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STRAIN ENERGY EXPRESSION FOR LARGE DEFORMATIONS OF ISOTROPIC ELASTIC
SHELLS SUBJECTED TO ARBITRARY TEMPERATURE DISTRIBUTION

by
A. P. Boresi andI. C. Wang

1. INTRODUCTION

Important applications of shells occur in present day high-speed airframes,
in jet engines, in rockets, and in atomic energy technology. Particularly, the
problem of thermal stresses in shells that undergo large deflections is of interest.

This report presents a strain energy expression for large deflections of
isotropic, homogeneous, elastic shells, including the effects of heating. With this
Strain energy expression, thermal buckling and post-buckling behavior of heated
shells may be treated.

Since geometrical concepts are used extensively in the development of the
theory, a brief review of the geometry of surfaces and of shells is presented.

Three basic assumptions are employed in the development of the theory. It
is assumed that the shell is made of elastic, isotropic, homogeneous material. Stress
components normal to the shell middle surface are assumed to be negligible compared
to other stress components. Finally, to establish the dependence of the displacement
vector on the thi_ckness coordinate, the Kirchhoff-Love assumption. is énvoked; that
is, normals to the undeformed middle surface are assumed to remain straight,
normal, and inextensional under deformation. The usual small deflection restriction
on displacement components (neglection of quantities which are of second or higher
order in the displacement components of a point off the middle surface is dlscarded

Power series expansions through the thickness of the shell are avoided.
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2. NOTATIONS

(x, 7,2
u, Vv, W

(E,F,0)

(H,LJ)

€5 €5 Y

kl’ k2

e, f, g

£.3, 4

L, M, N
L., M,N,
1 1

U, VvV, W

Arbitrary shell coordinates; coordinates (x,y) are measured in the
middle surface of a shell, coordinate z is perpendicular to the
middle surface.

Denote components of displacement along the tangents to (X, y, 2)
coordinate lines, respectively, of a point on the middle surface of
the shell.

Coefficients in the first fundamental form of a surface {See Eq. 4).
E and G are also used to denote Young's modulus and the shear
modulus, respectively. No confusion should result from this dual
use, o
Surface parameter defined by Eq. (6).

Surface parameters for orthogonal surface coordinates (See Eq. 7).

Position vector of a point in a surface measured with respect to
(X,Y,Z) reference axis.

3 P AN . ..
Unit normal vector to a surface. The positive sense of T is defined

by Eq. (9).
Denotes a surface z = const. (See Eq. 10).

Denote coefficients of the first fundamental form of the surface
defined by R (See Egs. 11 and 12). K = \j HJ - 12

Denotes quantities referred to the deformed state.

Demnote strain components referred to (X, y) coordinate system.

. Denote curvatures of normal sections in direction of lines of

principal curvature. r P I, are the corresponding radii of

curvature. (See Eq. 20).

Denote Gaussian curvature and mean curvature, respectively. (See
Egs. 21 and 22).

Denote coefficients of second fundamental form. (See Egs. 23 and 24).
Denote coefficients of third fundamental form. (See Eqs. 25 and 26).

Denote functions of (x,y). For example, See Egs. (33) and (39).

For special cases u, v,w are denoted by U, V, W, respectively.
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Denote first degree terms in (U, V, W) in the expressions for strain
components. (For example, see Eqs. 57 and 63).

Denote second degree terms in (U, V, W) in the expressions for
strain components (For example, seeEqs. 57 and 63).

Strain energy density.

Total strain energy.

Shell thickness.

Poisson's ratio.

Thermal coefficient of linear expansion.

Temperature distribution, T = T (x,y)
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3. RESUME OF GEOMETRY OF SHELLS
Surface Theory. A surface may be represented parametrically by the

equations
X=Xy, Y=Y, Z=Z(X,Y): . (l) '
where (X, y) are surface coordinates (1) l., A point in the surface is given by the
relation
_— A A A
r=iX+jY+kZ (2)
AAA

where i, j, k are unit vectors directed along positive X, Y, Z axes, respectively.

Hence, the square of the distance ds between two neighboring points on the middle

surface is
2 - - 2 2
ds” =dredr=Edx"+ 2F dxdy + G dy~ (3
where
E=T.oT, F=T-T, G=Tor (4

X X Xy y v

Subscripts x and y denote partial derivatives with respect to x and y.
The quantity E dx2 + 2F dx dy + G dy2 is called the "first fundamental form"
of a surface. V

Equations (1), (2), and (4) yield

E-X2+Y2+22
X X X

F=XX +YY +27% (5)
xy ¢ xy © x%y

G:-x%2+v2%24+722
y y y

These equations show that E and G are always positive. Also, since ds2 is positive,
by Egs. (3) and (5),

D = EG-F =0 (6)

! Numbers in parentheses refer to references listed in the Bibliography.
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For orthogonal surface coordinates, F = 0. Hence, since E and G are always

positive, the following notation is convenient for orthogonal surface coordinates:

2

BE =A% & =B

(7)

where A and B are positive functions of x and y.
Since dr = 'fx dx + ?y dy, the vectors —fx, ?y are tangent to (x,y) coordinate
lines, respectively. Hence, unit vectors X, /37, tangent respectively to (x, y) coordin-

ates lines are given by the relations

z T.
~ P

|

>

el . (8)
B imalls v s
y=|ry| © B

The vector "fx X }y is normal to the surface. By Eqgs. (2), (5), and (6), the

magnitude of ?X X ?y is D. Hence, the unit normal vector of the surface is

—fo?
D

: . - A . ’
Equation (9) defines the positive sense of 7. Hence, if the symbols (x, y) are inter-
changed, the positive sense of 70 is reversed.

Geometric Representation of Shells. Let a surface be represented para-

metrically by Eqs. (1), where (x,y) are orthogonal surface coordinates. Let + z

be measured from this surface (called the middle surface of the shell); positive z

is measured in the positive sense of the surface normal n (see Eq. 9). Let the

free surfaces of an undeformed shell be defined by the surfaces z = i h/2, where in

general h may be a function of (x,y). If the shell has constant thickness, h = const,
The surface z = const in the undeformed shell is represented by the equation

— A

R=T+z0n (10)

where T and 70" are defined by Egs. (2) and (9). Equation (10) expresses the surface

z = const.in terms of the surface coordinates (x,y) of the middle surface and the
coordinate z. For z =0, Eq. (10) represents the middle surface of the shell. The
vectors ix’ —Ry’ -I—{Z are tangent respectively to (X, y, z) coordinate lines at z = const.

Since, for orthogonal surface coordinates, the lines of principal curvature on the
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middle surface are coordinates lines,

R R =R <R =R _*R
X y X z y z

= 0

Accordingly, the coordinates (x,y, z) are orthogonal, and the coordinate surfaces
(x = const, y = const, z = const) form a triply orthogonal system of surfaces. Since
coordinate lines and coordinate surfaces are generally curved, the coordinates

(x,Vy,2) are called orthogonal curvilinear c;oordinates, or briefly, shell coordinates.

