbachia-infected
male mosquitoes is required to be released daily for a longer time under the control strategy
M compared to strategy FM. The plots in Figure (4.1e) (lower left panel) show the total
cost under the control interventions F, M, or FM, whereas the plots in Figure (4.1f) (lower
right panel) show the total health benefits (averted infections) associated with the control
interventions F, M, or FM. The numerical results in Figure (4.1e) show that the strategy
F is the cheapest compared to strategies M and FM, whereas the strategy FM is the most
expensive compared to strategies, F and M. We also observe that the control intervention
FM dominates the other two control interventions, F and M, in terms of maximum health

benefits.
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4.4.2 Release of Wolbachia-infected mosquitoes along with educational
campaigns

In Figure (4.2), we also observe that the number of infected humans reduced significantly
under the control interventions E, FE, ME, and FME, compared to the uncontrol model,
but the number of infected individuals remain almost the same when any of the control
interventions E, FE, ME, and FME are implemented. The optimal control profiles for uj(t)
and u3(t) look similar as when control interventions F, M, and FM were implemented. The
optimal control profile for u}(t) shows that educational campaigns required for longer time
under control interventions E and ME compared to control interventions FE and FME for
motivating people to use personal protection, such as bed nets and mosquito repellents, in
order to reduce human-mosquitoes contact. The plots in Figure (4.2f) (lower right panel)
show the total cost under the control interventions E, FE, and FME. In terms of costs, the
results in Figure (4.2f) show that the strategy ME (releasing Wolbachia-infected males along
with educational campaigns) is the most expensive strategy, while the strategy FME (i.e.

using all controls ) is the least expensive strategy.

4.5 Cost-effectiveness analysis

In section 4.4, we presented the numerical results of seven different optimal control strategies
as listed in Table (4.1). However, it is not clear from these results, which strategy will provide
better results if applied in practice. Therefore, we perform the cost-effectiveness analysis
that allows assessing the costs of each control intervention and the benefits associated with
the control intervention. For the cost-effectiveness analysis, we use and define two standard
indexes: (i) average cost-effectiveness ratio (ACER), and (ii) incremental cost-effectiveness

ratio (ICER).

e Average cost-effectiveness ratio (ACER) evaluates the performance of a single control

strategy X with respect to the baseline option (i.e. without control) and is defined as

ACER = Cost of a strategy X (4 19)

Benefits from the strategy X -
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Figure 4.1: Optimal solutions when control strategies F ; M , and FM are implemented.

73



600

—e— W /O Control
—— Strategy E
500 — = Strategy FE
=== Strategy ME
----- Strategy FME
£ 400
]
g
=
- 300
=
3]
<&
5 200
100
0 o2 ¢
0 50 100 150
Time (days)
(a)
Control profile u (t)
1800 T T
—@— Strategy E
1600 i = = Strategy FE ||
=== Strategy ME
1400 a e Strategy FME| |
1
1200 4 |
;:: 1000 1
= 3
o B
£ soor 1 |
A
600 - t |
'*r
400F e |
A
TN
200 .~ |
DN
e e e Ry S SR R R
0 50 100 150
Time (days)
()
Control profile ug(t)
0.6 gr==GO——0—4—% 90— = 4 A\
H 1)
B \
0.5+ -‘\ \ |
M L
By \
<\ "
R 04+ ._‘ \ |
= b
3 B
S 03r a2\
= =@ Strategy E %
3 = = Strategy FE K
© 02+ === Strategy ME ‘._‘
----- Strategy FME )
)\
0.1F Y
,
5,
0 L \ N
0 50 100 150

Time (days)

(e)

Infected mosquitoes

700 T

600 -

w
(=3
(=}

'S
(=3
(=}

%)
(=3
(=}

5]
(=3
(=}

—o— Strategy E

== Strategy FE
— =Strategy ME |1
=== Strategy FME

100 i
0 D
0 50 100 150
Time (days)
Control profile us(t)
800 T T
== Strategy E
| = =Strategy FE | |
700 o === Strategy ME
N ER Strategy FME
600 [ = 1
S 500f kK il
S 400 - il
2 R
e
8 300 S 1
\~\
200 N, 1
N,
100 N
JRLTI \~
R B TR S Jat oo S
0 50 100 150
Time (days)
o x10°
=
8+ BT
7
7+ AR
6F 4 ]
25t ’
z 4
8 4L 2 = =Strategy E 4
----- Strategy FE
3l === Strategy ME
Strategy FME
5l 1
WL 1
0 ‘ :
0 50 100 150

Time (days)

(f)
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In our case, X represents a strategy listed in Table 4.1. From Eq. (4.19), we can
observe that an individual strategy with more health benefits and low cost is more
desirable control strategy. Thus, the strategy that has lowest ACER is considered the

most cost-effective strategy.

e Incremental cost-effectiveness ratio (ICER) [61,86,87] is used to compare two different

strategies (X and Y') and is defined as

Benefits(X) (4.20)
~ Cost(X) - Cost(Y) |
ICER(X.,Y) " Benefits(X) - Benefits(Y)'

The numerator and denominator in the ICER Eq. (4.20) represent the difference in inter-
vention costs and health benefits, respectively.

