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SYNOPSIS

Theoretical analyses are presented for the ultimate strength of
long hinged reinforced concrete columns, Both concentric and eccentric
loads are treated. The treatment of concentrically loaded columns is
based on Engesser's tangent modulus formuls and the treatment of eccentri-
cally loaded columns ié based on the principles advanced by Kdrpén. Both
analyses utilize the stress=strain relationship for concrete determined
by Hognestad from tests of short eccentrically Joaded columns,

The analyses are coumpared with the test results of six experi=-
mental investigations carried out in the past. The test data, including
48 concentrically and T9 eccentrically loaded long hinged columns, and
the analyses are in good agyeement, thus indicating that the analyses

with their basic assumptions yield reliable results,
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INTRODUCTION

Bxtensive investigaxions.of short concentrically and eccentri-
cally loaded columnS:leadrih ﬁhe past to‘the dé&élopment of generally
applicable analytical expressions for predieting the ultimate strength of
short reinforced concrete columms. The experimental studies nave shown
that for short columns the effect of lateral deflections on the strength
is smaell and that short columms are not in danger of buckling. Accordinglyé
the analytical expressions disregard both deflections and buckling, On ‘-
the other hand, it is known that the strength of long columns may be
reduced significantly by both of these factors. The analyses presented
in this paper take them intd accounte.

Reinforced concrete columns may fail either by materwial failure
or by buckling. Material failure occurs'by érushing of concrete in com=
pression, Buckling occurs when the lateral deflection of the column
increases without any increase of load. |

Buckling of an eccentrically loaded hinged column is illustrated
in Fig, 1 in which the moment resistance of a column and the external
moment are shown as functions of the deflection at midheight, Figure 1
is drawn for a constent load P a@pliedito'a particular column at varying
eccentricity, The moment reSiétance depends, therefore, only on the
‘deflection of the column, while the external moment depends on the sum of
the deflection and eccentricitye

The moment yesistance is shown in Fige. 1 as the curve 1-2, the
external moment as thékstraight line A~B for eccentricity e»and as the

straight line E-F for eccentricity € s the two lines are parallel because
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their. slope depends only on the megnitude of the load P which is constant.
The straight line A-B intersects the curve 1-2 at points C and D for which
the moment resistance 1s equal to the external moment. These two points
represent two positions of equilibriums steble equilibrium at ¢ and un-
stable equilibrium at D. .When the eccentricity of the load P is increased,
points C and D move closer together, At the eccentricity e, line A-B
becomes line E-F tangent to the curve 1-2. At an increase of the eccentri-
city beyomd‘ear no position of equilibrium is‘possible. Thus, ec¥ is the
critical eccentricity corresponding to buckling of the column under the
load P

A column fails by wateriasl failure if the strength of the
colunn material is exceeded before buckling is reached, For examble, if

the moument resistance curve in Fige 1 ended at point C, the column would

fail by material failure vhen the load P has reached eccentricity e,

NOTATION

The following notation is used throughout the paper:

A = & parameter giveh in Table 1

A = total area of longitudinal column reinforcement

B = a parameter given in Table .l

b = width of cross-section. (Figs 6)

a = total depth of cross-section (Fig..6)

a' = effective depth of reinforcement (Fig. 6)

q" = distance between centroids of compression ahd tension

reinforcement (Fig. 6)
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end ecdentricities of load for the case of e =,
(Figb'l) '

- end _eccentricitiés of load; e, is taken as the larger of

the two values; e, 18 alvays teken as & positive quantity
(Fig, b4) |

eritical eccentricity

modulus of elé.sticity of concrete

modulus of elasticity of steel

tangent mc_;daxius of elasticity

cdﬁcrete sfress

compressive strength of 6 x la;-in. eonerete cylinders

coupressive strength of concrete in flexure (Fig. 2)

_compressive strength of 8-in, eoncrete cubes

compressive strength af concrete prisms
stgel stress

steel stress correspending to strain €y
steél stréss cor:espgud.ing to strain e3
yield point of reinforcement

woment of inertia

length of column (Fig. b)

lengths defined in Fig. b
equivelent length defined in Fig, U
bending woment

- morent reéistance of & oalumn

A -
é » ratio -of reinforeement

applied load
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critical load computed by the tangent modulus theory

distancé in the direction of column axis from the point
of maximum column deflection (Fig. 4)

lateral deflections of column including the initial
eccentricity (Fig. L)

maximum lateral deflectlQn including the initial
eccentricity (Fig. 4)

steel strains (Fig. 6)
strain
concrete strains (Fig. 6)

compressive strain corresponding to maximum concrete
stress (Fig. 2)

ultimate concrete strain in flexure (Fig. 2)

yield point strain of reinforcement
curvature

curvature at x = 0

ULTIMATE STRENGTH ANALYSIS

Basic Assumptions

The assumptions for the theories presented in this paper were

generally chosen so as to give a lower limit for the ultimate strength of

both concentrically and eccentrically loaded long reinforced concrete

columns,

Stress-strain re;ationship for concrete, - The assumed stress-

strain relationship for concrete in compression is shown in Figs 2o It
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was derived by Hognestad (1) from the tests of short columns subjected to
combined bending and axial load, It consists of a parabole and a sloping
straight line.

The initial part of the curve in Fig. 2 is a second degree para-

bols expressed by.the following equations

2
11" 2€ e
fo=te [e_- (& J (1)
o) o

The initial modulus of elasticity is taken as

s 1t P
E, = 1,800,000 + 460 £ . (2)

The strain at the maximum stress is

1]
eo=2fc/E'c'.

Between the strain €, and the ultimate strain € , the stress-strain
relationship ié a descending straight line, The ultinate strain eu is
taken as 0,0038.

The maximum stress fz is taken as 0,85 times the cylinder
strength f;. This relationship is believed to be correct only for verti-
cally cast columns,

It is assumed further that concrete resists no tensile stresses.
Since the concrete between the cracks carries some tensile stresses, the
actual column deflections should‘be Smaller than the computed ones., Thus,
the assumption that ﬁo tensiie stresses exist in. the concrete should give
somevhat lower ultimate loads,thanythe actualu

~ The deflection of the‘cogumn at buckling depends on the magni=

tude of strains in the concrete and steel. Since the buckling load depends
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on the deflection and since buckling can occur-at almost any value of
concrete strain, it is necessary to know the strains with a reasonable
accuracy at all loads,. Accordingly, a simplified stress block, such as

a rectangle or a trapezoid, .cannot yleld generally accurate results and the
use of a more complicated, but also more accurate, Hognestad's stress block

is necessary. .

Stress~strain relationshipVfbr‘reinforcing}steel. = The stress~
strain diagram for the reinforcing steel is assumed trepezoidal with the
flat portion equal to the yield point stress f& as shown in Fige 5+ The

modulus of elasticity, Ey, 1s taken in all calculations as 30,000,000 psi. .