The square of the distance ds between two neighboring points in the surface

z = const in the undeformed shell is

2 2

ds? = dR « dR = Hdx? + 2 dx dy + ] dy> (11)

where the scalar functions H, I, and ] are defined by the relations

H=TR_ s R_, I -TR R, ]-=R
X X Xy Y

‘R (12

Subscripts x and y denote differentiation with respect to x and y. For orthogonal shell
coordinates, I = 0. Hence, K =VYH] - 12 = YVH]J E



4. STRAIN COMPONENTS
Consider a shell deformed under the action of loads. Let (u, v, w) denote
components of displacement along the tangents to (X, y, z) coordinate lines, respect- -

ively. Then the equation of the deformed middle surface of the shell is

T+uR+vy+wh (13)

T*
where (§<\, ?,’1\1) are unit vectors tangent respectively to (x, y, z) coordinate lines and

Wwhere the asterisk denotes the deformed state. Hence, the coefficients of the

first fundamental form for the deformed middle surface are

R ey *.o ok, Tk A
E* = TL e T, F s e ry, G ry ry (14)
Also,
* 2

D* = \/E?“G* - F* (15)
and

P ?}’: X T*

n* == »-—h_y_D* (lé)

To determine the equation of the deformed surface z = const, we employ the
Kirchhoff- Love assumption; that is, we assume normals to the undeformed surface
remain straight, normal, and inextensional. (This assumption implies that
Sl S = 0. See Ref. 2,)" . Then the equation for the deformed

vz
surface z = const is

R* = T*+ zn* (17)

The scalar functions of surface theory that correspond to Eq. (17) are

H* = R*« R*, I* = R¥s R*, J* = R*. R¥
X X X y y y

I (18)
K* =~ [H* J* - 1*2

Novozhilov (3) has given general equations for strain components. Rewriting

his equations in terms of Egs. (12) and (18), we obtain for orthogonal shell coordinates

2 € =}—1-i-l, 2¢€ :Jj--l, Y. = J* (19)
x H vyl ¥ H




80

With Eqgs. (10), (12), (13), (16y, (17), and (18), Eqgs. (19) express the strain
components at a general point in an arbitrary shell in terms of the displacement
components (u, v, w) of the corresponding point in the middle surface of the shell,

Taylor (4) has employed the above general theory in the problem of buckling of a
right-circular cone.



5. STRAIN COMPONENTS IN TERMS OF DISPLACEMENT COMPONENTS.
The reduction of Egs. (19) to expressions in (u, v, w) is lengthy. However,
considerable simplification is achieved by using the following relationships (1).

Theorem of Rodriques

For orthogonal shell coordinates,

A — —
r

n — —k r - —..]_-_
X i85z rl X
(20)
A~ e 1 SAE
n = -k,r = -— r
y 2y Lo 7

where k 1’ k2 are curvatures of normal sections in the direction of lines of principal

curvature and r p» I, are the corresponding radii of curvature.

Gaussian Curvature *

: S
b =kk - e (2
Mean Curvature
_ 1 1.1 1
km» 2(k1+k2)- 2(r +;—-) (22)
1 2
Second Fundamental Form of Surfaces:
2 2 —_ A
edx” +2fdxdy+gdy” = -dredn (23)
where
= e e (rX X T )
e = e N = T ° - %
XX XX D
S e R (;X x 7 )
f =T on-= rxy-————ﬁ—L (24)
e
g = T o/n\ SRR ° __X__L
yy yy D



10.

For orthogonal surface coordinates,

‘ . 2 : 2
e-2 - 4 g8 B t.9 (249)
1 1 2 2 :
Third Fundamental Form of Surfaces:
A\ A
é‘—‘dxz+z:1rd,xdy+,27dy2=dn-dn (25)
where '
E = -k E+2k_e
g m
F = -x F+2k_f . (26
g m
/§ = -kgG+ 2km g
For orthogonal surface coordinétes,
E - E__ A" e
2?2 g
1 1 1
F =0 (263)
g =& .8 g
. T 2 T 2 T
2 2 2

Scalar Products ¢

Some useful scalar products are listed in Table 1. on page 11.

In Table 1, subscripts x and y denote derivatives with respect to x and y.
For orthogonal surface coordinates, E = A.z, G-= Bz, F=1= _3 = 0.

The scalar product of a vector in the left column of Table 1 with a vector

in the top row of Table 1 is obtained simply as illustrated by the following example:
e T = ~f

With the preceding relationships, the strain-displacement equations may

be derived as follows:
By Egs. (12), (10), (24a), and (26a), and Table 1, we find



TABLE 1

SCALAR PRODUCTS

11.

Equations (14), (18) and (28) yield

gy — -\ o AN — ANE S
] Ty B e e “xy Tyy
B 1 1 | 1.
Tx H F D i f Sy 2Ey 1:‘y 35
< : 1 1 il
ry F G 0 o - Fx_iEy EGX iGy
2 || o 0 i 40 0 e r g
= ik
n -e - f 0 é JL
= =
n - f . 0 }7
Y " /gj
T 1g B - e
XX 2 x X y
- 1 1
rxy 2 Ey 2 Gx =
P 1 1
ryy Fy "3 Gx 5 Gy g
Hi= a°(1-29% , 120, J=B(1- & )2 (27)
r _ T
1 2
Differentiations of Eq. (17) with respect to x and with respect to y yield.
m— - A
RS = ¥* 4+ zn®
X x X
ST (28)
* = TF 4 pk
y y y
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— e 2N P
" H* = E¥+2z1r* e n*+2z n* . n*
X X X X
— A — N\ 2/\ A
* - E* * ¥ ® o * . n*
I F +z(rX ny+ry nx)+z n¥ ny (29)
— AA
J* = G*+22r*a/n\*+zzn*a n*
y y y
By Egs. (8) and (13), we obtain
T T
TF = r4+u—>= A @
T rtu—¢ +V g +wn (30)
With Eq. (20), differentiation of Eq. (30) yields
UAX A —fx VBx Ey_ ?xx —;xy
b o e = e Piiad [ —— [utar 2
T (A+uX y rl)A+(VX B)B+uA+VB
+ow
X
- BAy Ty "y _ Bw _fz Tay Tyy
* = - Pilnind - -
ry (uy i ) A +(B+vy B rz) B tu =+ Vg
+ w.
y
By the theory of differential geometry, T, T ,—r_ may be expressed in
y ry g ry xx’ Txy' Tyy y 249

— A .
terms of T ry, and n. For orthogonal surface coordinates, the following relations
exist (1):

T AAy r 2
- . x o T 7y, AT
Tex © A% A BB "o "
_ 5T,
vy A A y B 2

Substituting Eq. (31) into the above expressions for ;;’: and ‘;.';r’; , We obtain
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?;=A[(1+Ll>;i-‘+leBl+Nl’r?]

N £ = (33

r§=B[L2—§-+(1+M2)—BX+N2’r?]

where

L -ux+‘il—-2

1~ A AB r

M =k-ﬁy

1 A AB
WX u

R (33)
_uy VBX

= B " %P

MZZ%X“Luj;('%
Wy v

N2:T3"+?2—

The terms Ll’ Ml’ Nl’ L2, Mz, N2 are related to the strain components
(¢!, €', y'xy ) of the middle surface as follows (2):

s Y
e 1,2 2 2
By = L1+ 5 (Ll +Ml +N;7)
v 1 2 2 2
£y = M2+ 5 (L, +M, +N,%) (349
Y~ M1+L2+L,lL2+M1M2+N1N2

For small deflections, quadratic terms in Eq. (34) may be neglected.
By Egs. (14) and (32), we obtain
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27, 2 2. 2

L .

