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Abstract

Fiber reinforcements are used in a broad variety of materials in engineering. They increase the strength,
stiffness, ductility, and resistance to fatigue of the unreinforced material. Computational simulations can
reduce the cost of designing these materials, and improve the understanding of their failure mechanisms.
However, modeling of damage evolution and the multiscale interactions in composite materials using stan-
dard Finite Element Methods (FEMs) face significant barriers in terms of model generation and problem
size. This work presents recent advances of the Generalized Finite Element Method (GFEM) for three-
dimensional modeling and simulation of crack propagation in fiber-reinforced composites. Fibers are dis-
cretely modeled using a modified formulation of the Embedded Reinforcement with bond Slip (mERS) that
allows its combination with the GFEM where fractures are represented using enrichment functions instead
of meshes fitting the crack surface. Matrix cracks are described using discontinuous and singular functions
as in the GFEM for homogeneous materials. This procedure can address some of the limitations of existing
FEMs by describing both cracks and fibers independently of the underlying FEM mesh. Examples illustrat-
ing the capabilities and robustness of the method are presented. Crack propagation simulations are compared
to physical tests showing that the method can successfully reproduce the failure behavior of fiber-reinforced
composites. The results show that several failure mechanisms of the composite can be reproduced by the
model, including matrix crack propagation, fiber debonding, and failure. In addition a multiscale approach is
proposed using the GFEM#/, a framework that allows intercommunication between macro and micro scales

of the material.
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Chapter 1

Introduction

1.1 Background and motivation

Revolutionary design of future power generation systems, rockets, hypersonic missiles, and flight vehicles
are contingent on the development of advanced composite materials. The design of composite structures [1]
has long relied on physical testing to establish their effectiveness, while their modeling and computational
simulations have been hindered by the available tools. In fact, the current methods imply high costs and
protracted design process. Computational simulations can potentially reduce these costs and improve the

understanding of failure mechanisms of this class of materials.

Many advanced materials like Ceramic Matrix Composites (CMCs) rely on crack bridging mechanisms
to hold cracks together and resist their growth. As observed by Kruzic and co-workers [2, 3], cracks in
CMCs are initially very small (at the micrometer scale) and can behave in a way that is vastly different from
that of the millimeter-scale cracks studied in the laboratory. This difference is, in fact, a notable problem in
predicting fatigue failures in modern advanced materials. In crack bridging problems, a small crack situated
between reinforcing fibers or layers needs only to overcome the cracking resistance of the matrix in order
to propagate. However, once the crack has propagated into the reinforcing phase, the crack is held and
propagation resistance is increased. As many modern composites show similar behavior, the development
of a reliable computational tool to characterize the interaction between an arbitrarily-oriented fiber and a

three-dimensional crack has become necessary.

The main objective of this work is to develop a three-dimensional Generalized Finite Element Method
(GFEM) [4-7] able to simulate fractures in fiber-reinforced materials, including crack bridging mechanisms.
The proposed research offers an alternative for the difficult and costly fracture experiments needed to deter-

mine the fracture behavior of complex fiber-reinforced materials.



1.2 Relevance

Since the 1960s the use of composite materials has grown with an average of 15% per year, [8]. It has
led the development of many different kinds of composites in order to supply every new demand. Hence,
it becomes increasingly more important to be able to model these materials accurately, inexpensively, and
quickly using computer models. In particular, for composites materials with fibers, it can be observed that
the overall behavior of the composite is highly dependent on the fiber configuration. Specimens such as
the one shown in Fig. 1.1 can present several fiber arrangements. To accurately describe the mechanical
behavior of the composite it is necessary the appropriate description of the physics of the fibers, matrix, and

their interfaces.

Figure 1.1: Several fiber configuration for a reinforced composite, adapted from [9]

The demand for high-temperature thermostructural materials continues to grow, fueled principally by
power generation systems for aircraft engines, turbines, rockets, and most recently, hypersonic missiles and
flight vehicles. Typical components include combustors, nozzles, and thermal insulation. With their high
melting point, strength, low-density, and toughness, composites offer great potential for enabling elevations
in the operating temperatures of these systems, [10]. Figure 1.2 shows the turbine inlet temperature in a jet

engine and the corresponding nozzle component made of composite material (CMC).
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Figure 1.2: (a)Trends of turbine inlet temperature in a jet engine. (b) Turbine nozzle component made of CMC [11]

Available methods are not able to efficiently model this class of material. The proposed computational
methodology will enable validated simulations and improve the understanding of complex fiber configura-
tions and behaviors. Complex physical models (such as the one shown in Fig. 1.3) have been arising in
recent years and a reliable and powerful tool is necessary to help scientists and engineers to find solutions

of important problems related to composite materials.
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Figure 1.3: Modeling physical behavior (source: [12])



1.3 Ciritical issues and potential applications

1.3.1 Failure mechanisms in fiber-reinforced composites

Failure models in heterogeneous materials must take into account how they fail at the microscopic level.
Advanced CMCs, for example, tend to break in a way that is intermediate between ductile and brittle ma-
terials. They can resist failure by cracking better than brittle materials, but like ductile metals, they are
susceptible to fatigue failures over time. Because fatigue failures in these materials occur very differently
than in ductile metals, traditional methods for fatigue predictions are not appropriate [13]. Many advanced
materials rely on crack bridging mechanisms to hold cracks together and resist crack growth. Cracks in
composite components are initially very small (micrometer scale) and can behave in a way that is vastly
different from that of the millimeter-scale cracks studied in laboratory tests using standardized techniques
developed for traditional metal alloys [2, 3]. This difference is a notable problem in predicting fatigue

failures in modern materials.

In crack bridging, a small crack situated between reinforcing fibers or layers needs only to overcome the
cracking resistance of the matrix in order to propagate. However, once the crack has propagated around the
reinforcing phase, fibers can hold the crack together and increase crack propagation resistance. This rising
fracture or fatigue resistance with crack extension, called a rising R-curve, is seen across a broad range of
advanced materials. However, since the bridging only develops with crack extension, there is an inherent
effect of crack size on the material toughness [14] and, as well, on the cyclic fatigue-crack growth resistance
[15] for cracks shorter than the steady-state bridging-zone lengths. Such crack-size effects on fracture
toughness are expressed in the form of a R-curve, which allows for failure predictions based on the loading
conditions and initial flaw size [14]. This enhanced cracking resistance of materials with rising R-curves,
should be utilized by designers when predicting whether fatigue cracks will arrest during cyclic loading or

grow and lead to fracture. Otherwise, the design will be either far from optimal or non-conservative.



1.3.2 Limitations of experimental predictions: a potential application

The majority of fatigue-crack growth tests performed to date on many materials have used millimeter-
scale (so called “large”) cracks growing in standard fracture mechanics specimens [14]. These experiments
are typically believed to represent the behavior of cracks with steady-state bridging zones. Crack-size effects
on the fatigue threshold are thus ignored in such experiments, and the measured fatigue thresholds are non-
conservative when compared to those from smaller cracks with developing, or transient, bridging zones
[14]. Since relevant crack sizes (in CMCs, for example) for structural use will likely be several orders of
magnitude smaller than those in such test specimens, effects of crack size must be addressed if the fatigue

threshold is to be used as a design parameter.

Some of the most promising applications of CMCs, for example, are as replacement of traditional metal
alloys in structural components subjected to high temperatures and very high cycling frequencies. These
components will fail quickly if the fatigue threshold of the material is exceeded, providing limited useful
service life. Because of this, the fatigue threshold, AK7g, below which cracks are presumed not to propagate
under cyclic loads, is often considered as a critical parameter in the fatigue of high-toughness ceramics. A
major challenge in the application of CMCs in design is the crack-size dependence of the fatigue threshold
R-curves during the bridging zone development. The precise definition of the fatigue threshold R-curves is

a central issue for the adoption of CMCs by the industry.

Direct measurements of fatigue crack propagation resistance curves are usually costly and time consuming
because of the difficulty and length of fatigue experiments [14]. In this research, a method is proposed to
help modeling these materials. The proposed multiscale computational framework will also enable the study
of the effect of matrix, fiber, and matrix-fiber interface properties. This will open many opportunities for

optimization of the material performance of a large number of composites.



1.3.3 Numerical simulation

Although advanced materials such as CMCs can be used safely based on empirical experience and over-
design strategies, optimizing their performance requires more sophisticated approaches to accurately predict
their strength and fatigue life. The response prediction of advanced materials, like fiber-reinforced com-
posites, requires addressing phenomena spanning multiple spatial and temporal scales. The behavior and
performance of these materials is driven by the complex interactions and evolution of defects at microscales
as illustrated in Fig. 3(a). These small-scale damages interact with the global response of the structure
and may gradually evolve into a macro defect or damage mode. Many years of successful experiences at
designing metallic components and structures cannot be directly transferred to composite structures. The
current design of composite structures relies on tests of elements and sub-components to establish the effects

of local details on structural behavior leading to high costs and time-consuming design processes [16].
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Figure 1.4: (a) Damage characterization in composite materials involves complex multiscale interactions. (b) Three
dimensional fracture surface of a Continuous Fiber Ceramic Composite (CFCC) showing extensive fiber pullout [12]

The mathematical homogenization theory [17], has been used extensively since the 1970s as a tool for
analyzing the multiscale response of materials. It uses asymptotic expansions of displacement, strain, and
stress fields about macroscopic values. This method is based on the assumptions of the spatial periodicity of
microscopic representative volume elements (RVEs) and local uniformity of macroscopic fields within each
RVE [18]. These assumptions make physical sense when the goal of the analysis is to predict the on-set of

damage. However, they become much less realistic as the various damage mechanisms progress.



1.4 Objectives

The objective of this research is the development of a finite element approach to accurate simulate fiber-
reinforced composites. The approach must admit the inclusion of a large number of fibers and be mesh
independent. The basic idea is shown in Fig. 1.5. The proposed model allows the superimposition of fibers

on a matrix material mesh. In other words, fibers and background mesh do not need to coincide.
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Figure 1.5: Modeling discrete fibers in a continuous matrix material, (figure adapted from [19])

The idea of modeling each individual fiber comes from the assumption that this is the most direct way
of representing the influence of the fiber orientation and its mechanical properties in a continuum. The
discrete modeling of individual fibers provides several advantages, including the ability to simulate the
effects of fiber dispersion on pre and post cracking composite performance, as described by [20]. The
ability of mesh independence is particularly important when solving a realistic problem in engineering.
Realistic simulations of evolving crack surfaces require hundreds of small propagation steps and several
different initial crack configurations. Thus, even the best available 3D mesh generator will eventually run
into difficulties during a simulation and require user intervention. In addition, mapping of nonlinear or

time-dependent solutions between meshes that are not nested invariably leads to loss of accuracy.



1.5 Literature review

There are many techniques to simulate cracks in fiber-reinforced composites. One effective approach
is to smear the effects of the fibers using a traction-separation law as shown in, e.g., References [21-27].
Another common method uses a cohesive approach to model the effects of the reinforcement layer bridging
the crack ([28] and references therein). This approach was recently combined with the GFEM in Refer-
ences [29-31]. Under the group of fully discrete models for fiber-reinforced composites, approaches based
on the classical Finite Element Method (FEM) are the most straightforward. They are characterized by con-
formal discretizations of matrix and fiber regions, with nodes and edges of matrix elements connected to
corresponding nodes and edges of fiber elements [32—-35], and bond-slip mechanisms that can be introduced

by means of matrix-fiber interface elements.

While these approaches can be very accurate as they can potentially produce a digital replica of the
composite, their relatively high computational burden is a major drawback. Nonetheless, conformal FEM
approaches offer the possibility of generating reference numerical solutions when analytical solutions are
not available. A classical FEM approach is therefore adopted as a reliable method to obtain reference
solution, as can be observed in the several numerical examples in this dissertation. This classical solution

has, however, prohibitive cost or is unable to perform for some classes of problems.

The necessity of describing pre- and post-cracking behavior of fiber-reinforced materials has led to the
development of several numerical techniques [20, 36—40], referred to as discrete fiber models, that can
represent each individual fiber within the composite volume in an explicit manner and at a significantly
lower computational burden compared to classical FEM approaches. Discrete fiber models provide the
possibility of directly modeling the local behavior of the fibers, including their rupture, and the effects of
non uniformity of fiber distribution within the material volume. These capabilities can be important when

simulating failure of fiber-reinforced composites as shown in, e.g., References [20, 41-44].

Lattice models [40, 41, 44, 45] are probably the most impressive in terms of fiber densities that can be
handled with a limited computational burden at the cost however of reduced control in terms of material
properties (the Poisson’s ratio of the material depends on the local arrangement of the lattice although recent

developments [46] have addressed this shortcoming). Another limitation, albeit restricted to the context of



this work, is its incompatibility with classical FEM approximations for solids.

The discrete fiber approach closest to a classical FEM approach is the Embedded Reinforcement method
with bond Slip (ERS) [36, 37, 47]. This method facilitates the discretization of high aspect ratio fibers by
allowing their mesh-independent representation through the superposition of reinforcement bar or beam el-
ements and matrix elements in a non-conformal manner. Zienkiewicz et al. [48] were the first to propose
an approach to describe embedded reinforcements. In this approach, here referred to as Embedded Rein-
forcement Method (ERM), the reinforcement is represented by bar elements perfectly bonded to the matrix
material. The capability of modeling slip and bonding between reinforcement and matrix was introduced
by Balakrishnan and Murray [36]. For convenience, any approach that enables the modeling of embedded
reinforcemnts with slip is hereafter referred to as ERS. In the ERS proposed by Elwi and Hrudey [37] the
method was extended to model a generally curved reinforcing layer in a two-dimensional setting, while its

three-dimensional extension is due to Hartl [47].

In these formulations, embedded reinforcements are added by means of extra contributions to the principle
of virtual work and via relatively simple modifications to the classical FEM approximation. However, the
ERS can only be used, in a consistent way, with low-order finite element approximations as shown in Sec.

3.3.1.

A methodology related to the one presented here is the Conforming Generalized Strong Discontinuity
Approach (CGSDA) with Embedded Reinforcement [49]. In this method, discontinuities are discretized
using the CGSDA [50]. As in the GFEM, the finite element mesh need not fit the crack surface, but the
crack tip must end at an element boundary. Hence, the geometry of the crack front is mesh dependent in
the case of three-dimensional fracture problems. This is also the case in the GFEM if only the Heaviside
enrichment are adopted. The method of Octévio et al. [49] has only been formulated for linear elements and

applied to 2D problem:s.



1.6

Outline

This dissertation is composed by seven chapters and outlined as follows:

Chapter 1: Introduces fiber-reinforced composite materials and its relevance, describes objectives and

gives a literature overview.

Chapter 2: Presents the mathematical derivation of the problem with focus on the development of
the mathematical background that governs the mechanical behavior of fiber-reinforced composite

materials.

Chapter 3: Introduces the GFEM-mERS and presents in details its formulation developed for fiber-

reinforced materials.

Chapter 4: Presents 3D numerical experiments of fiber-reinforced materials using the GFEM-mERS

formulation developed in Chapter 3.

Chapter 5: Introduces the theory for nonlinear debonding and crack propagation parameters. Per-

forms numerical experiments combining advanced physics in fiber-reinforced composite materials.

Chapter 6: Presents formulation and numerical experiments of multiscale problems using GFEM.

Chapter 7: Conclusions and suggestions for future work are presented.

This document is also is composed by three appendices:

e Appendix A: Presents the Object Oriented Project for the GFEM-mERS.

e Appendix B: Presents a validation of a 3D adaptive GFEM for mixed-mode brittle fracture propaga-

tion.

e Appendix C: Presents parametric studies using numerical experiments for fracture mechanics in fiber-

reinforced materials.
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Chapter 2

A Fiber-Matrix Model

2.1 Introduction

This chapter ! presents the mathematical model adopted for a continuum with one embedded fiber. The
goal is develop a formulation able to simulate fiber-reinforced materials under the assumption of linear

elastic materials.

2.2 Mathematical formulation

The assumptions adopted here follow those in Reference [52]. For simplicity, a single fiber is considered.

Extension of the model to an arbitrary number of fibers is straightforward as shown by Radtke et al. [52].

Figure 2.1: Continuum with one fiber

Consider a domain Q c R3 with an embedded fiber as shown in Fig. 2.1. Let Q¢ and Q;, denote the
domains occupied by the fiber and matrix, respectively, with Q = QU Q;,,. The matrix-fiber interface is

denoted by I'. For simplicity, we assume that the fiber is fully embedded in Q. Thus, I'NJQ = 0, where 0Q

IThis chapter has been adapted from “P. Alves, A. Simone, C. A. Duarte, A generalized finite element method for three-
dimensional fractures in fiber reinforced composites, Meccanica (2020), [51]”
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is the boundary of Q. The external surface of the fiber is denoted by I't while the external surface of the
matrix facing the fiber is denoted by I'y,. The boundary 0Q is decomposed as 9Q =", UT'y with I'; NIy = 0.

Dirichlet and Neumann boundary conditions are prescribed on I'y and I'y, respectively.

The equilibrium equations are given by

V.o=0 inQ 2.1

with boundary conditions

o-n=1t only and u=u onl, (2.2)

prescribed on 0Q, where n is the outward unit normal vector to dQ, f are prescribed tractions, and & are

prescribed displacements.

The tractions at the fiber-matrix interface are denoted by

o-nr=tf onlt and O-Ny =ty onlyy, (2.3)

where n¢ and np, are outward unit normal vectors to I'r and Iy, respectively, and o - ny = —0 - ny, = t; by

equilibrium.

The matrix and the fiber are assumed to behave as a linear elastic material, i.e.,

On=Dy,:€ and 2.4)

of= Df . E, (2.5)

where Dy, and Dy denote the fourth order Hooke’s tensor for matrix and fiber, respectively.

12



2.2.1 Kinematic Assumptions

The displacement field # over the entire body Q is decomposed as

=i+, (2.6)

where # is a continuous function across the matrix-fiber interface I', but possibly discontinuous elsewhere
in Q (since there may be cracks in ), and & is continuous over the fiber subdomain ), discontinuous
across the fiber-matrix interface I', and identically zero over the matrix subdomain Qy,. The field # =u—u
is the relative displacement between fiber and matrix. Function i is also known as fiber slip [36, 37], and
i1, the non-slip component, is known as duct displacement [47] or concrete displacement [36] (this quantity
is expressed in terms of the matrix displacement field of the element crossed by the fiber as shown in Sec.
3.3.1). Figure 2.2 illustrates these functions. Function i#|q,  represents the matrix displacement over Qy,,
ie.,

ulo, =i, (2.7)

while #|q, is the matrix displacement over the fiber domain Q.

() = u(xm) — u(xp) = xf, — x,

a(xm) = U(Xm) = X, — Xm

undeformed (xf = xp,) deformed

Figure 2.2: Zoom-in at a fiber-matrix interface at the undeformed (left) and deformed (right) configurations
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In the spirit of ERS, the fiber displacement is decomposed in two components:

ulo, = dilo; + i|q;. (2.8)

Based on the above decomposition, the displacement jump across the fiber-matrix interface is given by

[u]lr = ulr; — ulr,, = (@ + )|, — (@ + @)|r,, = alr, = [@]lr (2.9)

since # is a continuous function over interface I" and # is identically zero over the matrix subdomain Q.

Based on decomposition (2.6), the small strain tensor is also decomposed as

€=Vu=Vi+Vi. (2.10)

where V* is the symmetric part of the gradient operator.

The tractions #; at the fiber-matrix interface (Fig. 2.3) are related to the displacement jump (2.9) through
the linear relation

t; = Dy[u]lr = D[] |r = Dyitlr, (2.11)

Figure 2.3: Tractions along the fiber boundary

where Dy, is a second order tensor for the bond between matrix and fiber. The last equality in the above
equation is a consequence of & being identically zero over the matrix subdomain Q, as stated earlier. It is
noted that a nonlinear traction separation law for the fiber-matrix interface is needed to model debonding at

the fiber-matrix interface and it will be presented later in Chapter 5.
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2.2.2 Principle of Virtual Work

The weak formulation of the problem described in the previous section is given by: Find u € U, such that

fVS6u:0'dQ+f[[6u]]|r-tfdl":f ou-tdl'y VoueU,
Q Iy

I'n

where

UQ) ={u:ux) eR*VxeQ; ue H' (Q).i=1,2.3; ulp, =)

Uy (Q) ={ueUQ): ul, =0}

The kinematic assumptions from Sec. 2.2.1 lead to

fvséit:ad9+f Vi6n: odQ + ﬂéﬁﬂlr-tfdrzf ou-tdlI'y.
Q

Qf It I'n
It is noted that both é# and dit belong to Uy.

Since the virtual displacements 6# and di are arbitrary, (2.15) can be split as

fVS(Sﬁ:O'dQ:f oi-1dl'y and
Q I'n

f Visiu:odQ+ | [ou]lr-trdl = 0.
Qf It

(2.12)

2.13)

(2.14)

(2.15)

(2.16)

2.17)

Using the decomposition of the strain tensor given in (2.10) and constitutive laws (2.4), (2.5), and (2.11),

lead to
f Viéir: Dy, : V"ﬁdQ+f Vo6t : D¢ : Vi dQ
O foR

+fV‘Y6ﬁ:Df:VSﬁdQ:f ou-tdl'y,
Qf I'n

15
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since V*it = 0 over Q,, and

f V46ii : Dy : VandQ+ f V46it : Dy : ViedQ + f Sitlr - (Dyitlr) dT = 0. (2.19)
Q¢ Qp I

since [6@]|r = Sitlr.

As the integral over the matrix domain Qy, in Equation (2.18) is difficult to evaluate using a nonconformal
discretization of matrix and fiber domains, it is converted to an integral over the whole domain Q thus
yielding

fV“dﬁ :Dy, : Vi dQ+f Vi6it: (Df— Dyy) : Vi dQ
Q Qf

+ f Vi : Dy: ViidQ = f Si-1dly. (2.20)
Qf I'n

Hereafter the cross-sectional area of the fibers is assumed constant over its length. Furthermore, the stress
state in each fiber is assumed to be one-dimensional — the fibers can only take axial deformation. This is

valid for thin and flexible fibers. With these assumptions, equations (2.19) and (2.20) can be simplified as

Aff Vséﬁ:Df:VSﬁdl+Aff Vi : Dy : Viadl
L¢ L¢

+ Cff 5ﬂ|r . (Dbflh“) di=0 2.21)
Lg
and

fV‘Yéﬁ :Dy, : Vi dQ+Aff Vi6it: (Ds— Dyy,) : Viardl
Q Ly

+Aff V‘Yéﬁ:Df:V‘vﬁdl:f ou-tdl'y, (2.22)
L¢ I'n

where A¢, Cr and Ly are the cross-section area, circumference, and length of the fiber, respectively. Equa-
tion (2.9) was used to arrive at the last term on the left had side of (2.21). With an abuse of notation, all

quantities are kept in a general three-dimensional setting.
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Chapter 3

Fiber and Matrix Discretization

3.1 Introduction

This chapter ! combines a Generalized FEM for 3D static fractures with a modification of the Embedded
Reinforcement with bond Slip method (mERS). The proposed GFEM-mERS inherits the benefits of both
methods: It can simulate fractures in fiber-reinforced composites using meshes that do not fit the fractures
or the fibers, thus bringing the potential to solve complex fractures problems with minimal user intervention

in model creation.

A brief review of GFEM is presented in Sec. 3.2 and the modifications necessary for the combination
of the ERS with this GFEM are presented in Sec. 3.3. These modifications allows the integration of the
mERS with methods that adopt high-order polynomial or even non-polynomial shape functions. This, in
turn, enables the proposed method to adopt discretization of fractures with fibers bridging across their faces
and the use of high-order polynomial approximations. Hence, the FEM mesh does not need to fit fracture
surfaces or fibers. This greatly facilitates the discretization of fractures in fiber-reinforced composites as

shown in Chapter 4.

I'This chapter has been adapted from “P. Alves, A. Simone, C. A. Duarte, A generalized finite element method for three-
dimensional fractures in fiber-reinforced composites, Meccanica (2020), [51] and “P. Alves, C. A. Duarte, A GFEM for three-
dimensional crack propagation in fiber-reinforced composites, conference paper awarded by the Engineering Mechanics Institute
(EMI) - Ph.D. research competition on Computational Mechanics - UCSD (2017), [53]”

17



3.2 The Generalized Finite Element Method (GFEM)

The GFEM has its origins in the works of Babuska and co-workers, initially named as Special Finite
Element Method (SFEM) [54] and later as Partition of Unity Method (PUM) [4, 55], and Duarte and Oden
as a meshless formulation in the Ap-Cloud Method [56, 57] and later as a hybrid approach with the FEM
[6]. Indeed, it can be considered an instance of the PUM, in the sense that it employs a set of Partition of
Unity (PU) functions to guarantee interelement continuity. Such strategy creates conforming approximations
which are improved by a nodal enrichment scheme. This basic idea shares the same characteristics as the

eXtended Finite Element Method (XFEM) proposed later in [58], as it is noted by [59].

A brief review of generalized FEM approximations is given in this section. Further details can be found
in [5, 6, 55, 60]. In summary, the GFEM can be interpreted as the Finite Element Method hierarchically
enriched with special functions that can approximate well the behavior of the solution of a given class of

GFEM

problems. The GFEM approximation u of a vector field u (e.g., displacements) is given by

uGFEM(x) — uFEM(x) + uENR(x)

m(l
= D i, Na(®)+ Y No(%) D ity Eai(3),
acly (ZEI;: i=1
i, @, eR d=1,23. 3.1)
In the above equation, N,(x), @ € I, = {1,--- ,nnod}, is the standard linear finite element shape function

associated with node x,, of a finite element mesh covering the analysis domain Q and with nnod nodes; E,;
is an enrichment function at the node with index @ € I C I, and i = {1, -+ ,m,} is the index of the enrichment

function at the node with m, being the total number of enrichments assigned to node x,.