Bernoulli's hypothesis, = Linear distribution of strains across
the column cross-sections is assumed at all load levels.

ghape of deflected column. - Tt is assumed that the deflected

shape of a column is & part of & cosine wave as shawn‘in»xig.fh. This -
assumption is theoretically correct only for small lateral deflections
and for constant modulus of elasticity along fhe column, Such conditions
are satisfied only in concentrically loaded'coiumns.

For eccentrically loaded colums, the use of the cosine wave
assumption iwplies that the modulus of elasticity is constant along the
column and equal to the average modulus at the section of failure. The:
stiffness at the sectlon of fallure is the smailest one; therefore, the
‘actual deflections are smaller than the computed ones and the computed
ultimate loads should be somewhat smaller than the«actual; |

Effect of shear on deflectlon, -.For a solid cross-section, the

effect of shear on deflections is small. It is disregarded in the theory

presented herein.



Concentrically loaded Columns

Buckling, = A céncentrically loaded long compression member
remains straight as long as the loed remains below the bu@kling load,

When a column subjected to an axial load 1owér than‘the critical is deflece
‘ted slightly from its straight position’of eqpilibfium, its woment resis=-
tance increases faéter than the corresponding éxternal moment dpe to_the
lateral deflection end the coluun springskback;to itsAstraiéht position,

At the buckling or critical load, the iﬁciease in external moment due to
increase in lateral defiection of the colum is equal to the éorresponding
increase in the moment resistance, The column deflectsvwithout further
increase of load, ‘

The buckling load for a concentricelly loaded column stressed
below the proportional limit of the material was determined theoretically
by Euler (2,3) in 1Thk, For columns failing by buckling after the PTOPOT=
tional limit has been exceeded, two modificaticns of,the'Euler's foimula
were proposed in 1889: Engesser's tangent modulus formula (4,5) and
Considdre's double modulus formula (6). Shanley has shown by recent tests
of aluminum colums (7,8,9) that the double modulus formula is based on an
incorrect assumption and that the tangent modulus :ormula :epresénts a
lower limit for the buckling load of concentrically loaded columné.

It can be seén in Fig. 2 that the assumedistress-strgin;re;a—
tionship for concrete has no proportional limit, Accbrdingl&,rtheﬁtangent
modulus formula should bé the most suitable for predicting the buckling
strength of concentrically loaded reinforced concrete éolumns.

At any paxticﬁlar concentric load, the modulus of elastic;ty of

the concrete and the woment of inertia are the same at all points.
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Accordingly, the following differential equation may be written for small

lateral deflections:’

d'?“y‘

- —=HI=M ,

ax2 t . _ (3 )

The solution of Eqe 3 gives the buckling losd of & concentrically loaded
column, The solution,dependé on the end conditions; for a column hinged

at both ends it is

ﬁaEtI

P, = —% ()

where Pt is the buckling load, E, the tangent modulus of elasticity of
concrete at buckling, I the moment of inertia of ‘the transformed cross-
section of the column and £ the length of the column.

Materiélvfailuré. - An inspection of the assumed stress-strain

relationships for concrete'(FiggAQ) shows that a material failure occufs
when the strain reaches the ultimate value for concrete eﬁ =?o.¢058. In
a concentrically loaded colﬁmn, however, the material failure may be
reached at a lower strain, For example, in a plain concrete column, the
maximum material capacity corresponds to the strain eo; on the other hand,
in a‘column reinforced with very large amount of steel having_yield point
larger thén €2 the maximum material capacity is reached at yielding of the
steel at a strain larger than €,» Thevefore, the limiting value of the
strain at failure of a concentrically loaded column depends on the strength
of concrete, percentage of reinforcement and the yield point of
reinforcement.

The materisl capacity of colums with reinforcement having a

yield point lower than'eo is alwéys reached at the strain € e For the



practigal range of concrete strengths, eo varies approximately from 1.2 to
243 percent, Thus for concentrically loaded columns reinforced with struce
tural or intermediate grade steel, €, represents the limiting strain,

| The material capacity of columns with reinforcementﬂhaying 8
yield point higher than €, uay be reached either at the strain €, or at
a higher strain. Up to the strain of €,2 the load carried by each material
(i.es, steel and concrete) is increasing with increasing strain. After the
strain €, is exceeded, however, the load carried by the concrete is
decreasing while the load carried by the steel continues to increase, For
low percentages of reinforcement, the loss in capacity of concrete cannot
be compensated for by the increase of the load carried by the reinforce=
ment so that meterial failure oceurs at € . On the other hand, for high
percentages of steel, the ioss in capacity of concrete is compensated for
by the increase of the load carried by the reinforcement and the column
is able to carry further increases of load beyond the strain €yt

It can be seen from the preceding discussion, that in most cases

material cepacity of concentrically loaded columns is reached at the strain
e If present; the increase of capacity by straining the column beyond
€, is usuvally small. It is assumed in the analysis, therefore, that for
concentrically losded columns €5 represents the limiting value, In other
words, if a coﬁcentric&lly inaded colum does not buckle before reaching
the unit shortening of €5 it fails by materisl failure,

Evaluaticn of ultimate Jload, - The tangent wodulus of elasticity

Et in Eq. 4 may be evaluated from the stress-strain diagram for concrete
(Fig. 2) as af /de. Therefore, as long as the strain € at ultimate losd

does not exceed €52 the tangent modulus is given by the following equations
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E‘t = Ec (1 - Ee—) (5)
0

vhere E, is the initial modulus of elasticity given by Eq. 2.
| For rectangular reinforced concrete columns, the moment of

inertia I of the transformed section mey be written as:

5 1 2
bd BE_p bd(d )
T = —— + __S___ (6)
12 E, b '

where Es/Et‘iS the modular ratio; the wodular ratio varies with the load.
Tor strains smaller than the yield point strain‘of the reinforceument ey,
the modulus of elasticity E, may be taken as 30 x.106 psi. For strains
equal and larger than the yield point strain ey, ES is equal to zero.
Accordingly, the moment of inertia I decreases suddenly when the yield
point strain is reached.

For strains smaller than €, the relationship between the con=

centric load and the corresponding strains may be expressed as

P fsp 2¢ c .2
c fc eo o)

where f_ 1s equal to E_e for strains smaller than ¢,s 8nd equal to £ for
strains equal or larger than eyc

Equations 4,5, 6 and 7 contain four unknowns: P, E., I and €&,
Thus, the buckling load may be evaluated by simultaneous solution of all
four equations. If tﬁe resulting € is larger than €y the»éﬁrength of ‘the
column is governed by material failure and its cepacity may be evaluated

from Eqe T by substituting € = €. Similarly, the critical length £ for
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6 columm of known cross-section and a known value of the load P may be

found by a simultaneqususdlution of Eq, 4=T for £, Et’ I.and €.

Ecgentrically Loaded Columns |
| Buckling. - Under an eccentric loading, a column deflects later=
ally; the lateral deflection increases with the load. If the stresses in

the column remain below the proportional limit, at large deflections the

load approaches the value of the buckling load for the same column loaded

concentrically.