B* = A% [(L+ LD+ M2+ N, ]

* ( ‘ |

F* = AB [(1+L) L,+M, (1+M)+N N,]| (35)

G* = B2 :~L22+(1+M2)2+N22]

Hence, Egs. (15) and (35) yield

2 2,2

D*2 = A%B {[(1+Ll)(l+M2) L, M ]2

+ [A+1pN,- L, N ] 2 | (36

2
[1+MY N, - M N, | }
For large deformation of circular cylinders, Egs. (35) and (36) reduce to
the results obtained in (5). For small deformations of an arbitrary shell, Eqs. (35)
and (36) agree with the results of (2).
By Egs. (16) and (32), we obtain
’E

D* ¥ = AB{ [, N -N (1+M2)]

T
v [LyN Ny L) | (37)
+la+Lpem)-L Ml] g
Let us rewrite Eq. (37) in the form
= —_—
*A* = ‘_X ) e_}{ =
D*n L % + M B +Nmn (38)

where
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L = AB[MINZ-N1(1+M2)]

M

AB [L2 N - N, (1+ Ll)] | (39)

N = AB [(1+Ll)(l+M - 1,

2) 2 1]

Differentiations of Eq. (38) with respect to x and with respect to y yield

1 T A T
A N X XX X X
¥ pk L PD¥* ¥ = A = Sl bR e
Dxn +D nX LX X + L, 'y L X T
= e
P P Mooy
N
X p'e
- b = ¥ LA r
* % * 4% - e Vi e L. X

}_;1 Syy By —_{:z

A
+ N n+Na
y y

Substituting Eqs. (20) and (31) into these equations, we obtain

= ) _ (40
N N B T B r
® ¥ Kk = X X x_NEB .
D*n* + D*n (Ly M A)K+(M +LA er) B
+(N_+M E—-)/n\

— — A
Hence, since r}’: s ® = r; « n* = 0, the scalar vector products of Egs. (32)
and (40) yield
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% % A* AY A
D* ¥ e nr = A[(L+L)L +M T -N )
A
LY , A
+M; (M - L )+ N (N_+L rl)]

D*T* . 7% = A 1L'L'MBX
o m = A [OHL) (L M )

By B B
+M1(MY+LTW N?;z‘)‘l'Nl(Ny'i'M}Z )]
* DA 2 i - A
DFTE L B[LZ(LX—z—M 5 er)+(l+M2)(Mx L )
A
+ N, (N_+ L ) )] (41)
A B : B

T a * - =-3§ } —X= =§_
D*x¥ « B[LZ(LY M o )+l MY M+ L o - N rz)

~ B
N (N + M IZ)]

Substituting Eq. (37) into Eq. (40) and rearranging, we obtain, with the
notations of Eq. (39),

A D* t
~ A
~ A EL Xy X
D*n¥ = (L +M er L &) =%
Ay D¥ "’Fy
M oLy oM o) g
D*
AN
+(NX+L=§— -N 5: ) (42
1
BX ?ﬁ TX
D*n;;:(L -M 5 -L g5 ) %
B D* T D*
x NB M Yy Y B _ NIV
+(My+L X N?E M 5:) g +(Ny+Mr2 Nw)n
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Hence, by Eq. (42), we obtain

*
2 LDY 5 DS o

D*zﬁ}“o{l\* A [(L - —==z) + M, - —=)
X X 3 AD* 3 AD*

NDY
+ (N3 - —5% ) ]

s LD* LD*
* ¥ 4 n* = = X - y
AL R AB [ (Lg- ) (L, BD* )
M D¥ M D#*
Mg - —5%) M, - 5L ) (43)
NDX N D*
T(Ng - 2p% ) (N - 'BDX’F)]
L D* M D*
g % A A* e 2 £ y 2 2
b e [(L4 go%) * (M, - —ppF)
ND*
+ (N, - ) ]
where
) 8 M A
L = ._5 + y - _N_
3 A AB 3
M, LA
e e e
N
TETE L
Ng = & + =
44
L M B (e
L = __Y. - X
4 B AB
M LE
M = __y._. + .__)i = _N_
4 B AB T
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Hence, by Egs. (29), (35)

H* = A% [+L)+

2 D*
z X

p*2 D

+
I* =

Z
+N1(N2+ _D—*

+N (N +- D*»N4)]+

+ MMy + NNy) -

’ [(Ly+ 5

2 D
= _X_{

+
D*2 D=

i e A
However, since n* e n*

1t

D* D*
X

D* D*
y

1]

yields

AB [(1+ L)L,

2
Ly~ +(1+M,+

, (41), and (43),

Z
D*

+

3) + (M +D*

D*

D*

Z

OF 4)+(1+M2)(M + =3

5+ | 3

ZZ {’D* Dx

. X ¥
D*z

D*

N4)]+AB L (L + =3 D*

D*
D*
5
- (LLx + MMX + NNX)}

z
D*

D*
Y o2+ M24ND - 2(LL + MM_+ NN )]
D* y y y

= 1, Eq. (38) yields D*? = L2
Hence, differentiation yields

LL_+ MM_ + NN
X X X

LL_+ MM_ + NN
y y '

2 Z

3 (L +M +N2\

2 Z
M4) +(Ny+ 1%

H* Ns)z]

M3)

4)+=1\/I (M +

D*

D*

D* N4)2]

=1L +M2+N2

Substitution of these relations into the above expressions for H*, I*, J*

(L2 + m? +N)—2(LL + MM, + NN )]

D*

LL
(Y

M 3)
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2 2
B = A% [+ + 5 Lyfrov + 2 M2 1t B Ny
i 2’ D*2
D*Z X
I* = [(1+L+ L B, 43 T yrfl:
D g\t Ly 2
Z 45
v M) M+ 53 Mg+ (N + 2 Ny (N, + 2N (49)
2
= _?____ D* D*
D*2 Xy
2 2 2 Z 2
LIRS S K & LY + (M, + & Mp2 (N ot o Mp?]
= zz D*2
D*Z y

Hence, by Eqs. (19), (21), (22, (27), (34), and (45), the strain components are

r
T ] _Z__ ] _l
£, = €X+rl [1+Zex+ 5% (L3+L1L3+M1M3+N1N3)]

9 2 2 ]
+ 5 (r—l) [l+2ex+ 3 D¢ (L3t L Lg+M My +N Ny
i 2 DSZZ
+§(f)—) (L +M3 +N3 '?)]
(46)
e Z . s
ey s [l+2€y+ B+ Mg+ Ly L, +M,M, +N, N4)]
4r
Sk ) . 2 .
+ 3 (—r-;) [ L+2€' 4 g (Mg 4Ly L+ My M, +N, N
il r2 D"‘2
3 (g oM en, 01 )]
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Yay = Yyt 2 ¥ [25/

+ N1N4+M3+L2

+ zz(4k 2
m
+M. M +N1N +M

1774 4

1

+ 5 2(L

(4k - k) D*

D*_D*
- )]

Xy

L

- k) [ Y’

3

3

Xy

+ L

1

+

2

T P

m

(L,+ L L

2 Ky

+M1M

4 4

+M2M3+N2N3)]

(41(

L

3

2
+M2M

3774

3

(L,+L L

- ) D
m g

+N2N3)

3L4+MM + N, N

374

4
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6. STRAIN ENERGY FOR LARGE DEFLECTIONS OF A CIRCULAR CYLINDRICAL
SHELL

If (X, Y, Z) are rectangular coordinates, the middle surface of an arbitrary

cylindrical shell is defined by the equations

X =x
Y = acosy (47)
Z = asiny

FIG. 1

where (x, y) are axial and circumferential coordinates of the middle surface,

respectively. (See Fig. 1).