The enrichment functions E,; are chosen such that they approximate the unknown solution u# of the
problem locally in the support w, of shape function N,(x). This support, also denoted as a node patch
or a node cloud, is given by the union of the finite elements sharing node x,. Figure 3.1 illustrates the

construction of a GFEM shape function using a discontinuous enrichment function as an example.
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Figure 3.1: Partition of unity function N,;, enrichment function E,;, and resulting GFEM shape function ¢,;, [61]

The fracture problems analyzed in Chapter 4 are assumed to satisfy linear elastic fracture mechanics

assumptions. Three types of enrichments are adopted here to solve this class of problems:

1y

2)

Polynomials E,;, which are used at nodes in the set I;: . An example of polynomials of degree p =1

in three dimensions is

{Eai}mHZS :{(x_xa) (y—=Ya) (Z_Za)} (3.2)

=l he ~ he T he
with A, being a scaling factor and x, = (x4, Vq,2e) the coordinates of the node associated with patch
Was

The generalized Heaviside function [62, 63] is used at nodes whose support w, = w U wy, is fully cut

by the crack surface. It is defined as

1 ifxew), ael
H(x) = (3.3)

0 otherwise

Nodes enriched with H belong to set If . An example of GFEM p-hierarchical discontinuous enrich-

ments based on (3.3) is

i=1

o {W(x),W(x)%,W(x)@;—fﬂ,W(x)%} (3.4)
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3) Singular functions from the asymptotic expansion of the elasticity solution in the neighborhood of a
crack front. In this dissertation, the singular enrichments proposed by Oden and Duarte [5, 64] are
used. Let (r,0,7) and (X,¥,Zz) denote the local crack front cylindrical and Cartesian coordinate system
respectively at point (x,y,z) denoted in the global Cartesian coordinate system as shown in Fig. 3.2.
Let « denote the Kolosov constant defined as k = 3 — 4v for plane strain and « = % for plane stress,
and v the Poisson’s ratio. The so-called OD singular enrichments are given by

Yy

7

x

Crack front

7
—

Figure 3.2: Crack front Cartesian and polar coordinate systems

\/_[( —%)cosz—zcosz] \/_[(K+ )sm2+2sm3e]
EO (x) = Ryz(x) \/_[( )81n§—§sm326] \/_[( )cosz+2cos 32‘9]

Vrsin§ Vreos?

3.5)

where R,z(x) represents the rotation matrix from local crack Cartesian coordinate system to global

Cartesian coordinate system at point x with entries given by

Ri1 Rz Ry
Rx)'c(x) =|Ry1 Ry R»x (36)
R31 R3 Rs;

The columns of R,z(x) represent the components of the crack coordinate system base vectors with
respect to the global base vector. The dimension of Eg(?m(x) is 3 X 2, with each row corresponding to
an axis of the global coordinate system. These functions are used to enrich the displacement vector
in the global coordinate directions x, y, and z, respectively, at a node belonging to set I{l“’m. A scalar

implementation of OD enrichments able to exactly reproduce the first term of the Mode I, II, and III

of the asymptotic expansion of the elasticity solution is presented in [65].
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Using the above enrichments, the GFEM approximation of the elastic solution for a cracked body is given

by

uCFEM(x) — Z i1y No(x) + Z N“(X)Z Uy Ei(x)

a€ly aell i=1

) Na<x>Z it i E 1 (%)
aelH

+ Z Na(x)z it,; © E9P (x) (3.7)
aeltmnt

where EOD(x) is the i-th column of Efmm(x) and © stands for the entry-wise product of two vectors operator

(Hadamard product). Equation (3.7) can also be written in matrix notation as

uGFEM ( x) — NGFEM UGFEM’ (38)

where matrix NS has standard and GFEM shape functions defined using polynomial, generalized Heav-
iside, and singular enrichments and US™™ is the global vector of degrees of freedom. The GFEM approxi-

GFEM

mation u is used in Sec. 3.3 in combination with the modified ERS approach to discretize the problem

described in Chapter 2.

3.3 Discretization of fiber-reinforced composites with 3D fractures

This section presents the approximations for the components of the displacement field (2.6) for a fractured
fiber-reinforced composite. Fibers are discretized with a modified version of the ERS, described next, while
fractures are discretized with the GFEM presented in Sec. 3.2. After a short review of the assumptions
and formulation of the ERS approach, the modifications necessary for its combination with the GFEM for
fractures are presented. These modifications enable, for example, the discretization of fractures with fibers

bridging across fracture faces.

21



3.3.1 The classical ERS formulation

In the ERS approach the displacement field of a fiber is decomposed into non-slip and slip compo-

nents (2.8) as described next.

The non-slip component is obtained from the matrix displacement field and therefore is a derived quantity.

This field is approximated using standard FEM shape functions as in

u(x) = Ny(x)Uy, (3.9)

where Ny, contains the shape functions for the matrix element and Uy, its degrees of freedom. As an

example, in the case of a linear tetrahedron element (TET4), Ny, and Uy, are given, respectively, by

Np () 0 0 ... Nm@x 0 0
No@®=| 0 Np®x 0 .. 0 Ny 0 |and (3.10)
0 0  Np® ... 0 0 Np(®)
T
Un= Umlx Umly Umlz ... Umdx Umdy Um4z : (3.11)

Let xf1 = (x£1,¥f1,271) and xgp = (x¢2,V52,2¢2) denote the intersection points between the fiber and the
element boundary as illustrated in Fig. 3.3. These points are hereafter denoted as fiber nodes. Using (3.9),
the matrix displacement at these nodes is given by

. u(xr) Ni(x¢1)
i o= = Un = Nue(x¢1,X2)Un. (3.12)

u(xeo) Nu(xr2)
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Figure 3.3: Intersection between the fiber and element boundary

In matrix Npye(x¢1, X52), the matrix shape functions are evaluated at the fiber nodes. In the case of a TET4

element, this matrix is given by

» N, (x£1) 0 0 N, (x£1) 0 0
0 N, (x51) 0 0 N, (x51) 0
Noe(x51,X2) = 0 0 N (211) 0 0 Nony (1) (3.13)
N, (x£2) 0 0 N, (x£2) 0 0
0 N, (x52) 0 0 N, (x52) 0
0 0 N, (x£2) 0 0 N, (x£2) |

The displacement vectors #(xs;) and #(xs;) are depicted in Fig. 3.3. The components of these vectors in

the fiber direction are given by

I:\tl
ap=| "' | = Rutiti 2 = RutNune (¢ 1, X¢2) U, (3.14)
Ugy
where
cos(fyx) cos(Byy) cos(fy,) 0 0 0
= o o e (3.15)

0

0

0 cos(fyx) cos(Byy) cos(fyy)

with 8y, 6y, and 6, the angles between the fiber axis x” and the global x, y, and z directions, respectively.
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Matrix Ry projects the matrix displacements at the fiber nodes on the fiber direction x’. The displacement

components i, and iif, are also depicted in Fig. 3.3.

The matrix displacement along the fiber is further approximated using one-dimensional linear shape func-
tions and nodal displacements i;, and iig,, i.e.,
l’/\t/
f1

o, (X)) = Ne(xX) ;= | Ney(x')  Nea(x) , (3.16)
i,

where x’ is the coordinate along the fiber as shown in Fig. 3.3. Inserting (3.14) into (3.16) leads to

0, (x") = N(X )Rt N e (X5 1, X62) Un. (3.17)

Equation (3.17) assumes that the FEM shape functions adopted for the discretization of the matrix dis-
placement field restricted to one-dimensional fibers crossing the element, are identical to the 1D shape
functions adopted for the discretization of the longitudinal displacement of the fibers. This is in general not
correct. For example, if the matrix is discretized with 2D bilinear elements and the fibers are discretized
with 1D linear elements, as broadly used in the ERS literature, the restriction of the 2D shape functions to
1D is not a linear function, except in special cases. This is also not the case for the GFEM approximation of
a matrix with cracks. GFEM shape functions can be discontinuous and/or singular. Their restriction to 1D

is clearly not a linear polynomial. This issue is addressed in the modified ERS described in the next section.

The approximation given by (3.17) is however not valid if the matrix displacement is approximated by the
GFEM presented in Sec. 3.2. In this case the matrix displacement & presents a discontinuity and possibly a
singularity that can not be approximated by the 1D linear shape functions N¢(x"). The non-slip displacement
component of the classical ERS formulation is modified in the next section so that it can be used together

with the GFEM for fractures.

The approximation of the fiber slip (relative displacement between matrix and fiber) is given by

i, (x") = Nt(x") Uy, (3.18)
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where the fiber shape functions and degrees of freedom are given, respectively, by

and (3.19)

N =| No@) Na)

T
Uf:[ Ufly  Uf2x ] : (3.20)

A linear approximation is adopted for the slip leading to only two extra degrees of freedom for each fiber
segment embedded in a 2D or 3D element. It is noted that the slip degrees of freedom Uy are defined in the
fiber direction x’. Further details regarding the final expression of the discretized system of equations can

be found in references [36, 37, 47].

3.3.2 Modified ERS formulation (mERS)

In the proposed modified ERS (mERS), only the non-slip component of the fiber displacement is modified
and the approximation of the fiber slip component is taken as in the original ERS. The non-slip component

(i.e., the displacement of the matrix in the direction of the fiber) is given by
ity (x") = Reta[ x(x")] = ReNm[2(x) U, (321
where the transformation matrix Ry is given by

Ri=| cos(yy) cos(Byy) cos(By;) |- (3.22)

The key difference between Equation (3.17) and Equation (3.21) is that in the latter the matrix shape func-
tions are evaluated at each point x” on the fiber, while in the former the shape functions are evaluated at the
fiber nodes only. The consequence of this is that Equation (3.21) can be used with any approximation space
adopted for the matrix while Equation (3.17) cannot. Here, the GFEM approximation (3.8) for fractures

presented in Sec. 3.2 is employed in place of the ERS approximation in Equation (3.9):

it(x) = NOFEM(x) yOFEM, (3.23)
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In the above equation and hereafter in this dissertation, the matrix shape functions Ny, are taken as the

GFEM shape functions N°"EM | This leads to the equation
i, (x') = Reia[x(x")] = ReNTM [x(x' )| UFEM (3.24)

for the matrix displacement in the direction of the fiber.

3.3.3 Matrix strain

The matrix strain is given by

e=V. (3.25)

Using (3.23) in the previous equation leads to
& = LNGFEM UGFEM — BGFEM UGFEM (3 26)
where €& is the strain tensor € in Voigt notation, L is the differential operator V* in matrix format and

BGFEM _ j NJGFEM (3.27)

The matrix strain in the direction of the fiber is the component €], of the strain tensor

¢ =Q0e0Q’, (3.28)

where € is the strain tensor in the fiber coordinate system, € is the strain tensor in the matrix coordinate

system and Q is the rotation matrix between these systems. The components of these tensors are given by

At At
€1 €12 €3

A A
€ € € (3.29)

Y
€3 €3 €33
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Q:

€l €12 &3

€=|&n &n & (3.30)
€13 €3 €33
O O O3 cos(ij) cos(H;") cos(@é")
Q) On QO |=| cos@)) cos(H;") cos(@?) (3.31)
031 O3xn Os3 cos(6%) COS(9§,) cos(6%)

In (3.31), 6 is the angle between a fiber coordinate system direction and a global coordinate system

direction. For example, 6 , is the angle between coordinate axes x” and x. Equation (3.28) in index notation

is given by

&= QuéuQj (3.32)

Since the only component of interest is &, (strain in the fiber direction), from (3.32) we have

&, = Q1éuQ), = QuiuQu (3.33)

Expanding the previous expression

é/

11

= QOnénQu + Qné&iQun + 0Oné&iQn +
O1énQn + OréQn + 0Oizé10n + (3.34)
OnénlQn + Onréln + 0O13é10n

Writing it in matrix notation leads to

R *

>

AL
€11

(3.35)
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where
cosz(ef)
cosz(éfv")
cos2(9§')
2cos(9j§') cos(H;f')

2COS(9§,) cos(@é‘/)

| 2cos(6Y)cos(6Y) |
and

€11
€22
€33
€12

€13

L 62 3 B

Using the above, we have

&, (x") = R&"[x(x")],

The gradient of the 1D fiber slip is given by

diig,(x')  dN(x')

e = dx’ dx’'

Ut = Bi(x") Uy,

where
dNf1(x")  dNpa(x') .

Bi(x') =
) dx’ dx’
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3.3.4 Constitutive relations

The constitutive relation (2.4) in matrix format is given by

" =Dp€e" 3.41)

1-vy Vm Vm 0 0 0
Ym 1-vm  Vm 0 0 0
B £ Ym Ym L= 0 0 0 (3.42)
(1 +vn)(1=2vy) 0 0 0 1-2vy 0 0
0 0 0 0 1-2vy 0
0 0 0 0 0 1 -2y |

Since the fiber is modeled as a truss, the constitutive relation (2.5) degenerates to the one-dimensional
Hooke’s law

&' = Ef€ (3.43)
in the fiber coordinate system.

Only the longitudinal fiber displacement is considered when idealizing a fiber as a truss. Therefore, the

traction-separation law (2.11) degenerates to

tre (x) = Kpiig,(x") (3.44)

where fg, is the shear traction along the fiber, iiq, is the fiber slip (relative displacement between matrix and

fiber), and Ky, is the stiffness of the fiber-matrix interface, taken as a constant unless stated otherwise.
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3.3.5 GFEM-mERS discretization of cracks in fiber-reinforced composites

Each term in (2.22) and (2.21) is discretized using the GFEM approximation for a matrix with cracks
and the modified ERS formulation for the fiber and matrix-fiber interaction presented in Secs. 3.2 and 3.3,

respectively.

The first term in (2.22) is discretized using (3.26) and (3.41), leading to
LV“&IZ 2Dy ViiadQ = L(Bm)T]D)mBm dQ (3.45)
where By, = B°FEM The second term of (2.22), discretized using (3.26), (3.38), (3.41) and (3.43), leads to
Ay fL V36t : (Dy— D) : Virdl = Ay ' (Bw)" R (Ef— Em)RB, dL. (3.46)
£ ¢
The third term of (2.22) discretized using (3.26), (3.38), (3.39) and (3.43) leads to

As f Visi: Dy Viadl = Ag f (Bm) RT E¢B; dl. (3.47)
L¢ Lg

The right hand side of (2.22) discretized using (3.23) leads to

f Su-1dly = (N 7dl (3.48)
FN l—‘N

where Ny, = NOTEM | The first term of (2.21) discretized using (3.26), (3.38), (3.39) and (3.43) leads to
Ag f V6 : Dy : Viiadl = Ag f (By)" EsRB, dl. (3.49)
L¢ Lg
The second term of (2.21) discretized using (3.39) and (3.43) leads to

Aff Vioit : Df Viadl = Af (Bf)TEfodl. (3.50)
L Ly
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Finally, the third term of (2.21) discretized using (3.18) and (3.44) leads to

Cff Sit-(Dyit)dl = Cr | (Np)T KyNidl. (3.51)
Lg L¢
The above yields the following system of equilibrium equations

Kmm Kmf UGFEM f

= (3.52)
Kin Ky Ui 0
where the terms in (3.52) are given by
Kom = f (Bi) D BmdQ + A | (Bm) R (Ef— Em)RBm dl, (3.53)
Q Lg
Kor=Ar | (Bm) RTE;B;dl, (3.54)
Lg
Kim = Ar f (Br) EfRB, dl, (3.55)
L
Ke=Ar | (BOTEeBidi+Cr | (Np)T KyN¢dl, (3.56)
L¢ L¢
f=] (Np'dr. (3.57)
I'n

The derivations presented in this section, leading to (3.52), assume that there is a single fiber in the
analysis domain. The extensions to the case of multiple fibers is straightforward due to the hierarchical
nature of (3.52): the GFEM discretization of a cracked domain is simply augmented by the discretization of

each fiber based on the mERS. Thus, the system of equations for the case of n fibers is of the form

_ Kmm Kmfl Kmfz Kmfn 1[ UGFEM b
Kim Ker, O - 0 || Uy 0
Ktm 0 K, -+ 0 Ui, =[0 | (3.58)
Kf,,m 0 0 Kfnfn | Ufn | ] 0 |
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Chapter 4

Numerical Experiments with the
GFEM-mERS

4.1 Introduction

This chapter ! presents several verification examples and one validation problem for the proposed GFEM-
mERS. Reference 3D solutions are provided by standard FEM models in which fibers are discretized with
3D elements and the fiber-matrix interface is modeled using cohesive elements. The reference solutions,
denoted 3DFEM in the following, are computed using Abaqus [66]. Consistent units are adopted in all

examples but they are only explicitly provided for the problems in Secs 4.5 and 4.5.2.

4.2 Prismatic bar with two parallel fibers

The fiber-reinforced prismatic bar shown in Figs 4.1 and 4.2 is solved in this section. The bar is con-
strained at x = 0.0 and subjected to an axial traction of magnitude o = 40.0 N/mm? at x = 10.0 mm. Two
fibers are embedded into the bar as shown in Fig. 4.2. They are defined by the following segments:

f1=1(1.0,0.25,-0.375),(9.0,0.25,-0.375)], and f> = [(1.0,0.25,-0.625),(9.0,0.25,-0.625)].

{ 1 |

| 10.0

l

J
—
o

Figure 4.1: Prismatic bar with axial load (units in mm)

The moduli of elasticity of matrix and fiber are Ey, = 1.0 X 10* N/mm? and E; = 5.0x 10’ N/mm?, respec-

tively. The matrix Poisson’s ratio is v = 0.0, and the fiber-matrix bond stiffness as K, = 5.0x 10* N/mm?.

I'This chapter has been adapted from “P. Alves, A. Simone, C. A. Duarte, A generalized finite element method for three-
dimensional fractures in fiber-reinforced composites, Meccanica (2020), [51]”
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(a) Fiber orientation. (b) Fibers and hexahedral GFEM
mesh.

Figure 4.2: Fiber-reinforced bar. Blue arrows represent constraints applied to the displacement field at x = 0 while
the red arrow represents the traction boundary condition prescribed at x = 10

Next, the effect of Ef, K}, and the cross-section area, Af, of each fiber on the axial stiffness of the bar
is investigated. In all cases, the GFEM-mERS solution is compared with a reference 3D standard FEM

solution. If the fibers are removed, the axial displacement of the bar is given by

u, =4.0x 10 x. 4.1)

The GFEM mesh adopted in the next sub-sections is shown in Fig. 4.2(b). The mesh is refined only
in the axial direction since the Poisson’s ratio of v = 0.0 leads to a 1D solution. Tri-linear hexahedral
elements are adopted for the GFEM discretization of the matrix while 1D linear elements are adopted for
the mERS discretization of the fibers. The GFEM-mERS model has 780 matrix and 106 fiber DOFs, while
the reference 3DFEM model has 8,022 DOFs. Fig. 4.2(b) also shows that a GFEM element can have more
than one embedded fiber. It is noted that a new (sub)fiber is created every time a fiber crosses an element,

and therefore the number of fiber degrees of freedom (DOFs) increases as the 3D mesh is refined.

4.2.1 Reference 3DFEM model

Figure 4.3 shows the prescribed boundary conditions in Abaqus. They are identical to the prescribed
boundary conditions for the mERS model described earlier. The figure also shows the mesh corresponding

to the 3DFEM model.
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(a) Prescribed boundary conditions (b) Mesh refinement with tetrahedrons

Figure 4.3: Prismatic bar with parallel fibers computed with Abaqus

Figure 4.4 shows the final deformed shape (green) compared to the original configuration of the bar
(black) for this problem. Mesh generation is highly simplified using mERS because the fibers do not need

to match the matrix mesh.

(a) Original (black) and deformed (green) shape (b) Cut view at the mid span of one of the fibers

Figure 4.4: Deformed shape of prismatic bar with parallel fibers computed with Abaqus

Because for this problem the main stress is in the x-direction and the largest dimension of fiber is oriented
in this direction, both fibers are stressed equally. Figure 4.5 shows the stress for these 2 fibers. It is important

to note the difference in magnitude between fiber and matrix meshes.
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(a) Stress along fiber 1 (b) Stress along fiber 2

Figure 4.5: Stress at the fibers computed with Abaqus

4.2.2 Effect of modulus of elasticity of fibers

The effect of the modulus of elasticity of the fibers on the stiffness of the bar is analyzed in this section.
Parameter E; is taken in the range [0.0, 1.0 X 10°] N/mm? while all other parameters remain the same as in
Sec. 4.2. Figure 4.6 shows the displacement at x = 10.0 computed with the GFEM-mERS and the reference
3D FEM model. As expected, the axial displacement reduces as Er increases and matches the value given by

Eq. 4.1 when Ef = 0. The agreement of the GFEM-mERS with the 3D FEM reference solution is excellent.

1072

I I T I
4 —o— GFEM-mERS
'\ 3DFEM

351

25| \\ :

\.\o

1.57 [ [ [ [ [ [ [ [ [ [ [
0 01 02 03 04 05 06 07 08 09 1 1.1

Modulus of elasticity of fiber (Ef) 100

Axial displacement

Figure 4.6: Axial displacement at the right end of a prismatic bar as a function of E¢
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4.2.3 Effect of cross-section area of fibers

In this section, the cross-section area of each fiber is taken in the range 1.0 x 1077 < A < 0.1 mm?, while
all other parameters remain the same as in Sec. 4.2. The axial displacement at x = 10.0 is plotted in Fig. 4.7.
A nearly zero cross-section area leads to a displacement of u, = 0.04, matching the solution without fibers.

A good agreement between the GFEM-mERS and the 3DFEM reference solution is observed for all values

OfAf.
1072
[ T I T
4+ @ —o— GFEM-mERS |-
3DFEM
= n
=
K 1
5
g 2f f
>
<
1 1

| | | | | | |
0 0.02 003 005 0.06 008 0.09 O0.11
Fiber cross-section area (Ay)

Figure 4.7: Axial displacement at the right end of a prismatic bar as a function of A¢

4.2.4 Effect of matrix-fiber bond stiffness

In this section, the effect of the matrix-fiber bond stiffness on the axial displacement of the bar is analyzed.
Parameter Kj, is taken in the range [1.0,1.0x 107] N/ mm?> while all other parameters remain the same as in
Sec. 4.2. The results are shown in Fig. 4.8. A low value of K} leads to the same displacement as in a bar
without fibers while higher values lead, as expected, to an increase of the bar stiffness. A good agreement

between the GFEM-mERS and the 3DFEM reference solution is again observed.
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Figure 4.8: Axial displacement at the right end of a prismatic bar as a function of matrix-fiber bond stiffness Ky,

4.3 Prismatic bar with diagonal fiber

The fiber-reinforced prismatic bar analyzed in Sec. 4.2 is considered again in this section. Here, however,
only one fiber, defined by segment f; = [(0.2,0.1,-0.1),(9.8,0.4,—-0.9)], is embedded into the bar. The same
material properties as in Sec. 4.2 are adopted. Figure 4.9 shows the problem setup and the GFEM mesh.
Linear tetrahedral elements are adopted in order to show that the proposed mERS can be used with any
type of element. The mesh is created by first meshing the domain with hexahedrons and then dividing each
element into six tetrahedral elements. The GFEM-mERS model has 780 matrix and 185 fiber DOFs, while
the reference 3DFEM model has 154,065 DOFs. In contrast with the previous problem, the fiber orientation
adopted here leads to a non-constant displacement at each section of the prismatic bar, leading to a fully 3D
deformed configuration as shown in Fig. 4.10. Axial displacements reported in this section are extracted at

nodes A, B,C, and D shown in Fig. 4.9.
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Figure 4.9: Fiber-reinforced bar and vertex nodes where axial displacement is reported. Blue arrows represent
constraints applied to the displacement field at x = 0 while the red arrows represent the traction boundary condition
prescribed at x = 10

(a) Perspective view.

(b) Top view. (c¢) Lateral view.

Figure 4.10: Deformed shape of prismatic bar with diagonal fiber

Figure 4.11 shows the final configuration and the stress of the fiber for the problems solved using the

3DFEM approach. It can be observed that the bar displaces in all three directions (X, y, z).

The same parametric studies presented in Secs. 4.2.2, 4.2.3, and 4.2.4 are reported in Figs. 4.12, 4.13,
and 4.14, respectively. The axial displacements reported in these figures are computed at node D shown in
Fig. 4.9. A very good agreement between the GFEM-mERS and the 3DFEM reference solution is again

observed in all cases.
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(a) Perspective view.

(b) Top view. (c) Lateral view.

Figure 4.11: Deformed shape of prismatic bar with diagonal fiber (3DFEM reference solution)

4.3.1 Modulus of elasticity of the fiber

The problem is performed changing gradually the modulus of elasticity Ey (N /mm?) of the fiber. It can
be observed that as the stiffness of the fiber increases, the overall displacement of the composite reduces.

Figure 4.12 compares mERS and 3DFEM results.
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Figure 4.12: Axial displacement at the right end of the fiber-reinforced bar shown in Fig. 4.9 as a function of E¢
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4.3.2 Cross section area of the fiber

This section studies how the area of the fiber Ay (mm?) affects the displacement. As Ay increases the
displacement of the problem reduces. Figure 4.13 compares the results mERS and 3DFEM for displacement

at the bottom of the problem.
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Figure 4.13: Axial displacement at the right end of the fiber-reinforced bar shown in Fig. 4.9 as a function of Ay.

4.3.3 Bond stiffness matrix-fiber

Bond stiffness K, (N/mm?) is gradually increased. Small K, means soft interaction between fiber and

matrix. Large Kj, means strong interaction between materials.
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Figure 4.14: Axial displacement at the right end of the fiber-reinforced bar shown in Fig. 4.9 as a function of K}
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4.3.4 Convergence study

This section presents a convergence study of the GFEM-mERS using the prismatic bar shown in Fig. 4.9.
Both the /- and p-version of the method are considered. In the first case a sequence of linear tetrahedral
meshes is adopted. The mesh is refined only in the x-direction. They are created from hexahedral elements
as described earlier. A mesh in this sequence is denoted as nx 1 x 1, where n is the number of hexahedral
elements in the x-direction used to generate the mesh of tetrahedrons. The mesh 8 x 1 X 1 is shown in Fig.
4.9. In the case of the p-version, the tetrahedral mesh 4 x 1 x 1 is adopted and the polynomial order of the
3D GFEM shape functions is increased from p = 1 to p = 4. These GFEM shape functions are defined using
a linear tetrahedral partition of unity and enrichment functions of polynomial degree 0, 1, 2, 3, respectively.
The enrichment is isotropic meaning that the same polynomial order is used in all directions. Two-node
linear elements are used for the mERS elements in all cases. The reference solution is again taken as the

3DFEM solution described earlier. The error of the GFEM-mERS is computed using the discrete L>-norm

)2
e 5 \/Zi:a,b,c,d(uxt —liy;)
er(ux) = ” X ”L _

-— i’t 2_ o ’
TN SO

The term u,;,i = a, b, c,d, is the component of the GFEM-mERS displacement in the x-direction, evaluated

4.2)

at vertex nodes A, B,C,D shown in Fig. 4.9, and it,;,i = a,b,c,d, are the corresponding 3DFEM reference
values. Table 4.1 shows the results for the s-version of the GFEM-mERS. The relative error is computed
using Eq. 4.2. Table 4.2 reports the results for the p-version of the GFEM-mERS. They show that the
GFEM-mERS converges to the 3DFEM with mesh refinement or enrichment — the relative error is 0.15%
and 0.07% for the last row in these tables. This indicates that the assumptions of the fiber-matrix model

presented in Chapter 2 hold for the problem shown in Fig. 4.9.
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Table 4.1: Displacements computed with the A-version of the GFEM-mERS. The first column lists the number of
elements in the longitudinal direction of the bar. Column DOFs lists both matrix (GFEM) and fiber (mERS) degrees
of freedom

nx1lxl1 Uxg Uyp Uye Uyg DOFs " [%]
4 0.0230 0.0234 0.0232  0.0230 73 18.8
8 0.0240 0.0243 0.0242 0.0239 133 15.5

16 0.0255 0.0257 0.0257 0.0254 251 10.3
32 0.0269 0.0271 0.0270 0.0269 491 5.40
64 0.0280 0.0281 0.0281 0.0280 965 1.65
128 0.0284 0.0286 0.0286 0.0283 1919 0.15

Table 4.2: Displacements computed with the p-version of the GFEM-mERS on a 4 x 1 x 1 tetrahedral mesh. The first
column lists the polynomial order of the 3D GFEM shape functions. Column DOFs lists both matrix (GFEM) and
fiber (mERS) degrees of freedom

Uxa Uxh Uxc Uxd DOFs e [%]
0.0230 0.0234 0.0232 0.0230 73 18.8
0.0266 0.0272 0.0271 0.0266 253 5.78
0.0280 0.0283 0.0283  0.0282 613 1.15
0.0284 0.0286 0.0286 0.0283 1213 0.07

AW N =T

Figure 4.15 shows the nodal values of the GFEM-mERS solution versus the number of degrees of freedom
for both the /- and p-version. It can be observed that the p-version converges quicker than the A-version.
One reason for this is that the number of fiber DOFs does not increase in the case of the p-version. In

contrast, new sub-fiber elements are created as the mesh is refined.
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Figure 4.15: Convergence of the /- and p-version of the GFEM-mERS. The /-version adopts linear shape functions
and the p-version adopts GFEM shape functions of degree p =1, 2, 3, 4. The horizontal lines labeled 3DFEM
correspond to the reference value computed with a 3D FEM model

The process of sub-fiber creation is illustrated in Fig. 4.16. As shown in that figure, every time a fiber
crosses a 3D element, a new sub-fiber is generated. As a result, the ratio between the number of fiber and
3D DOFs is much higher in the A-version than in the p-version. These ratios are listed in Tabs. 4.3 and
4.4 for the h-version and the p-version, respectively. It is noted that the original ERS cannot be used with
high-order approximations for the matrix displacement as explained at the end of Sec. 3.3.1. Such limitation
is removed in the proposed mERS (cf. Sec. 3.3.2).