A general theory for deternining the buckling load of an eccen=
trically loaded éolumn in which the maximum stresses have exceeded the |
proportional limit df the material was proposed by Kérmén (10) in 1910,
The theory is basgd on the stress-strain relationship of the column
rwaterial and on the assumption of linear strain distribution, The
déflecﬁed shape of thé column is determined by numerical integration along
the column length, The validity of Kérmén's theory vas provedbbyvtests of
hinged recténgular steel columns reported by Chwalla (11) in 193k,

The determination of the exact shape of the deflected columm by
numerical integration is very leborious, Ro$ and Brunner (12) simplified
Kérmén's theory by assuming the deflected column shape as a half sine
wave o AWéstergaard and‘Osgood'(li) proposed the use of a part of a cosine
wave as the deflected column shape;' The sine wave assumption is incon=
sistent with the actual cdﬁditions in that it corresponds to zero curve-
ture, i.e;, an infinite stiffness, at the ends of the column, The cosine
wave assumption is theoretically correct only at small lateral deflections

as long as the stresses in the column remain below the propdrfionai limit.
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When the frdpoftioﬁal limit is exceeded, the cosine wave assumption gives
results on the safe side.

The basie work on buckling of eccentrically loaded reinforced
concrete columns was carried out by Baumenn (14) in 1930-33. Using Kérmén's
procedure in conjunctién with experimentally determined propertiés of
concrete, he found a good agreement between the ﬁeéts and the theory. DMore
recentiy, Ernst, Hromadik and Riveland (15) applied to reinforced concrete
columns Karmén's method as modified by Westergaard and Osgood, limiting
themselves to hinged columns with equal eccentricities at both column ends
and using Hognestad's'stress-stfain relationship for concrete, = The method
presented herein is essentially the saue as théx presented by Ernst,
Hromadik and Riveland but it is applicable to hinged columns both with
equal and unequalfeccentricities at the column ends,

An eccentricallyrloaded column becomes unstable when one of the

following conditions is satisfied:

de cgp am
4y, a4y, dy,

If the relationship between the load P, moment M and strains is unique,
as is assumed in this derivation, all three conditions give the same
buckling load,

In the following, the eccentricities at the ends of the column
~are expressed in terms of the waximum total deflection y . The buckling
load is then cowputed from the condition de/dym = O,

A deflected hinged éolumn is shown schematically in Fige. U,
Since it is assumed that the deflected shape of the eccentrically loaded

column is a part of a cosine wave, it follows that:
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X
y = ym cos —L- | (8)
The eccentricities at the column ends are then expressed ast

nk

&) =¥, c08 == (9)
and
' Me :
ey = ¥, rcos 5= (10)

Observing that Jel + 22 = 4, redrranging and adding of Eqe. 9 and 10 givess

e e

£ - L (arc cos = + arc cos u2) (11)
L 2 Y Ya : :

The first derivative of Eg. 11 with respect to Yo includes
expressions del/dy o 204 dea/dym which are equal to zero at buckling, After
substituting from Eq. 9 and 10, the derivative of Eqe. 11 may, therefore, be

- written ass:

aE) 1 7/ nd,
‘Lz-——u(cot-_-g-:-f-cot——-a-
ay, Iy, L L

or as

« ﬂﬂl wl,.

Zﬂ d(z) ) cot === + cot =+ (12)
E dy E& )
L m L

Solution of Eq. 12 gives the critical slenderness £, at which a colum will

buckle under en assumed load, and the corresponding values £, and 2 The

1 2°
corresponding end eccentricities may then be computed from Fge. 9 and 10,
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A graphical solution of Eq., 12 is shown in Fig. 5, In Fig, 5a, .
equation 12 is solved for several values of 4 /L and 2’1/.2.‘ In Fig. 5D,
equations 9 and lO are solved for seversl valﬁes of the same two qua.n‘bitiesé
Fig. 5a and 5b are combined into Fige 5c and 5d relsting the left side of
Eqe 12 to n4/L and e,/y , respectively, for several ratios of ey /ese

The left side of Eqs 12 may be evaluated from the relationships
between the curvature and the deflection of the column, and between the
axial load, moment and deflection. The curvature and the meximum total

deflection are related as follows:

2
1 2 ;
Zs - -d---% =V, f) cos =X (13)
o] dax L
At the point of maximum moment
1 2 ,
B‘;" = Ym(%) | (1)

Eqe 14 may be written in the following form

& =&

—2 -y ®° (25)

vhere €), and € are the strains at the section of maximum moment and d is
the depth of the column (Fige 6).
At the point of maximum moment, the relation between the load,

moment and maximum total deflection may be expressed as
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M
ym - col , ‘ (16)
P

The relationship between P, Mﬁol and the strains mey be determined from

statics and the stress-strain relationship for the particular material as
is shown in a later part of this paper.

‘The critical eccentricity and the length of the column, for which
an assumed load is the buckling load, may be determined from Eq. 15 end 16
with the aid of Fig. 5¢,d,  For a constant value of P, several correspond-
ing values of (eu - el) are chosen and the corresponding values of M,
are computed. For each value of (eu - el) the deflection y is determined
from Eq. 16 and the value of %/L is determined from Eg. 15, For each set

of corresponding values of y, and #/L, the quantity

a(=)

Con——

dy

bﬂa‘§<
R

=3

is computed. Finally, Fige 5c and 54 are entered with the vertical
ordinate, and the critical length £ and eccentricity e, are evaluated from
the horizontal ordinates.
. ’ . ", .2 1" :
-+ If dimensionless ratios y /d, =d/L, Mcol/fébd end P/f bd are

used instead of Y2 7/L, M, ~and P, respectively, the method of solution

ol
is unaffected since the right side of Eq. 12 remains unchanged. However,
the results are obtained in terms of ratios £/d and e,/d instead of £ end
eg" o

The equations derived above are & general solution for buckling

of eccentrically loaded hinged columnss They are applicable to columns of
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any cross-section and of any material,

Relationships between{loads; moments aﬁdigtrainsa = The distri-

bution of stresses in a reinforced concrete column is determined by two

strains, the stress-strain iéiatioﬂships for concrete‘(Figb 2) and steel
(Fige 3), and the cross-sectioﬁ”of the colum. The losd P and wowent M, 4
are expressed in terms Qf strains by surmegtion of the stresses in the
cross=-section, | |

For rectangular crossesections with symmetrical reinforcément

illustrated in Fig. 6, the following equations may be deriveds

P p(f o+ £ ) A : ,;
— =22 80 (17)
fcbd 2fc 6,_!'-51
I L N, Rl
fgbde 4f2 d (g, - 61)2 (e, - el)e 2

where parameters A, B and steel stresses fsg and T 5 are known functions

3
of concrete strains € and'eh; 

Formulas for parameters A and B are listed in Teble 1, Four
expressidns are given for éach paramétér; each formula is applicable within
certain limits for €), and € e Formulas for caseé 1l and 3 refer to full
cross-section in compression, while formulas for cases 2 and 4 refer to a
cross-section partly in compression and partly in tension.