By Egs. (5), (7), (20), and (21), (22)

E =1 A =1 -l—zo k =0
r, g
F =0 B = a £ =3 o
T m 2a
2
2



2 2:e

By Egs. (33), where for special cases we denote (u, v, W) by (U, V, W), respectively,

By Egs. (34),

By Egs. (39),

1 X
Ml = VX (48)
Nl = Wx

.
N
1l
c
\
o

M, = (Vy - W)/a (49)

e = U + < U?sviiw 2y
X x 2 X X X
1 2. 2 22
€ = (V. -W/at—=| (U “+V “+W a3 +W +V°-2WV
y = Oy W/ 2a2[(y y YZ)T | y
+2VW 50
] o
o 1 . .
iy = a!:aVX-rnyUXUy+VXVy+WXWy VXW+VWX]

-
i

-aW_ +V_ W +V V-W V +W_W
x X'y X Xy b4

i

-W_ -V+U W_-W U_-VU , (51
y y X y X X

N a+V_-W+aU_+U_V -U W-U_V
y b X'y X y X

1}

Differentrating Eq. (51) with respect to x |

sz

M =

X

2
+VXXV+VX -Wxxvy-wxvx

—aWXX+VXXWy+VXWX v

Y

+W W w2
XX X

(52

Wyt Vet Uy W # U W =W U =W U -V, U -V
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N, =V -WX+aUXX+UXXVy+UXVX

: i~ "D W-U W -U v

y X

-U Vv
¥y XX

Differentiating Eq. (51) with respecttoy,

I, =~aW 4% Wiy W +Y VLW Y W WY
y VW% T Yy My Vx Vgt Yy x vy " Wiy Vy "Wy Vyy
FW WA W W
M = -%W % 4 WD W W B 53
y yy " Vy Uy Wt Uy Wy m Wy Uy m Wy Uy ~ Yy Uy -V Uy 39
N 4% W iE LY Y iEY D - g
y = Vyy Ny taUgtUg Vet Uy Vg t U WU Wy - U Vs
U ¥
y  xy
By Eq. (44),
L3=LX
My = M, (54)
Ny = N
L4=Ly/a
M, = (M, -N/a (55)
N, = (N, +M)/a

By the equations (See Art. 5),

D*? = L2+ Mm% 4 N2

D*D* = LL +MM_+NN
X X X X

i

D* D* LL +MM_+NN
y y I J

we obtain
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LL +MM +NN
X X X

D*_/D*
L2+ M? +

LL +MM_+NN
y y y

D* /D* =
y/ L2+M2+N2

Hence, by Eq. (46), the strain components are

. e +_Z(L3+L1L3+M1M3+Nll\3
S & 2 .2 2
\/IT+M +N

2 2 2
2 [ Ly +Mg"+N;"  LL +MM_ NN
()

z
+__-
2 L2+M2+N2 L +M +N

C e +Z(JL+2€'y +M4+L2L4+M2M4+N2N4
y oy 2 2. 2.2 "
\/L +M +N

2 M, +L,L,+M, M +N_N
+3i[1+2€“y+%§ 472 24T 2 (s

)

2 2
2a (22
2 L2iM2+N2 LL +MM +NN
a 4 TM TN, 1 v v v .2
+ 3 () 35 ( 7 7
L+ M%+ N L+ M, + N
. T
LT Lyt Ly Ly + M) My + NN, + My + LyLy + MM, + NNy
Yo = Vo T 3 | Vot el : )
Xy Xy a Xy 5 5 32
\/L + M+ N
+z_2 ' +a(L4+LlL4+MlM4+N1N4+M3+L2L3+M2M3+N2N3)
a2 yxy 2 2 2
\/L +M™+ N

9 L3L4+M3M4+N3N4
2

(LL + MM +NNX)(LL + MM _ + NN )
+a%( — X X y y y
L +M +N

(L2 +"M2v+ Nz)2

)y - a

Now, let
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m
!

= (Pl+pl)+Z(Ql+ql)+22(Rl+rl)

€ (P2+p2)+z(Q2+q2)+zz(R2+ rz)

y

2
'ny"(P3+p3)+z(Q3+q3)+z (R3+1'3)

where Pi’ Qi’ Ri denote first degree terms in u, v, w, and Pi» Qi T; denote
second degree terms.
The strain energy densityv:) is

= . B0 T 2
'2)/6 = T—_—‘;[GX +€y + 2 EXEy+-2'(l v)')/xy

S 2(14 Ve, +e) KT| (58)
and the total strain energy Vis

U = ffjl}b rdrd6dz (59)

Substituting Eq. (56) into Eq. (58), and then substituting the resulting
expression for ’1}'0 into Eq. (59) and integrating with respect to z, collecting in

powers of h , and keeping the temperature terms separate, we obtain the following

results:
g o 2] 2
€ = BU¥PP AP +P)Q +a) 2+ [AR + 1) +p) +(Q, +a)?] 2
+ 2(Ql +ql)(Rl+ rl) z3+(Rl+ rl)2 z4
2 - @, +p)%+ AP, +p)Q z+ [AR (P, +D.) +(Q., +q)2] 22
€ 2.5 By 2 tP)Q,+ay) 2+ TPy +P) +(Q, +a)°] z

+2Q, + 9)(R, + r,) z3+ (R, + r2)2 =
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and

2 _ 2
Yoy = (B3 +Pd +2(P3+p (Q3+ay z

+ [2 (Rg+ 19 (P3+pg +(Qg+ q3)2] 22

3 2 _4
+ 2(Qz +ag) (Rgt 1y 2 +(R3+r3) z

ey = (B +D) (By D) + (B +p)) (Qé+q2)+(P2+P2) @ +a)] =

+ [(Pl P (Ry+ 1) +(Py+p) (R +1) +(Q, +q) (Q2+q2)] 22
+[@Q+a) Ry+r) +@Qy+a) R +1)] 2°
4

+(Rl+rl) (R2+ r2) z

_ : 2
ex+ey = (P1+P2+pl+p2) +(Q1+Q2+ql+q2) z+(Rl+R2+rl+r2)z

(60)
h/2 3
€X2 dz = (P1+p1)2h+ —1115 [2(Rl+rl) (Pl+pl)+(Ql+ql)2]

- h/2

5

h 2

+ —8_6? (Rl“i‘rl)

h/2

e?dz = nep, + 2+'h—3[2(R (P, +Dp) +(Q,+ 2
€y 92 (By+py) +713 9 T TPy TP +(Q, q2>]

S
h 2
+ ‘56 (R2+r2)



205

h/2
- 3
g it 2 h 2
y_xy dz = h(P3+p3) + 13 [2(R3+r3) (P3+p3)+(Q3+q3) ]
- h/2
+—h—5— (R +r)2
8 ‘"3t T3
h/2
3
i h
j, exey = h(Pl+pl) (P2+p2) +ﬁ [ (Pl+pl) (R2+ rz)
-h/2
5
h
+(Ry Py (R +T) +(Q) +4) (Qy+a)] +35 (R +1) (R, +T,)
h/2
3
f (ex+ey) dz = h(P1+P2+p1+p2)+—1_2 (R1+R2+rl+r2)
- h/2
Consequently,
| G
dz = ——
f‘U;) . l-v{
h [ 2+P2+l(1-vwP.2+2vP Py +(2P p. +2P.p Wil =) B, p
1 Tto-*3 3 i 12 2Py 3P3
5 . 7 2
FWE Pyt WPy P (0 +P, +5(1 - Py + 2v p) D]
B3 2 2 1 2
+—17[(Ql t2R P +Q) + 2R, Pyt 5 (1-v) Qp7 +(1- ) Ry P,