Table 4.3: Ratio between the number of fiber and matrix DOFs for the A-version of the GFEM-mERS

nx1x1 Fiber DOFs Matrix DOFs  iber DOFs g1

Matrix DOFs

4 13 60 21.67
8 25 108 23.15
16 47 204 23.04
32 95 396 23.99
64 185 780 23.72
128 371 1548 23.97
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Table 4.4: Ratio between the number of fiber and matrix DOFs for the p-version of the GFEM-mERS

Fiber DOFs  Matrix DOFs ~ £iber DOEs g7

14 Matrix DOFs
1 13 60 21.67
2 13 240 5.42
3 13 600 2.17
4 13 1200 1.08
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Figure 4.16: Process of creating sub-fibers in a 3D GFEM mesh. One sub-fiber is created for each tetrahedral
element intersected by the fiber. This leads to an increase in fiber DOFs with refinement of the 3D mesh

4.4 Prismatic tensile specimen with a pre-defined crack

The cracked prismatic tensile specimen shown in Fig. 4.17 is analyzed in this section using the 3D GFEM-
mERS. The predefined crack is at the middle plane of the specimen. A single fiber bridges the crack faces.
This problem was proposed and solved in Kang et al. [20] using a lattice method. The following parameters
are adopted, with consistent units: Modulus of elasticity of the matrix E,, = 2.0 x 10* N/mm?; Poisson’s
ratio of the matrix v = 0.2; Modulus of elasticity of the fiber Ef = 6.0 X 10* N/mm?; Area of the fiber
Ar =3.2x 107 mm?; Fiber length L; = 1.0 m; Matrix-fiber bond stiffness Ky, = 5.0 x 10* N/mm>; Magnitude
of traction prescribed at end faces of the specimen o = 600.0 N/mm?. It is noted that the maximum load

applied in the simulations reported in Kang et al. [20] is higher than the one adopted here (leading therefore
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to a nonlinear load-displacement response in Kang et al. [20], while the specimen remains linear elastic
for the maximum load adopted here. The specimen thickness is Lg/30 m. The goal of this example is
to demonstrate that the mERS combined with the GFEM is able to model a cracked domain with a fiber

bridging the crack faces.
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Figure 4.17: Prismatic tensile specimen with a pre-defined crack.

The GFEM-mERS solution is compared with a reference 3D standard FEM solution (denoted 3DFEM).
Figure 4.18 shows a zoom in at the FEM mesh near the fiber-matrix interface. A very refined 3D mesh has to

be used in order to have a conforming discretization at the interface leading to a model with 265,905 DOFs.

—

X

Figure 4.18: Reference 3D standard FEM model with zoom in showing the FEM mesh at the fiber-matrix interface
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Figure 4.19 shows a 2D schematic of the GFEM discretizations adopted in this section. A 2D mesh is
shown in the figure for simplicity, the actual problem is solved using the tetrahedral meshes shown in Fig.
4.21. It is noted that the crack is inside matrix elements and is represented by a Heaviside enrichment
function (3.3), as described in Chapter 3. Furthermore, the crack surface intersects a sub-fiber element.
This configuration is the most challenging case in terms of fiber description since the discontinuity of the
displacement field is inside of both the matrix and sub-fiber element. The numerical integration over cracked
3D elements is performed using sub-element division as described in [67]. The 1D integration over sub-
fibers cut by the crack (a single one in this problem) is performed using a Simpson quadrature rule [68]
with 21 points. This is required to handle the discontinuity of the 3D GFEM shape functions at the point of
intersection between the fiber and the crack surface. Since this is a 1D integration, its cost is small compared
with the cost of the integration over the 3D domain. Sub-division of the fiber for numerical integration can

also be used but it is not adopted in this research.

crack

r,/

‘sub-ﬁber 1‘
\ | \

sub-fiber 2

Figure 4.19: Schematic showing the location of the crack relative to matrix and sub-fiber elements. The left sub-fiber
bridges the crack faces

Linear tetrahedral elements enriched with the Heaviside function (3.3) are adopted for matrix discretiza-
tion, and linear 1D elements are used for sub-fiber elements. Three levels of refinement are used: level 1 (3

X 1x2),level 2 (5 x 3 x 2)and level 3 (7 X 5 x 2) as shown in Fig. 4.20.
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(a) Mesh refinement level 1

(b) Mesh refinement level 2

(¢) Mesh refinement level 3

Figure 4.20: GFEM-mERS meshes used in convergence study. The red arrows represent the prescribed tractions

Figure 4.21 shows a representative GFEM-mERS mesh adopted to solve this problem with the corre-
sponding boundary conditions. In all cases, there are two layers of elements in the direction normal to
the plane of the specimen and nodes are positioned in order to have crack and fiber reproducing the most

challenging case in terms of fiber description as schematically shown in Fig. 4.19.
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As described earlier, the crack cuts both the 3D and 1D elements. The red arrows represent the prescribed
tractions. Point Dirichlet boundary conditions are prescribed in order to prevent rigid body motions. It is
noted that even the finest GFEM mesh is much coarser than the one shown in Fig. 4.18 for the reference

3DFEM model.

Figure 4.21: GFEM-mERS mesh (refinement level 2) used in convergence study. The red arrows represent the
prescribed tractions. Detail shows the most challenged case in terms of fiber description as schematically described in
Fig. 4.19

Table 4.5 shows the computed pullout displacement of sub-fiber 1 for the prescribed traction o = 600.0.
The pullout is taken as the slip displacement at the left end of sub-fiber 1. This same assumption is adopted
in [20]. The table lists the GFEM-mERS results for the three meshes adopted and the relative difference
with respect to the 3DFEM reference solution. The GFEM-mERS solution clearly approaches the reference
values as the mesh is refined even though the finest GFEM-mERS mesh is much coarser than the one adopted
in the 3DFEM model. The relative error in this case is 2.49%, which is small but larger than in the previous
problems. This is likely caused by the presence of the crack which leads to 3D effects not present in the
previous problems.

Table 4.5: Pullout of sub-fiber 1 computed with GFEM-mERS and relative difference with respect to the 3DFEM
reference solution

Mesh DOFs Pullout (-107%)  Rel. Diff. [%)]

1 71 0.9818 18.05
2 223 1.1279 5.85
3 441 1.1682 2.49
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4.5 Fiber-reinforced compact tension specimen

This example consists of a composite specimen with discrete glass fiber tows in an epoxy matrix. This
problem was proposed and solved experimentally by Jones [69]. Other examples of tow-level tests can be
found, for example, in Zhao and Botsis [70] and in Zhang et al. [71]. The Compact Tension (CT) specimen
geometry is based on the ASTM D5045 Standard. Fibers tows are perpendicular to the crack plane as shown
in Fig. 4.22. Each tow is idealized as a single fiber in the computational models adopted here. Three
variations of the specimen shown in Fig. 4.22 are studied in this section: (1) No fibers (denoted hereafter as
the unreinforced specimen); (2) One-fiber specimen, with the fiber located 5 mm ahead of the crack front; (3)
Five-fibers specimen, with fibers 5 mm apart from each other and 5 mm ahead of the crack front, as shown
in Fig. 4.22. The goal of considering these three cases is to show whether the proposed GFEM-mERS can

accurately capture the change in stiffness of the specimen as fibers are embedded in the matrix.

@127

60 !
! 727 !

Ly 30

Figure 4.22: Compact Tension specimen with five fiber tows embedded in an epoxy matrix. All dimensions are in
mm
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The experiment performed by Jones [69] consisted of propagation and healing of fractures. Here, how-
ever, only a static fracture is considered. The GFEM-mERS results are compared to experimental data

from [69] up to the load that leads to a stress intensity factor at the crack front equal to the fracture tough-

ness of the matrix as described below.

The following parameters are adopted for this problem. Modulus of elasticity of the epoxy matrix Ey, =
0.82 GPa; Poisson’s ratio of the matrix v = 0.35; Modulus of elasticity of fibers Ef = 72.4 GPa; Area of
each fiber tow (type 158B-AA-675) Ar =0.33 mm?; Matrix-fiber bond stiffness K, = 1.0 x 10* N/mm?>; and
Fracture toughness Kj. = 20 N/ +/mm. The material properties of matrix, fiber and interfacial bond are

obtained from Miller-Stephenson [72], Owens Corning [9], Blaiszik [73], and Jones [69].

The GFEM-mERS solutions are also compared with 3D standard FEM results (denoted 3DFEM). The
experimental setup and the numerical models are illustrated in Fig. 4.23. Fig. 4.24 shows the 3DFEM
discretization of the fibers and CT specimen. Matrix and fibers are meshed using tetrahedral elements and
the fiber-matrix bond is modeled using cohesive elements. The fiber and matrix meshes match each other

along their interfaces. The crack is discretized using a mesh with double nodes along the crack surface.
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Figure 4.23: Experiment from [69], 3DFEM, and GFEM-mERS schematic models
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The fibers and the matrix are independent Abaqus Parts of the problem. Each Part of the geometry is

assembled into the Model as a second step in Abaqus. Therefore, the final model is composed by the two

components. As an example, Fig. 4.24 depicts these two components (fibers and matrix) for the specimen.

Figure 4.24: Reference 3D standard FEM model solved with Abaqus [66]

After creating the geometry and setting up the material properties, boundary conditions are applied. Nodal
Dirichlet boundary conditions are prescribed at the specimen openings. Additional point constraints are used
to prevent rigid body motions. Other approaches to model the boundary conditions at the specimen openings
are available in the literature [74, 75]. Numerical experiments not reported here show that they lead to nearly
identical results as those from the adopted approach. After prescribing the boundary conditions, the tetrahe-
dron mesh of the matrix domain is refined. Fiber and matrix meshes are conforming along their interface.
Abaqus cohesive elements COH3D4 are used at the interface between 3D matrix and fiber elements. The
crack is modeled using double nodes in order to represent the displacement discontinuity across the crack
surface. The singular behavior at the crack front is approximated using a highly refined mesh around the

crack front.

Figure 4.25 shows the GFEM-mERS discretization of the specimen with five embedded fibers. Quadratic
tetrahedral elements enriched with the Heaviside and singular functions defined in Eqgs. 3.3 and 3.5, respec-
tively, are used to discretize the cracked specimen. A convergence study not shown here was performed
to verify that the results presented in this section are not affected by GFEM-mERS discretization errors.

The crack surface is defined using an explicit triangulation as shown in Fig. 4.25. This triangulation has
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no degrees of freedom and is defined independently of the 3D GFEM mesh [76]. Linear 1D elements are
used for sub-fiber elements. Recall that a sub-fiber is created from the intersection between a fiber and a 3D

element as illustrated in Fig. 4.16.

Figure 4.25: GFEM discretization of specimen. Fibers are discretized with mERS and an explicit representation of
the crack surface is adopted

The prescribed nodal displacements at the openings of the CT specimen are shown in Fig. 4.25. Nodal
displacements used to prevent rigid body motions are also shown in the figure. Table 4.6 lists the num-
ber of DOFs of the 3DFEM and GFEM-mERS discretizations of the specimens with 0, 1 and 5 fibers —
configurations (1), (2), (3), respectively, in the table.

Table 4.6: Number of DOFs of the 3DFEM and GFEM-mERS discretizations of the specimens with 0, 1, and 5 fibers

Configuration = GFEM-mERS DOFs  3DFEM DOFs

1 265,932 695,490
2 270,725 1,090,434
3 287,049 1,108,848
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4.5.1 Computation of critical load

This section presents the approach used to find the CT specimen load that leads to a Mode I stress intensity
factor (K7) at the crack front equal to the fracture toughness of the matrix Ki.. This is done by first finding,
as described below, the magnitude of the prescribed displacement D, that leads to K1 = Kj. at the center of
the crack front. Next, displacements with magnitude D, are prescribed at the openings of the specimen and
the magnitude of the resultant load at each opening (F'c) is computed using both GFEM-mERS and 3DFEM

models. These results are compared with experimental data provided by Jones [69].

Computation of D,

The magnitude of the prescribed displacement that leads to Ky = K at the center of the crack front is found
as follows. The problem is solved with the GFEM-mERS for two values of the magnitude of the prescribed
displacements at the openings of the specimen: D4 and Dp. Let K14 and Kj g be the corresponding values

of Kj at the center of the crack front.

The magnitude of the prescribed displacement D, that leads to Ky = Ky is then given by

D.=c1 + K. (4-3)

Parameters c; and ¢, are found using the linear relation between K and the magnitude of the applied
displacement. This leads to the following system of equations
1 KI,A C1 DA

= . “4.4)
1 Kigl|lc Dgp

Displacement magnitude D, for the three specimen configurations (1), (2), and (3) described earlier are
listed in Tab. 4.7. The GFEM-mERS results agree well with the experimental data. The relative errors for

specimen configurations (1), (2), and (3) are 1.08%, 3.78%, 2.72%, respectively.

53



Table 4.7: The magnitude of the prescribed displacement D, (- 10~°m) that leads to K = K. at the center of the crack
front. Experimental results are from [69]

Configuration Experiment GFEM-mERS

1 380.9 385.0
2 372.9 387.0
3 338.8 348.0

Computation of critical load Fc

Displacements with magnitude D, computed with the approach described above are prescribed at the
openings of the GFEM-mERS and 3DFEM models. The magnitude of the resultant reaction forces (F.) at
each opening of the three specimen configurations are listed in Tab. 4.8. Experimental data provided by
Jones [69] is also listed in the table.

Table 4.8: Critical loads F.(N) for analyzed models. Experimental results are from [69]

Configuration Experiment GFEM-mERS 3DFEM

1 73.1 75.2 76.5
68.3 71.0 81.6
85.6 95.0 101.5

The GFEM-mERS and 3DFEM results are also compared with the experimental results of Jones [69]
in Figs. 4.26(a)—(c). They show the load-displacement curves for the three specimen configurations. In
all simulations, displacement with magnitude D, given in Tab. 4.7 are applied as boundary conditions.
Reactions at nodes with prescribed displacements are extracted as a post-processing result. This procedure
is analogous to the one adopted in the experiments reported in [69]. The experimental curves exhibit a linear
relation between load and displacement until the first peak load. After that point, the crack rapidly advances
(for all three specimen configurations). Since only static crack behavior is considered in this research, only

the first part of the experiment is taken into account in our analysis, i.e., until the peak load is reached.

Figure 4.26(a) shows nearly identical results for the GFEM-mERS and 3DFEM. This is consistent with
the results shown in Tab. 4.8 for the unreinforced specimen (Configuration 1). Figure 4.26(b) shows the
results for the specimen with a single fiber tow. The peak load is higher than in the unreinforced specimen.
Numerical and experimental results are similar. Both numerical methods predict a higher peak load than

the experimental value. The peak load for the 3DFEM model is 5.97% higher than for the GFEM-mERS.
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Identical results are not expected since the fiber is represented using 3D elements in the 3DFEM model
while a 1D truss is used the GFEM-mERS model.
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Figure 4.26: Load-displacement curve for the specimen with zero, one and five fibers. Experimental results are

from [69]

Figure 4.26(c) shows the results for the specimen with five fiber tows. Both numerical models capture

the effect of the added fiber tows, predicting a higher peak load than in the specimen with a single fiber. As

in the previous case, both numerical methods predict a higher peak load than the experimental value. The

peak load for the 3DFEM model is 6.84% higher than for the GFEM-mERS. As in the case with one fiber,

identical results are not expected since the fiber is represented using 3D elements in the 3DFEM model while

a 1D truss is used the GFEM-mERS model. The observed difference in peak load predicted by 3DFEM and

GFEM-mERS models is further discussed later .
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4.5.2 Compact tension specimen with fibers bridging crack faces

In this section, the fiber-reinforced specimen analyzed in the previous section is modified such that the
crack surface is intersected by two fibers. The crack front is now located 17.5 mm from the left face of
the specimen as shown in Fig. 4.27(a). Two fiber directions are considered. In the first case, the fibers
are perpendicular to the crack surface plane like in the previous section, leading to a Mode I deformation.
The distance between fibers is the same as in the previous section (5 mm). In the second case, the fibers
are inclined 112.5° relative to the crack surface as shown in Fig. 4.27(b). This leads to a mixed mode
deformation of the specimen. The distance between the left face of the specimen and the bottom end of the

fibers are: 18.0, 23.5, 29.0, 34.5 and 40.0 mm.

o[\ ©
"0 \ O

(a) Fibers perpendicular to the crack (b) Fibers inclined relative to the crack

~—17.5—

Figure 4.27: Compact tension specimen with fibers bridging the crack faces. All dimensions are in mm

All material properties and dimensions are the same as in the previous section. The case of the specimen
without fibers is also considered. The specimens are loaded with forces applied at nodes in the specimen

openings. These are the same nodes shown in Fig. 4.25 subjected to prescribed displacements.

No experimental data is available for the specimens shown in Fig. 4.27. The GFEM-mERS results are
compared with those provided by 3D standard FEM models. The 3DFEM model is similar to the one

described in the previous section.
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The Abaqus [66] geometry of the FEM model for unreinforced specimen, fibers perpendicular and in-

clined to the crack are shown in Fig. 4.28. Figure 4.29 depicts these two components (fibers and matrix) in

AL

Figure 4.28: Abaqus Model of CT specimen with inclined fibers.

W\ B

details.

Figure 4.29: Three-dimensional FEM model of specimen with fibers inclined relative to the crack surface

Figure 4.30 shows the GFEM-mERS discretization of the specimen with vertical and inclined fibers,
respectively. The same element types, approximation order and enrichment functions as in Sec. 4.5 are

adopted.
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(a) Model with vertical fibers (b) Model with inclined fibers

Figure 4.30: GFEM-mERS discretizations of models with fibers bridging the crack faces. The deformed
configurations show two fibers bridging the crack faces

Table 4.9 lists the displacement at a node in the specimen opening for the maximum prescribed load (50
N) and the relative difference with respect to the 3DFEM solution. The table lists results for the three fiber
configurations considered: (1) No fibers; (2) Fibers perpendicular to the crack; (3) Fibers inclined relative to
the crack. Load and displacement are prescribed and measured at the same point as in the previous problem
— at the node with coordinates (60.0, 58.85, 2.5).

Table 4.9: GFEM-mERS and 3DFEM displacement at a node in the specimen opening for the maximum prescribed
load.

Specimen GFEM-mERS displ. (-107°)  3DFEM displ. (-107%)  Rel. Diff. [%]

No fibers 605.32 606.01 0.11
Five inclined fibers 509.45 524.21 2.81
Five vertical fibers 461.33 482.06 4.30

The GFEM-mERS and 3DFEM results for the specimen without fibers are nearly identical. This shows
that any difference in results for the specimens with fibers is due to the different models adopted for the fibers
in GFEM-mERS and 3DFEM. The introduction of fibers in the specimens clearly increases their stiffness.
The specimen with fibers perpendicular to the crack is stiffer than the one with inclined fibers as expected.
In both cases, the GFEM-mERS and 3DFEM results are quite close, with the GFEM-mERS model being
slightly stiffer than the 3DFEM. This is mainly due to the different approaches adopted to model the fiber-
matrix interfaces. The 3DFEM model adopts a linear cohesive surface while the GFEM-mERS adopts a
linear cohesive line. The difference between these two approaches is expected to decrease as the stiffness

of the fiber-matrix interface is increased in both models. A higher matrix-fiber bond stiffness leads to no
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slip between the matrix and the fibers. Thus the geometrical details of the interface become less important.
To verify this hypothesis, the specimens are solved again using a very high bond stiffness — five orders of
magnitude higher than the original K. The results are shown in Tab. 4.10. It can be observed that the
GFEM-mERS and 3DFEM results for the very stiff matrix-fiber interfaces are closer than for the case of an
interface that allows slip between the matrix and the fibers.

Table 4.10: GFEM-mERS and 3DFEM displacement at a node in the specimen opening for the maximum prescribed
load

Specimen GFEM-mERS displ. (-107®)  3DFEM displ. (-107%)  Rel. Diff. [%]
Five inclined fibers (compliant interface) 509.45 524.21 2.81
Five inclined fibers (stiff interface) 479.01 487.89 1.82
Five vertical fibers (compliant interface) 461.33 482.06 4.30
Five vertical fibers (stiff interface) 425.10 432.50 1.71

4.5.3 Computational cost and user time

This section presents the required computational cost and user time to solve the CT specimen with and
without fibers using either the GFEM-mERS or the FEM. Problem size is taken as a proxy for the compu-
tational cost. Table 4.11 shows a comparison between problem size and user time for the 3DFEM and for
the GFEM-mERS. The difference in problem size for 3DFEM compared to the GFEM-mERS is expected

to grow further as the fiber volume fraction increases.

While computational time is important when comparing two methods, the cost of a simulation is often
much lower than the cost of the user performing the simulation. Therefore the user time is also listed in Tab.
4.11 for both methods. In the table, “mesh generation” time is defined as the one that takes to generate the
3D FEM or the GFEM-mERS mesh for a problem. This includes, in the case of the FEM, the generation of
a mesh fitting the crack surface and the fiber-matrix interfaces. In the case of the GFEM-mERS, the mesh
needs only to fit the geometry of the CT specimen. Therefore the crack surface and fibers can be ignored
at the time of mesh generation. Refinement around these features can be done as if they do not exist when
solving the problem with the GFEM-mERS. In practice, the number and location of fibers change during
the design process. Thus, Tab. 4.11 also includes the “mesh modification” time. This is defined as the
time required to change a 3D FEM mesh to accommodate a different number of fibers or to change their

location. As an example, this can represent the amount of time required to change the 3D FEM mesh for
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the specimen with five vertical fibers to the one for the specimen with five inclined fibers. In the case of the
3DFEM, the mesh generation process often has to re-start from scratch when any of these changes happen,
while in the GFEM-mERS the same user-generated mesh can be used to solve both problems — the change
in fiber orientation or location does not require another user-defined mesh since it does not need to fit the
fibers. Generating the 3DFEM mesh in Abaqus requires several iterations at regions where the matrix and
fiber meshes do not fit well. Depending on the meshing parameters, like element type and mesh density,
the mesh generator fails. Multiple trial and error iterations are often needed. The Abaqus mesh generator
usually works well when the element size does not change quickly in the domain. Handling the local mesh

refinements around each fiber is much more challenging.

Table 4.11 shows that the user time for mesh generation in the GFEM-mERS is at least one order of
magnitude smaller than in the case of the FEM. This is the case since the mesh for GFEM-mERS does not
have to handle the 3D fiber-matrix interface as in the case of the FEM. Furthermore, adding fibers to the
model does not require additional user time in the case of the GFEM-mERS since the same user-defined
mesh can be used for the problem with or without fibers.

Table 4.11: Problem size and user time for the GFEM-mERS and the 3DFEM. All times are in minutes. Missing
entries correspond to negligible time

Specimen DOFs . User time . .
Mesh generation ~Mesh modification

No fibers 3DFEM 551,277 ~40 ~20
No fibers GFEM-mERS 302,493 ~10 -

Five vertical fibers 3DFEM 576,291 ~150 ~120
Five vertical fibers GFEM-mERS 307,935 ~10 -

Five inclined fibers 3DFEM 624,744 ~150 ~120
Five inclined fibers GFEM-mERS 325,092 ~10 -

4.5.4 Local behavior study

The opening along the crack surface is examined in order to evaluate how the GFEM-mERS performs
in the neighborhood of the region where fibers cross a discontinuity. Figure 4.31 shows the GFEM mesh
used for the computations presented in this section. It is noted that the mesh is refined as it approaches
the crack front in order to capture the behavior of the solution in this region. Refinement along the fiber

directions is also performed and aims to capture the deformation of the matrix in the neighborhood of the

60



fibers. Although not presented in this chapter, a convergence study was performed to verify the accuracy of
the adopted mesh. It is be noted that refinement along the fiber is important since the GFEM space is not
enriched with functions able to approximate the behavior of the exact solution along the fibers. A study on

the benefits of this class of enrichment can be found in [38, 77].

Figure 4.31: GFEM mesh for the compact tension specimen with fibers bridging the crack faces (left). Cuts showing
the mesh refinement along the two fiber configurations considered in this section (right)

Figure 4.32 shows the magnitude of the crack opening along the centerline of the crack surface in the
direction perpendicular to the crack front. This line coincides with the x-coordinate line. The blue curve
in the figure represents the crack opening for the specimen without fibers. The full orange line represents
the crack opening of the specimen with five vertical fibers, while the dashed line represents the 3DFEM for
the same problem. The arrows in the figure show the location of the two fibers that cross the crack surface.
From the results shown in the figure, it can be observed that the fibers affect not only the global behavior
of the specimen (since the opening of the specimen is reduced, as demonstrated in previous sections), but
more importantly, it also affects the displacements at a local level. Figure 4.32 shows small bumps near the

location where the fibers cross the crack surface.

