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ABSTRACT

This report presents a further study of the method of fatigue testing sug-
gested by Marcel Prot and should;be regarded as a continuation of the mater-
ial in Part I (issued as Technical Report No. 34) of this investigation.

The Prot progressively increasing load method of fatigue testing has
been investigated by comparing the experimental results for three ferrous
metals with conventional fatigue data. Both notched and unnotched specimens
have been studied. Two procedures have been employed in analyzing the data.
The first method makes use of the results of conventional fatigue data (ob-
tained with constant stress amplitude) to evaluate an experimental constant
required to obtain the optimum value of the endurance limit from the Prot
data. The second procedure employs the general method of least squares
and statistical analysis to obtain the optimum value of the endurance limit
and an estimate of the statistical variation from only the data obtained with
progressively increasing loads. The Prot method of fatigue testing appears
most promising for rapid estimation of the endurance limit of ferrous metals.
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I. INTRODUCTION

This investigation of the progressive load method of fatigue testing is
a continuation of the work reported in Part I (1) An important group of
fatigue problems are concerned with load resisting members subjected to a
w'/ery large (infinite) number of repeated loads. In this group of problems,
the determination of the endurance limit of the material by conventional labora-
tory methods {S-N curve) is ofien a long and expensive procedure. This is
particularly true when the statistical variation of the endurance limit is de-
sired. Also, after the endurance limit is established, the direct application
of this information to the design of complex load resisting members is some-
what uncertain due to such phenomena as the effect of state of stress, notch-
sensitivity and size and shape effects. Consequently, testing of expensive
complex assemblies is often necessary to determine endurance limit loads.
Thus the desirability of a reliable '"short time' method for determining the
endurance limit and estimating the statistical variation using only a relatively
few specimens or complete assemblies has long been evident.

The Prot method (2) of determining the endurance limit appears to in-
corporate many desirable features from the point of view of reducing the num-
ber of specimens required and the length of time for each test. It will be re-
called that in the Prot theory it was assumed that conventional fatigue data
could be approximately represented by a hyperbola in the region of the en-
durance limit, that is (S-E) N = K', where E is the endurance limit and K is
a comstant. For load programs where the stress increases linearly with
R and N
was assumed to be another hyperbola with the same horizontal asymptote, E.

time or number of cycles, the relation between the fracture stress S

If the increase in stress per cycle is denoted by «, Prot showed that, based

on the above mentioned assumptions, a linear relation should exist between
SR a.nd\/av, namely

Sp =E+KVa Eq. 1

The endurance limit, E, could be obtained from a diagram of SR vs.Joa
by extrapolation toe = 0. At this point E could be read directly on the stress
scale. .

The advantage of this method lies in the fact that every specimen con-
tributes to the determination of the> endurance limit. Further, it offers a

possibility of obtaining an estimate of the statistical variation of the endur-

Numbers in parentheses refer to references listed in the Bibliography.
e, : 3




ance limit based on the statistical variation of a relatively few specimens by

e
%
extrapotation to Jae=0.

1. SUMMARY OF PREVIOUS REPORT

The experimental results reported in Part I of this study (1) confirm the
findings of another investigator {3), that the theory as originaliy proposed by
Prot in which it was assumed that S-N data could be represented by an hyper-
bola, was not entirély adequate. Prot's original assumption lead to a value
of n = 0.5 for the exponent in the more general relation
Sg = E + Ko ~ Eq. 2
A nonlinear plot of S.R vs. & was obtained when a value of n = 0.5 was used,
particularly for the 75S-T6 aluminum alloy. In the modified theory (3) it
was assumed that n is a material constant but may be different for .di.fferent
materials. This theory is based on one of Weibull's (4) approximations to
the conventional S-N diagram, namely

log N = log k - m log (S-E) - Eq. 3

and Miner's hypothesis (5) which assumes that the cumulative fatigue damage
is identical with the summation of the cycle ratios of overstress applied. By
employing Eq. 3, the following approximate relation may be obtained for the
n of Eq. 2: .