+2"P1R2+2"P2R1+2"Q1Q2)+(2Q1q1+2R1p1+2P1 rl+2qu2

+2R2p2+2P2r2+(l-v)Q3q3+(l-v) R3p3+(1—v)P r +2vPlr

373 2

%
+ 2v R2pl+2vp2 rl+2v Rlp2+2leq2+2v;Q2ql) ‘+'(ql +2rlpl
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2 1 2 ' ,
+4, +2r2p2+§(l -v) dg +(1-v) T3Pyt zvpl T, + 2vp2 T (62)

2 2.1 2 :
twaq )] +gp [(RE+R +5(1- v R+ 2R Ry + (2R, T

. 2
+(1-v) R3 r3+2v Rl Tyt 2vR2r1)+(rl +r

hS

3

2 1
2 t3

1

+2'R2r

2
l=v)r3 +2vrlr2)]

-2(1+v)[h(Pl+P2+pl+p2),+ %_,(RI+R2+rl+x2)] KT} |

where, from Eq. (56), and (57),

1
=g [2U WtV (W +W) ]

0

;%[azwxxzﬂwxynuvx)z]

y

2
+(Vy—W) ]

(63)

2 1 2.2 1 2
[U t3a W ralU  Wo+ 5 (Wo+V) +<wy+\r)(vyy-wy)

2
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1

— (-W-W

ad yy)

1 2 2 2 2 2
== 3U “+ 3V _ - +3 (W + + 10aU_ W +5a"W
2a [ y 3(}’ b (Y ) AR X

2. 2 2
S W + DV ~W) e 2~ 28T O+
Wyt V) Wy - WO 2 W™ - 2a U W+ (W + V)
2V -WY (W +V
(Vy - W) (W })]

;11 (aV, +U)

1
= [UXUy+vx(vy-W)+wX(wy+v>]

= L - :
= 2(Uy aVX ZaWXy)

a

1 :
> [ Uy Uy + 22Uy W4V (V- W) HWo+V) 2V, -W_)]

1

— (U_-aW

a Uy xy

—l—[azw W _-aUW_+aW_U_+U U W)
a3 XX Xy ¥ xx X xy+ y X+Vx(vy_

+ ny (Wy +V) + (ny + V) (Wyy A W)]
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7. STRAIN ENERGY FOR LARGE DEFLECTIONS OF SPHERICAL SHELLS

If (X, Y, Z) are rectangular coordinates, the middle surface of a spherical

shell with center at origin is given by the equations

X
Y

Z = acosx

1}

asinxcesy

asinxsiny (64)

where a is the radius of the middle surface x is the colatitudes and y is the

longitude (See Fig. 2)

FIG. 2
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By Eq. (5), (7), (20), and (21), (22

= az F =0 = azsi.nzx
A = a B = asinx D:azsinx
Ve e > il
B gt 2 g 2 i - @

By Eq. (33), where for special cases we denote (u, v, w) by (U, V, W), respectively,

1
Ll el | (UX+W)

1

M; =< V, (64
N, = = (W -U)

1 a X

L, = L (U_-Vcosx

2 asinx "y

=l ;

M, = e (Vy+U cos x + W sin x) (65)
N, = L W_ -V si

% asinx( y gin x)

By Eq. (34),

g o4 1 2 2 2
N 1 (Ux+W)+—2:2 [(UX+W) +VX +(WX—U) ]

e . 1 2
y PR (Vy+Ucosx+Ws1nx)+—————2—[(Uy~Vcosx)

2a” sin” x

+(Vy+Ucosx+W sinx)2+(Wy-Vsinx)2]

Yy
Yxy = @ T

1
a sin x

1

a sinx

(Uy-Vcosx)+ [(UX+W)(Uy-Vcosx)

+Vy (Vy + U cos x+ W sinx)+(WX-U)(Wy~Vsinx)]
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By Eq. (39),

L

asinx(U-W)+V (W -Vsiny %\(WX—U) (V, +U cos x+ W sin %)

M

a(V sinx - Wy) +‘(Wx - 1) (Uy -V cos %) -(UX + W) (Wy -V siF x) (66)
N = a2 sin x+asinx (U +W) -i-_a(Vy+U cos x + W sin x) - VX(UY =~V cos x)

+(UX+W)(Vy+Ucos X + W sin x)
Differentiating L, M, N, with respect to x and y, we find
LX = acosx(U=WX)+asinx(UX~WmQ) +VXX(Wy=VsinX)
+VX(WXy-VXsinx—Vcosx) ~(WXX=UX) (Vy+Ucosx+W sin x)
—(WX=U)(VXY+UXsinx=»Usinx+WXsmx+W cosk)
M, = a(VXsinx+V cosx-WXy)+(WXX=UX)(Uy—Vcosx)
+(W, -1 (ny—'VX cos x+Vsin® - (U +W) (Wy SV sin %
—(UX+W)(WXy-VXSinX=Vcosx)
N, = aZ cos X + 2a cos X(UX+W)+asinx(UXX+WX‘>+a(VXy ~4U sinxA
+ W, sin x) ;VXX(UY -V cos X> - VX(UX}7+V sin x - VX coS X)

+(UXX+WX) (Vy-i-Ucos x+ W sinx)+(UX+W)(VXy~EUX cos X

-UsinX+WXsinX+W coSs X) (67)
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and
Ly = asinx(Uy—ny)+VXy(Wy-Vsinx)+Vx(Wyy-Vy sin x)
- ~U)(V_+Ucosx+W si . V. +U cosx
(ny y)(y CcoSs X in x) (X U})(yy y
+ W__ sin x
- )
M = V_ & - W - - w_ - g -%
. a(ysmx yy)+(WXy Uy)(Uy V cos x) + ( 3 U ( vy Vycosx)
- (ny +Wy) (Wy -V sinx) - (UX + W) (wyy - Vy sin x)
N_ = asinx(U +Wy)+a(V +U_cosx+W_sinx) -V_ (U_ -V cosx)
y Xy Y. ¥ 4 Xy vy
—VX(UYY—Vycosx)+(UXy+Wy)(Vy+Ucosx+Wsinx)
+(Ux+w)(vyy+Uy cosx+Wy sin x) (68)
By Eq. (44),

Ly = (L +N)/a
M, = Mx/a
N, = (NX - L)/a (69)

)
L4 = m (Ly-MCOSX)

- e (My + N sin x + L cos x) (70)

1
a sin x

N_- M si
(y sin x)
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From the equations (See Art. 5)

D+ = 124 Mm%+ N2

D* D* LL_+MM_+ NN_ .
X X X X

D* D* LL +MM_+NN_
y y y Ny

we get

D* LIL. + MM+ NN
X X X X

D* L2+M?‘+N2

D* LL_+ MM _+ NN
A Al Al
D* Li+ M2+ N

Hence, by Eq. (46), the strain components are

o L3+L1L3+M1M3+N1N3 1+e'x
e. = €'_+z( - )
X x 2 .2 2
'\[L +M™+ N a

L3+ Ll L3+M1M3+N1N

%)

A2 v - 2o
2 X a 2 .2 2
2a \IL +M™+N

2 2 .2
1 L3 +M3 +N3 1 LLX+MMX+NNX 5
ty ) ()
L%+ M%+ N %2a L%+ M%+ N
M, +L.L +M. M +N.N l+2e
€y=€,y+z\:4‘24 24t Yol yj
\)L2+M2+N2 a
M +L.L +M. M, +N.N
+Z2_§_(H2€.)_g 4 24T 24T 20
202 A 2 .2 2
»iL +M +N
L2iMm2in2 LL +MM_+NN
+;1°( 4 4 4)_ 1 ( y v y)Z]
20 12 MmPeN? 2a2 sin® x L%+ M? + N2
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+Ms

. A

' Ly+ LLy+ MM, + N NM L)Ly + MpMg+ NNy 5

Y + z - Ly

Xy R R oy
\rL +M”+N

L +L1L + M M +N1N +M,+L,L,+MM +N2N3

T /] - 273
+z[_7(y ) -2 4 e 4 3
a

Xy
\fL2+M2+N2

L3L4 1 M3M4 + N3N4 1 LLX+ MMx & NNX LL_+ MMy + NN .