61



T T T

05— Unreinforced h e S -
GFEM-mERS 5 fibers ' :
0.4} 3DFEM 5 fibers 7 0.1 y
E ! !
g 03r a ! '
& ! T i
< 02 1 5-1072r¢ o
£ | :
S : .
0.1p =>4 ) | I !
3 : 0r E
07 A N T Y

‘ ‘ ‘ ‘ ‘ 18 20 22 24 26 28

|
20 30 40 50 60 70
Coordinate x

Figure 4.32: Magnitude of crack opening along the x-coordinate line for specimen with and without fibers.The
arrows in the figure show the location of the two fibers that cross the crack surface

In order to study how the effect of fiber stiftness affects the crack opening, a series of simulations are
performed varying this parameter. Figure 4.33 shows how the opening changes as the stiffness of the fiber
increases. The blue and orange curves are the same as in Fig. 4.32. The green and purple curves correspond
to cases of fibers with twice and three times, respectively, the stiffness of the fibers associated with the
orange curve. It can be observed that as the stiffness of the fibers increase, the bump at the region where the

fibers are located becomes more pronounced as expected.
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Figure 4.33: Magnitude of crack opening along the x-coordinate line for specimen with fibers of increasing stiffness

Figure 4.34 is analogous to Fig. 4.32 but with fibers inclined relative to the crack surface (same case as

in Sec. 4.5.2). The bumps in the crack opening curve are less noticeable in this case.
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Figure 4.34: Magnitude of crack opening along the x-coordinate line for specimen with and without inclined fibers

4.5.5 Effect of fiber reinforcements on stress intensity factor

Stress Intensity Factors (SIFs) are fundamentally important parameters for linear elastic fracture mechan-

ics. They are used to predict the crack growth speed, direction, and whether a crack will propagate under

a given load. In this section, the effect of fiber reinforcements on the SIFs along the crack front of the CT

specimen is investigated. SIFs extracted from GFEM-mERS solutions are compared with those provided by

the 3DFEM model solved in Abaqus [66]. The Displacement Correlation Method (DCM) presented in [78]

is used for SIF extraction in the GFEM-mERS while the J integral is used for 3DFEM model solved in

Abaqus.

The relative difference between GFEM-mERS and 3DFEM SIFs is measure using the following discrete

[*-norm:

e'(K;):=

Il i llz2

i (k] -K?

Il Ki ll2

- , 4.5)

Next uj
pEIlele

The term N,y is the number of extraction points along the crack front, Iv{lj are the reference stress intensity

factor obtained using Abaqus and Kij are the GFEM-mERS SIFs. The quantity e’ (K;) is referred to as the

relative error of K;.
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Figure 4.35 (a) shows Kj along the crack front for the specimen without fibers. The crack front is the
segment {(x,y,2) | x = X,y =¥,z € [0.0,5.0]} with X and y constants. The SIF curves extracted from GFEM-
mERS and 3DFEM solutions are in very good agreement with a relative difference ¢” = 0.0532%. Mode 11

and III SIFs are not shown since this is a Mode I problem.
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Figure 4.35: K; along the crack front for the three specimen analyzed

Figures 4.35(b) and (c) show K7 along the crack front for the specimen with five fibers perpendicular and
inclined with respect to the crack plane, respectively. These models are shown in Fig. 4.30. The relative
difference between GFEM-mERS and 3DFEM SIFs is ¢ = 1.79% and e¢" = 2.08% for the models with
vertical and inclined fibers, respectively. The difference between the two curves is larger at extraction points
close to the domain boundary. Comparing the plots in Fig. 4.35, it can be observed that the model without
fibers has the highest Kj and the one with fibers perpendicular to the crack plane has the lowest Kj. As

expected, the later model is the most efficient in bridging the crack faces.

The effect of the bond slip stiffness K}, on the relative difference between GFEM-mERS and 3DFEM SIFs
is studied next. The models for the specimen with fibers are solved with K3, five times the magnitude of the

one used earlier. This procedure intends to mimic a perfect bonding between the matrix and fibers. The
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plots for K are shown in Fig. 4.36. Comparing these curves with those shown in Figs 4.35(b) and 4.35(c),
respectively, the difference between GFEM-mERS and 3DFEM results is smaller in the case of a high
bond slip stiffness. The relative difference for the specimen with vertical and inclined fibers is reduced to

e =1.53% and " = 1.73%, respectively.
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Figure 4.36: K| along the crack front for the specimen with a high bond slip stiffness

4.6 Summary

Parametric studies for a range of fiber cross-section area, fiber stiffness, and fiber-matrix bond are pre-
sented in Sec. 4.1. A good agreement between the GFEM-mERS and 3DFEM reference solutions is ob-
served for all parameter values considered. Convergence studies of the h- and p-version of the method are
also presented. They show that the p-version of the GFEM-mERS converges quicker than the h-version.
New sub-fiber elements are created as the 3D GFEM mesh is refined while the number of sub-fiber ele-
ments remains unchanged as the polynomial order of the GFEM approximation changes. As a result, the
ratio between the number of fiber and 3D degrees of freedom is much higher in the h-version than in the

p-version.

It is recalled that high-order approximations for the matrix displacement field are inconsistent with the

original ERS formulation, while such limitation is removed in the proposed mERS, as shown in Sec. 3.3.2.

The GFEM-mERS is verified against fully 3D FEM solutions based on meshes that fit both the crack
surfaces and fiber boundaries. The numerical experiments presented in Sec. 4.1 show that the GFEM-mERS

solution clearly approaches the 3D FEM reference values as the GFEM mesh are refined even though the
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finest GFEM-mERS mesh is much coarser than those adopted in the 3D FEM models.

The accuracy and robustness of the method are tested on a 3D problem with non-trivial geometry — a
fiber-reinforced compact tension specimen. A range of fiber reinforcement configurations is considered,
including the cases with fibers crossing the fracture and fibers with different orientations relative to the

crack surface.

The simulations show that the GFEM-mERS can capture the change in specimen stiffness and stress
intensity factor values as a function of the fiber orientation relative to the crack surface. The GFEM-mERS
and 3DFEM results are quite close, with the GFEM-mERS model being slightly stiffer than the 3DFEM
one. Local effects of the fiber reinforcements on the displacement field along the crack surface are also
captured well by the GFEM-mERS. These effects cannot be predicted if homogenized material properties
are adopted. The effect of fiber stiffness on these displacement perturbations along the crack surface is also

studied in Sec. 4.1.

Quantities of interest provided by or extracted from GFEM-mERS solutions were compared with those
provided by 3D FEM reference models solved using Abaqus [66]. They include the critical load for crack
propagation, i.e., the magnitude of the CT specimen load that leads to a Mode I stress intensity factor at the
crack front equal to the fracture toughness of the matrix. The relative difference between the critical load

predicted by the GFEM-mERS and 3DFEM models was less than 6%.

Another quantity of interest considered was the Mode I stress intensity factor, Kj, along the crack front
of the CT specimen. The relative difference between GFEM-mERS and 3DFEM K] is ¢" = 1.79% and
e" =2.08% for the models with vertical and inclined fibers, respectively. This is a very good agreement
given how much simpler the GFEM-mERS model is compared with the 3DFEM one. The effect of the fiber
reinforcement and their orientation relative to the crack surface on extracted Ky was also captured well with

the proposed GFEM-mERS.
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Chapter 5

Three-Dimensional Crack Propagation in
Fiber-Reinforced Composites Using a
Nonlinear Debonding Law for Fiber-Matrix
Interface

5.1 Introduction

This chapter ' shows the recent advances on the GFEM-mERS for the solution of three-dimensional crack
propagation in fiber-reinforced composites. The mechanical behavior theory developed here is built on top

of the framework developed in the Chapter 2. Two additional features are proposed in this chapter:

o The definition of the constitutive behavior of the matrix, fiber and the fiber-matrix debonding. Matrix
and fibers are considered linear elastic while the fiber-matrix interaction is modeled using a nonlinear

constitutive relation.

e Crack propagation capabilities for fiber-reinforced composite materials using Linear Elastic Fracture
Mechanics (LEFM). The main aspects of the theory are discussed in this chapter. Additional capabil-

ities (with examples) are explained in appendix B 2.

5.2 A nonlinear fiber-matrix model

This section presents the mathematical model adopted for a continuum with an embedded fiber in a

cracked domain. The assumptions adopted here follow those in [51] and [80]. A nonlinear cohesive law is

IThis chapter has been adapted from “P. Alves and C. A. Duarte, Three-dimensional crack propagation in fiber-reinforced
composites, in preparation, [79]

2 Appendix B has been adapted from the paper by “F. Mukhtar, P. Alves and C. A. Duarte, Validation of a 3D Adaptative Sta-
ble Generalized/eXtended Finite Element Method for Mixed-Mode Brittle Fracture Propagation, International Journal of Fracture
(2020), [80]”
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adopted at fiber-matrix interface and, for simplicity, a single fiber is considered one more time. Extension
of the model to an arbitrary number of fibers is straightforward. Linear Elastic Fracture Mechanics (LEFM)

assumptions are adopted for matrix cracks. Inertial effects and gravity load are neglected.

Iy
Qn

u

Figure 5.1: Continuum with one fiber and a crack

Consider a domain Q c R3, in which a fiber is included. Let Q¢ and Q,,, denote the domains occupied by
the fiber and matrix, respectively, with Q = QU Q. A crack surface I'; with crack front yg as shown in Fig.
5.1. The matrix-fiber interface is denoted by I', where I, and It are the different sides of this interface. For
simplicity, it is assumed that the fiber is fully embedded in . Thus, I'N9Q = @, where JQ is the boundary
of Q. The external surface of the fiber is denoted by I't while the external surface of the matrix facing the
fiber is denoted by I'y,. The boundary 9Q is decomposed as 9Q = I'y UT'y with Iy NI'y = 0. Similarly to

Chapter 2, Dirichlet and Neumann boundary conditions are prescribed on I'; and I'y.

V-o=0 in Q (5.1)
where o denotes the Cauchy stress tensor. The boundary conditions are given by

o-n=1t only and u=u onl, (5.2)

where & prescribed on 9Q, where n is the outward unit normal vector to 9Q, f are prescribed tractions, and

u are prescribed displacements. The tractions at the fiber-matrix interface are denoted by

o-ni=tf only and o-Ny=1t, onl, (5.3)
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where n¢ and np, are outward unit normal vectors to I'r and I'y,, respectively, and o - nf = —0 - ny, = t; by
equilibrium. Matrix and the fiber are assumed to behave as a linear elastic material, which are the same
assumptions as assumed in Chapter 2.

O0m=D,:€ and (5.4)
0'f=Df2 € (5.5)

where Dy, and Dy denote the fourth order Hooke’s tensor for matrix and fiber, respectively.

5.2.1 Kinematic assumptions

As developed by [51] and described in details in Chapter 2, the displacement field # over the entire body

Q is decomposed as

u=n+u (5.6)

As in Chapter 2, functions here are generic and still valid for a cracked domain described in Fig. 5.1.
Functions # is a continuous function across the matrix-fiber interface I', but possibly discontinuous else-
where in €, and & is continuous over the fiber subdomain Q¢, discontinuous across the fiber-matrix interface
I', and identically zero over the matrix subdomain Q. The functions for matrix displacement, fiber dis-
placement and the displacement jump across the fiber-matrix are the same as defined in Chapter 2, and

given respectively by ulq, in Eq. 5.7, u|q, in Eq. 5.8 and [u]|r in Eq. 5.9.

ulo, =i, (5.7)
ulo, = dlo; + il (5.8)
[u]Ir = ulr, — ulr,, = (@ + @)|r, — (@ + W)lr,, = dlr, = [@]lr (5.9
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5.2.2 Principle of virtual work

The weak formulation of the problem described in the Chapter 2 is given one more time. Find u € U,

such that
fVS(Su:O'dQ+ [[5u]]|r-tfdr=f5u-idrN Y Su € Uy, (5.10)
Q T I'n
where
UQ) ={u:u(x) eR*VxeQ; ue H' (Q).i=1,2.3; ulp, =) (5.11)
Uy (Q) ={ueUQ): ul, =0} (5.12)

The kinematic assumptions from Sec. 5.2.1 lead to

st5ﬁ:0dQ+f Vséfl:O'dQ+f[[6ﬁ]]|r-tde=f oi-tdI'y. (5.13)
Q Qf

I I'n

As stated earlier, it is noted that both 6 and d# belong to Uy. Therefore the virtual displacements é# and

o are arbitrary, Eq. 5.13 can be split as

fvséﬁ:a'dQ:f oi-tdl'y and (5.14)

Q I'n

f V6 : o0dQ+ | [ou]lr-tedl’ = 0. (5.15)
Qf rf

Up to this point these equations are the same governing equations as described in Chapter 2. The con-
stitutive laws for matrix, fiber and interface are introduced and developed as follows. Here, it is chosen to
present the derivation in its generic form, similarly as presented in [19]. The implementation and numerical
examples in this research, however, consider the nonlinearity only at the interface, not at the matrix mate-
rial. Material nonlinearities for advanced materials (including damage models with matrix degradation, as

in [19]) can be easily introduced using the proposed formulation here presented.
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The constitutive relations corresponding to the matrix (linear elastic), fiber (linear elastic) and interface
(nonlinear) of the problems are presented in details in Sec. 5.3.2. The linearisation of Eqgs. 5.14 and 5.15

leads to the following two linearised equilibrium statements:

P _
stéﬁ:a'dQ+fV56ﬁ:—a-dQ:f oit-1dly (5.16)
Q Q Oe I'
9 ot
fvsaa:adsuf vsaa:—"d9+f5a-tfdr+f5a-—fdr=o. (5.17)
Q¢ Q¢ de Iy Iy it

Considering that Q = Qy, + Qf, using the decomposition of the strain tensor, and the constitutive laws, it

can be found the following equations:

fVséﬂ:Dm:VSﬁdQ+fVséﬁ:Df:VsﬁdQ+fVséﬁ:Df:VSﬁdQ
Qn Qf Qf

Vséﬂ:Df:VSAﬁdQ:f ou-tdl'y, (5.18)

+f Viéiv: Dy, : VSAﬁdQ+f Vi6iv: Dy : VSAﬁdQ+f
Qm Qs I'n

Qf

Aff Vsdﬁ:Df:Vsﬁdl+Aff Vs : Dy : Viidl
L¢ Ly
+As f Vi6it : Dy : V' Aitdl+ Ay f Vi6it: D : VAl

+Cff 6ﬂlr~(DbAﬁlr)dl+Cff oulr - (Dputlr)dl =0
Lg Le

where A denotes an increment of the corresponding quantity. After some arrangement the following equa-

tions are obtained:
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f Vi8iL: Dy : Vi dQ + Ay f V46i : (Ds—Dyy) : Virdl
Q L¢

+Aff V6 : Ds: Viadl + f V6t : Dy, : VAie dQ
L¢ Q

+Aff V6 : (Ds—Dy,) : V*Ar dl+Aff V6 : Ds: VP Audl
Lg Ly

=f on-1dly, (5.19)
I'n

Aff Vé6it : Dy : Vsﬁdl+Aff Vé6i : Dy : Viadl

L¢ Lg

+ Cff ou|r- (Dbﬁh") dl-l-Aff Vioi : Df :ViAndl
L Le

+Aff Vséﬂ:Df:VsAﬁdl+Cff ou|r - (DyAtlr)dl =0 (5.20)
L¢ Lg

It can be observed that Egs. 5.20 and 5.19 are very similar to Eqgs. 2.21 and 2.22 presented in Chapter 2.
Now, however, it is noted some terms due to the adopted cohesive law. As mentioned earlier, the nonlinear
terms related to the matrix material can be simplified in this study, since linear elastic matrix is considered.
More sophisticated models, including damage for example, can be easily introduced in this formulation
for both matrix and fiber, as shown in [19]. The A, Cr and L¢ are the cross-section area, circumference,
and length of the fiber, respectively. With an abuse of notation, all quantities are kept in a general three-

dimensional setting. One-dimensional relations are introduced, where appropriate, in Sec. 5.3.2.
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5.3 Discretization of fiber-reinforced composites with 3D fractures for

nonlinear models

5.3.1 GFEM-mERS

As in Chapter 3 the displacement field shown in Eq. 5.6 can be approximated using the GFEM-mERS

GFEM

defined earlier. In short, the GFEM approximation u of a vector field u is given by

FEM

UM () = wFEM (x) + wBNR ()
Mq
= DL, Na(®)+ Y No(®) D i Eai(3),
a€ly ael; i=1
., R d=123. (5.21)
In this equation, the N,(x), @ € I, = {1, ,nnod}, is the standard linear finite element shape function

associated with node x, of a finite element mesh covering the analysis domain Q and with nnod nodes;
E,; is the enrichment function at the node with index a € I} C Iy, and i = {1,---,m,} is the index of the
enrichment function at the node with m, being the total number of enrichments assigned to node x,. Using
the parameters previously defined in Chapter 3, the GFEM approximation is therefore defined as for a
cracked domain as in Eq. 5.22. Recall that £,;, ECZ{ and Egl.D are, respectively, the polynomials, generalized
Heaviside and singular enrichments as defined previously. It is important to note that the enrichments are
suitable for LEFM, and assume linear elastic matrix material. Equations 5.20 and 5.19 presented earlier can

be simplified and the terms related to the nonlinearity of the matrix material can be dropped.
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GFEM _ A ~ ~
uM ) = 3" NoEai boi+ N E" o
a€ely acl?

NoEgi NLE™

ai

2
UOD’ v
+ § NLE="? iy
' al
N, EOP*

~ oD -
= Em"‘ZN um"‘ Z ZN Ui

@€l ael) H acl) front j=

— NGFEM UGFEM’ (522)

where @t o; = [it,; v, W, U] , matrix NOFEM ig simply the concatenation of N, (a € 1), Nf (a e If ), and NSI.D

(ae I{l“’m, i =1,2), and USTEM is the global vector of degrees of freedom.

The mERS to be combined with the GFEM approximation follows the definition described in Chapter 3,
where the displacement field can be divided in two non-slip components and slip component as shown
earlier. The intersection between the fiber and element boundary is done as shown in Fig. 5.2. This
formulation is necessary for the discretization of fractures (and propagation) with fibers bridging fracture

faces using the GFEM-mERS.

(xe1)

=>
3

Figure 5.2: Intersection between the fiber and element boundary
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Non-slip component The non-slip component is obtained from the matrix displacement field. They are

the same as the GFEM approximation (Eq. 5.22) for fractures presented earlier in Sec. 3.2:

#(x) = Ny(x)U, = NOFEM (x) yOFEM (5.23)

The displacement of the matrix in the direction of the fiber is given by

fig,(x') = Reia[x(x")] = ReN [ x(x)]U 1y = ReNOFEM [ x (1) USFEM (5.24)

where the transformation matrix Ry is given by

Ri=| cos(8yyx) cos(Byy) cos(By) (5.25)

with 8y, 6y, and 0y, the angles between the fiber axis x” and the global x, y, and z directions, respec-

tively.

Slip component The approximation of the fiber slip (relative displacement between matrix and fiber) is
given by
iiq,(x") = Ne(x") Uy, (5.26)

where the fiber shape functions and degrees of freedom are given, respectively by a linear approximation
at the coordinate

and (5.27)

Ni(x') = [ Ni1(x')  Npa(x')

T
Uf:[ Uf1y Ufy :| . (528)

It is noted that the slip degrees of freedom Uy are defined in the fiber direction x’, as shown in Fig. 3.3.
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5.3.2 Constitutive relations

The constitutive relation Eq. 5.4 in matrix format is given by

o=Dyé€ (5.29)
where
1-vp Vi Vm 0 0 0
Vm 1-vy, Vm 0 0 0
E v, v, 1-vy 0 0 0
= T . " m " (5.30)
A+vm)d=2vm) | 0 0 1-2vm 0 0
0 0 0 0 1-2vn 0
0 0 0 0 0 1-2vp
and
e=Vi= BGFEM UGFEM (531)
as defined in Chapter 3

Since the fiber is modeled as a truss, the constitutive relation Eq. 5.5 degenerates to the one-dimensional

Hooke’s law

' = Ef€ (5.32)

The gradient of the 1D fiber slip in the fiber coordinate system is given by

ditg(x") _ dNi(x')

€)= dx’ dx’

U = Bi(x") Uy, (5.33)

For the matrix-fiber interface, only the longitudinal fiber displacement is considered when idealizing a

fiber as a truss. Therefore, the traction-separation law degenerates to the following

Ote(x")
Ol (x')

Dy(x') = (5.34)
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The term #;y is the traction along the fiber boundary, iiq, is the fiber slip (relative displacement between
matrix and fiber), and Dy(x’) is the tangential component that comes from the stress-slip relation between
matrix and fiber. Figure 5.3 shows (for a generic cohesive law) a nonlinear function that describes the

traction #;y due to the slip fig;.

tr

0o,

Figure 5.3: Generic bond stress-slip relation for the interaction of matrix and fiber

Two bond-slip relation are studied in this chapter. The bilinear law is used for verification of GFEM-
mERS against several numerical examples using 3DFEM. The Piecewise Cubic Hermite Interpolating Poly-
nomial (PCHIP) law [81], which is more complex and uses more parameters than the bilinear law, is used

for validation of GFEM-mERS against laboratory experiments.

Bilinear law

The debonding law at the fiber-matrix interface is given by a bilinear law illustrated in Fig. 5.4. The

bond-slip law consists of an initial elastic branch followed by a softening branch. The constitutive law is

ini ini

ini ini
T
resl’ "resl

max? Tmax

defined by a peak value (s ) and a load level (s ). This law is very simple, can be easily

implemented and can be found in many commercial software.

77



elastic debonding ‘

(sini .,

matrix

E I interface
[ ] fiber

Bond stress T

L E (sini | gini

resl’ "resl . >

Slip s

Figure 5.4: Bilinear bond stress-slip relation for the interaction of matrix fiber

Piecewise Cubic Hermite Interpolating Polynomial (PCHIP) law

A more accurate description of the nonlinear matrix-fiber interaction for many composites is described

using the bond-slip law proposed by [81]. This law is very versatile and can be used to describe a large

variety of composites, including reinforced concrete, [81], short glass fiber composites, [82], polypropylene

composites, [83], and many others. Similarly to the bilinear law described earlier, this relation describes

a traction 7 due to the slip s. As shown in Fig. 5.5, this bond slip law consists of an initial elastic branch

followed by a debonding and a final frictional pull-out branch. The constitutive law is defined by a peak value

(s rin y and a residual load level (s™ , 7™ ). To control the frictional part of the law a control point

max> " max resl’ ‘resl

(s ¢ini yis defined. As suggested by [84], the parameter 7" is set slightly smaller than T?stl to avoid

res2’ "res2 res2

a zero stiffness in the residual load part. The interpolation between points is realized by Piecewise Cubic

Hermite Interpolating Polynomial Procedure (PCHIP) based on [85]. It uses a subset of cubic polynomials,

which show monotonicity and continuity in the first derivatives between consecutive intervals. This reduces

numerical problems during computations on the transitions between the intervals of the bond law.
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Figure 5.5: PCHIP bond stress-slip relation for the interaction of matrix fiber

The law is defined using four control points: PO (0,0), P1 (s | it ) P2 (s’r'éls 1> ’r’;’s s P3 (s’r’;lsz, ’r';’S 5)-
Therefore there are four points and three interpolation intervals. Withing these intervals function 7(s) is

defined by

7(s) = T H(8) + (5, — s)mH(s) + 7, H3(s) + (5, — s))mH4(s) (5.35)

The subscripts [ and u indicate the neighbors of the interpolation interval. The terms Hy, Hy, H3, Hy, m

are defined as:

Hi9) =2 ) =3 P+ (5.36)
2(S S[) +(S—Sl) (537)
w—Si Su—S]
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Hi(s) = —2(——Ly3 4 3222y (5.38)
Sy — 8] Sy — 8]
S— S S— S
Hy(s) = (——)3 (==L )2 (5.39)
Su— 81 Su— 3581
m="2"1 (5.40)
Su— S

5.3.3 Nonlinear system of equilibrium equations

Each term in Egs. 5.19 and 5.20 is discretized using a GFEM approximation for the matrix and the
modified ERS formulation for the fiber and matrix-fiber interaction. They are done as in [51]. The above

leads to the following system of equilibrium equations

Kiom Kume || AUSTEM f Fingpyorem

= - (5.41)
Kim  Kg AUy 0 Siniv;
where the terms in Eq. 5.41 are given by
Kom = L (By) Dy BndQ + As L (Bw) RT (Ef— E)RBy dl, (5.42)
Kop = Ay ’ (Bm)"RT E;B; dl, (5.43)
¢
Kin = A L (Bf)" ERB,, dI, (5.44)
Kg = Ay ’ (By)" EtB;dl + Cy ’ (Np)" DN dl, (5.45)
¢ ‘
f=1 (Np)Tzdr. (5.46)
I'n
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fiycrm = f (Bm) D By USFEMAQ (5.47)
Q

+A; | (Bw) RT(Ef— E)RB,, UST®MAI + A | (By)  RTE(B;Udl (5.48)
L¢ I

Fimu, = As f (By)T EfRB,US"™ dI + A; | (By)T E¢B;U;di+Cy | (Ny)T DyN;U;dl (5.49)
L¢ L¢ Ly

The derivations presented in this section, leading to Eq. 5.41, assume that there is a single fiber in the
analysis domain. The extensions to the case of multiple fibers is straightforward due to the hierarchical
nature of Eq. 5.41: the GFEM discretization of a cracked domain is simply augmented by the discretization

of each fiber based on the GFEM-mERS. Thus, the system of equations for the case of n fibers is of the

form: ) o S )
Kum Kut, Ko, -+ Kug || AUSTEM f fiporem
Kim Kipy, 00 -+ 0 AUy 0 Sinwyy
Kiym O Kpp, - 0 AUy, =10 |- f‘mthz . (5.50)
| Kfnm 0 0 e Kfnfn 1L Al]fn ] | 0 ) i fil’llU"

5.3.4 Computational geometry issues for cracks and fibers

The implementation of the GFEM and GFEM-mERS requires efficient and robust computational ge-
ometry strategies. For the crack representation using GFEM the main challenges are the description of
non-planar crack surfaces, the definition of based vectors of coordinate systems used in the computation of
singular enrichment functions, and algorithms for automatic generation of elements used for the numerical
integration of the weak form. For the fiber representation using GFEM-mERS the main challenge is the
description of the 1D element (fiber) crossing 3D elements and its boundaries. This is essential to create the

sub-fiber elements used for integration purposes.
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Here, crack surfaces are represented using surface meshes like those shown in Figs. 5.6. These triangu-
lations are known as geometrical crack surfaces. The surface mesh is independent of the 3D mesh used to
solve the problem and composed of a set of triangles (facets) that represent the crack geometry and loca-
tion. It is noted that these triangulations have no degrees of freedom. They serve only for computational
geometry purposes. Figure 5.6 shows base vectors of coordinate systems defined at crack front vertices of
a geometrical crack surface. Besides the computation of singular enrichments, these base vectors are also
used for the extraction of stress intensity factors at crack front vertices, and for the crack front advancement

as described in Sec. 5.4.1.