To use Eq. (4.19) or (4.20) for cost-effectiveness analysis, we first need to find the total
cost of a strategy and the health benefits from the strategy during the time [0, T']. To find
the total cost of a control strategy and the health benefits from the strategy, we define the

cost and health benefits functionals as follows:

T
Cost of a control strategy = / (Byuj(t) + Bous(t) + Bsus(t)) dt, (4.21)
0

T
Benefits from a control strategy = / (Io(t) — I*(t)) dt, (4.22)
0

where uf(t),u3(t), and u}(t) stand for the optimal control variables obtained by applying a
particular control strategy, Iy is the state trajectory of infected humans without controls (i.e.
when uy(t) = uy(t) = ug(t) = 0), whereas [*(¢) stands for the number of infected humans
when controls uf(t), uj(t), ui(t) are implemented. We want to point out here that in many
studies, for example [61,84,86,88,89] , the authors considered the same cost functional as the
objective functional for finding optimal control solutions. However, there are few models,
for example [75,90-92] , where the authors considered the cost functional consists of the

terms that have only control variables. We also define the cost functional (4.21) that only
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Table 4.2: The cost($) of each control strategy in increasing order, health benefits, ACER,

and the ranking of each control strategy based on ACER index.

Strategies

Cost
(USD)

Averted
Infections

ACER

Strategy F

2.1 x 103

1.58 x 10%

0.13

Strategy M

2.45 x 10°

0.15 x 10%

1.55

Strategy FM

3.01 x 10°

1.77 x 10*

0.17

Strategy FME

7.12 x 10%

4.12 x 10*

1.73

Strategy FE

7.15 x 10%

4.11 x 10%

1.74

Strategy E

8.08 x 104

4.04 x 10

1.99

Strategy ME

8.26 x 107

4.05 x 10%

2.04

depends on the control variables, which is inline with [75,90-92] . Thus, the optimal control
solutions that we obtain satisfy the objective functional (4.5) that penalizes high level of
controls, whereas the cost functional (4.21) incorporate the economic cost of applying the
control strategies.

To calculate the ACER index, we sort all the strategies in ascending order of costs. The
ACER index of all the strategies is calculated using Eq. (4.19) and the results are presented
in Table 4.2. Based on the ACER index for all strategies given in Table 4.2, we observe that
Strategy F (releasing only female Wolbachia-infected mosquitoes) is the most cost-effective
strategy, $0.0011 per averted infection when compared to all other strategies. We also note
that the averted infections are largest under the control strategy FME, but it also entails
the highest costs ($2.29 x 10%) when compared with the strategy F.

Next, we want to investigate the most cost-effective strategy using the ICER index. To

determine the most cost-effective strategy using ICER index, we use the following process:

1. Rank the control strategies in the ascending order of costs.

2. Compute the ICER value for the first strategy in the sorted list and the ICER value

between the first and second strategies using Eq. (4.20).
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3. If the ICER between the two strategies is positive, then eliminate the strategy that
has higher ICER value.

4. If the ICER between the two strategies is negative, eliminate the second strategy: the

second strategy has higher cost and lower averted levels.
5. Repeat the process until only one strategy is left in the sorted list.

Following the above procedure, we start with the strategies M and FM, and calculate the
ICER index using Eq. (4.20).

ICER (F) = ZLJ0 = 0.13
ICER(Strategy F, Strategy M) = 12.5486;110%3:1?517XX110§4 = —0.024

The negative ICER index between strategy F and strategy M suggests that strategy M has
a higher cost and lower averted infections when compared with strategy F. Therefore, we
exclude strategy M and continue to compare strategy F with FM, the next strategy in the

sorted list.

ICER(F) = 0.13

ICER(F, FM) = PEor2edi = 0.49

The lower ICER index for strategy F compared with Strategy FM suggests Strategy FM is
more expensive and less effective compared with strategy F. Thus, we exclude strategy FM.
Using the similar procedure, we now compare strategy F with all the next strategies in the

sorted list.

ICER(F) = 0.13
ICER(F, FME) = 2.71
ICER(F, FE) = 2.74
ICER(F,E) = 3.19
ICER(F, ME) = 3.25

We observe that strategies FME, FE, E, and ME are more expensive and less effective

compare to strategy F. Therefore, we conclude that strategy F (releasing female Wolbachia-
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infected mosquitoes) is the most cost-effective strategy among all other strategies.

Both, ACER and ICER, indexes conclude that releasing Wolbachia-infected female
mosquitoes in the wild is the most cost-effective strategy for the control of dengue virus,
whereas the strategy FM, releasing both Wolbachia-infected female and male mosquitoes in
the wild, is the second-best strategy. We also observe that the difference between the ACER
index of the strategy F and FM is minimal (0.03), which can also be implemented instead

of the strategy F.