+ = ( ) (— )
L4+ M% + N CEinx | LAFMO+N2 . Li+MZ+ N2

Now, let

= (Pl+pl)+z(Ql+ql')+z2(Rl+rl)

m
I

€y

(Py+P) +2(Qy+a) +2° (R, +1,) (72)
Yy = (P3+pg + z(Qz+qg + 72 (Rg+ 19

where, by Eqs. (71) and (72),

1
Pl . (UX+W)

]

P, ;?[(UX+W)2+VX2+(WX-u)2J (73

At
= (W+W
a2 xx)

e
—
!

3 1 . . =
q, a3 sinz 2 [ sin x VXX (Wy V sin x) + sin“ x (Wx -U) (UXX + Wx)

ligsd<mv) 2 ! y 2 2 2
5 sin x(U-Wx) =3 (Vsmx—Wy) - sin x(UX+W)

- sin2 X szﬂ ]
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1 ' ;

R, = —4/——— [(W+W sinx+(l-cosx(U.__+W ]

1 assinx Xx) XX X’)

Sl i { ’7$in4X(UX+W)’2+8sin4xVX2-__2sin3‘xyxx(wy~Vsmx)
a’ sin” x o _

-Zsingxcosx(U-W (U_-W -2sinxcosx{(Usinx-W)(V_sinx+Vcosx-W
x ‘ ) X Xy’

,+Zsin3xcos5;VXV-4coszxsiHX(UX+W)(Vy+Uco_sx+.W sin x)

-2 coszx sinxVX (Uy -Vcosx - sin2x coszx(UX+W)2
.2 . ) 2, ' W i a2
+ 2 sin XCOSX(UX+W)(ny-USLI‘lX+WXSLHX)+COS x(Vy+Ucosx+Wsmx}
-2si3xv U +2$in3x(U ~-W_)(V_+Ucosx+W sinx)
n Xy X xx) y
+ 2 in° V_.(W__-V_ sinx) + 2 si 3X(U + W) (V +Ucosx’+WsinX) |
F2sin xV_ xy Vx in x in < v
. 4 2 .3 .3 '
+sin” x W +4sin" xcosxU(U_+W) -2sin"xcosxW__ U
XX X XX
—Zsinsxcosxw (U-WwW +4sin3xV (U +W)==281n3xV kW +cos2xsin2xU2
XX x) VA ¢ y XX
2. .2 .2 .2 '
+ 2 cos” x sin xU(U-WX)+2cosxsm xVyU+Zcosxs1n x(U-Wy}Vy
+ si sz 2+sin2x(V sinx+Vcosx-W 2-2cosxs'1n2xV A\
sin y X Xy) x Wy
2 : . 3 " |
+ 2 cos X sin X(WX—U)(Vy-i-Ucosx+Wsmx)+281n xcosx(U-Wx)(UX—!-W)
2 sin x (U, + W) (U-W) +sin?x(U-W)2- ssmxU_+wW?2
T 2sin x (Ug + W) % X % x
+4sin3xWXX(Vy+Ucosx+Wsinx)—4sin2xVy(Vy+Ucosx+W's'1‘nx)

.3 . 2 .
- 4 sin XVy(UX-HN) - 4 sin X(UXX+W>() (Vy+Ucosx+W sin x)
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- . .
- 4 sin x(Uxx+Wx)(Ux+W)-4cosxsmeXy(Vy+Ucosx+Wsmx)
o2 : =2 T
- 4 cos x sin xVXy(UX+W) 4 cos x sin xWX(Vy+Ucosx+Ws1nx)
-4cos3xWX(UX+W)-10sinx(UX+W)(Vy+Ucosx+Wsinx)

X i * . 2 . i 2}
+2s1nxVX(Uy Vcosx)+(Vs1nx Wy) +3(Vy+UX51nx+Ucosx+2Wsmx)

S -

P, = AT (Vy+Ucosx+Wsmx)

Py =_..2_l__2_ [(U ~Vcosx)2+(V +Ucosx+Wsinx)2
24 gin X y .

+(Wy - Y sinx)zj

-1 : 2
Q, = ——-——-———[ sinxcosxW_ +W __ + sin XW:,
A a2 Sin2 X & bA
1
q, = [ZcosxV (W_ -V sin x)
2 2.913 sin2 XE - y :
a 3 2 5 : .
+ 2 (WX 9] (Uyy Vy COS X) + e (Wy V sin x) (Vyy.+ Uy CoSs X + Wy sin x)

+Zcotx(U-Wx) (Vy+Ucosx+W sinx) - 2 cot x (V sinx-Wy) (Uy~Vcosx)

2(Vy+Ucosx+W sin x) (U cos x + W sin x) -2Vy(Vy+Ucosx+W sin x)

Zsinxcosx(UX+W) (U -Wx) = sinzx(U-Wx)z-(V sinx—Wy)2

1

2(Uy -V cos x)2 :{

1 s
R2 = S B [ Sln2XW+Wyy+SinXCOSXWX]
a sin” x
IE T SSinzx(U -Vcosx)2+5 = W_ -V si ‘
9 r ) y sin” x ( y sin x)
2a” sin” x

.2 ;
4 sin x(UX smx-WX COoS X) (Vy+Ucosx+W sinx)+4sianyy(Vy



38.

. +Ucosx+W sinx) - 4 cos x sin x (U - W) V(V&‘%Ucosx%-Wsi.nx)V’ “

. . ‘ : ) L2
+ 4 cos x sin x(V sin x - U -V cosx) +sin U -W :
( w) (U ) x (U, - W)

- 2 sin X cos x (Uy - ny) (V sinx - Wy) + cos2 x (V sin X - '\Ny)2 + 2 sin2 X (ny %’ Wy)

+ 2 sin x (UXy + V sin x) (Vyy + Uy cos X + Wy siﬁ X) + 2 sin? x (Uy -V cos X) (Wx‘y‘

- Uy - sin xV}) -2 sin2 x (cos XVX - Ux& - Wy) (Wy -V sin x)»w

-2 sin2 X (WX -U) (Uyy - Vy cos bx) + 2 sin2 X (UX+ W) (Wyy - Vy sin %) + 4 sin3x cos X
(U- W) (Y, +Ucosx+Wsinx + 2 sin® x (U_+W) (v, sinx - W )

+ 6 sin x(Vy+ U cos x + W sin x) (Vy sin x - Wy};) + (Vy sin x - Wyy)‘z

+ 2 sin x cos x (U - WX)(Vy sin x - Wyy) + 3 sin? x (U - Wx)2 - 8 sin x (U'}'{‘+ W)