The steel stresses are related to steel strains €5 and €, as

)
fop = Eseg and fs5 = ESGB, and strains €5 and e5'may be expressed as

d'
€y =€) = (eh - €l) T (19)
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€5 = € + (eu - el) 3 (20)
It should be noted ffom Fig. 3 that the steéi stfesses £ o end féf have
an upper iimit equal to the yield point stress £
fﬁ tﬁe derivation of Eq. 17 and 18, éémpreSSive stiains were
taken as ﬁdsiﬁi#e quantities and tensile strains as negative énaﬂtitieSs
The same sigﬁ convention should be followed in using these eqﬁaxions;

Material failure. - An eccentrically loaded. column fails by

crushing of concrete when the maximum strain €) reaches the ulﬁimate value
for concrete €,» The load and moment at failure of éuch a column &éy be
computed by solution of Eq. 9, 10, 15, 16, 17, 18, 19 and 20 after placing
€, = eu; This solution differs from the well~-known equations fbrbshort
colums (1) only in that it accounts automatically for the deflections of

the column.

GRAPHS OF ULTIVATE LOADS

The procedure for eccentrically loaded colums described in the
preceding section does not lend itself easily to a direct evaluatiqn of
the buckling load for a particular column. It is more suitable for cor=
relating the ultimate loads to the criticai lengths and eccentricities for
a whole group of columns having the same properties of the cross-éection
and the same characferistics of loading other‘than the magnitude of the
initial eccentricity, The ultimate load for & particwlar colum of the

group may then be obtained by interpolation.,
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fIt is not necessary.to make a separate set of calculations for
each particular column cr@Ss—section, If dimensionless qpantities,gre
uSed-insteadVCf»the'acfual 1oads, momentskand‘dimensions, one group per=
tadns. to all columns ha&ing the same prbperties‘of concrete, properties of
steel, percentage'of reiﬁforcement,“effective dépth ratio‘d'/d and condi-
tions oflloadingd For COnﬁenient use, the results mey then be tabulated
for each group“or plotted as is illustratea'in'Fig. T=104

Twenty-eight dimensionless graphs Weﬁe’prépared for rectangular
éolumns with symmetrical reinforcement; eightvrepresentative graphs ére
included in Fig. 7-10. The ultimate load reduced to the dimensionless |
quantity P/f:bd is plotted as a functibn of the slenderness ratioﬂﬂ/d for
initial eccentricity ratios_ee/d ranging from O to 1,0, The slenderness
ratio is cqvered'in each graph in the range of O to 60, For i& = 50,000
psi, él/e2 = 1,0 and d'/d = 0,9, concrete strengths f;_: 2000, 3000, L4000,
6000 psi and steel percentages p = 1.0, 2.0, 4,0 percent were included in
all coubinations, thus, giving 12 graphs. The seleétion of the'charac»
teristic quantities for the remeining 16 graphs was aimed in part at
checking the theoretical analysis against the available test data and in

part at evaluating the effects of several variables,

Effects of va:iables

The eight repreéentative graphs included in Fig. 7 through 10
illustrate the effects of slenderness ratio, eccentricity ratio, concrete
strength, percentagé of reinforcement, yield point of reinforcement,
ratios of end éccentricities and long duration of loading, An inspection

of the graphs shows that the slenderness ratio £/d and the eccentricity
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ratio e2/d are the most important variables. An increase of Z/d from O to
60 or an increase of e,/d from O to 1.0 may reduce the ultimate load more
than 80 percent. ihe effects of concrete strength'f;Vandwof'thg percentage
of-reinféﬁcement P are'illustrated.ih‘Fig. 7 end 8, resﬁegfiVely; it can |
be seen that the ultimate load incréases'with_both of~these variables less
than in direct proportion. It may'be also noted that the effects of ee/d,
f; and p on the strength of a long column are of sbout the same order of
megnitude as for a short columm,

\ The effect of the yield point of reinforcement fy on the ultimatg
strengthrdepends on the extent of yielding indicated in Fig. 9a by the '
dotted lines dividing the graph into five areas, In area I, the steel
stresses at failure are below the yield point; thus, the yield point has
no effect, In area II, all steel yields in coupression; in area III, the
steel yilelds in compression on one face of the column; in area IV, the
steel yieldsvin compression on one face and in tension on the other face;
finally, in area V;,the steel yields in tension on one face. It can be
seen by comparing Fig. 9a and 9b, that in areas II - V, the ultiwmate load
increases with increasing yield point.

The effect of the ratio of the end eccentricities can be seen‘bx
comparing Fig. 9 and 10a, The ultimate load is smallest for e, = e2’and%
largest for e; = =e,s In short columas with unequal eccentricities, ther?
is no decrease in ultimate load with the increase of slenderneés because |
such colunns fail at the end sections for which the eccentricity at
failpre is equal to the iﬁitial eccentricity, The range of slenderness
for which thé ultimate load is constant increases with decreasing el/e2

ratios and with increasing eccentricities.
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The graphs in Fig. 7, 8 9 and 10a. represent the strength of
columns subjected to short-time ioadlng. » Ear1ier tests have shown tham
'the maximum load which a short eccentrically 1oaded column can mainmain
indefinitely is about 10 percent lower than the. corresponding short-time
'strength. The primary effects of creep appear to be a substantial increase
of the maximum concrete strain a& failure €. and e relaxively small decreasg
of the maximum concrete stress: f (16). NEglecting the smell effect of
creep on concrete strength, the stress—strain relat;gnshlp for long-time
loading may be ‘taken as‘shown in Fig; 2 but Withithé strain,prdinatesk
mﬁltiplied by a factor of 2;5AThewultimame loads may then be computed in
‘the.same~mannér as for short-time loading; Fig. 10b xépresents an ultigate
108d graph c0mpu£ed~in this wanner, A compaxison of this graph with'

Fig., 9b illustrateé the diffevence between the maximum load which a column
“can maintain for a short time and that which can be sustained indefinitely?

A qpantitative in#estigatibn was made also of the effect of the E

effective depth ratio d- /d. A decrease of this ratio from 0.9 to 0.8 was |

found to decrease the ultimate load as much as 10 percent.

EXPERIMENTAT, CHECK OF ANALYSES
The theorstical analyses of the strength of concentrically and
.eccentrically loaded long reinforced concrete columns presentea in this

paper are based on a set of assunptions derived from several investigaticns

A test to feilure in a conventional teoting machine carried out in a
few hours.
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of related problems, To check the accuracy of the analyses, the theoreti-
 cal ultimate loads were compared with the results of tests of 48 concen-
‘ trically and 79 eccentrically loaded long-hingedgcolumns. VThe test data
vere obtained iﬁ“six:independént investigations reported by Baumann (1)
in 1934, by Thomas (17) in 1939, by Henson and RosenstrSm (18) in 1947, by
Ramh¢1lr(l9) in 1951, by Ernst, Hromadik andbRiveland (15) in 1953 and by
,Gehleiian& Hﬁtter‘(ao) in 1954, 1In addition, théjanalysis was checked

against the tests of ghort columns reported by Hognestad (1) in 1951.