4.6 Conclusion

In this chapter, we formulated an optimal control model for the transmission of dengue virus
disease in humans that incorporates three control interventions, namely, releasing Wolbachia-
infected female mosquitoes only, releasing Wolbachia-infected male mosquitoes only, and pre-
ventive measures to reduce humans-mosquitoes contact induced by educational campaigns.
Using the numerical results, we investigated the effects of single control intervention as well
as combinations of different control interventions on the transmission of dengue virus. We
observed that when strategy F is implemented, the total cost is $2.1 x 103, and the number of
averted infections is 1.58 x 10*. Similarly, the costs of implementing control interventions M
and FM are $2.45 x 103 and $3.01 x 103, respectively, and the averted infections are 1.58 x 103
and 0.15 x 10%, respectively. To determine the most cost-effective strategy among all control
strategies, we used two common cost-effective indexes, namely, average cost-effectiveness ra-
tio (ACER) and incremental cost-effectiveness ratio (ICER). Based on the ACER and ICER
indexes, we conclude that releasing Wolbachia-infected female mosquitoes only is the most
cost-effective strategy among all strategies for controlling dengue disease. Releasing both
female and male Wolbachia-infected mosquitoes is the second-best strategy for controlling

dengue disease.
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CHAPTER 5

A MODEL OF DAPHNIA EPIDEMICS WITH
SPATIAL DISTRIBUTION OF SPORES AND
ALGAE IN WELL-MIXED WATER COLUMN

5.1 Introduction

Phytoplankton is a generic name for microorganisms found in marine and freshwater ecosys-
tems [93] and is the base of several aquatic food webs, e.g., zooplankton (such as Daphnia
) eat phytoplankton (Algae) and then smaller fish eat zooplankton (Daphnia ) which are
then eaten by larger fish. The importance of phytoplankton in the aquatic ecosystem has
long been recognized and has been widely studied [94-99]. Phytoplankton, like other plants,
utilizes solar energy (light) and carbon dioxide to produce biomass during photosynthe-
sis [100]. Several factors such as light intensity, available nutrients, sinking velocity (sinking
due to higher density than water), and mixing (due to waves, wind, and storm) affect the

phytoplankton profile in a water column. Thus, we focus on the following two questions:
1. How does the phytoplankton population persist?

2. What helps the sinking phytoplankton population to remain in the upper well lit and

well-mixed layer of shallow lakes where light intensity and turbulent diffusion is high?

Many authors have studied Spatio-temporal models of phytoplankton in water columns.
Condie and Bormans [101], and Hodges and Rudnick [98] studied the dynamics of phyto-
plankton in the presence of sinking, but they neglect the light effects on the phytoplankton
growth rate. Huismann and Sommeijer [96, 102], Huisman et al. [103], and Bhutiani et
al. [104] considered the light effects on the growth of phytoplankton, but they did not con-
sider the effects of nutrients in their studies. Paul et al. [105] considered only the effects
of nutrients to model the distribution of the phytoplankton population in the water col-

umn. Ryabob et al. [99] analyzed an advection-diffusion-reaction for phytoplankton in which
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the growth rate depends on the light intensity as well as on nutrients in a water column.
Yoshiyama and Nakajima [106] considered the variation of phytoplankton population density
in surface and deep layers with growth rate depending on light intensity and concentration
of nutrients in each layer. Mellard et al. [107], Yoshiyama et al. [108], and Klausmeier and
Litchman [97] considered the advection-diffusion-reaction model of phytoplankton density in
a stratified water column with a well-mixed surface layer on top of a poorly mixed deep layer
in the presence of light intensity and nutrients. Hsu et al. [109] studied a spatio-temporal
model arising from the dynamics of harmful algae and zooplankton in flowing-water habitats
and neglected vertical stratification and light limitation.

The focal host Daphnia dentifera is a lake zooplankton and filter-feed algae. While filter-
feeding on algae, the susceptible Daphnia get infected by accidentally ingesting fungal spores
(Metschnikowia bicuspidata) [30] because they can not differentiate between algae and fungal
spores. Thus, Daphnia-spores interaction forms a host-parasite system and has been studied
using ordinary differential equations (ODEs) to describe the dynamics of the hosts (Daphnia)
and parasites (spores) [32,33,110,111]. Due to weight density, free living spores and algae
can also sink in a water column and can diffuse due to temperature gradient and wind effects
on the water surface.

A model has not been studied yet that incorporates sinking and turbulent-diffusion rates
of phytoplankton (Algae) and fungal spores (Metschnikowia bicuspidata) along with their
interaction with zooplankton (Daphnia dentifera). A partial differential equations model
is needed where we can incorporate convective terms as well as diffusive terms in algae
and spores classes. To this end, we formulate and analyze an advection-diffusion-reaction
partial differential equations (PDEs) epidemic model of phytoplankton (algae), fungal spores
(Metschnikowia bicuspidata), and zooplankton (Daphnia) to investigate the effects of sinking
and turbulent-diffusion of algae and spores in a well-illuminated shallow lake. We also want
to investigate how the water column depth, algal carrying capacity, and advection speed of

algae effects the disease dynamics of Daphnia.
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5.2 Advection-diffusion Daphnia-spore-algae epidemic model