(VyA+ Ucosx+Wsinx) -6 sinx (UX + W)z - X, sinzx (ﬁ:Vy‘+ U cos x +VV(V‘sin” x).zk

- 4sinx (Uy sin X - Wyy) (VY + U cos x +W sin x) + 2 sinsx cos .x (U - W‘x) (U’X#= W)

~ 2o’ x Vy (‘UY‘ -V cosx) - 2 (UXY * Wry) (Uyy + Uy cos®
Vv

. X 1 T
P3 = =t =T (Uy V cos x)
1 .
Py = [(U +W)(U_-Vecosx)+V_(V_+Ucosx+ W sin x)
3 ?sinx X y Xy

+(WX-U)(Wy—Vsmx):}
Q3 = —2-27—— [ cos x (W_ - V sin x) + sin x (V cdSX=WXy)]

a sin” x y
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d3 = [ZV (W —Vs1nx)-2cosx(W U)(U -V cos x)
a s1n p 4

- 2cosx(UX+W) (Wy -V sin x) + sinx(WX -U) (2 ny - 2VX cos X
+2Wy+V sin x - V cos x) - 200tx(Wy-Vsinx) (Vy+Ucosx
+ W sin x) - ZSinx(Ux+W)(Uy—Vcosx) - ZSinxVX (Vy

+Ucosx+W sinx)]

R ‘=—~3——~——— [331an -smsz —smxcosxV-Zcost]
a sin” x Xy

r, = {3s1n x(U +W)(U -Vcosx)+331n3xV (V + U cos x
a’ sin” x
'Wsinx)—sinsx(W -U) (W -Vsinx)—4sin2xV (W -Vsinx)+4sin2xcosx
X y Xy 'y
. . 3 _ - : )
‘(UX+W)(Wy V sin x) - 2 sin x(WX U)(UXy ZVXcosx+Vsmx V cos x)
+sin2XV (W —Vsinx)+2sin2xcosx(W -0 (U -Vcosx)+sin3x(U
Xy 'y S y ¥
-ny)(UX-Wxx)—cosxsinx(Vsinx-Wy)(Vy+Ucosx+Wsinx)
2 . ) . 2 :
- cos xsmx(Vsmx-Wy)(U-Wx)-cosxsm x(Vsmx—Wy)(UX-WXX)
+ si V_ si -W Vcosx-W +c i U _+W) (Vv ;
sin x ( y n x yy)( COoS X Xy) 0s x sin x ( e y)( y+Ucosx
+Wsinx)-cosxsin3xV(U +W)-Vsin4x(U + W +sin2V (U
X XX x) Xy ° Xy
+2Wy-Vsinx)+2sin4xV(U-Wx)-sinsx(Uy-WXy)(UX~+VV)mZnycosxsinx
. : 2
V +Ucosx+Wsinx) - cosx(Vsinx-W)(V sinx-W - sin U
( y ) ( Y>( y YY) x( Xy

+Wy)(VXy-Usinx+WXsinx)fcosxsinx(Uy-ny) (Vy+Ucos X + W sin x)
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- sin? W_(U_ +W
in” x cos x y( < )

Substitution of Egs. (73) into Eq (62) yields f Lf; dz for a spherical
shell.
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8. STRAIN ENERGY FOR LARGE DEFLECTIONS OF RIGHT-CIRCULAR CONICAL
SHELLS

If (X, Y, Z) are rectangular coordinates, the middle surface of a conic shell

with the vertex at the origin is given by the equation

X = xcosa
Y = x sinacosy (74)
Z = xsinasiny

FIG. 3

where x and y are shell coordinates indicated in Fig. (3).

E =1 B =0 G=xzsin2a
A =1 B = xsina D = xsina
and
1
?I = 0 r, = Xtana
E =0 = 1

g m 2x tan a
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Let
sina=$§ cosa=C tana=T

then c :
G = X787, B = xS, . D = XS, r, = XT, k =

Ll = Ux
M, =V, (75
Nl ='Wx
U - VS
L, = 53
Vy+Us~WC
M, = =5 (76)
Wy+VC
Ny = %%
By Eq. (34),
e = U +2@W?sviiw?
X X 2 X X X
€ = (V_+SU - CW) 4 —ien- [(U -sn? (v +SU - CW)2
y SX 'y 2_'X2S2 y y

+(Wy+CV)2] | (77
.=V +-=l— (U_ - SV) + —L[U (U_-SV) +V_(V_+SU =FC"W)
Y'Xy x XS5 Yy S Lx Ty XNy

+WX,(Wy+ C‘V)]
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By Eq. (39),
L = -S'xWX+(Wy+CV)VX—(Vy+SU-CW)WX
M=-(W +CV)+(U_-SV)W_-(W +CV) U 78
(W, + CV) + (U - SV) W, - (W_+CV) U, (78)
N =

Sfx'+S'x'Ux+(Vy+SU - CW) +(Vy+SU - CW) UX—(Uy - SV) VX
Differentiating L, M, N, with respect to x and y, we obtain

LX = - SWX - 5% Wxx+(ny+ CVX) VX+(Wy+ CV) VXX - wxx (Vy
+ SU - CW) -WX(VXy+SUX- wa)

M, = -ny-CVx+Wxx(Uy-SV)+WX(ny-SVX)—Uxx(Wy+CV) (79)

- UX (ny + CVX)

Z,
n

I S+SUX+SXﬂUXX+(ny+SUX—CWX)+UXX(Vy+SU~CW)

Uy (Vg +8U, = CW) - Vo (U - SV) -V, (U, - SV))

and

£
I

SxW_ +(W__+CV + (W - -
. Xy (yy y)VX '(y+CV)ny (Vyy+SUy CWy)WX

- SuU -
(Vy+ U CW)WXy

<

-(W__+ CV B =8Y = -
[, ( vy y) + L y) W+ (Uy SV) ny (wyy + CV y) U,
- (Wy + CV) ny (80)
N =SxU_ +(V__+SU -CW \' - -
y Xy ( vy . y) +( - + SUy Cwy) U+ (Vy + SU - CW) ny

~U__-SV)V_-(U_-8
(YY Y)X(Y V)VXY
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By Eq. (44),
and
L,
My
Ny

1 .
—= | S +CV) -SxW__+(W CV.) W ‘
<3 E (Wy CV) - Sx Xy ( yy+ y)VX+( y+CV)V

L3 = .Lx
M‘3 = Mx (81)
N3 = Nx

Xy

(V. +2SU_-CW_-SV)W_-(V_+SU-CW)W__+S(W_+CV)U
Vyy y " Wy TV )xy(yV)xJ

_ 1 _ . . _ - _ _ 7.
’“3‘{5‘[ CSx - CSx U, - C{V_+5U - CW) - (W +CV) -5 x W

LU -2SV -SW+CSWW_+(U _-SV)W_ -(W_+2CV
(Ugy y Wy Wy + (U =SV W - Wy y

+OSU - CPW) U, - (W + CV) U+ (SW + cuy v, ] (82

1 .
= SX U +(V +SU -CW)-C(W_+CV)+V__+SU_- 2CW
X-S[ xy (yy y y) ( y V) vy y y

CCENU 4V +SU-CWU_ -(U_-SV)V_ -(U -SV)V
) U+ g ) Ugy = Uy =SV Vy - (U =SV Vo

+C(U -SV) W]