Figure 5.6: Non-planar crack surface and base vectors at crack front vertices [86]

Although the fibers do not need to be fit with matrix elements and crack surfaces, it is still required to
map the matrix elements where fibers are inserted. The process, however, is substantially less complex when
compared to the classical FEM method where both fiber and matrix meshes need to fit. The subfibers are
essential for numerical integration and the process of creating is illustrated in Fig. 4.16 and described in

details in [51]. Every time a fiber crosses a 3D element, a new sub-fiber is generated.
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Figure 5.7: Process of creating sub-fibers in a 3D GFEM mesh. One sub-fiber is created for each tetrahedral element
intersected by the fiber. This leads to an increase in fiber DOFs with refinement of the 3D mesh

Regarding fibers crossing the crack, there are three possible cases from the computational point of view.
The 2D schematics of these cases are described in Fig. 5.8. For case (a), cracks are represented by double
nodes and do not cross any subfiber; for case (b) cracks are represented by GFEM functions and do not cross
any subfiber; and for case (c) cracks are represented by GFEM and cross a subfiber. As expected, the most
challenging (and generic) case from the geometrical and numerical point of view occurs for case (c). The
1D integration over the subfibers cut by the crack is performed using a Simpson quadrature rule [68] with a

large number of points as described in Chapter 4.
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subfiber 1 subfiber 2

(a) Double nodes describing cracks
crack

subfiber 1 subfiber 2

(b) GFEM describing cracks

subfiber 1

(c) GFEM describing cracks crossing subfibers

Figure 5.8: Schematic showing the location of the crack relative to matrix and sub-fiber elements

5.4 Crack propagation algorithm with mesh adaptivity for fiber-reinforced

composites

This section presents the main steps of a 3D GFEM-mERS simulation of fracture propagation for fiber-
reinforced composites. For this research linear elastic fracture mechanics is adopted. The propagation
algorithm is based on those proposed in [76, 80, 87, 88] and is implemented in the 3D adaptive GFEM
software ISET [89]. The algorithm enables automated, efficient, and accurate simulations of 3D fracture
propagation in fiber composites as demonstrated in Sec. 4.1. Given the representation of the crack surface

at propagation step (cf. Sec. 5.3.4), the following is performed:
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1. Refine the 3D GFEM mesh around the crack front and fiber line such that the element size meets
user-prescribed criteria. Example of this mesh is shown in Fig. 5.9. It can observe that the region
where crack and fibers are located is highly refined. Details on the refinement algorithm can be found

in [88] and [89].

crack
fiber

Figure 5.9: Mesh refinement of a representative problem containing fiber and crack
2. Compute the intersection between the geometrical crack surface and the GFEM mesh. The Compu-
tational Geometry Algorithms Library (CGAL) [90] implementation of AABB trees (trees of axis-
aligned bounding boxes) is adopted for these computations. These intersections are in turn used for

the generation of integration sub-elements as described in [65, 67].

3. Compute the intersection between the fibers and the GFEM mesh. AABB trees is also adopted for
these computations. These intersections generate the sub-fibers as shown in Fig. 5.8 and presented in

details in [51]. The algorithm is presented in Appendix A.

4. Enrich the finite element nodes with singular, Heaviside, and polynomial functions, as described in

Sec. 3.2.

5. Integrate the stiffness matrix and load vector associated with the GFEM discretization of Eq. 5.1. This

is performed with the aid of integration sub-elements and the sub-fibers generated previously.

6. Solve the linearized elastic problem Eq. 5.1 discretized with the GFEM. Due to the nonlinear aspect

of Eq. 5.34, an iterative process is necessary.
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7.

10.

Extract Mode I, II and III Stress Intensity Factors (SIFs) at every vertex on the crack front of the
geometrical crack surface. The extraction method adopted is described in 5.5. The SIFs are used to
determine, at each crack front vertex, if the crack will propagate and the direction and magnitude of

propagation as described in Sec. 5.4.1.

. Calculate the axial tensile strength of the fibers. This factor will indicate, for each fiber, if the ultimate

strength o, has been reached. Fiber stiffness is no longer considered after axial strenght hits o-,;; and

fiber is considered broken (area of the fiber is considered null for future steps).

The propagation vectors are used to define the position of the crack front vertices at the next propaga-
tion step. The geometrical crack surface is updated by adding a new layer of triangular facets to the
current crack front or by stretching the current crack front vertices. The strategy used depends on the
magnitude of the crack front advancement vector at each front vertex. After several propagation steps,
the crack surface triangulation may be remeshed to reduce the number of facets and speed up compu-
tational geometry operations. Details on these algorithms for geometrical crack surface updating and

remeshing are described in [76]. Figure 5.41 shows the evolution of a crack surface and its update.

After updating the geometrical crack surface, the 3D GFEM mesh is unrefined to the initial mesh
provided by the user. The algorithm is then repeated until no crack front vertex meet the propagation

criterion or the user-prescribed number of propagation steps is reached.

5.4.1 A computational fracture growth model for linear elastic fracture mechanics

As described in details in [80], the propagation algorithm described earlier is based on linear elastic

fracture mechanics assumptions and requires, at a crack propagation step, the following information at each

crack front vertex of the geometrical fracture surface:

1.

2.

The crack propagation direction. In this work, the Schéllmann’s criterion [91] is adopted.

The magnitude of the crack front advancement. A Paris-type law is used to compute this at each
front vertex based on the maximum advancement magnitude, Aanax, prescribed by the user and other

law-specific parameters.
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Crack propagation direction: Schollmann’s criterion

Crack front deflection can be represented by the kinking angle 6y and the twisting angle ¢, as shown
in Fig. 5.10. These quantities are computed using Schollmann’s criterion [91]. It assumes, like in the 2D
Maximum Tangential Stress (MTS) criterion [92], that the crack growth direction is perpendicular to the

maximum principal stress.

The kinking angle 6 is a non-linear function of all three SIFs and is determined by the conditions

320' 1
0=t 06?

Gl
a6

<0

6=60
where o1 is the maximum principal stress. Once the kinking angle 6y is calculated, the twisting angle, ),

is given by the direction of o and can be computed using

274,(60) ) (5.51)

1
vo=3 arCtan(Ue(Qo) —0.(60)

2

where o0y, Tg, and o, are components of the stress tensor in a cylindrical coordinate system defined at the

crack front. For further details, the reader is referred to [91, 93].

Mode [ Mode 11

Mode TIT All Modes

Figure 5.10: Crack growth under each mode and their superposition. The kinking angle 6y and the twisting angle ¢
define the direction of crack front propagation [88]
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The kinking and twisting angles are used to prescribe the direction of crack propagation at each crack
front vertex of the geometrical crack surface [87]. An effective crack front propagation direction 6* is
defined based on 8y and an increment accounting for the twisting angle i, and thus the effect of Kjj;.

Details on the procedure to compute this increment are provided in [94].

Schollmann’s criterion degenerates to Erdogan and Sih’s MTS criterion [92] if Kj;; = 0. In this case, the

kinking angle 6y is given by [95]

, ifK;#0

2
1K, 1 K
2arctan e A (—I) +8

4K]] 4 Ky

(5.52)
0, ifKy=0

and the twisting angle o = 0.

Crack front advancement magnitude

Crack growth in linear elastic fracture mechanics is dependent on the stress intensity factors or, equiva-
lently, on the energy release rate [95, 96]. Griffith’s criterion is commonly used for brittle fracture growth

[95, 97, 98]. It is given by,

0, if gmixed(j) < gc
Aa(j) = (5.53)

>0, if gmixed(j) =G,

where Aa(j) is the magnitude of crack advancement at crack front vertex j, Gmixed(J) i the energy release
rate in the direction of crack propagation at front vertex j, and G, is the critical energy release rate of the

material. In the case of plane strain conditions, G, is given by

1-12
G.= _EV K2 (5.54)

where Kj. is the fracture toughness of the material under Mode I loading.
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The energy release rate at each crack front vertex is used to determine whether the crack front propagates
or not. The crack propagates when the energy release rate at any crack front vertex in the direction of crack

propagation, Gmixed, reaches the critical energy release rate of the material [97, 98]. Gmixed 1S computed

using [98],

Gmixed = G/ +Gin (5.55)

where G;/11 and Gy are given by [98],

1= (1 (¢ . AL
G = —cos| = |[K; (1 +cos8")—3K};sin6"] (5.56)
E 2 2
1+v 6*\1?

Gur = = K COS(E)} (5.57)

It is noted that the criterion given by Eq. 5.53 does not provide the magnitude of the crack front advance-
ment along the crack front once the condition Gpixed = G, is met at a crack front vertex. The criterion as

stated in Eq. 5.53 is not suitable for computational implementation.

Lazarus [99] presented a regularization of Irwin’s criterion — which is equivalent to Griffith’s criterion
— based on a Paris-type law with a high exponent. This law provides the magnitude of the crack front
advancement along the crack front. It scales the magnitude of the advancement such that the point on the
crack front with the largest Mode I stress intensity factor advances the most. It is adopted a similar strategy
which is suitable for the simulation of 3D crack propagation in brittle materials. The magnitude of crack

advancement, Aa(j), at a crack front vertex j is taken as,

. 0, if Kl,eq(j) < ch

Kreg(D-Kie \" . .
Aamax(w) , if K[,eq(])>ch

max_
K Leq Kie

where m and Aa,,,, are model parameters. A model similar to Eq. 5.58 is adopted in [100]. The equivalent
Mode I stress intensity factor, Kj .4(J), at crack front vertex j is computed using the expression proposed by

Schoéllmann et al. [91] and Richard et al. [93],
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1
Kieq()) = 3 (:os(%){chos2 (9—20) - %KH sin(6p)
+ /J

where K;, Kj;, Kjj7, and 6y are computed at crack front vertex j with 6y computed using Schollmann’s

60\ 3
K cos? (30) ~ 5 Kursin(@o)

2
+ 41(,2,,} (5.59)

criterion as described earlier.

If K;;; =0, then

0 7/ 0
Kjeq()) = cos? =2 (KI cos = — 3K;sin —O) (5.60)
2 2 2
1 7/
- 5005(30)[1(1(1 +cos00) — 3Ky sinfo] (5.61)
E
V12 G11(0o) (5.62)

Parameter Aa,,,, represents the maximum displacement magnitude among all front vertices. It is applied to
the crack front vertex with the highest equivalent stress intensity factor K’ ;"j; . Parameter m is taken as unity
in all problems solved here. It is noted that a crack front advancement is prescribed at a front vertex only if

the crack growth criterion Eq. 5.53 is satisfied.

5.5 The Displacement Correlation Method (DCM)

This section presents the expression for the extraction of SIFs based on the Displacement Correlation
Method (DCM) [101, 102]. This method is used to extract the SIFs for the problems described in this
document. A more detailed derivation can be found in [103]. For this method, the approximation of K; can

be computed as follows

o G
Ki(r) = ‘ITHE 0y ()] (5.63)
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where [uy(r)] is the displacement jump in the $-direction of the crack front coordinate system as in shown

in Fig. 5.11.

[y (] = wy(r, ) =y (r, —10) (5.64)

y
r
A
T

Crack front

N

Figure 5.11: Crack front coordinate for fracture mechanics problems

The error of this approximation is O(r). It can be improved using Richardson extrapolation [68] which is

given by:

K;(ry) = K; +Cr,

K;(rp) = K1+ Cry, (5.65)

where r, and r;, define the location of sampling points with r, < r,. The above equations can be solved for
Kj as
b

K = (K}"(ra) - r—“K;(rb)). (5.66)
rpb—"rqg rp

This approximation of K; has an error of O(r?) instead of O(r). Analogous expressions can be derived to

calculate approximations for K;; and Kjj;.
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The averaging scheme is adopted in this work. In this strategy, several pairs of sampling points at r, and
rp are used to compute approximations of K; with Eq. 5.66. The final approximation of Kj is taken as the

average of those approximations.

Let K, (r) be an approximation of K; evaluated at r¢ using Eq. 5.63, k=1, ..., Ngamp1, With 7% < 7 1. Neampl
denotes the total number of sampling points used in the averaging scheme. Let K; x, be an approximation of

K; computed using Eq. 5.66 with r, = ry and rp = iy = 1+ Ag, 1€,

r * r *
K= %(K,(rk)— L K,(rk+1)). (5.67)
k Fi+1

A simple average of Kjx, k=1,..., Ngamp1 — 1, gives the final approximation for K;

Nsampi—1
1 P
Kj=——— Kix. (5.68)
! Nsampl -1 kz:; !

Analogous averaging procedures are used for K;; and Kjj;.

In this work, the same distance between two consecutive sampling points is adopted, i.e., Ay = A = 0.1hy;y
where hinin is the minimum edge size of the elements cut by the crack front. The location of the first sampling
point is defined by p = r| /hmin = 0.4. The total number of sampling point used for the averaging scheme is

Nsampl = 10. These parameters are selected based on recommendations from [78].

5.6 Numerical examples

This section presents several examples to illustrate the proposed approach. Reference 2D/3D solutions are
provided by standard FEM models in which fibers are discretized with 2D/3D elements and the fiber-matrix
interface is modeled using a cohesive law. The nonlinear fiber-matrix model and the propagation criteria
adopted here were presented in details earlier in this chapter. The reference solutions are either obtained

using Abaqus [66] or given by laboratory experiments as described in the next subsections.
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5.6.1 Square domain with horizontal fiber

The problem consists in a square domain of length 4 x 1073 m (all units are consistent). The fiber is
located at coordinates (0.2 x 1073,2x 1073), (3.8 x 1073,2x 1073), as shown in Fig. 5.12. The displacement
is restricted to zero at the left edge (x = 0) and a prescribed displacement p, is applied at the right edge

(x=4x1073 m).

The goal of this problem is to verify the implementation of the formulation presented in the previous
chapters, in particular the nonlinear cohesive law at the fiber-matrix interface. Two different approaches
are used to solve this problem: 2D GFEM-mERS and 2DFEM. The GFEM-mERS uses the formulation
presented earlier in this chapter. The 2DFEM uses the classical FEM formulation built in Abaqus, and
the modeling strategies described in [51]. The problem has the following material properties: Young’s
modulus of the matrix E,, = 20 x 10° N/m?; Poisson ratio of the matrix v = 0.2; Young’s modulus of the

fiber E; = 500 x 10 N/m?. Diameter of the fiber d; = 0.1x 107> m.

Figure 5.12: Geometry and boundary conditions of the specimen

The debonding law at the fiber-matrix interface is given by a bilinear law illustrated in Fig. 5.4. The
bond-slip law consists of an initial elastic branch followed by a softening branch. The constitutive law has

the following parameters: st = 1x 107 mm, 7 = 10x 107 N/mm, s™  =1x1072 mm.

max > tmax
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A refinement study is performed to investigate the dependence of results on the discretization. Two levels
of structured refinements are used for the GFEM-mERS as shown in Fig. 5.13. A coarse 3 x 3 mesh (three
bilinear quadrilateral elements each direction) and a refined 99 x 99 mesh. The fiber is parallel to the edges

with respect to the background mesh. A similar study is performed in [84].

P

Ny
e

e

Figure 5.13: 2D meshes used to solve this problem. At the left a 3 X 3 mesh and at the right a 99 X 99 mesh

The prescribed displacement p, is incrementally increased. The reaction force at the left edge is then
calculated. Figure 5.14 shows applied displacement (x-axis) vs. resultant force (y-axis). The reaction force

is calculated by the summation of the nodal forces of all the nodes located at the left edge of the domain.

80 | L. 3

D
(e}
I

Reaction
N
)
T

20 —— coarse GFEM-mERS | |
refined GFEM-mERS
ol - --- 2DFEM B

|
0 05 1 1.5 2 25 3 35 4
Displacement 1073

Figure 5.14: Comparative reactions between GFEM-mERS (coarse and refined) and 2DFEM analysis
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Results are reported in Fig. 5.14 in terms of load-displacement curves. The curves show the effect of the
non-linear fiber-matrix bond slip on the mechanical response (the arrow indicates when the first integration
point on fiber-matrix interface experiences a nonlinear slip). Both coarse and refined meshes are able to
capture the nonlinearity of the problem. Further studies are performed in the next sections to explore the

effect of different parameters and how they affect the solution using GFEM-mERS and 2DFEM.

The 2DFEM model is solved using bilinear two-dimensional elements using a similar strategy previously
reported in Chapter 4 and shown in details in [51]. Cohesive elements are used to implement the cohesive
law at the fiber-matrix interface. A very refined mesh is used to obtain the reference 2DFEM solution. An
x-y plane view of this mesh is shown in Fig. 5.15, where the von Misses stresses of the final step can also

be visualized.

Figure 5.15: A representative von Misses stresses for bidimensional problem solved in Abaqus. It can be observed
the difference of the stress magnitude for fiber and matrix

The effect of the diameter of the fiber

This section studies the effect of the diameter of the fiber dy when comparing GFEM-mERS and 2DFEM
models. Because in GFEM-mERS fibers are discretized using 1D elements, the ratio between diameter
and length of the fiber should be small in order for the physics of the problem to be correctly captured.
For problems where the ratio between diameter and length of the fiber are considerable, it is necessary the
2D representation of both fiber and matrix. This was previously studied by [104] with several numerical
experiments. Table 5.1 shows the relative error e (Eq. 5.69) between the two models as dy increases,
where the error is calculated by relative difference between the reaction force of GFEM-mERS (R,,ggs ) and

2DFEM (RyprEp) measured as in the previous section.

95



_ |RopFEM — RinERs|
|R2pFEM]

(5.69)

Table 5.1: Comparative of reactions for different diameters d of the fiber

df  GFEM-mERS 2DFEM  e(%)

0.1 84.3097 86.0149 1.98
0.05 78.7361 79.0259  0.37
0.025 74.1156 74.3098  0.26
0.01 70.2934 70.3808  0.12
0.001 67.4173 67.5187  0.12

Table 5.1 shows that the error becomes greater as dy (mm) increases. The difference between models
grows from dy = 0.05 to dy = 0.1 and it is expected to grow even faster for larger dy. This highlights an
important aspect to be observed when solving fiber-reinforced composite problems using the GFEM-mERS.

This particular detail was taken into account for the other problems solved in this work.

Ratio between Young‘s modulus of fiber and matrix

The ratio between fiber and matrix Young‘s modulus is studied here. This is given by the variable r,, =
%. Because the stress magnitude can be very different for both materials, this can be a source of error
between FEM and the GFEM-mERS models. The e is calculated as in the previous section.

Table 5.2: Comparative of reactions for different r,,

rfm GFEM-mERS 2DFEM  e(%)

25 84.3097 86.0149  1.98
50 89.6337 91.5213  2.06
100 94.3004 96.4069  2.19

200 97.9834 100.3928  2.22
400 100.5059 103.3373  2.15

Table 5.2 shows that higher values of r,, slightly increase the numerical error for GFEM-mERS models
when compared to 2DFEM. Although the reaction (global variable) is not entirely affected by rf,,, the
enormous contrast of variables at the interface fiber-matrix for GFEM-mERS is the potential (and dangerous)

source of error to be considered. This behavior was also noticed by [104].
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Since the ry,, strongly affects quantities nearby the interface (where the different materials are located), it
also affects the convergence of the nonlinear scheme. This will be quantified and studied later in this section

when the slip at the interface is measured.

Effect of prescribed displacements magnitude

This section compares the error for some prescribed displacements p, for two diameters of the fiber
(df =0.1 and dy = 0.001). The values for p, are 0.001, 0.002, 0.003 and 0.004. The experiments are
performed using a refined 99 X 99 mesh. Error e is calculated using Eq. 5.69.

Table 5.3: Error for different prescribed displacements p, for diameter of the fiber dy = 0.1

ps  GFEM-mERS 2DFEM e (%)

0.001 30.96 30.275 2.26
0.002 51.15 52.548 2.66
0.003 66.86 68.425 2.29
0.004 84.41 86.015 1.87

Table 5.4: Error for different prescribed displacements p, for diameter of the fiber dy = 0.001

ps  GFEM-mERS 2DFEM e, (%)

0.001 23.884 23.767 0.49
0.002 42.154 42.041 0.27
0.003 53.821 53.710 0.21
0.004 67.420 67.519 0.15

As observed earlier, it can be seen that problems with a smaller diameter dy have a lower error. Here,
however, it can be also observed that this error is relatively constant through the entire nonlinear process.
It is clear the difference in the magnitude of the error between Tabs. 5.3 and 5.4. It is also shown the
greatest error is not necessarily for the largest p;. This shows the influence of the nonlinear fiber-matrix
bond-slip law on the mechanical response for the problem. The initial stiffening effect of the fiber reduces
with increasing p;. As also observed by [84], the relative error is larger during the initial loading phase

since the fiber-matrix bond-slip law develops a very steep and nonlinear behavior during this stage.
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Study of the slip behavior

The slip along the fiber is computed and studied in this section. The slip is a particularly important
variable for the nonlinear cohesive law at the matrix-fiber interface. Figure 5.16 shows the slips for the

different prescribed displacements p;. The parameters are the same as in Sec. 5.6.1.
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Figure 5.16: Slip for different d prescribed applied
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After the peak load is achieved the shape of the slip rapidly changes as can be observed in Fig. 5.16. The
largest absolute value of the slip at the ends of the fiber is also increased. In order to study how the peak

load in the cohesive law affects the slip of the problem at p; = 0.001, the variable 7/ = (N/mm) in Fig. 5.4

is parametrized. Figure 5.17 shows the results for different values of 7/ . A larger 7 for matrix-fiber

interface makes fiber and matrix displace together and, consequently, a smaller slip.
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Figure 5.17: Slip for the fiber for different 7/

The ratio between fiber and matrix Yong‘s modulus 7, previously studied in Sec. 5.6.1 is now studied in
the slip point of view. Figure 5.18 shows the slip of the fiber for a large ratio of Young’s modulus of the fiber
and matrix (7 ¢, = 10%). A smooth representation of the fiber slip is particularly important for the nonlinear
process of the analysis. For this investigation, it can be observed the arise of oscillations when the coarse

mesh is used to solve problems with very large 7.
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The oscillations are observed especially near the extremities of the fiber as pointed by the dashed square
in Fig. 5.18. Although this seems to be an extreme case, it is a problem to be aware when using the method.
This issue (for problems solved in this chapter) can be addressed by refining the region around the fiber. A

similar numerical instability was observed in [104] for problems with very large bond stiffness parameters.

1074
T T T
— coarse
refined
1 [ |
R 0 - |
n
11 |
_2 [ | | | | | | | | L]
0 0.5 1 1.5 2 2.5 3 3.5 4
Position x

Figure 5.18: Slip for the fiber for different peak

A smooth representation of the quantities at the interface between two different materials is particularly
important for the nonlinear analysis. For the problems solved in this research, a mesh refinement around the

region of the fiber was able to fix possible issues regarding this topic.
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Study of volume fraction

In order to study the volume fraction of fiber-reinforced composites, a large number of fibers is added to
a unitary specimen. The material properties for matrix and fiber are the same as the previous problem, fibers
have diameter dy = 0.005 mm and bilinear cohesive law is used one more time at the fiber-matrix interface
(same parameters as the previous section). The goal is to measure the error between GFEM-mERS against
2DFEM model as the number of fibers increases in a representative volume of the specimen. As a boundary
condition, a prescribed displacement with linear variation across axis y is applied as shown in Fig. 5.19

(maximum absolute prescribed displacement equal to d = 0.1 mm and a relative angle 6).

I 7 7 T ] 4 ¥

Figure 5.19: Geometry and boundary conditions of the specimen for volume fraction study

Fibers are equally spaced in the y direction as shown in Fig. 5.20. Five different fiber volumes are studied
here: 5, 10, 20, 50, and 100 fibers. The fiber volume ratio can be calculated as: V; = :—i, where v is the

volume of fibers and v, is the volume of the composite. Therefore the problems here analyzed enclose fiber

volume ratio of 50%, which has many applications in engineering, [105].
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Figure 5.20: Fiber volumes tested in this experiment: 5, 10, 20, 50 and 100 fibers

Figure 5.21 shows how the composite is modeled using Abaqus. The figure shows two representative
volumes: the specimen with 5 fibers (left) and the specimen with 100 fibers (right). The geometries of the
models are shown at the top of the figure while the corresponding meshes are shown at the bottom of the
figure. The figure also shows the fiber modeling details for the specimen with 100 fibers. It can be seen
that fibers are modeled as 2D elements (with cohesive elements at the fiber-matrix interface). The mesh in
Abaqus is automatically generated by setting the maximum dimension of the element (very small elements

are used in order to obtain an overkill mesh solution).

Figure 5.21: Fiber modeling using Abaqus. Model with 5 fibers (left) and 100 fibers (right). Fibers are modeled as
2D elements with cohesive elements at the fiber-matrix interface
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Figure 5.22 shows the applied boundary condition in Abaqus (left), the deformed shape for the GFEM-
mERS analysis (specimen with 5 fibers), and the deformed shape for the 2DFEM (also specimen with 5

fibers).

Figure 5.22: Deformed shape for the specimen. Boundary conditions at the left, deformed shape using the
GFEM-mERs at the center and the deformed shape for the 2DFEM simulation at the right

The error e corresponding to the slip is measured by the relative difference between fiber slip computed
with the GFEM-mERS (s) and 2DFEM (§). The e, is measured using the following discrete L>-norm at

N =5 points through the first fiber (from the bottom).
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Figure 5.23 shows how the error e progresses as the number of fibers increases. It can be observed that

the error increases as the number of fibers increases, but they is still relatively small even for V; = 50%.
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Figure 5.23: Error ¢, for several volume fraction of fibers
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Two others quantities of interest are measured for the specimen with 5 fibers (lowest volume ratio among
the specimens presented in this section) and specimen with 100 fibers (highest volume ratio among the
specimens presented in this section): the moment M along the edges (calculated using the reaction forces
along the domain edge) and strain energy U of the problem. The goal here is to show how these quantities
progress for two different fiber volumes as the angle 6 increases (through displacement control applied at the
edge). Figure 5.24 shows how the moment changes as a rotation 8 is applied for specimens with different

fiber volumes.

T
. 3 | / |
i 5 |
2
1k | | —— 5GFEM-mERS
— - - = 5 2DFEM
——— 100 GFEM-mERS
| 0 - — -—- 100 2DFEM
| | | | | | | | | |
0 5.102 0.1 0.15 0.2 0 5.1072 0.1 0.15 02
0 0

Figure 5.24: Quantities of interest (M and U) for two fiber volume fractions

The experiments show that the GFEM-mERS and 2DFEM slightly deviate as the rotation 6 increases
(for both specimens). This deviation is slightly bigger for the model with 100 fibers, which shows that the
volume of fibers can potentially be a source of error in the model. The analysis in Fig. 5.23 and 5.24,
however, indicate that error is relatively small even for a high volume fraction of fibers (V; = 50%). This
shows that the error due to this variable is not significant for the numerical experiments henceforth performed
in this research. An extension to randomly oriented fibers, higher fiber volume fractions, higher dimensional
spaces, or different boundary conditions (including periodic boundary condition, for example) is indicated

and can be the object of future studies.
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5.6.2 Prismatic bar with fibers

After extensively solved a bidimensional problem in the previous sections, the following problems have
three-dimensional domain composed of tetrahedral elements. The problem is solved using the GFEM-mERS

theory described in this chapter and later compared to a 3DFEM model solved in Abaqus.