Following the work of [32], we denote the population of susceptible Daphnia by S, infected
Daphnia by T), density of free living spores with Z, and algal biomass with A. We extend
the model studied in [32] by considering the sinking and diffusion of algae and free living
fungal spores in a well-illuminated water column of depth 0 < 2z < L with z = 0 at the top
and z = L at the bottom of the water column. We want to model the dynamics of host,
algae and spores in a shallow water with maximum depth around z,,,, = 10 meters. Since
the water column we consider is well-illuminated, we consider uniform light intensity in the
water column.Therefore, the system of partial differential equations (PDEs) that governs

the dynamics of the model is given by

Infection
BiEEhS >

5 = el DS+~ [@d+pu(2)S —pf(A)ST

———

Death + Predation

Infection
A
G = nf(A)ST - (d+v+0p()]
Death —Pgredation
Advection
P Spore release from dead infected hosts (5 1)
o7 0*Z oz ——— .
v Spore loss
Diffusion
Advection Logistic growth
—~ = % ~
0%A 0A A
0A
5 = Da@ ~ Vo +7(z) (1 - ?) A— f(A)(S+ 1),
Diffusion Grazing on Algae
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Boundary conditions:

Dza_Z(O,t)—sz(O,t):(), Dza—Z(L,t)—sz(L,t) =0
DA DA '
Dag(o, t) — v, A(0,t) = 0, Dag(L, t) — v A(L, t) = 0.

The increase in the S class is due to births from the susceptible Daphnia and infected
Daphnia with rate egfs(A), where fs(A) represents host feeding rate and e; denotes the
conversion efficiency of algal biomass to Daphnia biomass and 0 < p < 1 [32] accounts for
reduction in birth rate of infected hosts due to infection. The decrease in the S class is due
to mortality at rate d and predation at rate p,. The susceptible class also decreases when

susceptible hosts become infected and move into the infected host class at rate u%

, Where
1 denotes the per spore infectivity. The infection rate of the susceptible hosts depends on
the feeding rate f(A), the density of the susceptible hots S, per spore infectivity p, and the
relative density of spores to algae biomass Z/A.

The number of infected hosts (I) increases when susceptible hosts (S) become infected
and move into the infected class. The decrease in the infected class is due to mortality at
rate d, disease-induced mortality at rate v, and predation at rate #p,. To account for the
fact that infected hosts become opaque and their vulnerability to predation increases, we
use the host selectivity parameter # > 1. The host selectivity parameter # > 1 implies that
predators prefer to prey on the infected hosts, whereas 8 = 1 implies no preference among
hosts.

The density of spores (Z) in the water column increases when infected hosts die and
release spores o(d + v)I back in the water column, where (d + v) denotes the death rate of
infected Daphnia and o denotes the number of spores released per dead infected host. Spores
are removed from the water column at rate A\. The density of spores in the water column
is also affected due to sinking at a rate v, and mixing with turbulent-diffusion coefficient
D.. We used an advection-diffusion equation to model the sinking and diffusion process of
spores in the water column. We also want to point out that we do not assume that spore
biomass depends on the host growth rate e fs(A), and neither host consumes spores, both

were assumed in the model [32].
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Finally, algae (A) grows logistically with intrinsic growth rate r and carrying capacity K
and decreases due to the consumption by the susceptible and infected Daphnia at rate fs(A).
The algal biomass also changes due to sinking at rate v, and mixing with turbulent-diffusion
coefficient D,, which we modeled using an advection-diffusion equation for algae class. To
model the feeding rate of Daphnia, we consider the following Holling Type-II functional

response

s0A
f =222

(5.3)

where fy is the maximum feeding rate and h, is a half-saturation constant.
We want to point out that our model (5.1) matches with the model studied in [32] except
that

e We assume that spore biomass does not depend on the host growth rate esfs(A). In
our model, the spore biomass only depends on the density of infected host I and is
modeled as o(d+ u)I, where (d+ p)I I represents the density of infected host per unit

time and o is the number of spores released per dead infected host.
e We do not consider the term f(A)(S + )% in our model.

e In our model (5.1), we also consider the sinking and diffusion of algae and spores in
the water column, which we modeled using an advection-diffusion partial differential
equation (PDE) for both algae and spore classes. Therefore, our model turns into a

PDE model.

Our main focus in this work is to investigate the effects of sinking speeds (v,, v, ), diffusion
coefficients D,, D., algal carrying capacity K, and water column maximum depth z,,,, on
the dynamics of the model (5.1). To make model (5.1) simple, we assume that the turbulent-
diffusion coefficients (D, and D,) and sinking velocities (v, and v,) of algae and spores are
constant and do not vary with water column depth z. Also, the positive direction of v, and

v, are oriented downward, in the direction of increasing z.

83



Table 5.1: Variables and parameters [32] .