Expecinentel Data

© All six investigations of-long colurns were carried out with
square or rectaagulax tied coluvmas reiﬁforeed with four symmetrically
piaced bars. The émallest cross=section was J x 3 in, @ad the 1argést
one was 10 x 10 in, The length varied from Th to 252 in, ’The concrete
was made of Portlend cement, send and gravel. Some of the columns were
cast in a horizontal;,others in a vertical, position. The strength‘of
concrete was determined by tests of cubes, prisms or-cylindeﬁs<cast, cured
and tested together with the columns, In the investigation reported by '
Hanson and Rosenstrbm, control prisms were cut out of the undisturbed
ends of the columns after the test because control cubes indicated an
unexpectedly low st&engtha The tests by‘Ernst;.Hromadik and Riveland
were the only iavestigation in which the sirength of concrete was
determined fron 6 x 12-in, cylinders.,

In Rarbpll’s and soute of Baumena®s tests, columis were tested

in a hbrizontai position; in those cases, the effect of dead load was

counteracted by a suspension system, The other colums were tested in a




'#ef%icaiipoéitioﬁ¢7<Ih7a11‘tests, the load was applied through hinges
ﬁsuailyvméde cf{kﬂife7edges.~

| In nost éccentrically loéded.éolumns, the load was applied at a
certain eccentricity determined by direct measurements. - Of these, in 52
columné,ythe gccentricities were equal at both column eﬁds.(él/e2 = 1.0)
‘and in three columns tested‘by‘Baﬁmann thebeccentricity at one’end‘was
equal %0 zero‘(él/e2 = 0)s In 2k tests by Gehlér and Hittter, the "eccen~
triéally‘loaded" colums were subjected to & concentric axial load P and
a trensverse load H epplied at the middepth of the specimen. The horizon=
tal force was kept at one, two or three percent of the vertical load, so
that the "initial eccentricity" at middepth was constant throughout the
test and eqpal to

A
bp

e =

The test data provide a wide coverage of six major variables.
The following #anges were covémed by the 127’long columnss

1, Slenderness, z/a = 117 - 40,7

2, Concrete strength, £ = 2130 - 6900 psi

35, Ratio of reinforcementy p = 0c005 = 0a050

b, Yield poimb of reinforcement, 5 = 28.9 - 53.8 ksi

5, Effective depth, d'/d = 0,77 « 0.9l

6, Eeocentricity, e, = 0 = 0,833

* s ), v.«—- e . .
In Thomas® tesis, the lultizl eceontricities were daiermined also from
strain aud deflection mewsurements; bub thes directly measured initial
eccentricities were used in this gtudy.
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Both the concen@riqally and eccentricaliy loaded columns covered separately
‘ almost'CO@pleté ranges of yariables 1 through 5, The minimum eccentricity
for thélécéentriéélly loaded é91u@ns vas ee/d_; 0;0050. ' | |

- Frbm the numerous exisfiﬁg fests of short colums, Series IT and
I1I of Hoghestad?é iﬁvestigationv(l),ﬁexe sélected_fqr checking the equa~
‘tionskpresented‘in this paper. ~Columns»in bothtseiies hed a rectangular
' cross-section 10 x 10 in, reinforced symmetrically with 2,4 and 4,8 percent
of iongitudinal 5ars, féspeétively. All colhmns vere T5 in, long and had
equal énd eccentriéitieé, i.e.,-g2 = e Thé.eccentricitigs varied from
0 to 12.5 inches, Aliléblumhs were cast and tested in the'same vertical
position, Th?-stréngth of concrete was’determined by tests of 6 x 12-in,
control éylin&ers, | | |

The slenderness and eccecentricity ratios and the uvltimate ;oads

reduced to the dimensionless dpantity Ptest/f:bd are listed in Teble 2 for
 short columng, in Table 3 for iong concentrically loaded columns and in

Teble 4 for long eccentrically loaded columns,

Calculated Ultimate Leads

Tables 2, 3 axd U contain also calculated wltimate loads
reduced to the diméhsioniesS'qpantity Pcalc/f;bd; It was assumed in

computing the theoretical loads for ShOrt‘Cohcentrically loeded columns

that the strain at failure € is equal to ¢  and that the steel stress at
failure f_ is equal to the yield point of reinforcement £, The ultimate
loads were then computed directly from Eqe Te Inrcqmputing the ultimate

loads for the short eccenirically loaded columns, the maximum strain im
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concrete‘aﬁAfailute eh was assumed equal tofé = 6,@058; Setténgle

u- 1% =

e and zl = 22 = 3/23 the eccentricity of loéd'méj“bé"gxpressed~f¢bmeq, 9,
15 and 16 as

e = .;°-l cos [—2—&-\3 (0,038 = ;) ] (21)

col

For several chosen values of € and f;,,ihe ratio MCDle was computed from
Eqe 17; 18, 19 and 20. The corresponding eccentricities e causing failure
‘verg then computed from Eq. 21, The resulting velues were plotted in

graphs of P /f;bd vse e/d for each series as'functions of the concrete

cale
strength f;. The ultimate loads for the test columms were obtained by

entering the graphs with the known eccentricity and concrete strength. It
should be noted that the eccentricity e is the eccentricity at the,gnd of

 the column and, thus, not subject to change during the test,

The theoretical ultimate loads for long concentrically loaded
columns were calculated directly from Eq. 4, 5, 6 and 7 for each test
column,

The theoretical ultimate loads for long eccentrically loaded

colums were obtained from the graphs of ultimate loads. This procedure
involved several interpolations and for some columns also extrapolations;
therefore, the resulting P, /f.bd values in Table 4 are given;oﬁly to
two decimal places. '

The calculated loads are based on the dimensions and material
 properties of the test colums as reported in the respective test reports.

Data not given in the'reports were estimated; of these, the'most‘important
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vas the assumption concerning the relationshiﬁs between the strength of
cylinders, prisms and cubes,

The stress-strain relationship assumed in the analysis for con=-
crete is based on the strength f';,, In compu'ﬁing the ultimate loads for
vertically cé,S'b columns, this quantity wes aséumea reia.ted to the strength
of 6 x 12~-in, control cylinders as f_ #'ObBS‘f;i For horizontally cast ‘
colums, the relationship f:; = f; was assumed as indicated by earlier tests
(16)s wWhere cylinder sﬁtréngths were not given, the follé‘Wing relationships
vere assuned betﬁeen“the strength of cylinders, prisms and cubess f; =

f!

™ .
or and fo = 0.8 fcu’

Analyses vs, Tests

The ratios of the test to caleculated ultimate loads for short

columns are «listed‘in' the last column of Table 2, For all short ,con,cen‘t_r:i-l‘
cally loe,déd columns , the ratio is equal or smaller than 1,0 and, thus in
agreémént with Hognesfad"s observation of the presence of small aceidental
eccentricities (1)s The average r:a.'bib for the short concentrically loadéd
columns is 0,901 and the standerd deviation is 0,060. | For é,ll yi_vgl_’x_r_)gj_s_ |
ec‘c:en‘c_rical@.z, loaded columns, the ratios are close to i._oo; the over-all
average is 1,000 and the standard deviation is 04060, It should be n&ted,
however, that a good over-all agreement between the fheory-and the
Hognestad's test data should be eicpected in view of the fact that the
properties of the concrete stress block shown in Fige 2 were derived from
the same investigation (1). On the other hand, the excellent agreement

from group to group and for all individual columns is significant in
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judging the correctness of the theoretical equations and of the basic
assumptions. .