Two parallel fibers

The fiber-reinforced prismatic bar shown in Fig. 5.25 is solved in this section. The bar is constrained at
one of the extremities and incrementally prescribed displacement is applied at the other end of the bar. Two
fibers are embedded into the bar and they are defined by the following segments:

f1=1(1.0,0.25,-0.375),(9.0,0.25,-0.375)], and f> = [(1.0,0.25,-0.625),(9.0,0.25,-0.625)].

The moduli of elasticity of matrix and fiber are taken as £, = 1.0 X 10* N/mm? and Ef = 5.0x10° N/mm?,
respectively. The matrix Poisson’s ratio is set to v = 0.0, and the debonding law at the fiber-matrix interface

is given by the bilinear law described previously .

10.0 1.0
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Figure 5.25: Prismatic bar with axial displacement

This problem is incrementally more complex compared to the problem presented in Sec. 5.6.1 since now
two fibers are located into a 3D domain. Figure 5.25 shows the prescribed boundary conditions for both

Abaqus and GFEM-mERS model. Figure 5.26 shows the mesh used for this problem (mERS and 3DFEM).
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(a) Mesh for the 3DFEM mesh (b) Cut view for 3DFEM at the mid span of one of the
fibers

(¢) Mesh for the GFEM-mERS (d) Cut view for GFEM-mERS at the mid span of one of
the fibers

Figure 5.26: Comparative between meshes for 3DFEM and GFEM-mERS
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Figures 5.26(a) and (b) show the final deformed shape (green) compared to the original configuration of
the bar (black) for this problem. It can be observed that mesh refinement is necessary to match the fiber and
matrix meshes (for 3DFEM). In addition to that, a very refined mesh is also necessary near the fiber length
in order to capture the nonlinearity of the problem (as discussed in Sec. 5.6.1). This adds some extra layer

of complexity when solving the problem using a 3DFEM approach.

Figures 5.26(c) and (d) show the respective meshes for the problem solved using GFEM-mERS. Because
the fiber mesh does not need to match the matrix mesh this problem can be highly refined without adding

geometrical complexities for the mesh generation process.

Similarly to the study performed in Sec. 5.6.1, Fig. 5.27 shows the reaction forces at the domain edge for
incrementally prescribed displacements. It can be observed that the values of GFEM-mERS agree well with

the 3DFEM analysis performed in Abaqus (arrow indicating the nonlinearity at the interface).
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Figure 5.27: Comparative reactions between GFEM-mERS and 3DFEM analysis
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Prismatic bar with diagonal fiber

The fiber-reinforced prismatic bar with diagonal fiber is considered again in this section. Figure 5.28
shows the fiber orientation for this problem. The fiber is defined by the segment f; = [(0.2,0.1,-0.1),
(9.8,0.4,-0.9)] embedded into the bar. The same material properties as in the previous section are adopted.

The cohesive law at the fiber-matrix interface is also the same.

(a) Fiber orientation -view 1 (b) Fiber orientation - view 2

Figure 5.28: Prismatic bar with diagonal fiber

This problem is more complex than the previous one because the displacement is fully 3D. This produces
a more complex fiber-matrix interaction. An extensive study on /p refinement of this problem using GFEM-
mERS was previously performed by [51]. Figure 5.29 shows the mesh for this model. It can be seen that
the mesh is highly refined around the fiber in order to reproduce the mechanical behavior at the matrix-fiber

interface.
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(a) Mesh for the GFEM-mERS mesh (b) Cut view for GFEM-mERS at the mid span of the
fiber

Figure 5.29: Mesh used for GFEM-mERS model

The GFEM-mERS approach is again compared with the 3DFEM model solved in Abaqus. Figure 5.30
shows the reaction forces at the edge for incremental displacements. It can be observed that the GFEM-

mERS solution matches well the 3DFEM model.
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Figure 5.30: Comparative reactions between GFEM-mERS and 3DFEM analysis
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5.6.3 Prismatic tensile specimen with a pre-defined crack

The cracked prismatic tensile specimen shown in Fig. 5.31 is analyzed in this section using the GFEM-

mERS. The predefined crack is at the middle plane of the specimen. A single fiber bridges the crack faces.

This problem was proposed and solved in Kang et al. [20] using a lattice method.
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Figure 5.31: Prismatic tensile specimen with a pre-defined crack

A previous solution using the GFEM-mERS was also performed by [51]. Here, however, the problem
uses a nonlinear debonding law between fiber and matrix. Fig. 5.32 shows the results for GFEM-mERS.
This problem uses the same material parameters as in the previous sections (including those for the bilinear

cohesive debonding law presented in Sec. 5.3.2).
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Figure 5.32: Comparative reactions between GFEM-mERS and 3DFEM
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Figure 5.33 shows the mesh along the fiber length. This attests to the complexity of the problem solved
using 3DFEM approach. It is necessary for a complex mesh generation fit interface between fiber and
matrix. The stress of the problem is also shown in Fig. 5.33 indicating the difference in magnitude between

fiber and matrix.

(a) Mesh along the fiber (cutting plane)

(b) Mesh along the fiber (cutting plane)

Figure 5.33: Mesh along the fiber for 3DFEM and GFEM-mERS
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5.6.4 Fiber-reinforced compact tension specimen

This example consists of a composite specimen with discrete glass fiber tows in an epoxy matrix. The
Compact Tension (CT) specimen geometry is based on the ASTM D5045 standard. Fibers tows are perpen-
dicular to the crack plane as shown in Fig. 5.34. Each tow is idealized as a single fiber in the computational

models adopted here.
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Figure 5.34: Compact Tension specimen with five fiber tows embedded in an epoxy matrix. All dimensions are in
mm

The static crack version of this problem was studied in [51] where this problem is solved using the
GFEM-mERS and 3DFEM and an extensive study of SIFs is performed. There, however, the interaction
between fiber and matrix does not follow a nonlinear cohesive law. It was shown that a good match between
experimental and numerical models is obtained for the peak load. The numerical models previously solved
in [51] are considerably simpler compared to the one proposed here because crack propagation and nonlinear

debonding law are not involved.
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Here, the problem is studied with respect to the propagation point of view. The numerical simulation
is compared to the laboratory results obtained from [69]. The simulation of this problem is complex and
the accurate numerical simulation of the problem requires one to model the nonlinear interaction between
fiber and matrix, crack propagation in the matrix material, and fiber breakage. Therefore the use of tech-
niques such as the ones described in Sec. 5.3 (GFEM, mERS and computational geometry) and Sec. 5.4

(propagation algorithm), are essential to the accurate simulation of this experiment.

The following parameters are adopted for this problem: Modulus of elasticity of the epoxy matrix Ey, =
0.82 G Pa; Poisson’s ratio of the matrix v = 0.35; Modulus of elasticity of fibers Ef = 72.4 G Pa; Area of each
fiber tow (type 158B-AA-675) Af =0.33 mm?; Fracture toughness of the matrix Ki. = 20 N/ v/mm; Ultimate
tensile strength of the fiber o, = 2GPa. The matrix-fiber interaction is described using the bond-slip law
proposed by [81] as described in details in Sec. 5.3.2. The control points of the law are the following:

sm=0.0001 mm, T

o ini =6 N/mm,s™  =0.01mm, " =1N/mm,s™ =10mm,and " =0.9 N/mm.

resl resl res2 res2

Figure 5.35 shows the mesh and boundary conditions of the specimen. Quadratic tetrahedral elements
enriched with the Heaviside and singular functions defined in Sec. 3.2 are used to discretize the cracked
specimen. The crack surface is defined using an explicit triangulation as shown in Fig. 4.25. Linear 1D
elements are used for fiber elements. The prescribed nodal displacements at the opening of the CT specimen

are incrementally increased to reproduce the experimental conditions.
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Figure 5.35: GFEM discretization of specimen. Fibers are discretized with GFEM-mERS and an explicit
representation of the crack surface is adopted

Before simulating to the problem of the specimen with five fibers, the fracture behavior was studied for
two simpler specimens: unreinforced and one-fiber specimen. Figure 5.36 shows the optical images of
the experiment performed by [69]. It is observed that the crack propagates horizontally until the crack stop
location (a small hole added to ensure the change in crack length was constant in the laboratory experiment).
For the specimen with one fiber, the crack similarly advances to the crack stop in one step. During this event,

the fiber tow is debonded (the dark region in Fig. 5.36 on the fiber surface).

Figure 5.36: Optical images corresponding to unreinforced and specimen with one fiber, [69]
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Representative experimental load-displacement curves for these specimens are shown in Fig. 5.37. The
peak load can be observed for both unreinforced and reinforced specimen before the crack propagates in
a single step. Fiber debonding is observed in the specimen with one fiber, as shown in Fig. 5.37. This is
reflected in the load-displacement curve shown in Fig. 5.37(b). These two experiments are considerably
simpler than the crack propagation for the specimen with five fibers and are used here to calibrate the

material and fiber properties.
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(a) Unreinforced specimen (b) Specimen with one fiber

Figure 5.37: Experimental load-displacement curve for the specimen with zero, and one fiber, [69]

For the problem with five fibers, multiple stages of crack propagation are observed. This is an indicative
of the fiber tows slowing the crack growth. Three stages are shown in Fig. 5.38. The first stage shows
the pre-crack without propagation. For the second stage, the crack progresses from the pre-crack to the
second fiber while the first fiber is still not broken. Some additional debonding occurs in the first fiber until

it breaks. In the third stage the crack progresses to the fourth fiber, which causes the breakage of the second

fiber. Debonding in the third and fourth fibers is observed.

Figure 5.38: Comparative between experimental, [69], (on top) and numerical (below) models for the three stages of
the crack propagation
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As shown in Chapter 4 the static version of problem can predict with relative accuracy the peak load and
when the crack propagation initiates. When combined with the crack propagation framework, that model
can reproduce the peak load of this problem with some accuracy, but fails to reproduce later stages of the
problem (Noncohesive curve in Fig. 5.39). This shows that the nonlinear debonding behavior plays an

important hole for this problem and has to be taken into account.
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Figure 5.39: Load-displacement curve for the specimen with one and five fibers

The specimen with one and five fibers are solved again using the bilinear cohesive law of Sec. 5.3.2 with
the parameters indicated earlier in this section. The nonlinear bilinear law can definitely approximate better
the problem (peak load and stiffness of the specimen), but it fails at the later stage as can be seen in Fig.
5.39(b). This suggests that the frictional part of the law should be taken into account for this problem in

order to correctly reproduce the experiment.

Finally, the GFEM-mERS results using the PCHIP cohesive law to describe the matrix-fiber interface
are compared to experimental data provided by [69]. Figure 5.40 shows the load-displacement curve for
the applied boundary condition described in Fig. 4.25. Displacement control is applied for the nonlinear
process. This procedure is analogous to the one adopted for the experiments reported in [69]. The adopted
parameter for crack propagation Aa,,, = 0.1mm and 300 steps were chosen based on the experience and
have guaranteed the smoothness of this problem. A detailed explanation of these parameters and extra

examples about crack propagation can be found in Appendix B.
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The results show very good agreement between numerical and experimental results. The circled num-
bers in Fig. 5.40 show where the stages of crack propagation from Fig. 5.38 are located along the loads-
displacement curve of the problem. From the beginning of the experiment until point (D, the first stage
described in Fig. 5.38 is observed. From (D until @ the second stage is observed. It is important to note that
the simulation was able to capture the stable crack propagation with several steps while for the laboratory
experiment the crack grows as a single snap. This phenomenon is reflected in the first descending part of the
interval D - @ in Fig. 5.40. The load continue to increase until the second peak load is reached at point @.
After that, a second propagation is observed with similar characteristic as the first one. Again, the numerical

crack propagation is captured with several steps while for the laboratory experiment the crack propagates in

a big snap.
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Figure 5.40: Comparative between GFEM-mERS and experimental analysis

The excellent match between GFEM-mERS and experimental was possible for this problem. It is im-
portant to note that high accuracy between models was obtained for an experiment under very controlled
parameters. For this case, the adopted numerical framework clearly took advantage of the prior physical test
of the specimens to calibrate the adopted material parameters. It was shown, however, that model (GFEM-

mERS) combined with the appropriate cohesive law (PCHIP) can be used to described this class of problems

with success.

Figure 5.41 shows the details for the propagation stages previously shown in Fig. 5.38. The matrix
elements are made opaque in order to show where the fibers are located, this is the reason why the hazy
effect is observed in the picture. It is important to highlight one more time that the fibers do not need to be

meshed to fit the tetrahedrons (matrix material). They are introduced in the model using the GFEM-mERS
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previously discussed. Together with the global view of the specimen, it is shown a zoomed lateral view of

the specimen and the crack surface as the crack propagates.
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Figure 5.41: Three stages of crack propagation for the numerical simulation and their corresponding crack surface
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5.6.5 Parametric studies for one inclined fiber

After validating the proposed method with experimental results, this section tests the methodology and
algorithms for a more complex fiber orientation. The inclination of the fiber and their properties make the

crack propagation more complex compared to the previous example.

The mesh of the matrix is shown in Figs. 5.42. The parameters of the model are the same as defined in

the previous section, except for the fiber, which is now located at f; = [(11.0,4.0,2.5),(31.0,68.0,2.5)].

A qualitative study is performed with respect to the crack path. The Young modulus of the fiber is
increased concerning the original E; adopted in Sec. 5.6.4. Five values for E; are used here: SE;, IOE;,

ISE;, ZOE;’, and 25Ejoc. The goal is to study how the crack path changes for different variables of the problem.

Figure 5.42: Mesh of the matrix material and corresponding cut showing the refinement at the mid plane of the
specimen

In Fig. 5.43 it can be observed five different crack paths. Each path corresponds to a different value of
Ey. For three of them (SE;Z dark green, IOE;’, red and ISE; yellow) the crack crosses the fiber. For two
of them (ZOE; purple and 25E§1 light green) the fiber is stiff enough to prevent the crack to continue the
horizontal path, so it turns into another direction and continues to grow. This study, although qualitative,
show the full three-dimensional capability of the developed framework. This experiment does not intent to
validate the model since it was already done in the previous section. The goal here is to show the flexibility

and robustness of the implementation on a more challenging problem.
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(a) Matrix mesh and crack surfaces (b) Crack surfaces

Figure 5.43: Crack surfaces for different values of E¢

Figure 5.44 shows in details the crack path for numerical experiments where cracks cross the fiber (SE¢,
IOE;’C and ISE;). It can be observed a small difference among them. The dark green path corresponds to
the less stiffer fiber while the yellow path corresponds to the stiffer fiber (among these three listed moduli of

elasticity).

Figure 5.44: Crack propagation when cracks cross the fiber

Figure 5.45 shows the crack path when cracks do not cross the fiber. Cracks advance towards the fiber
with a small turning and finally abruptly veer to an inclined direction. The light green crack surface, corre-

sponding to 20E¢, has a more brusque turning compared to the purple one.
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Figure 5.45: Crack propagation when cracks do not cross the fiber

Another interesting detail can be noted when green light and purple paths are compared as shown in Fig.
5.46. For the model with less stiffness (Fig. 5.46(a)) it can be observed a wiggle behavior at the borders
of the crack surface. Since the higher stiffness of the specimen is concentrated on the mid-thickness plane
(where the fiber is located), it suggests that the borders of the crack are more susceptible to follow the
horizontal crack growth as observed in less stiff models. This shows that the difference in stiffness along
the thickness can be captured by the model. This clearly shows the 3D crack propagation behavior. This

behavior, of course, is more prominent for thicker specimens.

In contrast to the behavior presented in Fig. 5.46(a), the model with higher stiffness shown in Fig. 5.46(b)
manifests a more definite path (without wiggly borders). This demonstrates that the overall stiffness provided

by the system fiber-matrix in this region is big enough to make a clean and stable crack path.

(a) Crack surface with wiggly borders (b) Crack surfaces with stable path

Figure 5.46: Crack surfaces for different values of E
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5.7 Summary

This chapter presents a methodology for the analysis of realistic three-dimensional crack propagation in
fiber-reinforced materials. The GFEM-mERS method is improved to handle nonlinear bonding interactions
between the matrix-fiber interface combined with a three-dimensional crack growth framework. The pro-
posed framework simulates fiber-reinforced composites using meshes that fit neither the fractures nor the

fibers and can handle complex three-dimensional crack propagation behavior.

Several problems and a large number of parametric studies for a range of fiber cross-section area, fiber
stiffness, and fiber-matrix bond nonlinear laws are presented in Sec. 4.1. The examples compare the pro-
posed approach with other numerical methods and laboratory experiments. A good agreement between the

GFEM-mERS and reference solutions is observed for all parameter values considered.

The proposed method is verified against fully 2D/3D FEM solutions based on meshes that fit both the
crack surfaces and fiber boundaries. The experiments presented in Sec. 5.6.1 are performed using paramet-

ric studies and intend to highlight important conceptual aspects of the method.

The simulations show that the mERS can capture the propagation phenomenon relative to the experiment.
The mERS and experimental results have very close numerical and qualitative results. This is only allowed
because of the new methodologies proposed by this research. In the end, a complex three-dimensional crack

propagation is shown to highlight the flexibility and robustness of the proposed framework.
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Chapter 6

Two-scale Analysis of Fiber-Reinforced
Composites: Bridging Scales with the
GFEM?#

6.1 Introduction

This chapter ! shows the two-scale analysis for fiber composites. For a long time the computational
analysis of physical systems was restricted to one scale of observation and modeling. This procedure is
acceptable for many classes of problems where the scale of analysis is relatively homogeneous for the entire
analysis domain. The increase in computational power and the development of computational methods have
sought for efficient methods bridging scales of complex problems. In this chapter, it is presented the idea of

using the Generalized Finite Element Method with global-local enrichments (GFEM#').

A key idea of the GFEM#' is to use numerically defined enrichment functions provided by the solution of
auxiliary boundary or initial boundary value problems. A global-local analysis is then performed based on
the so-called global-local enrichment functions. These functions are able to represent fine-scale responses
on coarse macroscale finite element meshes and to fully account for interactions among scales. This method,
originally proposed by [107] and presented in details in [61], combines the classical GFEM with the Global-
Local strategy proposed by [108]. The GFEM#' is suitable for many classes of problems, as described in

details in [109]. The analysis is basically divided in three steps:

o [nitial global problem (step 1): A coarse FEM mesh is used for the analysis of the whole domain.

e Local problem (step 2): A small portion of the global domain is selected. The mesh into this domain
is refined and the results from step 1 are used as boundary conditions for this new domain.

e Final global problem (step 3): The whole domain is solved again. Now, however, some nodes are

enriched using numerical functions calculated in step 2.

I'This chapter has been adapted from the paper “P. Alves, C. A. Duarte, A Multiscale Generalized FEM for Three-Dimensional
Crack Propagation in Fiber-Reinforced Composites, conference paper awarded by the Engineering Mechanics Institute (EMI) -
Ph.D. research competition on Computational Mechanics - MIT (2018), [106]”
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In the GFEM#', the numerical solution produced by the local analysis can be easily introduced into the
the global problem using enrichment functions. The local problem can be strongly refined and it does not
affect the overall computational performance of the analysis (as measured in details by [110]). Therefore,
the problem is performed using less memory and processing time than standard GFEM, as shown by [61],

[109], and [111].

Another important feature of the GFEM#' is its great potential to the parallel processing, as already ob-
served by [112] and [110]. Each local problem can be solved individually and the amount of computational
work can be easily distributed to the several processors of the system. For this reason some problems can be
efficiently solved in parallel, since no communication among processors is required. Only a global scatter-

gather communication is involved, leading to a highly scalable algorithm, as studied by [113] and [111].

6.2 Formulation

The formulation presented here follows the steps carefully developed by [114], [115], [61], and [116].
The GFEM# is presented in its generalized form. The next sections shows in details the mathematical

formulation for each of the 3 steps of the method.

6.2.1 Initial global problem (step 1)

Consider a domain Qg = Qg UdQg in R*. The boundary is decomposed in 9Q¢ = QU Q] with

0, NAQ/, = @, where u and o refer to the Dirichlet and Neumann boundary conditions, respectively.

As an example, Fig. 6.1 shows a generic bidimensional problem discretized with triangular elements.
The problem has an horizontal crack crossing the center of the specimen. The problem has a displacement
applied at the right boundary (domain §€;) and has a load applied at the top and bottom boundaries 9.

The highlighted region in green corresponds to its local domain, which will be formulated next.
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Figure 6.1: Global and local domains for a generic bidimensional problem

The equilibrium equations are given by:

V.o =0indQg (6.1)

The constitutive relations are given by the generalized Hooke’s law, o~ = C : g, where C is Hooke’s tensor.

The following boundary conditions are prescribed on 0€.

u =it in GQ, ©6.2)

on=1tin 0Qg (6.3)

It is observed that n is the outward unit normal vector to JQf; and # and & are prescribed tractions and

displacements. Equations 6.1, 6.2 and 6.3 are the boundary value problem for Elasticity theory.
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Let u% denote a generalized FEM approximation of the problem at damage evolution step 0. This approx-

imation is the solution of Eq. 6.4 given by: Find ug € X%(QG) cH Qg ¥ VOG € X%(QG).

f a'(ﬁOG) : s(voG)dx+nf
QG o0

Space )?OG(QC;) is the discretization of H'(Q¢), a Hilbert space defined on g, built with FEM or GFEM.

ﬂ%vOGds:f iv%ds+nf wds (6.4)
plea a0

u
G

The representation in Eq. 6.4 assumes that the Dirichlet boundary conditions are imposed using Penalty

method. The space for GFEM is given by:

a=1 i=1

N Dy
X4(Qo) = {ﬂG(x) = > No()itl (x) | @f(x) = ZamEaxx)} (6.5)

In Eq. 6.5, #ty;, =1,...,N,i=1,...,Dy are the generalized DOFs, where N are the number of nodes for
the problem and Dy is the dimension of a set of enrichment functions E,;(x). The space can also be define

using standard polynomial FEM shape functions.

6.2.2 Local problem (step 2)

For this case, (2} is a sub-domain from Q¢ as shown in Fig. 6.1. This sub-domain may contain special
features such as cracks and fibers. The corresponding local solution u; € X; is obtained solving Eq. 6.6

given by: Find u; € X, (Q) c HY Q) ¥ v e X (Qp).

f o(ur): s(vL)dx+nf uL-des+/<f up-vids
Qr BQLm?Q“G 0Q\(0QNOQG)

:f ivLa’s+17f ﬁ-des+f (t(u0G)+/<u0G)-des (6.6)
9Q,M0Q% 90, NI, 80, \(0Q,NIQG)
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Space X; generated by GFEM functions described in Chapter 3, 77 is the penalty parameter and « is the

stiffness parameter to consider Cauchy boundary condition. The space X can be defined as:

NL
XL(Qp) = {uL(x) = D NJOE (0 + 8 (x) + i (x) + @ (0)] 6.7)
j=1

The functions ﬁf (x), ﬁf(x), ﬁf (x) and llf (x) are functions of continuous approximation, discontinuous,
singulars or functions that can represent any feature as fibers or inclusions. The value Ny is the number of

nodes of the refined domain.

The traction vector that appears in Eq. 6.6 is computed from the global scale using Cauchy relation.
1) =h-ocd)=h-(C:euy)) (6.8)
G) = G)= - Ellg :
The term i1 is the outward unit normal vector to 0Q; \ (021 N 0Q;).

6.2.3 Enriched global problem (step 3)

For the step 3 of the problem, the initial domain is enriched with the results from step 2. The global

enriched problem is enriched by the numerical solution #;. The new solution ug € Sg(Q(;) is the following:

¢;=Nju, (6.9)

The function N; is used in the global problem and i, is the numerical result found in the local problem.

The enriched global problem is obtained solving Eq. 6.10: Find ug € X’g(QG) cH' Q) V vg eX g(QG).

f a'(ug) : s(vg)dxﬂ]f
QG o0

where Xg(Qg) is the initial space Xg(Qc;) increased by uil(x) from local problem uy :

ugvgds:f i-vgds+nf uvtds (6.10)
plea a0

U
G
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N
SE(Qg) = {u(x) = > Njub )+ ) Nk(x)uil(x)} (6.11)
j= k

j=1

and k represents the nodes enriched by u; in number of 7 (set of enriched nodes).

Figure 6.2 shows schematically the 3 steps of GFEM#' described in the previous sections.

H

1 1 1 1 Transfer boundary condition

Solve local
problem

Enrich global problem

H

Figure 6.2: The three steps of the GFEM#'
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6.3 Multiscale and fibers

As discussed earlier, fiber-reinforced composites have interesting features that can only be studied using
multiscale methods. Figure 6.3 shows schematically how the multiscale is applied in the context of the
GFEM¥' for fibers. The 3 steps described in the last section (together with intermediate steps) are depicted
in the figure below.

Initial global (step 1) Local domain

Final solution (step 3)

| | i S| o

LA
il o o |
N e o Refined local

(step 2)

1'51‘“7& B
\

-
‘tr,A parEs =

-
rAr‘-_ =

Figure 6.3: Global local scheme applied to fiber-reinforced materials

o [nitial global (step 1): A coarse mesh is used to solve the initial global problem. For the example
shown in Fig. 6.3, the fibers are concentrated in a small portion of the entire domain. This is consid-
ered the step 1 of the GFEM#' analysis. The mathematical background of this step was described in

details in Sec. 6.2.1.

e Local domain: A small portion of the domain is selected. The size of the local domain is a key factor
for GFEM#' analysis and will be studied in details in Sec. 6.5. Large local domains are preferable
(because they provide a better boundary condition from the initial global problem), but are com-
putationally expensive. Small local problems are computationally cheaper, but the accuracy of the

boundary conditions provided by the initial global problem can affect the precision of the solution.
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o Refined local (step 2): The local domain selected previously is largely refined using Ap refinement.
Cracks and fibers are modeled using GFEM functions (but not limited to). In fact, the framework is
generic enough to support other methodologies to model the features. In this research, however, only

GFEM is studied.

o FEnriching global problem: The initial global mesh is enriched with the numerical results obtained
from the local problem solution. For the examples reproduced in this report, all the nodes located
in the “local domain region” are enriched with the numerical function obtained from the local anal-
ysis. It is important to note that the local behavior is captured using numerical define functions only

(analytical functions to represent crack or fiber do not need to be used in step 3).

e Final solution (step 3): The enriched global problem is solved using the enrichment obtained from the
local analysis. The global problem is now able to reproduce the special local features of the problem.
Even for a very refined local domain, only a few new DOFs are added to the enriched global problem.

The mathematical background of this step was described in details in Sec. 6.2.3.

Besides the advantage of using GFEM#' in terms of flexibility (can be easily combined with legacy FEM
codes, [117]), another important feature of using this method is the possibility of solving the problem using
parallel processing. Since each local problem is independent of each other, they can be independently
solved by different processors. See for example structural specimen described in Fig. 6.4. This hypothetical
specimen has fibers distributed over the entire domain and three cracks as described in the figure. Each of
these cracks can be represented by a local domain into the GFEM#' scheme. Problems with multiple local

domains were previously studied in [61].