Symbol Description Value Unit
Variables:
S Density of susceptible hosts mgC/L
1 Density of infected hosts mgC/L
Z Density of spores mgC/L
A Density of Algae mgC/L
z Depth meters (m)
t Time days
Parameters:
A Loss rate of spores 0.2 day~!
d Background mortality rate of host 0.03 day~!
Ds Predation rate on susceptible host constant for low K day™!
and depth depen-
dent for high K
i Predation rate on infected host Ops day~!
v Disease-induced mortality rate 0.05 day~!
r Algal growth rate constant for low K day*
and depth depen-
dent for high K
fs0 Maximum feeding rate 0.32 day~!
I Host susceptibility 10 mgC/mgC
K Algal carrying capacity 0—6 mgC/L
p Fecundity reduction due to infection 0.9
o Spore release parameter 4 daysx mgC/mgC
€s Conversion efficiency 0.6
hs Half saturation constant 0.3 mgC/L
L Depth of the water column 10 meters (m)
v, Spore sinking rate 0.05 —0.95 meters per day
D, Spore diffusivity coefficient 8 square meters per
day
Vg Algae sinking rate 0.05 —0.95 meters per day
D, Algae diffusivity coefficient 8 square meters per

day

5.3 Disease-free equilibrium states

The steady states equations of the model (5.1) are given by the following equations:
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. fs(A)

0=esfs(A)(S + pI) = (d+ps(2))S — p==—52, (5.4)

0= u%SZ —(d+v+0ps(2))1, (5.5)

0=D,2"—v,Z' +o(d+v)] -\, (5.6)
A

0= D,A" —v,A" +r(z) (1 — E) A— f(A)(SH+ ). (5.7)

For the disease-free steady states, it holds that I = 0 = Z and from equation (5.4) and

(5.7), we have the following steady states:

1. S = 0 leads to the existence of trivial equilibrium state Ey = (0,0,0,0) and algae-only
equilibrium state E; = (0,0,0, A*(2)), where A*(z) is the solution of the following

nonlinear boundary value problem:

D,A" — v, A +1r(z ( —%)A = 0,
BCs: D,A'(0) —v,A(0) = 0, (5.8)
DA (L) —v,A(L) = 0.

2. S # 0 implies the existence of a disease-free equilibrium state Ey = (5*(2), 0,0, A*(z2)),

where S* and A* are solutions of the following steady state equations

esfs(A)S - (d+ps(z))5 = 07 (59)
D A" — v, A" + 1 (2) (1 - %) A— fs(A)S =0. (5.10)

BCs: D, A'(0) — v, A(0) =0,
D, A (zm) — 4 A(zm) =0
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54  Basic reproduction number R5144

To find the basic reproduction number R34 for the model (5.12), we make use of the
theorems proved in [112] and stated below. The method discussed in [112] is similar to the
next-generation matrix approach but for the parabolic system of partial differential equations
that do not have advection and diffusion terms present in all equations. Note that in our
model (5.1) the advection and diffusion terms are also absent in the susceptible and infected

host classes; hence the results proved in [112] are also applicable for our model.

Theorem 5.1 ( [112]). Assume that there exists dy > 0 such that d;(z) > dy for 1 <i < m.

If the elliptic eigenvalue problem

—V.(di(2)VY) + V(2) = AF(2)v, z2eN

9 _
on

(5.11)
0, =z€09Q,

admits a unique positive eigenvalue \g with a positive eigenfunction, then

REZA = p(=FB™Y) = r(=B~'F) =1/ X

Theorem 5.2 ( [112]). Assume that s(—Vaa) < 0. Let By := V.(d;,V) — Vi,

where V| .= V1 — V12V2_21V21. Then the following statements are valid:

1. If Fia = 0 and Foy = 0, then R§1%4 = r(—B~'F) = r(—B; ' F1), where
]:1 = ]:11 - V12V2_21.F21.

2. If For =0 and Fop = 0, then R§ZA = r(—=B~1F) = r(—By'F),
where F2 = Jrll - .F12V2_21V21.

First, we linearize the system (5.1) around the disease-free equilibrium (DFE) state

E, = (5%,0,0, A") by setting



into the system (5.1) and keeping only first order terms, we get the following linearized
system
08 = (eofulA%) — (d+ps)) 5 + pesfu(A)]
ufsAf*l ) §* 7 4 exfaohsS” 1

(het A2

g_{ = MTS* —(d+v+pi)f (5.12)
% = D.9Z-v. % to(d+v) -2 |
5= DagE gl (- i) A

—fo(A7)S = fo(A)].
In our model (5.1), the infected classes are I and Z. Therefore, the transmission matrix F,
which describes the generation of secondary infections in the infected classes, and transition
matrix V, which describes how individuals move in and out of the infected classes, at the

disease-free equilibrium state Ey = (S*(2),0,0, A*(z)) are given by

0 0 A —o(d+v)
F= N and V= : (5.13)
M%S* 0 0 d+v+0ps(z)
oy -l _ o fs(A)(d + v)pusS”
Fi1=Fn — VoV For = F1 = A(d+ v+ 0pa(2))
Vi =Vii — VoV Vo1 = Yy = A,
0? 0 0? 0