The analysis of the ultimate strength of long columns is com
pered w1th the test data in the last columms of Tables 5 and h and in :
Fige. 11 and 12 glving the ratio est/Pcalc for every column, An examlna- f
tion of the tables and figures shows that the scaiter is noticeably larger f
'fbr the concentrlcally loaded columns, that of the 127 columns tested, six §
concentrically loaded columns were more than 20 percent weaker and none of
“the eccentrlcally loaded columns was more than 1l percent weaker than
predicted by the theory, tha$ the average ratio is higher for the eccentri-
cally than for the concentrically loaded columns; and that no definite |
trends exist with‘any of the six major variables except as mentioned apove.

The comparlsons are summarized in Table 5. Tne average values |
for the ind1v1dual investigatlons show that in all but one case the average
is smaller for the concentric then for the eccentric loadlng. This result :
is identical with that for short columns tested by Hognestad, thus indica«'
ting that it is difficult to obtaln concentric hinged loadlng. .Furthermore,
the averages for eccentrically loaded columns of every investigation exceed
1.00; this agrees with the fact that several assumptlons of the theory ‘
represeant a minimum condltion as far as the ultimate strength is concerned,
4Finally, the higher standard over-all standard deV1atlon for concentrically

loaded columms reemphasizes the smaller spread in the Ptest/P ratios

cale
for eccentrlcelly loaded columns. The poorer agreement for the concentrlo
'cally loaded columns is understandable since dlfferences and small
wnavoidable errors in testing techniques affect the testzvalue,of ultimate
load'more for a’concentrically thandfor an eccensrically loaded °Q1Q@?§

\
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 The over=all:average value of the ratio. of measured to computed
ultimate loads of long columns is 1,066 and the standard ﬂeviation is 0,153,
This, together with the reasonably goéd. agreement, fé;rv 'Ehe, individual inves-f
tigations and:absence-ofzanybdefinite frends with aﬁy major‘variqb;e, 1eads?
to the conclusion that the ul’cimate load of hingg(iv columns can be. p:c_‘edicﬁ;ed?

accura'bely’by the analyses presented in this paper,

CONCLUDING REMARKS

~The ultimate load analyses presented herein were aimed
primerily to improve the knowledge of the effect of deflections and
buckling on the strength of reinforced concrete columns and to p:_rovi_de a
tool for further studies, ‘ S | | |
The good agreement with the available test data indicates that
the analyses are based on reasonable aésumptions, Particula?ly,‘ ;LtA _éerveg
as a further proof that Hognestad's stre,ss-block appréximai;es well the .
actual stress=strain relgtionship for concrete subjected tAo’ combinve_d‘ axial
compression and bending. | | }
As a tool for further studies, the ana;!.yg_es permit the ,ev;:!.;uati,o@
of kthek effects of various varisbles on the colum‘r,lvst;'engthp Suchfétudigs
are indispenssble in preparation of simplified design‘p_rocedures. ?
And finally, the analyses permit _cons_tructioﬁ pf ultim_aﬁe _lqadf
tables and graphs g .Which cen be wsed conveniently :whenéver it ,.1$ _V_ng_cg.s.sgry
to evaluate accurately the ultimate loads of hinged reinforced concrete

columns '’
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HOGNESTAD'S TESTS OF SHORT COLUMNS (1)

b xd =10 in. x 10 in,, J&/d »=';7;.,5
Specimen Strength Becentricity = -3353‘ ;fﬁlﬁ ‘..feSt
f;,'psi. ‘ eé/d £ hd gcbd ' Peale
Series II

B-ba 4080 0 1,31k 1,312 1,00

b hoko 0 1.224 1,315 0493
c~6a 2020 0 1.308 1.630 0.80

b 1520 0 1.566  1.83% = 0.85

Average Cols 6 0.90

A-Ta 5240 04325 0.515 04553 0095

b 5810 0425 0.575 0.622 0.92

B-Ta L4080 0.25 0.738 0.689 1,07

b hoko 0425 0.723 0.692 1.0k

Cc-Ta 1970 0425 0.84k 0,881 0496

b 1520 0425 0.983 0,922 1,07

3 Average 0051--. 7 1.00

A-8a 5520 0,50 - 0345 0.359 0.96

b 5610 0.50 0.308 04346 0,89

B-8a k700 0650 0.390 04395 0.99

b - ho6o - 0450 . 0.h03 0.h1h 0.97

¢-8a 1820 10,50 0,639 0.612 1.0k

k) 1820 0450 04639 0,620 1.03

‘ Average éql, 8 0598‘

A-Sa 5100 .75 - 0.205 0,211 097

b 5170 0475 - 0,208 10,208 1,00

B-9a 4700 075 - 04235 '0,226 1,0k

b 4370 0,75 0o241 0.238 1,01
C~9a 1880 075 0,456 0.Ll6 1.02

b 1730 0.75  0,lk6 0,460 097

‘ - .Average Col. 9 : 1;00;

A-10a 5100 1.25 04106 0,102 1,04

b 5170 1,25 0,100 9 0,101 0,99
B-10a 4260 1.25 106120 Q121 10,99

b k370 1.25 0,119 0,119 1,00
©-10a 2300 1.25 0,227 0,222 1,02

b 1770 - 1.25 0300 04252 1419

- Average (ol 10
_ Average Series IT
- Standard Deviation

1,04

04073



TABLE 2 (Copeluded)

Conerete P . '

o . P a p,
Specimen Strength Eccentricity; __fe___g_g o --?—J-'-g- ‘___1_:9_5_1;_
. ‘Series III | _

B-1la 870 o 1,520 1,63 0.93
C=11b " 2070 0 2,006 - 2,189 0,92
' ~ Average Col, 11 0,91
A«12a 5150 0425 0.892 0.848 | 1.05
, b 5050 0625 04758 . 0,792 0.9
B-12a 4300 0425 0.828 0.839 0,99
. b Lo1o 0425 © 06833 0.856 0.97
C-12a 2300 0425 1,286 1.7 0 1.2
b 2200 0425 1,230 1163 1,06
’ Average Col, 12 1,03
A=13a 5350 ’ 0450 ) 0,484 0,51k 53‘ 0,94
b 4850 0450 ’ 0.510. 04541 - 0.94
B=l3a 3580 0,50 0.592, 0,639 - 0,93
b h2go 0.50 0,56k  0.571 0499
C-13a 2300 0450 0770 0,800 0.96
b 2070 - 0450 , 0.778 0,829, 0.9k

| . Average Col, 13 0495
A-lha 5350 0475 0.312 04339 092
b 5100 0.75 ‘ 04353 04353 1.00
Bella - 3580 0s75 057 0.h62 0.99
C-lha 1950 0475 04696 04655 1.06
1 2070 075 - 0,591 0,641 - 0.92
Average Col, 1k 0.98