From the equations (See Art. 5) .

p+2 = L2+ M2+ N2

D* D*_ = LL_+MM_+ NN
X X X X

D* D* = LL_+MM_+ NN
y y y Y

we obtain
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D*X LLx : MMx + NNx

D* L2 EeH e

D* LL_+ MM_+ NN
.. Y b}

_51_3’ =
L2+M2+ N2

Hence, by Eq. (46), the strain components are

r

1
o* (L3 + L1L3 + MlMB + Nle)

D* 2

r
Tar e R T et
A o T W e )]

3

r

A f gl

B, = @, F = [1+2€ t 5 (L +LL3+MM +NN3)]
VAR = 4

+-§(—r—l--) [1+2e:x+§

L,+L L,+MM,+N.N

3 173 38 13

\[L2+M2+N2

)

= B + 24

2 g g
2 [Ls + My~ + N, LL_+MM_+NN_ 2]

Z
+ > _ )
2 L%+ M%+ N2 L2+M2+N7

(83)
I'

STy L
ey = e.y+ s [1+25 +D‘* (M +L2 4+MM4+N N4)]

IN

r
p.
( 3 D (M4+LL +M2M4+N2N4)

2 : 4
) [l+2€y+— 4

+
Nl
&)

2
r,

+-§-()(L +M, +N —}2'—)]

M, +L,L

4t Lol + MM, + NN, ]

= €' + 1+2¢' + xT
y XT[: y g 3
JL + M+ N

M+LL+MM+NN
{42 +,4xT 47 T2y 4 4

3(XT) i ﬁ2+M + N2
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L,+L L,+M, M44-N N4+M3+L2L3_+M2M3+N2N3‘l

= ot 2 '
Yxy T Yxy T xT | Yxy + xT vy ' -
L2+ Mm%+ N2
2 R
.z Y+ XT L4+L L4+M1M4+N1N4+M3+L2L3+M2M3+N2N3
x 21?2 A 2. 2
| FEFEVEN

L.L. +M.M, +N.N ‘ e
o x2r2 (Z3ta T MMt NS,

)]
L,2+M2+N2

LL +MM,_+NN_  LL_+MM_+NN
XT y y y)]

{ — )( -
C L%+ M% 4 N2 L2+ Mm%+ N2

Now,. let

m
ti

) TP P FEQTa) e (R )
e, = (Py+Dp) +2(Qy+a) +2° (Ry+1,) (39
Yoy - P3Py +2(Q3+ay +z?‘k(R3+r3>

where, by Eqgs. (83) and (84),

1 X

_ 2
P, s (U “+V_“+W. %)
Ql: _Wxx

a 1
q) = U Wt g (W +CV v

2 - ‘ (85)
R, = -5 stx+<Vy+SU=cw.)]
Sx
1 2.2 .2
r = 252X4[s x (w +xXW_ ) +x (wy+cxx>
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2 Bt = e
- 28X (ny-SVx) VX~ZSx (Uy SV) VXX 6S”x Ux Uxx 4x SUx(ny

' : D
+SU, - CW) - 45X U, (V. +5U - CW) - 45 x” (V, +SU - CW) U
S 6X (V. +SU-CW) (V. +SU._-CW) -S2x2W 2 - (W_+cv)?
= y Xy X X> X y
3 5 9o
+B XV, (U -SV) +2(V +5U - cW? - 45Px U ]
Sl =
P, = g (V,+SU-CW
1

2x232

1 ; 2 '
= C(V_+8SU -CW) -S“xW_ - (W +cv]
, g2 2 [ (y X (yy Y>

E e e 2
Py = [(Uy SV) %+ (v, +SU - CW 2+ (W + CV) _]

o S R 2
a9 < T [C(Uy ¥ rcw +su-om?e § wo+ov)

= 2252
+XSW (U -SV)+XxX"S"V.W +S(U -SV)(W_+C W
X( yy Y) X Y ( A 7 ke Y+CV)(VYY

o
5 el s Sl CHX. 2]
+50, - CW)) - S"xXW_(V, +SU - CW) +8°x“W U+ =5 W

i . 0 2
R, < 3w ]: C*$ xU, - CS*x W - CW_ +CV)+2CP (v +50 - aW)]

i P e, 2 2
r, = 5z [ 3C (Uy SV) +(Wy+CV) + 2CS .x.(wy-cv)vX

2
+4CS(U_-SV)(W_+CV)+2C(W_+CV)(V__+SU_- CW) - 4CS
(0, =S .+ &) W+ CNUN v -~ xW_

2

.2 2 2 D w2 2
V_+SU-C S - 25
(y W) +S™ x Wx xny(Wy-i-CV)-i-S X ny

39
25Cx(Uy, - SV) W, - 208 x (U, - SV) W, + 2 CS°x” U W_

2
+(W._ +CV)2+28xW (W _+CV)-2C(W +CV)(V +SU-CW
(Wyy +CVY x (Wyy T CVY Wy + CVP (V. )

4 30* (V, +5U - cw)? ]
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- 4 ;
Py =V + 55 (U -SV)

- 1 ) i .
Pg = XS[UXQUY SV) + V, (V, +SU - CW)y + W_ (W + CV)]
Q3 = 22 [cwy SV) + 2 (W _+CV) - 28 x W, -CSx VJ |
1T i ) '
ag x232 [CUX(Uy SV)+CVX(Vy+SU. CW)TZny(Wy%CV)

: 2
- CWX‘(Wy+ CV) + ZSXWX(UXy S,Vg) ZS'WX(Uy - SVy - %

(W, + CV) (V +SU - cwﬂ |

I 2 ) -
R‘3 = x3S‘3 [C (Uy SV) + CS ((Wy+ CV) - CS X,wa

1 o <2 2,2 e £ avn |

HW_+ CV) (W +CV) 8 (».:wx<wxy+cvx) CW_+ V)V, +SU

\ 201 1] - -
CWX)=C(WXy+CVX))(Vy+SU=CW)-=ZS XUXUXY ZSUXy(Vy+SU CWj)

2 . o
95U (V +SU -CW) -2 (v +SU -CW)(V_ +SU-CW
x gy 75Uy ¢y % Wyt ¥ Yy |

+ 2C 'ny(Wy+CV) + CSx WX(UXY - SVX) - CSWX(Uy - SV)

1 \ ,
= (W_+CV)(W__+CV )
X( y ) ( vy YD

Substitution of Eq. (85) into Eq. (62) yields f ’}jjo dz for a conical shell.
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9. SUMMARY

Expressions for the strain components of an arbitrary point in an elastic
isotropic thin shell of any shape are given by Eqs. (46) in terms of the strain
components of the middle surface and functions of (x,y,z). These results are
specialized for the circular cylindrical shell in Eqs. (57) and (63). Similar
results for the sphere and for the right-circular cone are given by Eqgs. (72) and
(73) and by Eqs. (84) and (85), respectively.

A strain energy expression for a circular cylindrical shell subjected to a
temperature distribution that is an arbitrary function of middle surface coordinates
(x,y) is given by Eq. (62). Similar expressions for a spherical shell and for a
right-circular conical shell may be obtained by Egs. (62) and (73) and by Eqs. (62)
and (85), respectively.

In general, the practical use of these expressions is formidable even with
the use of digital computers. For equilibrium studies of very thin shells, it is
questionable that terms beyond h3 are significant. However, in questions of
thermal buckling and post-buckling behavior, higher degree terms in h may be

significant.
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