B —DzaQ Za -V = B = DZ@—Uza—)\

To find R51%4, we used the following results obtained by Wang and Zhao [112]:
Finally, we write the infected classes, which in our case are I and Z, in terms of eigenvalue

problem by setting

[=em(z),  Z=e"P(2)

into the second and third equation of the linearized system (5.12), we get the following
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eigenvalue problem:

ufs<A*)

S U(2) = (A4 0+ 0ps(2))6(2) =no(2),

d? d
D55 — Sl o+ 0)o(2) ~ M=) =n(),

Solving for ¢(z) from (5.14) and substituting into (5.15), we can write
—Bip = A,

where By = D, %% — v, % — \p and Fyyp = NS,

Lemma 5.1. Let n; be the principle positive eigenvalue of the eigenvalue problem

d*y dip afs(A*)(d + v)uS*
a2 T TN T At v Ope(2))

D, 7!}/(0) — Uz 1/1(0) =0, Dzwl(L) - Uz¢(L) =

-D,

(8

with a positive eigenfunction. Then R3Z4 =1/n;.

Using the transformation ¢(z) = e%Z\IJ(z), Eq. 5.17 takes the following form,

’

- (Dze%zzzlp’(z)) F AU (2) = n%e%ﬂl(z),
v(0) = 0,
U'(L) = 0.

5.5  Numerical results

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

The nonlinear advection-diffusion-reaction model (5.1) with boundary conditions can not be

solved analytically. We solve the model (5.1) numerically using the method of lines [113]. In

all numerical simulations, we consider uniform initial conditions for state variables and use

the parameter values given in Table 5.1 unless otherwise stated. We assume that the algal

growth rate and predation rate are constant when the algae carrying capacity is low (e.g.
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0 < K < 2), whereas growth and predation rates vary with depth when the algal carrying

capacity is high (e.g. 4 < K < 6). To incorporate this assumption, we consider

02 0<K<L2
r(z) 4<K<6

growth rate =

01 0<K <2

predation rate = ,
p(z) 4<K<6

where r(z) and p(z) vary with depth and their variation with respect to depth is shown in
Figure 5.1.

Depth dependent growth rate depth dependent predation rate
T T T T T T T T

0.1
0.098 -
0.096 -
0.094
0.092 -

S
= 009F

growth(z)

0.088 -

0.086

0.084

0.082

0 1 2 3 4 5 6 7 8 9 10 008 !
Depth (in meters)

(a)

Figure 5.1: Qualitative shape of algae growth rate function r(z) (left panel) and host
predation rate function ps(z) (right panel) when the carrying capacity K is high
(4< K <6).

In all simulations, we also assume that algae and spore sink with the same speed (i.e.

vy = V), positive v, and v, are oriented downward, in the direction of increasing z.

5.5.1 Dependence of steady states on the carrying capacity K

To understand how the algal carrying capacity K affects the dynamics of the model (5.1),
we fix the water column maximum depth zy,. = 10 meters (m), sinking rates v, = v, =

0.1m/day, turbulent-diffusion coefficients D, = D, = 8 m?/day, and solve the model (5.1)
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numerically using low and high values of the carrying capacity K. The numerical results in
Figure 5.2 show that Algae-only steady state exists when the carrying capacity is K = 0.8,
whereas disease-free steady state exists only when the carrying capacity is K = 1.2. The
results in Figure 5.2 reveal that algae-only or disease-free steady states exist when the the
carrying capacity is low 0 < K < 2. However, the endemic equilibrium state exists when the
carrying capacity is high (e.g. K =5 and K = 5.5), as shown in Figure 5.3. The numerical

results in Figure 5.3 also reveal that
e algal biomass is high for large K and low for small K, as expected,
e there is more algae in the upper layer than at the bottom of the water column,

e most of the Daphnia are (on average) deep but not exactly at the bottom of the lake.

Similar behavior is also observed for the infected Daphnia as well,

e the number of susceptible and infected Daphnia is maximum at z = 6.55m, which is
1.55 meters below the inflection point on the growth and predation rates curve shown

in Figure 5.1,

e the number of spores increases up to the depth z = 7.2 meters, and then starts de-

creasing until the bottom of the lake z = 10.

It is worth mentioning that the decrease in spores density after a certain depth is due to
i) decrease in infected Daphnia, which are the only source for the spores, and ii) zero flux
boundary conditions along with the presence of diffusion and advection in spores equation.
Through numerical experiments, we also observe that spores sink to the bottom of the lake
when advection time scale i is much smaller than the diffusion time scale D%.

Overall, the results in Figures 5.2 and 5.3 show that under fix v, = v, = 0.1, 2. = 10,
and carrying capacity K increases from K = 0.8 through 1.5 to 5, we observe the same
behavior as in the system without advection and diffusion and was studied in [32]. Namely,
we see the transition from the algae-only to the disease-free, and finally, the endemic steady

state when we only change the carrying capacity K while keeping the sinking rates and water

column maximum depth constant.
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Figure 5.2: Algae-only steady state exists when K = 0.8 (left panel) and disease-free
steady state exists when K = 1.2 (right panel). The basic reproduction number when
K =12is R§#4 =0.2.