A;lsa 5100 1.25" 0,203 0,184 1,10
b 4850 1.25 0,192 0.193 0.99
B-15a 3800 1.25 02229 0,245 0.93
b 4630 1.25 04214 0,201 1,06
c~15a 1950 1.25 0437 04426 1.03
b 2070 1.25 0,423  Ozk1k 1,02
' o Average C‘ol. 15 . 1,02

Average Series III ~ 0,985
Standard Deviation . 0,06k



TABLE 3
_ TESTS OF CONCENTRICALLY LOADED LONG COLUMNS

Concrete CrosseSection P

calc

test

Specimen Strength bxd Slenderness fe"st =
) o, pet, M ¥R 2/a P T Foare
Beunann, 1930-1933 (14) |
I 2200 3,94 x 7,87 32,1 1,026 0,947 1,08
111 2330 5451 x 5451 22,9 1,285 1,221 1,05
v 3830 547 x 6,97 23,3 1.172 1,187  0.99
Va 3830 5651 % T401 23,2 1,225 1,191 1,03
VI 3610 3,86 x 7.80 32,7 0,955 0,729 1,31
Via 3610 3,94 x T.87 32,1 0,950 0,748  1.27
VIII 180 7.01 x T.17 17.5 1,345 1,158  1.16
ViIla L180 ° T7.09 x T.09 15,5 1.521 1,182 1,30
3. L4870 6430 x 9u8L Lo,7 O.l05 1Lk
15 5630 6.3k x 9,72 Lok oih18 0,586 1.08
Average ' 1,171
Standard Deviation 0. 1h2
Thowes, 1938 (17) |
LCl 3530 6.00 x 6,00 1,7 1,22h 1,288 0,95
LC2 3840 6400 x 6,00 20,7 1,043 1,125 0,93
Average 0.940
: Hanson and Rosenstrom, 1945-1946 (18) ,?
la 5270 5,16 x 7413 25,8 0,973 0,713  1.36.
2a, 5980 5.20 x T.17 2546 0,833 0,695 = 1,20
%a 7110 5,31 x 7420  25.1 04750 0,673 1,11
Average 1,223
Rembg11, 1949-1950 (19)
13 L4860 5659 %X Tel3 13,0  0.790 1.06k 0,7k
14 1380 5059 x Tel3 = 13.0 1,00 1,080 0,96
i5 4220 5.79 x Tol3 12,6 . 0,983 1.090 0,90
16 ‘ ,'"220 5075 bi4 7020 g laoT R ’980 lb089_ 0.90
7 15010 5655 x TllT 20,6 0,768 0,897 0,86
28 4880 5475 X Te20 19,9 . 0,642 0,905 0,71
33 4700 5063 % 7,20 30,1 .686 0,619 1,11
Average 0 885
.:’capdard Deviation 1125



TABLE 3 (concludad)

Concrete

él‘OSS?SeG'bidn‘

P

P P,
Specimen  Strength b xd, Slenderness —;—1:‘3-5-1-’- —%9}-9- test
f',psi. in. X in._. 2/ f;bd fcbd Pca)lc 4
Gehler and Hutter, 193+0-l9h2 and 1951-1952 (20)
Ia 3270  5.50 x 6.50‘ ko 0.562 0,517  1.09
I o 0.601 , 1.16
Ib 3920 5.50 % 6.50 30 0,749 0,701 1,07
R . ‘ 0,776 : I T3 S
Ic 3670 5,50 x 6430 25 1.033 0.871 . 1.19
Id 3560 5450 3 6430 20 1.042 1,027 1,01
. S 1,182 1.15
Ie 3560 5650 x 6630 15 1.276 1,076 1,19
o R 1.2k 1.13
IIa 3520 5.50 x 6430 Lo 0.703 0,672 1,05
' : ' 0.754 1,12
1 L4250 5,50 % 6,30 ko 0.312 022 0JTH
2 14430 5450 x 6430 %0 .376 0524 0.72
: . O.01 0.94
3 k100 5450 x 6430 - Lo 0,606 0,794 0,76
s o : 0.531 ; 0.67
i 2690 5650 x 6430 30 0.744 0,816 0,91
5 3790 5650 x 6,430 30 , o 626 0,710 0,88
. , -658 0493
6 4980 5,50 x 6430 30 0.621 0,640 ‘97_
Average 0,989
Standard Deviation O.l6§
 Exnst, Hromadik aend Riveland, 1952 (15)
3 Loko 6.00 x 6,00 15 1,046 1,149 .91,
L Loko 6.00 x 6400 25 04961 0,845 1,1k
' Average 1,025

A

e

e

& 4

'NOTE: Only specimens With £/d larger than 10 are listed in this table.



TABLE b

'I’ESTS OF ECCENTRICALLY LOADED LONG COLUMNS

Concrete Cross-Section Slendere

Bcecentricity -

P

. P v
Speci~ - Stremgth d x b, ' ness Ratio teSt ‘ 'cl,alc tesy
en f::" psz-. ine x in, L/ | eg/d fcbd b Poaie
Beumann, 1930-1933 (1k4)

Ta 2290 3.94 x 7,87 32,1 0,083 0,566 0,63 0,90

Illa 2360 5651 % 5,51 22,9 0,083 0.869 0,89 0,98
L 4670 9,84k x 9.8k 12,0 0,166 0,562 0.63 089
5 Leho = 4,92 x 9.84 2549 0.166 0.4Ok 0.32 1.26
6 UW6TO 6430 x 9.8k 40,7 0,166 - 0,206 0415 - 1.37
7 3480 9,84 x 9,84 - 11.7 0.166 0.662 0.68 0,97
8 3480 4,96 x 9,84 25,6 0,166 0,366 0,36 1,02
9 3460 6,38 x 9.8%  ho,.2 - 0,166 0.251 0.18 1.39
10 5100 9,88 x 9,96  11.7 0,333 06364 0,41 0,89
1 5100 4,96 x 9,92 2546 0.333 0,207 0,15 1.38 ‘
13 5600 9488 x 9,72 11,8 0.333 0434k 0,38 .91‘
l"" 5600‘ : )4096 X 976 2506 ) 0.0535 00159 : clll‘ lnlh'
19% Lo70  5.11 % 9.84‘ 2heT 04166 0,501 0,51 0,98
26% 5070 9.8k x 9,92 12,6 0,166 0,707 0,70 1,01
3% 4680 - 9.8k x 9,84 12,6 0.166 0,786 0479 0,99
‘ ‘ ‘ Average 1,070 -
Stendard Deviation 0,175
- Thomas, 1938 (17) ‘ _—
LC3 3450 . 6,00 x 6,00 23,7 0,005 1,018 0.99 1,03
ich 3440 6400 x 6,00 26,7 0,005 0,998 - 0,89 1,12 :
Lc8 3330 = 6400 x 6,00 W7 0.027 1.049 1,01  1.04 °
LCT 2810 6,00 x 6.00 20,7 0,037 0,894 0,88 1,02 -
1c6 3970 64,00 x 6,00 23,7 0,042 0,830 0475 1,11 .-
LC5 3640 6,00 x 6,00 26,7 0,047 - 0,921 0.7k 1,24
Lcl2 3030 6400 x 6,00  1h.T 0,027 - 1,063 1,13 0,94
1cl1 - 2700 6,00 x 6400 20,7 0.037 1,139 1,01 1,13 -
1C10 2730 6,00 x 6,00 . 23,7 0.,0k2 -~ 1,006 0,86 1,17
LC9R 2900 = 6,00 x 6,00 . 26,7 0,017~ 0,912 0,91 1,05
PLC1 - 2720 3400 x 3,00 33,1 0,056 0,884 0,87 1,02
PIC2 . 2800 3600 X 3,00 - 33,1 0,056 0,850 0,85 1.00
' Average 1.073

Standerd Deviation 0,063



'TABLE 4 (Cont'd,)

Conéreté Crosé.Section -s;ender- Eccenfriqity Ptest.