/‘ AN
cmck](
N

Figure 6.4: Hypothetical specimen with fibers over the entire domain and three cracks
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For this hypothetical problem, three local domains are created and each of them can be individually
solved. No communication among problems is required and each local problem is independently processed.
These problems can be solved in parallel, since no communication among processors is required. Only a
global scatter-gather communication is involved, leading to a highly scalable algorithm as recently studied

by [111].

Figure 6.5 schematically shows the 3 local problems created for the Global-Local analysis. Each local
domain does not communicate with other local problems and they are independent boundary value problems.
At the local level (step 2) they are refined and fibers and crack are described using enrichment functions.
The results from each local problem are later transferred to the enriched global problem (step 3) by using
numerical enrichment functions. The local behavior generated by the local problems are introduced in the
enriched global problem adding a few DOFs in the original global problem (now called enriched global

problem).

o
v WA

s

local 1 wili

local 2

local 3

Figure 6.5: Schematic of the GFEM#' for problems with multiple local problems
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6.4 Multiscale simulations for a fiber-reinforced cracked specimen

This example simulates a cracked specimen with Mode I loading, as shown in Fig. 6.6. The crack
is bridged by 8 fibers described as dashed lines in this figure. For non-reinforced materials cracks need
to overcome the cracking resistance of the matrix in order to propagate. In fiber-reinforced composite
materials, however, fibers can hold the crack together and increase crack opening resistance. The complete
parametric study for the effect of the area of the fibers, its quantity, location and length are presented in
Appendix C. Here the focus is on the multiscale approach using the GFEM#/. The following parameters
are assumed for this problem, with consistent units: Modulus of elasticity of matrix Ey, = 1.0 X 10* N/mm?;
Poisson’s ratio of matrix v = 0.2; Modulus of elasticity of fiber Ef = 5.0 X 10° N/mm?; Area of the fiber

Ar =2.0x107* mm?; Bond stiffness: K, = 5.0 x 10° N/mm?>; Traction: o- = 1000.0 N/mm?.

2.0

l
1
|
025 | 025 0125
+ A+

- odfpos

|o-125] 025
—

L 1.0

A

o PEE el

2.0

—
i

Figure 6.6: Cracked specimen bridged by fibers
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The global domain uses the mesh shown in Fig. 6.7. Figure 6.7 also shows the Dirichlet 9Q/, and
Neumann Q7 boundary conditions applied to the problem. Crack and fibers are described only in the local

domains as shown in Fig. 6.8.

Figure 6.7: Boundary conditions and fiber configuration for the problem

First, the size of the local problem is studied. The cracked specimen is solved using 4 different local
domains as shown in Fig. 6.8. Dirichlet boundary condition is used to transfer information from the initial
global domain to the local problems (Neumann or Cauchy boundary conditions can be equally used as shown

by [110]).

The quality of boundary conditions applied to local problems is investigated. Large local problems are
computationally more expensive, but have better boundary conditions. Small local problems are computa-
tionally cheaper, but have worse boundary conditions. Comparative among the models is performed using

the crack opening extracted at the enriched global problem (step 3).

Table 6.1 presents the crack opening extracted in step 3. The displacement d is measured as shown in Fig.
6.9. The displacement dgrgye are compared to dgreym, which represents the solution performed without
Global-Local strategy (same type of analysis performed in the previous chapters) and used here as reference
solution. Fiber and cracks are described (using GFEM) only in the local domain (step 2). The enriched

global domain uses global-local enrichment functions (step 3). There is no enrichment in the initial global

ldg; p el —dGFEM]

problem (step 1). The error e is calculated as e = dormm]
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(a) Local domain 1 (b) Local domain 2

AN
SIRRRRR

(¢) Local domain 3 (d) Local domain 4

Figure 6.8: Local domains for the studied problem

Figure 6.9: Opening d of the crack

134



Table 6.1: Comparative crack opening among at the nodes

d e

Reference 0.2165  0.0000
Local 1 0.2173 0.0034
Local 2 0.2218 0.0243
Local 3 0.2820 0.3023
Local4 0.2828 0.3062

It can be observed that the solution using global-local framework is highly affected by the size of local
problems. The framework using local problems 1 and 2 is able to reproduce the reference results with high
accuracy. For local problems 3 and 4 the results have low accuracy (around 30% error). Next sections this

effect is studied in details and alternatives are provided to address this issue.

6.5 Identifying the problem: effect of the size of local problems

Three similar boundary value problems are studied. The goal is to study how the ratio between local and
global problems affects the behavior of the problem (opening d at step 3 is the value used as comparative).
Figures 6.10(a) and 6.10(b) show the first boundary value problem. Figures 6.10(c) and 6.10(d) show the
second boundary value problem. Figures 6.10(e) and 6.10(f) show the third boundary value problem. For
each boundary value problem, two sizes for the local domain are analyzed. So, for example, problem value
problem 1 is first analyzed using as a local problem the domain described in Fig. 6.10(a) and later the same

global domain is analyzed using a bigger domain for the local problem (shown in Fig. 6.10(b)).

The combination of 3 boundary value problems (with 2 local domains for each global domain) produces
six different “éloTC}Zfl(%)” described in Tab. 6.2. The “él”TC,fcfl(%)” is obtained by dividing the number of nodes
in the local domain by the number of nodes in the global domain of the problem. The error e(%) shown in

the table is calculated similarly as in the previous section.

For Probl the fibers and crack represent a large portion of the domain. That means the influence of fibers
and crack for the global behavior of the problem are relevant. Among all the 6 cases analyzed, “ProblLocl”
represents the worst scenario for GFEM#' since these features correspond to a large portion of the problem.
The “Prob3Loc2” represents the best scenario for GFEM#' since the features are localized in a small portion

of the domain.
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(a) ProblLocl (b) Probl1Loc2

(¢) Prob2Locl (d) Prob2Loc2

(e) Prob3Locl (f) Prob3Loc2

Figure 6.10: Global and local domains representation for the six cases analyzed
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Table 6.2: Impact of %% domain ratio for GFEM#' solution

Global
Problem Global Local GLI‘;‘b‘ZI (%) e (%)
nodes elements nodes elements
ProblLocl 1536 384 468 117 30.47 30.62
ProblLoc2 1536 384 852 213 55.47 30.23
Prob2Locl 13824 3456 468 117 3.39 20.02
Prob2Loc2 13824 3456 852 213 6.16 19.82
Prob3Locl 38400 9600 468 117 1.29 7.43
Prob3Loc2 38400 9600 852 213 222  6.73

Table 6.2 shows all six different cases analyzed. Boundary value problem 1 described in the table
(“ProblLocI” and “ProblLoc2) is the same problem studied in Sec. 6.4. The local features of this prob-
lem have considerable influence in its global behavior. The next two sections propose remedies in order to

decrease the error of this framework.

6.6 Remedy 1: Refining global mesh

The goal of this section is to study how the refinement of the initial global problem can improve the
transference of boundary conditions between step 1 and step 2 of GFEM#’. The problem presented in Sec.
6.4 is studied again. Now, however, different levels of refinement are used for the initial global mesh (step
1). Table 6.3 shows all the six different levels of refinement for the corresponding problem. Refining level
0 represents the same mesh of the global domain used previously. The number of nodes and elements for
Global and Local domains for each case is shown in Tab. 6.3. Figure 6.11 shows the mesh corresponding to
the level of refinement “5” described in Tab. 6.3.

Table 6.3: Study of refinement of initial global problem

Refining level Global Local Relative error (%)
nodes elements nodes elements
0 1536 384 468 117 30.62
1 3072 768 1608 402 29.53
2 6144 1536 3032 758 29.04
3 12288 3072 5712 1428 28.68
4 24576 6144 11072 2768 28.38
5 49152 12288 21424 5356 28.05
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Figure 6.11: Level of refinement 5 for reinforced cracked plate

From Tab. 6.3 it can be observed that the refinement does not help decreasing the e (%) at step 3. This
can be explained because the local feature of this problem (fibers and crack) corresponds to a large amount
of the global domain. This strategy can be used for some classes of problems, but does not have an effect
here. It can be concluded that the refinement alone can not always decrease the error for the GFEM#'. Next

section we study other alternative to reduce the error of using GFEM¥'.

6.7 Remedy 2: Iterative global-local analysis

As observed in previous sections, the size of the local domain are a key point for the quality of results
of GFEM#'. Large local domains have better boundary conditions, but are computationally expensive. A
reasonable size of local domains are an important point in a multiscale analysis using GFEM#' strategy. This
is still an open field of in this area and has been studied recently by our research group for different types of

problems, [61, 109-112, 118-122].

A remedy that successfully has been used for GFEM#' is the so-called the Iterative GFEM#'. For this
strategy the interaction between global and local problems is performed multiple times. The goal of this

iterative procedure is to improve the boundary conditions applied to the local domain using multiple steps.

As described in Fig. 6.12, for each iterative analysis of the local problem (step k + 1) the boundary
condition for this local domain is improved with results from iterative step k. The overall behavior of the

problem converges to the correct solution, as suggests the studies from [111, 112, 119-122].
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Figure 6.12: Iterative process for GFEM¥, [110]

The problems previously analyzed in Sec. 6.5 are here performed again. Now, however, the iterative
GFEM®' process described earlier in applied. Although an unlimited number of iterative steps could be
used, Tab. 6.4 shows that the second iterations already reduces the error by a considerable amount for each
problem.

Table 6.4: Iterative process for GFEM#/

Problem Global Local GLIOOCI,‘ZZ (%) e(%)

nodes elements nodes elements iterat. 1 iterat. 2
ProblLocl 1526 384 468 117 30.67 30.62 7.6
ProblLoc2 1526 384 852 213 55.83 30.23 7.2
Prob2Locl 13824 3456 468 117 3.39 20.02 4.6
Prob2Loc2 13824 3456 852 213 6.16 19.82 44
Prob3Locl 38400 9600 468 117 1.22 7.43 1.8
Prob3Loc2 38400 9600 852 213 2.22 6.73 1.6

6.8 General observations for GFEM%/

This chapter shows that GFEM#/ can be used as a potential framework bridging micro and macro scales.
As seen, all the performed numerical simulations were able to reproduce the reference solution with accept-
able accuracy. Although applied in a small specimen with only one local problem, the results show that

the method has great potential to be employed to large problems with multiple local problems. In fact, the
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efficiency of the method is still more salient when utilized in those types of problem. Another important tool
not exploited here is the potential for parallel processing of local problems. This is an important feature of

GFEM®' that certainly can be used in future steps of this research.

For the problems performed in this chapter cracks and fibers are confined in a small portion of the problem
(here called local domain). For realistic simulations of reinforced materials, however, fibers are usually
spread all over the domains. For these types of problem, fibers can not simply be described only in the local
domain. The initial global domain has to take account of the fibers in order to provide realistic boundary
conditions to the local problem. A full discretization of fibers at step 1, however, is not necessary for our
purpose and can be easily replaced by homogenization of its properties, as described by [123] and [124]. It
is expected that the homogenized initial global problem will be able to capture the global structural behavior
of the problem. Therefore, the local domain will be provided with accurate boundary conditions and be able
to capture the local behavior of the problem (such as crack propagation, bond breakdown and slip of the

fibers).
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Chapter 7

Contributions and Future Work

Computational methods are crucial to model, simulate, and improve the understanding of reinforced ma-
terials. They remove one significant barrier hampering the broad use of advanced composites. The research
presented in previous chapters is expected to impact the way fiber is modeled and analyzed by contributing

to the ability to realistically model and understand the behavior of a broad range of new materials.

A novel computational method able to describe fractures and fibers in reinforced composites is proposed,
implemented, verified, and validated against experimental data. The proposed methodology uses the GFEM-
mERS for crack and fiber description and the GFEM#' to bridge scales of interest. The preceding chapters
discussed the main scientific challenges, objectives, methodology, and numerical experiments that validate
the research. A summary of the main contributions of this dissertation and potential future extensions are

given next.

7.1 Contributions

A methodology for the analysis of fiber-reinforced materials is presented. The GFEM-mERS combines a
3D GFEM with the mERS to simulate fractures in fiber-reinforced composites using meshes that fit neither
the fractures nor the fibers. This computational framework is shown to be accurate and efficient based on the
applications presented in this work. It can significantly reduce the user-time spent on the model generation

and modification process.

The proposed mERS allows its integration with methods that use high-order polynomial or non-polynomial
shape functions. This also allows the combination of the mERS with other advanced discretization methods

such as, for example, the Discontinuity-Enriched FEM [125], Element-Free Galerkin Method [126], and
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the Reproducing Kernel Particle Method [127]. The original ERS can only be used, in a consistent way,
with low-order finite element approximations. Thus, the potential application of the proposed mERS goes

beyond those presented in this research.

The GFEM-mERS is extended to handle advanced methodologies for crack propagation and fiber-matrix
interaction. The method was developed within a LEFM crack propagation framework while adopting com-
plex nonlinear fiber-matrix debonding laws. These features are necessary and attractive in real-world engi-
neering practice where complex physical phenomena play an important role in the mechanics of the com-

posite. The formulation is validated with laboratory experiments.

This work also demonstrates that the GFEM#' framework can be used to bridge micro and macro scales
for fiber-reinforced composites. This procedure performs well even for critical scenarios where the local
features largely contribute to the overall behavior of the composite. This is achieved thanks to the iterative
process between scales. The concepts shown here can be easily expanded to a large range of complex

materials.

7.2 Future work

Several future directions are suggested based on the studies presented in this work. The goal here is to
propose guidelines to the many fields where the current research can progress towards more realistic and

practical applications of the methodology presented in previous chapters.

7.2.1 Combining the mERS with other discretization methods

The capability of mERS to be combined with methods that use high-order polynomial or non-polynomial
shape functions, like the Discontinuity-Enriched FEM, Element-Free Galerkin Method, or Kernel Particle
Method, potentialize the applications of these methods to a variety of problems involving fiber reinforce-
ment. Problems where these methods perform well such as modeling rigid cohesive cracks, large deforma-

tion, and high modal density problems can be further explored in future research, [125, 128].
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7.2.2 Biological materials

There is a growing demand for biological materials. The development of novel fiber composites for
medical devices has largely required the integration of several concepts associated with material science and
biophysics. The accurate representation of complex matrix and fibers phenomena associated with various
biological components makes the numerical validation of these composites a difficult task. To adjust the
mechanical properties at the macro and microscopic level, the spatial arrangement of fibers needs to be
represented well through several spacial scales. Application of such composites has been limited by the
poor numerical description of localized behavior, long setting time, and unsatisfactory biocompatibility
between numerical and experimental tests. The proposed framework in this research is a reliable option to

improve the understanding of this class of materials, [129, 130].

7.2.3 Sophisticated material models

For the numerical experiments presented in this work, homogeneous isotropic material properties are
adopted for matrix and fibers. However, some more advanced material models, such as anisotropic materials,
may be needed for practical simulations. The nonlinearity of the matrix and fiber is also observed and can
be relevant for a growing number of applications. An extension of this research to account for these issues

can be further developed using the concepts layed down by this research, [131].

7.2.4 Self healing materials

Interfacial microcracks in matrix composites are difficult to be detected and repaired. The self-healing
concept provides opportunities to fabricate composites with unusual properties where microcracks can be
easily repaired. However, the study of these materials involves complex mechanical and chemi-thermal
analysis which are hard to be simulated using available computational tools. A reliable numerical method
to describe fibers and cracks is a key aspect of studying these materials. The methods developed in this
research can be helpful to model the localized and complex failure mechanisms of self healing materials,

[69, 132, 133].
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7.2.5 Topological optimization

The topological optimization of fiber composite structures has been widely used while tailoring materials
to achieve the required engineering physical properties. A reliable multiscale approach and an accurate
crack and fiber representation with a relatively low computational cost is still challenging. Currently, the
design of these materials for advanced applications is still limited by the capacity to represent local failures
due to fiber debonding and collapse. The methods developed in this research can be a useful tool to improve

the numerical approaches commonly used in this field of study, [134, 135]

7.2.6 Randomly distributed fibers

The multiscale framework used to bridge different material scales plays an important role in describing
composites where the fibers are randomly distributed over the domain. Homogenization techniques alone
are not always able to accurately model complex localized crack and fiber interactions in these materials.
However, the integration of these techniques into the multiscale framework developed in this work can be a

relevant alternative to analyze this class of material, [123, 124].

7.2.7 Failure initiation

Modeling the failure initiation processes of fiber composite materials is an interesting challenge and has
relevant applications in the industry. Phase-field and other material damage techniques can offer a powerful
tool to model failure initiation and to improve the understanding of such materials. This can be further

explored in the future research, [136-138].

7.2.8 Parallel computing

Realistic simulations of evolving crack surfaces in fiber composites require hundreds of small propagation
steps and several different initial configurations. The numerical simulation of these problems is costly
and leads to severe load balancing issues in parallel implementation. An improvement of the framework
developed in this work under the parallel computing paradigm is necessary for large and complex material

models and can be the subject of future work, [110, 111].
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7.2.9 Additive manufacturing

Additive manufacturing has revolutionized advanced materials with customized features. It has been
applied to aerospace, automotive, consumer, and biomedical fields. Its applicability to composites has
attracted special attention due to its promise in improving, modifying, and diversifying the properties of
generic materials through the introduction of reinforcements. A reliable and robust approach for three-
dimensional analysis of these materials is crucial to provide valuable insight for their correct fabrication
and usage. Volume redundancy and superposition of materials become a major problem for this class of
problems. The numerical methods developed in this research can be an important tool to describe these

materials, [139-142].

7.2.10 Multiphysics

Several applications of composites requires that they can resist thermo-structural loads. Multiphysics
models with coupled thermo-mechanical physics are therefore a necessary tool for more accurate analysis
of a broad range of realistic problems. An extension of the current computational implementation is a
potential field of study. It is indeed largely facilitated by the object-oriented design of the code where this

research was developed, [143, 144].

7.2.11 Artificial intelligence, machine learning and big data

The adoption of composite materials in the industry has allowed greater freedom in design and their
respective components. However, this freedom of material choice has resulted in increased complexity for
numerical simulation and manufacturing. The ability to discretely describe crack and fibers is crucial for
this analysis. The approach here developed combined with machine learning and artificial intelligence can
be explored for a large number of advanced manufacturing applications. Big data in reinforced fibers can
be improved through advanced methods to describe fibers. The material properties estimated by complex
approaches are helped by an optimized neural network for accurate modeling of the fibers which can be used

for later goals of optimization and design, [145, 146].
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Appendix A

Object-Oriented Project

The methods described in the previous chapters are implemented and performed using the Illinois Scien-
tific and Engineering Toolkit (ISET), a numeric implementation of the Generalized Finite Element Method.
ISET is a research code under development by a research team supervised and guided by its creator, Profes-
sor Carlos Armando Duarte from the Department of Civil and Environmental Engineering at the University
of Illinois at Urbana-Champaign. The implementation of this research project is facilitated by its highly

modularized and object oriented architecture.

As a part of this research project, ISET was augmented to implemented a LFEM problem with fibers
embedded in a background mesh. For this purpose fibers are idealized as two noded truss elements. This
implementation uses an existing framework of four noded linear tetrahedrons as background mesh elements.
Only linear elastic, isotropic matrix materials are considered in this research, but all the capabilities can
be easily expanded to other materials types or modules already implemented in ISET. A nonlinearity is

considered at the interface of the matrix-fiber.

A.1 General aspects
The fiber framework is composed by three main applications:

e fiber engine: group of classes responsible for finding intersections between fibers and elements.

e fiber manager: group of classes responsible for the interface between fiber engine and ISET. Cre-
ate one dimensional elements representing fibers, enrich three dimensional elements, manage fiber

materials, etc.

e fiber material: group of classes responsible for calculating the terms depicted in Chapters 2 and 3.
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A.2 Fiber engine

The model described in Ch. 3 requires the knowledge of the matrix elements that are in the neighborhood
of the fibers. The exact intersection with each background element is also required to integrate functions
that have discontinuous derivatives across element boundaries, such as the shape functions of these matrix
elements. This gives rise to the need for an efficient three-dimensional intersection calculation algorithm,

capable of handling the typically large number of fibers that might intersect a given mesh.

Fiber engine was created in order to deal with the multiple fibers intersecting the matrix. Figure A.1l

shows an overview of geometric engine algorithm. The follow steps are highlighted:

The user provides 2 input files: one for mesh (.grf) and one for fiber distribution (.frf).

FiberGeoEng3d creates a temporary FiberBuilderType and reads the input file.

FiberGeoEng3d creates a GeoMesh and reads data from input mesh file.

fiberContainerType is created from FiberBuilderType.

GeoEl are extracted from GeoMesh and intersections for each fiber is stored in IntersectionWithTet.

FibCutelinfo is created and linked with associated GeoEl.

The fiber geometric engine, after computation of intersections between fiber distribution and background

mesh, generates sets of objects of two classes: FibCutelinfo and IntersectionWithTet. They both are used by

the fiber manager in the next step of analysis.
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Figure A.1: Overview of Geometric Engine

A.3 FiberManager3d

In order to use existing algorithms of ISET, the objects generated by FiberEng3d need to be converted.
FibCutelinfo and IntersectionWithTet are converted to GeoElTet for the intersected background and GeoEl1D

for fiber intersection. Figure A.2 depicts the overall algorithm of the class.
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Figure A.2: Overview of FiberManager3d algorithm
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A.4 Statement of the problem

The set of equations developed in Ch. 3 are here written in a more suitable way to be implemented into
ISET. Since ISET numbers FEM DOFs and enrichments DOFs in a nodal level (or, in other words, the
coeficients due to the enrichment are not concentrated in a certain region of the final stiffness matrix), our
formulation can be more easily implemented using the expressions depicted in the next 3 sections. Figure
A.3 shows an example of a linear tetrahedron enriched by one fiber. The total stiffness K, is composed

by three contributions.

e K;: representing the contribution due to the matrix.
e K»,: representing the contribution due to the fiber.

e Ky representing the contribution due to the bond slip between fiber and matrix.

The original linear tetrahedron used in this example is originally composed by 4 nodes and has a total of
12 DOFs (each node has 3 DOFs). When enriched with 1 fiber the total number of DOFs is changed to 24,
since 3 new DOFs are added to each node. Each additional fiber increases in 3 DOFs the total number of

DOFs in each node.

1 2 3 4
et Wt W s ¥ s ¥

6x6- {kj{

Kiotar = K1 + Koq + Koy

Figure A.3: Contributions for the stiffness matrix
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A.4.1 Stiffness due to the matrix (K)

It corresponds to contribution due to the stiffness of the matrix. The calculation is performed over volume
and coordinated by the method contributeDescend from CompEl class. Figure A.4 shows discrete equation
responsible for this stiffness as well where the data are localized in the final stiffness matrix of the element.

All the values related to fiber enrichment are zero in this case, since the fiber step functions are zero for

volume integration (see Fig. A.5).

_ T
K124z24 - /QBmQMG 'Dmazs : Bm6124dQ

Nonzero values

21 n 2 24

4 2 ] “

24004

Figure A.4: Entries related to K in the stiffness matrix of an element

We can observe that the integral in Figs. A.4 and A.5 are equal to the equations to the fiber GFEM. Here,
however, B,, includes coefficients related to FEM and enrichments DOFs. The purpose of this change in

notation is to make compatible the formulation with what was effectively implemented in ISET. Figure A.5

shows the details for each term of K .

_ T
K124124 - /QBmzszﬁ .D7n616 : B'”L6124dQ

Zero for volume integration
~
FiberStepFun3d::specialShape N, 0 XNy 0 0 1
For volume integration these dr dx
functions are 0 Ny x Ny
0 dy 0 dy 0
N.
B 0 0 0 0 X
Mez24 — NN xNs  xNa 0
dy dw dy dx
Ny xNa  xNa
(U= 0 dz dy
Ny XN XN
z U &z 0 dr ]
1-v v, Vi 0 0 0
[Z N e VA 7 0 0 0
D E,, v, v, 1-v, 0 0 0
T (L ) (1= 2vm) 0 0 0 Zmo g 0
0 0 0 0 w9
0 0 0 0 0 12w

Figure A.5: Details for each term of K;

163



A.4.2 Stiffness due to the fiber (K»4)

It corresponds the contribution due to the stiffness of the fiber. The calculation is performed over the
line and also coordinated by the method contributeDescend from CompEl class. Figure A.6 shows discrete
equation responsible for this stiffness. The nonzero values fulfill all the stiffness matrix, as shown in Fig.

A.6.

K2a24z24 = Af /ZBZ;MIG : DmeG ’ Bmez24dZ

Nonzero values

2424

Figure A.6: Contributions due to the fiber

We can observe that this term corresponds to the coupled matrix/fiber: B, comes from the matrix (volume)

and Dy from the material properties of the fiber. Figure A.7 shows in details the terms for our example.

K2a24m24 = Af /Z‘Brjr;%zg 'Dfame ’ Bm6m24dl

N XN XNa
= 0 0 T 0 0 ot 0 0
N Al XN
0 Moo o X g 0
N XM XNa
B — 0 0 dzl 0 dz 0 0 dz
Mea24 N N 0 XN xN1 0 XNi  xNs 0
dy dz dy dx dy dx
0 M M g AN XM 0 XN xMi
dz dy dz dy dz dy
N NN 0 X XNy 0 xMa
L dz dz dz dx dz dr |
1- l/j I/f I/f 0 0 0
vy 1—vy vy 0 0 0
D _ Ey vy vy 1—vy 0 0 0
foo = W) U=20p) | 0 0 0o =4 0
0 0 0o 4o
0 0 0 0o =2

Figure A.7: Details of each term of K,
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A.4.3 Stiffness due to the bond slip (K75)

It corresponds the stiffness contribution due to the bond slip between fiber and matrix. As Kp4, the
calculation is performed over the line and also coordinated by the method contributeDescend from CompEl

class. Figure A.8 shows discrete equation responsible for this stiffness. The nonzero values are shown in

Fig. A.8.

Kopyypny = Cy /[[/\/',Z]]zmz “RTs505  Diy,y - Raws - [Non]]s024dl
1

Nonzero values

T T T T

|
ﬁrﬁ%“%
EEEE
I\\I
-

AR RN

Figure A.8: Contributions due to the bond slip of the fiber

|_
!

)dx)t

It is important to observe the presence of the term [[V,,]] in this integral. This term can be understood by
the difference between the displacement field from matrix and fiber. As an example, see the an element and

a fiber shown in Fig. A.9. The cross section between matrix and fiber is shown in details.

Figure A.9: Details of the bond slip
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There is clearly an discontinuous approximation between the boundaries from the fiber side ', and matrix
side I'_. As shown in Fig. A.10, the approximation at the fiber side I', is given by N,r,. On the other hand,
the approximation of the matrix side I'_ is given by N,r_. The difference N,, = Nur, — Nr_ gives the

approximation [[N,]].