5.6 Dependence of steady states on the carrying capacity K,
sinking rates v, = v,, and water column depth zyax.

To investigate how the sinking rates and the water column maximum depth z,,., affect the

dynamics of the system (5.1), we consider
e two water columns of different depths zp.x = 5, 10 meters (m),
e low and high values of the algal carrying capacity K = 0.8, 1.2, 5, 5.5 mgC/L,

e different sinking rates with values in range v, = v, = 0.1 — 0.9 m/day,

and solve the model (5.1) numerically by taking different combinations of the cases mentioned
above. In the numerical results that follow, the plots in the left column represent the
dynamics of the model (5.1) for z,.x = 5, whereas the plots in the right column represent
the dynamics for zy., = 10. Within each column, left and right, the variation of sinking
rates is also shown. The effects of the carrying capacity are shown by taking different K for
each figure; that is, each figure corresponds to a fixed value of K.

In Figure 5.4, we observe that Algae-only steady state exists for low carrying capacity
(K = 0.8) and zpmax = 10 (right panels) for different sinking rates, whereas only trivial

steady state exists when the advection speed exceeds 0.5 for the same carrying capacity
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Figure 5.3: Endemic steady state exists when the carrying capacity is high and

v, = v, = 0.1 and D, = D, = 8. The solid black lines correspond to K = 5, whereas the
red dotted lines correspond to K = 5.5. The basic reproduction number is R§744 = 1.13

when K =5 and R34 = 8.29 when K = 5.5.

(i.e., K = 0.8) but the maximum depth is small z,,, = 5 (left panels). In Figure 5.4, we

also observe that algal biomass decreases when the sinking speed of algae increases.

The results in Figures 5.5 and 5.6 correspond to the carrying capacity K = 1.2. For the

case where maximum depth zp., = 10 (right panels), we observe disease-free equilibrium

state as long as sinking speed is less than 0.1 and algae-only equilibrium state when sinking

speed exceeds 0.1. For the case where maximum water column depth zy., = 5 (left panels),

algae-only steady state exists as long as sinking speed is less than 0.5 and when sinking

speed exceeds 0.5 we observe only trivial equilibrium steady state.
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The numerical results in Figures 5.7-5.8c correspond to the high carrying capacity value
K = 5 where we observe either trivial, algae-only, disease-free, or endemic steady states
depending on the water column maximum depth z,,., and algae sinking speed v,.

Based on the numerical results presented in Figures 5.4-5.8c, we observe that steady-state
equilibrium states of the model (5.1) not only depend on the algal carrying capacity K, as
we see in Figures 5.2-5.3, but also depend on the sinking speed of algae v, and the water
column maximum depth z,... These numerical results suggest that there exists a critical
water column maximum depth z...x, Which also depends on the sinking speed, such that if
the water column maximum depth is less than z. . algae do not persist and if greater than

the critical length algae persist.
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Lake depth = 10 meters
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Figure 5.4: Numerical results when K = 0.8 and z,,,, = 5 (left column) vs z,,,, = 10 (right
column). For zp., =5 (left column), algal density decreases as sinking rate increases and
finally becomes zero when sinking rate exceeds 0.5, whereas for 2z, = 10 (right column)
algae persists even when the sinking speed exceeds 0.5.

5.7 Conclusion

In this chapter, we formulated an advection-diffusion-reaction Daphnia epidemic model
where the susceptible hosts (Daphnia) become infected by accidentally ingesting fungal
spores (Metschnikowia bicuspidata) in a water column. The feeding rate of the host on

algae is modeled using Holling type-II functional response. Due to weight density and tem-
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Figure 5.5: Numerical simulations when K = 1.2 and 2z, = 5 (left panels) vs 2z = 10
(right panels).
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Figure 5.6: Numerical results show that disease-free steady state exist only when K = 1.2,
v, = 0.1, and zy.x = 10.

perature gradient, the spore and algae sink as well as diffuse in the water column, which we
modeled by incorporating the advection and diffusion terms in the equations that correspond
to algae and spores. We assume that the host (susceptible and infected Daphnia neither sink
nor diffuse; hence the host’s equations do not have advection and diffusion terms in them.
Using the numerical results, we observed that steady states of the PDE model depend on
the carrying capacity, algae sinking speed, and water column maximum depth. Numerical

results suggest that corresponding to each algae sinking speed, there exists a critical water
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Figure 5.7: Numerical results when K =5 and zya, = 5 (left column) vs 2. = 10 (right
column).

column maximum depth such that if the water column maximum depth is below the critical
depth, algae do not persist, and if above the critical length algae persist. Also, using the
dimensional analysis on algae equation in appendix (C), we observe that algae persist if the
advection time scale Z’Zf is large compared to algae growth time scale %, that is algae
grows faster than it sinks. However, when the algae growth time scale dominates advection
time scale (i.e. algae grows slower and sink fast) then algae does not persist. It is clear that
advection time scale depends on the water column depth z,,,, and the algae sinking rate
vem/day, and the advection time scale is small for small z,,,, and large v,. Our numerical

results are consistent with the dimensional analysis and we also observe numerically that for

small water column depth and large advection, algae does not persist.
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APPENDIX A

DEFINITIONS AND STATEMENT OF THEOREMS

In this appendix, we define important terms and state theorems that we used in this thesis.
Definition A.1. A set C is called convez ifV z1, zo € C andn € [0, 1] then nzy+(1—n)z € C.