Speci~ Strength dxb, ness Ratio " v':alc test
e, f;, psie in, x in._ ﬁ/d 62/d Epd £ Poaie
' Henson and Rosenstrﬁm, l9h5-l9h6 (18)
1b 5270 5.16 x 7.15 25,8 0,166 0.417 0,30 1,39
2b 5980 5020 % Tel3 25,6 . - 04166 04356 0.28 1,27
3b 7110 5031 x T420 25,1 . 0.166 0,349 0,26 1,34
- Average 1,333
, Rambgll, 1949-1950 (19)
17 4280 5,59 x 7.09 1340 0.083 0,902 0.76 1.19
18 Lozo 5467 x T+13 12,8 . - 0,083 0.866 0477 1.12
19 k120 5659 x T.09 13,0 0,166 0,762 0,60 1.27
20 4150 5663 x TelT 12,9 0,166 0,805 0.,60 1.34
2l 3930 56Tl x T.20 12,7 04333 0,481 0,38 1.27
22 970 - 567 x T.1T 12,8 04333 0,502 0,38 1.32
23 000 5,67 x Tel3 12,8 0.666 0.154 0.13 1,18
el 3750 5467 x Tel3 12,8 0,666 0,164 0,14 1,17
25 4810 5467 x To17 12,8 0.833 0.093 0,08 1,16 .
26 4560 5655 X Te13 13,1 0.833 0.098 0,08 1,16
29 5040 567 x Te1T 20,1 0,166 0,431 Osk2 1,03
30 L630 5663 x To1T 2043 06333 0,278 0.24 1,16
31 4980 567 x Te20 20,1 0,666 0,094 0,09 . 1.04
32 5040 5659 x T«20 20,k 0,833 0,074 0,07 1.06 °
3k 5050 SeTL x T,17 29.6 0,083 0,527 0,38 . 1,39
35 L4540 5467 x T420 29,9 0.166 0,336 0,33 1,02
36 4590 5+63 x 7.20 30,1 0.666 0,080 0.08 1,00 -
37 . Léso 5071 % To17 29.6 - 0,333 0,164 0,15 = 1,02
38 ~55ho 5:7T1 x Tol7 29.6 0,833 0,051 o.os 1,09
’ Average 14157
Standard Deviatlon 0,118
Gehler and Hiitter, 1940-1942 and 1951-1952 (20) 4
7 3020 5450 x 6,30 15 0,0376 1,196 1,11 1,08
‘ | | T 1,3 1,02
8 - 4200 5,50 x 6,30 20 - 0,051 0,873 0,85 1.03
' : -~ 0,810 0.95
9 4110 5450 x 6,30 30 - 0,075 0,597 0456 1,07
: ‘ K ‘ ‘ C 06555 0.99
10 3260 5650 x 6,30 ko C 04101 0,357 0,38 0,94
o o 0.388 - 1.02
1 5210 5450 x 6430 5. 0,075 1,029 0,96 1,07 -
' ' ' ' 1117

136



TABLE & (Coneluded)

Conerete Cross-Section Slender~ Eceentricity Pte st

test

. . P
Specie Strength & %b, ness . Ratio :alc
e fc,, psi. ;Ln. x ;n. z/d ea/d. ~fc§d o e Pt:a,l(:
12 . 4200 . 5,50 x 6.30 20 0,101 0,721 0,72 1.00
o o o 0.T35 1,02
13 4390 5:50 x 6,30 30 0,150 0.411L O.2 0,98
. o L o118 - 1.00
kL 2830 5050 x 6,30 ko 0,201 04341 0,32 1,07
15 3210 5.50 x 6,30 15 0,113 0.957 0,87 1,10
| , . r,ok3 - . 1,20
16 3020 5650 x 6430 20 0,152 04668 0,71 0,94
e ) v ) ) 00777 " 1009
17 3710 5¢50 x 6430 30 04225 0,403 0.38 1.06
. _' 0.358 0,94
18 2890 550 x 6,30 Lo 04302 o¢276 0,26 1,06
Average 1.0%2 .
Standa,rd Deviation 0,066
Ernst, Hromadik and Riveland, 1952 (15)
7 LoLo 6,00 x 6,00 15 0.125 0.761 O0.Th+ 1,03
8 Lolo 6.00 x 6,00 25 0,250 0.618 0,50 1,2k
1 Loko 64,00 x 6,00 15 04250 0.554 0,52 1,07
12 hoo | 6,00 x 6,00 . 25 0,250 0.368 0,33 1.12
13 Loko - 6,00 x 65,00 . 25 0,375 0,236 0;21» 0,98
' Average ,088
Standard Deviation 0,089

Ind eccentricity e = 03 in all other columns e =

62;



TABLE 5

FOR LONG COLUMNS

SUMMARY OF P . /P ..
: Test Results Ptest
‘ : - Type of No. of odahad p
Investigation -Loading Columns ; ‘ cale
' | Average  Standard Deviation
‘Baumann (1L) o* 10 1.171 0.1k2
B 16 1,070 0,175
Thomas (17) c 2 0,965 --
’ E 12 - 1.073 0,063
Henson and c 3 1,123  ee
Rosenstrdm (18) E 3 1,333 Y
Rambgll (19) c 7 0,883 0,125
; B 19 - 1457 0,118
Gehler and c 2l 0.989 0.163
Hitter (20) E 2k 1,032 0.066
Frnst, Hromadik . c 2 1.025 -
and Riveland (15) E 5 1.088 0.089
Coneentrically Loaded Columns, 48 specimens
Average P, st/P cale | 1,027
Standard Deviation 0.178
Becentrically Loaded Columns, 79 specimens
Ave?age Pte st/ P calc 1,090

Standard Deviation | 04130

o= cbhcentz‘iééliy loaded columns

g = eccentrically loaded columns



- €cr L
e | . Ae
| P
¥ Y
j |
E
|
t l
\_
A A
P

FIG. |  BUCKLING OF A HINGED COLUMN
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FIG. 3 ASSUMED STRESS-STRAIN RELATIONSHIP FOR REINFORCING STEEL
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