Figure A.10: Contributions for the stiffness matrix

166



Figure A.11 shows the terms for the line integral corresponding to K»p. Special attention is given to the
bond slip term Dj, which is the second order tensor and represents the bond parameters between matrix and

fiber. The R matrix just changes the coordinates of Dj.

Kopyy oy = Cy /Z[W,E]]m RT3.3 - Dy - Ry - [Nin]lse0adl

[[Nm]]3x24 — Nm

- N,
T+ 3224 MT_ 3224

’— XNt 0 0f0o0 o0 YNi 0 0
HMMH.‘%J:Z-’l = 0 Xl\/'l 0 0 0 ol . 0 XJ\/V4 0
0 0 xM(0 00 0 0 XNy
kbt 0 0 MatFiberElas3d::contribute
Dbgzg = 0 kbn 0 If element has MatFiberElas3d material, these terms are O
0 0
cos(07) cos(@‘;’/) cos(e“l)

! Xr
z
Razs = | cos(6Y) cos(6Y) cos(6Y)
cos(67) 005(95’) cos(62)

Figure A.11: Details for the bond slip contribution

A.4.4 Total contribution

The total stiffness matrix is given by the contribution of these three terms (K| + Ky, + K»p). Figure A.12

shows how these contribution look like in the final stiffness matrix.

Ktotal — Kl + K2a + K2b

Figure A.12: Contributions for the stiffness matrix
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Figure A.13 shows an UML activity diagram for the calculation of the stiffness matrix presented in Fig.

A.12. It describes the method calcStiff from CompMesh class. An overview of the algorithm is given below:

o At the beginning of the method, the algorithm asks if there is at least one fiber embedded in the
model. Methods calcStiff or calcStiffLocGl are performed (depending on the type of the problem

which is being analyzed).

o getDescendentList gets a list of descendents of the element (using same procedure performed from
Global-Local GFEM analysis). The first element of the list of the descendents corresponds the three-
dimensional element (background matrix). The other elements of the list correspond to the one-

dimensional element (fibers).

o A loop of each descendent is performed. For each descendent the algorithm asks if the descendent
corresponds to a three-dimensional or one-dimensional element. For three-dimensional elements the

fiber enrichment function is zero.

e If the descendent is a three-dimensional element, conventional method contributeDescend is called
(in order to calculate Stiffness (1)). Otherwise, Stiffness (2) (integral over the line) must be performed.

Fibers have an specific material.

e Contribution related to the fiber can be divided in two parts: Stiffness (2A) which is related to the
coupled fiber-matrix problem, and Stiffness (2B) related to the fiber contribution. It is performed by

the fiber material.
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One important information observed in Fig. A.14 is related to the CompEl descendents objects. The
red CompEl object corresponds to the integral over the volume using three-dimensional shape functions
(Stiffness (1)). The green objects corresponds to the integral over the line, but using three-dimensional shape
functions (coupled problem matrix-fiber Stiffness (2a)). Finally, the blue object corresponds to the integral

over the line using one-dimensional shape functions (Stiffness (2b)).

Figure A.14 shows a UML sequence diagram for stiffness matrix. Differently from Fig. A.13, the focus
here is on the relation between objects. This diagram shows how processes operate with one another and
in what order. It is arranged in time sequence and depicts the classes involved in the scenario performed in

Fig. A.13.
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Appendix B

Validation of a 3D Adaptive Stable GFEM
for Mixed-Mode Brittle Fracture
Propagation

B.1 Introduction

This appendix ' shows recent advances on GFEM for solution of fracture mechanics problems. The
GFEM (or XFEM, [147]) has been developed and improved for more than two decades for the solution of
fracture mechanics problems [5, 6, 58, 64, 148] and currently is available in several mainstream commercial
software such as Abaqus, ANSYS, LS-DYNA, OptiStruct, etc. The GFEM [4-6, 54, 55, 58, 63] can be
interpreted as a FEM with an enriched test/trial space which is obtained by hierarchically augmenting a
standard finite element approximation space, Spgys, with an enrichment space, Sgyg derived from a priori

knowledge about the solution of a problem.

The enrichment space used in the GFEM enables the use of finite element meshes that do not fit crack
surfaces or their fronts. This flexibility of the method is particularly appealing in the case of 3-D simulations
of crack propagation, like those considered in this appendix. Furthermore, the convergence rate of the
GFEM presented in [65] is at least three times higher than quadratic finite elements with quarter-point
elements [149, 150] around the crack front, which are broadly used to solve fracture problems. However,
the condition number of the GFEM stiffness matrix grows much faster than in the classical FEM as the mesh

is refined.

There is a considerable amount of work on approaches to address the conditioning issue of the method
[151-156]. The approach adopted here is the so-called Stable GFEM (SGFEM) with a discontinuous inter-
polant enrichment modification and a p-hierarchical FEM basis — the pFEM-DSGFEM introduced in [65]

for 3-D fracture problems.

IThis appendix has been adapted from the paper by “F. Mukhtar, P. Alves and C. A. Duarte, Validation of a 3-D Adaptative Sta-
ble Generalized/eXtended Finite Element Method for Mixed-Mode Brittle Fracture Propagation, International Journal of Fracture
(2020), [80]”
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This SGFEM, with the proper choice of singular enrichments, leads to stiffness matrices with a scaled
condition number of the same order as in the standard FEM. The pFEM-GFEM and its well-conditioned

counterpart pFEM-DSGFEM is presented in [65].

The goal of this section is the validation of an adaptive pFEM-DSGFEM for a Compact tension specimen.
Additional validation problems can be found in the full paper [80]. For the example shown here crack prop-
agation is assumed to be governed by Griffith’s criterion [97, 98]. The GFEM and some of the algorithms

adopted here have been extensively verified [65, 67, 76, 87, 88] but not systematically validated.

The literature on GFEM for fracture propagation is quite extensive but most of the works have focused
on the development of the method and its verification against analytical or reference solutions. Examples
of works dedicated to the validation of the method for problems governed by LEFM include the works of
Grégorie et al. [157] on 2D dynamic crack propagation, the work of Bergata et al. [158], Ferrié et al. [159],
Shi et al. [160], Nikfam et al. [161], Tian et al. [162], and Varfolomeev et al. [163] on 3-D fatigue crack
propagation. The work of Giner et al. [164], and Ventura et al. [165] on 2-D simulations of brittle crack

propagation.

Several of the algorithmic aspects of the GFEM adopted here have been presented in [67, 76, 87, 88].
They include the representation and update of non-planar fracture surfaces, the integration of the weak form
over element intersected by the fracture, etc. The complete computational geometry strategies and crack

propagation algorithm with mesh adaptivity is presented in [80]

The satisfaction of a brittle fracture propagation criterion in 3-D may require an iterative procedure to find
loading scaling factors or the crack size that meets the criterion. In this section, LEFM scaling relations are
used to back calculate scaling factors that lead to the satisfaction of the propagation criterion. These scaling
factors are also used to compute other quantities of interest such as reaction forces and Crack Opening
Displacement (COD). These are low-cost post-processing operations performed on the GFEM solution of

each crack propagation step. They involve no iterations or recalculation of the GFEM solution.

This is a novel strategy to solve 3-D mixed-mode brittle fracture propagation problems. Similar ideas
are used by Shabir et al. [166] to find load-displacement curves for crack propagation in polycrystalline

specimen and by Gupta and Duarte [88] to solve a Mode I hydraulic fracture propagation problem.
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The simulations presented in this section validate not only an adaptive GFEM for brittle fracture propa-
gation but also the algorithmic aspects of the method and the adopted computational fracture growth model

for LEFM.

B.2 Validation with Experimental Results

The GFEM and algorithms presented earlier are validated against three experimental data sets. The ex-
periments involve mode I and mode I+11 fracture propagation problems with increasing complexity in crack
path. Here it is shown one of the validation examples presented in [80], the reader is invited to follow this
reference for further examples. For this simulation the Stress Intensity Factors (SIFs) are extracted using the
Displacement Correlation Method (DCM). A brief review of the DCM formulation adopted in this work is

given in Chapter 5.

B.2.1 Mode I+II fracture propagation: Modified CT Specimen CT31 of Pham et al. [167]

The systematically designed experiments conducted by Pham et al. [167] consists of two groups of
specimens. The first one includes six compact tension (CT) specimens while the second one adopts three
specimens and a modified CT specimen geometry. Here is presented the validation of the adaptive GFEM
and the fracture propagation algorithm against data sets from a mode I+II fracture propagation problem.

The experimental data are from Specimen CT31 of Pham et al. [167] unless stated otherwise.

The material of the specimen is a thermoplastic polymer, polymethylmethacrylate (PMMA), whose elastic
material properties and fracture parameters, as determined in [167], are: Modulus of elasticity £ =2.98 GPa;
Poisson’s ratio v = 0.35; and Fracture energy G, = 0.285k/J, /m? that resulted in an estimated fracture tough-

ness K;. = 0.98 MPa-m'/?.

The initial sharp crack is generated in the specimen ahead of the U-notch, using a wedge impact along with
a blade. The top and bottom holes are loaded monotonically, with displacements uy+ and uj;, respectively, as

illustrated in Fig. B.2.
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Figure B.1 shows the setup used in the experiments of Pham et al. [167]. It consists of an Instron testing
machine, cameras, and loading grips. The test proceeds using a displacement-controlled loading whose
magnitude, and the displacement of the load-points are monitored. At the same time, a set of two cameras
are placed on opposite sides of the specimen to capture the images used for calculating the crack opening
displacement (COD) at the load line, using DIC analysis, and tracking the crack front location. The COD
corresponding to each load step is determined using time correlation between the image and loading time

sequences. More details about the experiment and a summary about the image analysis can be found in

[167].

Figure B.1: Experimental setup showing the CT specimen (1), cameras (2), and loading grips (3), [167]

Figure B.2 shows the geometry and dimensions of the specimens of Pham et al. [167] tested under mixed-
mode conditions. Each specimen is created by drilling a third hole in a CT specimen as shown in the figure.

This hole influences the crack path as shown later on, leading to mode I+1I fracture propagation.

The displacements imposed by loading pins on the top and bottom holes of the specimen are modeled as
displacements prescribed to nodes located along the load lines shown in Fig. B.2. These nodes are equally
spaced in the thickness direction of the specimen. Both vertical and lateral movements of the so defined
nodes in the bottom hole are prevented in the GFEM model. Vertical upward displacement of magnitude
1.5mm is applied to the nodes of the top hole while its lateral movement is restricted. To prevent rigid body
motion, one node in each of the top and bottom loaded lines is restricted from movement in all directions.

A discussion on the influence of these modeling assumptions is presented in Section B.2.1.
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Figure B.2: Dimensions (in mm) of the modified CT specimen of [167]

It is well known that point displacement boundary condition is inconsistent in elasticity problems, except
to prevent rigid body motion [168]. Numerical experiments not presented here were performed to check
the sensitivity of computed reaction forces at the nodes with prescribed displacements. They show that, as
long as a reasonably coarse mesh is used at the specimen holes, the results are not sensitive with respect to
discretization parameters adopted in this section, such as the polynomial order of the GFEM approximation

or element size at the holes.

Mesh refinement and enrichment studies are presented next. The effect of crack advancement magnitude,
Adapqy, 1s also investigated. The actual geometry of the initial crack front in Specimen CT31 is not available.
Thus, its effect on the GFEM results is not considered — the initial crack front is assumed to be straight
in all simulations presented in this section. The initial crack surface, however, is slightly curved and the
sharp crack does not start exactly from the U-notch tip. This happens due to fabrication imperfections, and
it results in both the initial crack tail and front having some offset away from the intended nominal initial

crack surface location.

Hence, the mixed-mode simulations presented in this section model the initial crack surface as non-planar
with a vertical off-set estimated from the experimental results of [167]. The adopted crack front is given by
the segment (x = 13.221,y = 0.374,—-1.5 < z < 1.5)mm, with the origin of the coordinate system at U-notch
“tip” (located at the middle plane of the specimen and at a distance of 40.64 mm from the right face of the

specimen).

176



Mesh refinement and enrichment study

Figures B.3(a) and B.3(c) show the two user-provided meshes used in the convergence studies presented
in this section. Hereafter, the sequence of meshes based on them and used for the simulation of crack growth
are denoted by “coarse” and “fine” meshes. The meshes ignore the initial crack ahead of the specimen notch
as in the previous section. The nearly uniform meshes provided by the user are automatically refined around
the propagating crack front as shown in figures B.3(b) and B.3(d) such that the maximum edge length of
elements intersected by the crack front, /.y, is close to 0.1 mm. This same /iy« is used in all simulations
presented in this section. The problem size using the coarse meshes and GFEM approximations of degree
p = 2 ranges between 36,597 and 87,381 equations. In the case of simulations with fines meshes and p = 2,

the problem size ranges between 262,572 and 309,360.

(@ (b) (0 (d)

Figure B.3: Discretization using coarse and fine meshes (a and c¢) and the corresponding typical automatic mesh
refinement around the crack front during the fracture propagation (b and d) for the modified CT specimen used for
mixed-mode fracture

Figure B.4 shows plots of load versus COD and the predicted crack path. The load is the reaction force
at the nodes with prescribed displacement as explained earlier. These quantities are computed at each crack
propagation step using the scaling relations. GFEM results for the sequence of coarse and fine meshes with
p = 2 basis functions and Aapn,x = 0.1mm are shown in the figure, together with the experimental results

from [167].

The stiffness of the specimen before the crack propagates is matched very well by the GFEM model.
The predicted critical load for crack propagation is slightly higher than the measured one but the GFEM

curves match reasonably well the experimental data. The observed difference in Figure B.4(a) between the
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GFEM curves and experimental data for COD greater than ~ 0.32mm is related to the model adopted for the

boundary conditions at the holes of the specimen. This is further discussed in Section B.2.1.

The two GFEM curves in each plot shown in Figure B.4 are nearly identical. This is the case since, as in
the previous problem, the same element size is adopted near the crack front for both sequences of meshes.

Based on this, hereafter only the coarse mesh is used in the simulations.
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Figure B.4: Mesh convergence in the GFEM simulation of Specimen CT31 using Aapm,x = 0.1mm, and p =2 (a)
Load variation (b) Crack path

Figure B.5 show GFEM results for the sequence of coarse meshes with approximations of degree p =2
and p =3, and Aamax = 0.1mm. The GFEM curves, again, match reasonably well the experimental data
and show that a quadratic basis suffices for the sequence of coarse meshes adopted for this problem. Figure
B.6 shows contour plots of von Mises stress field on the deformed configuration (with magnification) at
crack propagation steps 20 and 120. Figure B.7 compares the crack path predicted by the GFEM with the
experiment of Pham et al. [167]. The GFEM simulation adopts coarse meshes, Aam,x = 0.1mm, and p = 2.

It is clear that the GFEM path agrees well with the experimental one.
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Figure B.5: p-adaptivity in the GFEM simulation of Specimen CT31 using coarse meshes and Adyax = 0.1mm (a)
Load variation (b) Crack path

(@) (b)

Figure B.6: Contour plots of von Mises stress field on the deformed configuration (with magnification) for two crack
propagation steps
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(@ (b)

Figure B.7: Final crack path for Specimen CT31 (a) GFEM simulation with coarse meshes, Aamax = 0.1 mm, and
p =2 (b) Experiment of Pham et al. [167]

Effect of crack advancement magnitude Aa,,

The effect of crack advancement magnitude Aa,,,, is considered in this section. Figure B.8 shows plots
of load versus COD and the crack path for the coarse mesh with p = 2 GFEM basis functions, and Aap,x =
0.3, 0.1 and 0.035mm. Good agreement with the experimental data is observed in all cases. This justifies

the adopted Aamax = 0.1 mm in the simulations presented earlier.
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Figure B.8: GFEM simulation of Specimen CT31 versus experimental results for different crack increments using
coarse meshes and p = 2 (a) Load variation (b) Crack path
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Comparison with other specimens and phase-field FEM

Figure B.9 compares the GFEM simulation of Specimen CT31 (using coarse meshes, Admax = 0.1 mm,
and p = 2) with experimental results from specimens CT31, CT32, and CT33 of Pham et al. [167]. It can be
observed that the load versus COD curve for Specimen CT33 deviates from the curves for specimens CT31
and CT32. The crack path from all experiments are, however, close for x > 17mm. The GFEM results are
compared in Fig. B.10 with phase-field FEM simulations of Specimen CT31 by Pham et al. [167] and by

Kumar and Lopez-Pamies [169].

Phase-field results from [167] are for two choices of the ratio ly/h where [ is an intrinsic size scale for the
damage model in the phase-field simulation and 4 is the element size in the region that contains the expected

crack path. Unstructured meshes with small elements (2 = 25 um and h = 6.25um ) are used [167].

The GFEM and phase-field load versus COD curves agree very well with the experimental results of
Specimen CT31. The crack paths predicted by GFEM is close to the phase-field results of Pham et al. [167]

and nearly identical to the phase-field results of Kumar and Lopez-Pamies [169].
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Figure B.9: GFEM simulation of Specimen CT31 (with coarse meshes, Aayax = 0.1 mm, and p = 2) compared with
data from three specimens of the modified CT test of Pham et al. [167]. (a) Load variation (b) Crack path
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Figure B.10: GFEM simulation of Specimen CT31 (with coarse meshes, Aamax = 0.1mm, and p = 2) compared with
phase-field FEM simulations by Pham et al. [167] and by Kumar and Lopez-Pamies [169] (a) Load variation (b)

Crack path

Computational performance

The GFEM simulation of Specimen CT31 on the sequence of coarse meshes using Aa;;,x = 0.1 mm and

p = 2 took about 27.5 minutes on a 2018 MacBook Pro with 8 cores. The average number of tetrahedron

elements in these meshes is 12,581. The average time spent to solve one propagation step was 13 sec. and

127 propagation steps were solved during the entire simulation.

The reduced cost of a propagation step compared to Specimen CT24 is due to the smaller problem size

at each propagation step. Fewer propagation steps are required for the simulation of Specimen CT31 than

Specimen CT24 since the initial (final) crack of Specimen CT31 is longer (shorter) than for Specimen CT24.
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Effects of model adopted for boundary conditions at CT specimen holes

The observed difference in, for example, Figure B.4(a) between the GFEM load versus COD curves and
experimental data is discussed in this section. The displacements imposed by the loading pins on the top
and bottom holes of the CT and modified CT specimens are modeled as displacements prescribed to nodes

located along the load lines.

The actual loading is, however, a contact problem where one of the contacting surfaces (the specimen’s
circular surfaces of the hole faces) rotates relative to the vertically moving cylindrical loading pin. As such,
the location of the effective loaded zone changes during the experiment. The adopted model, on the other

hand, assumes that the loaded/contacting surfaces remain the same throughout the test.

The loading pins do not prevent rotation of the specimen. This motivated the adoption of point constraints
in our model. If, however, displacements were instead prescribed on element faces, the relative rolling
movement between the loading pins and the holes would be prevented, leading to an excessively constrained
model. In the first case the crack propagates along a plane of symmetry and the specimen rotation is small

[167].

The turning of the crack in the Mode I+II problem causes a rotation of the specimen larger than in the
Mode I problem. The relative motion between the loading pins and the modified CT specimen holes is
illustrated in Fig. B.11. The locations of the contact on the hole surfaces change from A to A’and A” at the
top and bottom holes, respectively, as the specimen deforms. This movement is prevented by the adopted

boundary conditions.
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Figure B.11: Illustration of the deformed (black dashed line) and undeformed (solid blue line) configurations of the
modified CT specimen showing the rotations of points along the loaded holes

B.3 Conclusions

An adaptive Generalized FEM for the simulation of mixed-mode brittle fracture propagation is presented
and validated against several experimental data sets for mode I and mode I+I1 fracture propagation problems.
Very good agreement between the GFEM and experimental results is observed. These include fracture path,

Crack Opening Displacement (COD), and load and fracture length versus COD curves.

The computational efficiency of the method is also assessed. The simulation cost of the GFEM is shown
to be significantly smaller than state-of-the-art phase-field FEMs. This is due to (i) smaller problem size
since in the GFEM refinement is required only along a line (crack front) while in the phase-field FEM the
mesh needs to be refined along the entire crack surface; (ii) At each crack propagation step, a linear problem

is solved by the GFEM and a highly non-linear one is solved by the phase-field FEM.

A benchmark problem is a mode I+II fracture propagation simulation in a modified CT specimen. Other
problems can be accessed in [80]. The effects of the model adopted for boundary conditions at CT specimen
holes are discussed in details. They show that the contact between the loading pins and the specimen needs

to be modeled in order to remove observed inconsistencies of the adopted model.
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Appendix C

Numerical Experiments for Fracture
Mechanics in Composite Materials

Fibers are added to composites and other brittle matrix materials for a variety of reasons, including im-
provements in cracking resistance and material toughness. As part of these efforts, the effects of fiber
distribution on the cracking performance need to be understood and quantified using computational simula-

tions.

Many advanced materials like CMCs rely on crack bridging mechanisms to hold cracks together and resist
crack growth. Cracks in CMCs components are initially very small (micrometer scale). These cracks can
behave in a way that is vastly different from that of the millimeter-scale cracks studied in laboratory tests
using standardized techniques developed for traditional metal alloys. This difference is a notable problem

in predicting fatigue failures in modern advanced materials.

In crack bridging, as shown in Fig. C.1, a small crack situated between reinforcing fibers or layers needs
only to overcome the cracking resistance of the matrix in order to propagate. However, once the crack
has propagated around the reinforcing phase, that phase can hold the crack together and increase crack

propagation resistance.
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Fracture or fatigue resistance

Crack extension

Figure C.1: R-curve and failure mechanism in CMCs, by [3]

C.1 Fiber reinforced cracked specimen

C.1.1 Introduction

This appendix simulates a cracked specimen with Mode I loading, as shown in Fig. C.2. The crack
is bridged by 8 fibers described as dashed lines in this figure. For non-reinforced materials cracks need
to overcome the cracking resistance of the matrix in order to propagate. In fiber-reinforced composite

materials, however, fibers can hold the crack together and increase crack opening resistance.

This example simulates a cracked specimen with axial stress, as shown in Fig. C.2. In modern advanced
materials the shape, orientation and size of these fibers are usually chosen to produce specific structural
responses. In crack bridging, for example, a small crack needs only to overcome the cracking resistance of
the matrix in order to propagate. However, in fiber composite materials a fiber can hold the crack together
and increase crack propagation resistance. The goal of this problem is to show how the different geometric

properties and configurations of fibers can affect the structural behavior of the composite.
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A complete parametric study for the effect of the area of the fibers, its quantity, location and length are
presented here. The following parameters are assumed for this problem, with consistent units: Modulus
of elasticity of matrix £, = 1.0 X 10%; Poisson’s ratio of matrix v = 0.2; Modulus of elasticity of fiber

Er=5.0x10%; Area of the fiber Af = 2.0 x 10™*; Bond stiffness: K = 5.0 x 10°; Traction: o~ = 1000.0.
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Figure C.2: Specimen submitted to axial load
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C.1.2 Mesh definition

Figure 6.6 depicts the finite element mesh used by ISET for the problem presented in section C.1. The
sample is 2 x 2 x 0.25 in dimension and is discretized using linear tetrahedral elements. The left face is
constrained against translation along X, Y and Z directions. Traction o is applied to the top and bottom

surface in order to allow mode I opening in the sample.

Figure C.3: Boundary conditions and displacement

Figure C.4: Opening of the crack
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C.1.3 Effect of the area of the fiber

The specimen is reinforced with fibers placed at x = 0.875 and with length equal to 0.7. The centroid of

their cross-sections are located at z = —0.05 and z = —0.20. Figure C.5 describes the problem.

Figure C.5: Reinforced cracked specimen bridged by two cracks

Table C.1 shows that as the area increases the opening d between the crack faces is reduced. The fiber
can bridge the crack and increase crack propagation resistance.

Table C.1: Opening d of the crack with respect to the area of the fibers

Area of each fiber d
1.00E-8  0.3500
1.00E-4 0.3068
2.00E-4 0.2334
3.00E-4 0.1838
4.00E-4 0.1506
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C.1.4 Effect of the number of fibers

The effect of the number of fibers is studied here. The constitutive properties are the same as earlier stated
in this section. Fibers are added in pairs and distanced each other by 0.25 (on x axis). Figure C.6 shows the

4 different configurations analyzed in this section.

(a) 2 fibers (b) 4 fibers
(c) 6 fibers (d) 8 fibers

Figure C.6: Fiber configuration to study the effect of the number of fibers

Table C.2 shows that as the number of fibers increases, the d is reduced. It can be observed that this
relationship is not linear. Fibers located at x = 0.875 contribute more effectively than the fibers located at
x = 0.125 for the variable d. The effect of the position of the fibers is investigated in the next section.

Table C.2: Opening of the crack with respect to the number of fibers

Number fibers d
2 0.2334
4 0.1805
6 0.1641
8 0.1600
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C.1.5 Effect of the position of fibers

The setup of the problem solved in this section is similar to the one solved in the previous section. Here,

however, only 2 fibers are solved each time.The position of the fibers is described in Fig. C.7.

(a)x=0.875 (b) x =0.625
() x=0.375 (d) x=0.125

Figure C.7: Variation of the position of the fibers

Table C.3 shows that crack opening d for the specimens indicated in Fig. C.7. It can be observed that
fibers further to the crack tip contribute more effectively to the reduction of the d.

Table C.3: Opening of the crack with respect to the position of fibers

Position d
0.875 0.2334
0.625 0.2961
0.375 0.3369
0.125 0.3473
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C.1.6 Effect of the length of the fiber

The setup of the problem solved in this section is similar to the one solved in the previous section. Here,

however, the length of the fibers varies from 0.2 to 1.7 (before was fixed to 0.7).

(a) length = 0.2 (b) length = 0.7
(c) length =1.2 (d) length = 1.7

Figure C.8: Variation of the length of the fibers

Table C.4 shows the crack opening d for the specimens indicated in Fig. C.8. It can be observes that an
increase in the length of the fibers leads to a stiffer behavior of the specimen.

Table C.4: Opening of the crack with respect to the length of fibers

Length d
02 0.3347
0.7 0.2334
12 0.1735
1.7 0.1356
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C.2 General observations

The fiber description using GFEM was able to capture the behavior for fracture mechanics for reinforced
cracks. Similar problems solved by [170], [171], [172], [173] and [174] using different numerical methods
have been shown similar behavior for the problems reproduced here. The use of GFEM, however, has the
powerful feature of being meshless. This important tool adds flexibility to mesh description and will be fully

exploited for the crack propagation analysis performed later in this project.

The linear dependency for GFEM observed for certain problems and reported by [175] did not affect the
solution of problems solved in this appendix. The solver in ISET was able to handle the system of equations
and the results are comparable to the reference solutions found in literature. As shown by [175], the linear
dependency is caused by the integration over the fiber volume and the bond of the fiber. Improvements
reported by [176] has been shown that this problem can be overcame using volume of surface integration

instead of a line integration over the one dimensional elements of the mesh.
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