Definition A.2. A function f : C — R is called convez if C is a convex set and ¥V zy1, zo € C,
and all n € [0, 1], we have f(nz1 + (1 —n)z) < nf(z1) + (1 —n)f(2).
Definition A.3. A function f is called Lipschitz if 3 a constant k such that |f(z1)— f(z2)| <

K|z1 — 2zo| for all zy, z in the domain of f.

Theorem A.1 (Pontryagin’s Maximum Principle [13]). Let u* be an admissible control and

y* be the corresponding trajectory, then there exists adjoint variable A, : [0,T] — R, such

that
dy OH d\ OH
- d -y Al
it~ on, dt dy (A1)
where the Hamiltonian 'H = integrand of the objection functional + Ay%
H(t Y™ (1), u™ (1), Ay(2)) < H(E,y" (1), u, Ay(F)  Vu €U, (A.2)
and the transversality condition
M(T)=0 (A.3)
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APPENDIX B

LOCAL STABILITY ANALYSIS OF IT
WOLBACHIA-FREE EQUILIBRIUM (WFE) POINT

In this appendix, we prove the stability of the it Wolbachia-free equilibrium point E; =
(A1n, Fin, F1,,0,0,0) discussed in section 2.3.3 of chapter 2.
The Jacobian of (2.1a)-(2.1f) at the WFE point Fj is

(1=Z0n)Tynpn pn (A=Zon)Tmpn  (1—€w)pw —TlimnPn
_('Vn + Nna) + M:Jz%o: 8 5’}?70” 0 M?z%o: . %[an ROn,(q_Tﬁll«n
TYn — [ 0 0 0 0
(1 - T)”/n 0 —Hmn 0 0 0
JEl = Ew P

0 0 0 7(fyw + /J/wa) u;g]: 0
0 0 0 TYw o 0

0 0 0 (1 =7)Vw 0 —

Eigenvalues of Jg, are — i, —tm, and the roots of the following quadratic equations

AN +GA+¢G =0, (B.1)
AN +GA+G =0, (B.2)
where

1 ) TYnPn
%071 Hn

G = (Yot + ftna) + (1 =

CQ = Nn(’yn + ,una,)(%()n - 1)7

Y

(3 = (7w+ﬂw+ﬂwa)v

G4 = 'Yw(ﬂw‘{’ﬂwa)(l_‘@gmlb)'

Using the Routh-Hurwitz criteria, the solutions of the (B.1) have negative real part if all
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the coefficients are positive. (; and (5 are positive provided %, > 1. Hence, the real part
of all the roots of (B.1) is negative if Zy, > 1. The roots of (B.2) have negative real part if
(3> 0 and ¢4 > 0. (3 is always positive while ¢4 is positive if Z2°® < 1. Therefore, the real

part of all the roots of (B.2) is negative if 2y < 1.

Theorem B.1. If %, > 1 and ZY°® < 1 then the it Wolbachia-free equilibrium point
Ey = (A1, Fin, M1, 0,0,0) is locally stable and unstable if By > 1.
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APPENDIX C

PERSISTENCE/EXTINCTION OF ALGAE

In this appendix, we analyze the algae equation in the absence of Daphnia and spores and
discuss the dynamics of algal biomass in terms of advection and growth time scales.
In the absence of Daphnia and spores, the dynamics of algal biomass is governed by the

following partial differential equation;

0A 0?A 0A A
E = Daw — UQE r <]_ - §> A, (C].)
with zero flux boundary conditions
D20y, A(0,t) = 0, ©2)
DALY _ oy A(Lt) = 0, ’

where L denotes the maximum length of water column, that is L = zy.¢. Using the non-
A and t = £, Eq. (C.1) becomes

dimensional variables A = %, z = 7,

19A D,9?A v,0A N
Cer - Dem Lo tr(1-A)A (©3)

with zero flux boundary conditions

8" , ~
L2200 — v, A0,8) = 0, o
%—8’4&’”—%1&@,15) = 0.

Let ty = L—2, t, = L, and t, = 1 denote the diffusion, advection, and growth time scales. In
Dg Vg r

terms of these time scales, Eq. (C.3) becomes

10A 1824 104 1 N«
T L (1 A)A .
Lol 4,02 L 82+tr< ) ) (C.5)

100



with zero flux boundary conditions

&—‘M(O’t)—vafl(O,t) = 0,

DL 6/3? t) 7 (C'G)
T“a—z’—vaA(l,t) = 0.

From Eq. (C.5), we observe that when advection time is large compared to the growth time
(ta >>t,), we expect the existence of algae as algae grow faster than it sinks to the bottom.
However, when advection time is small compared to the growth time (i.e t, << t,.), the algae

sink to the bottom and do not grow.
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