" TmAT Eq. 4

In this relation m is the slope of the line obtained from a plot of log (S-E) vs.
log N (Eq. 3) employing conventional fatigue data. For example, for 755-T6
aluminum alloy, a value of n = 0. 1786 was obtained from a plot of log N vs.
log (S-E). Using this value of n, it was found that the relation between SR
and o' was approximately linear {see Fig. 12 of Part I (1)).

Another assumption inherent in the Prot theory is that the relation be-
tween SR and arn\_ is independent of the stress at which loading is initiated

since it is assumed that cycles of stress below the endurance limit cause
——

Not necessarily linear extrapolaticn.




no damage to the material. The experimental results for 755-T6 aluminum
alloy and ingot iron presented in Part I {1) do not completely verify this
assumption. The difference is relatively small, however, and may be in-

significant in many practical applications.

111. PURPOSE AND SCOPE

It is the purpose of this report to appraise the usefulness and reli-
ability of the Prot method of determining the endurance limmit. This re-
port presents the results of an expemmen* al 1nvest1gat10n of the Prot
method applied to three ferrous metals, an unaged" iron, an SAE 2340
steel and a boron steel, 14B50. These steels cover a wide range of hard-
ness and include notched and unnotched specimens using several different
levels of stress at the start of the test. Part I contained the results for
an ingot iron and 75S-T6 aluminum alloy. The unaged ingot iron (B) was
included to study the possible effect of ''coaxing' upon the endurance limit
as determined by the Prot method. Table I lists all of the materials studied
in both Part I and Part II along with the type of specimen and starting
stresses used.

Since the exponent n of Eq. 2 varies from one metal to aho’cher, appro-
priate values of n may be determined by the use of Eq. 4 from diagrams of
log N vs. log (S-E) but this requires the availability of conventional** fatigue
data for the metals studied. To avoid the necessity of using conventional
data, the general method of least squares for a nonlinear equation may be
applied to the test data obtained by the Prot method. This analysié allows
the determination of the constants E, n, and K in Eq. 2 from only the Prot
data. The value of n obtained by this method results in a linear relation
between SR and o that best fits the data.

The statistical variability of the data are analyzed to obtain an esti-
mate of the standard deviation of the endurance limit as obtained by the
Prot method.

The "unaged" Jingot iron was heat treated to make it susceptible to
"strain aging" during subsequent cyclic loading.

LR Al

The term "'conventional' is used to indicate tests conducted at a con-

stant stress amplitude.




v. MATERIALS AND EXPERIMENTAL METHOD

The materials were received as 7/8 in. diameter hot rolled round bars. The
o' anks for the specimens were prepared from the bars in the "as received'' condi-
tion. The specimens of ingot iron and boron steel were machined before heat
ireating. These specimens were left approximately 0. 002 in. larger in diameter
‘han the finished specimen to allow for removal of light scale after the heat treat-
ment The ingot iron, hereafter designated s (B) was quenched in water.to re-
tain as much carbon and nitrogen in solid solation as possible. It is known (8)

that in this condition the iron is much more susceptible to "coaxing' during the
progress of the repeated load test than in the "as rolled" condition (1) designated
(A). The SAE 2340 steel was machined after quenching and drawing. The chemi-
cal composition, heat treatment and resulting hardness are given in Table II. The
specimens were polished using the standard procedure (5). &

The tests were conducted using the equipment and same types of specimens
as those described in previous work (1). In testing boron steel 14-B-50, the ma-
chine was operated at approximately 7200 rpm and all specimens developed fatigue
fractures. .

The speed of the machines was reduced to approximately 3600 rpm for SAE
2340 steel and ingot iron (B). The slower speed was employed in an attempt to
further reduce the severe shock to the machine caused by the bending failure
of some of the specimens; it was also hoped that the slower cyclic frequency
might result in more complete fracture of the specimens. However bending
of the ingot iron occurred in all specimens for which the value of @ was 0.2 or
greater. In those cases where o exceeded 0.2, the stress in the specimen had
reached or exceeded the yield strength of the metal when plastic bending occurred.

The loading rate ¢ was computed from the initial and final load on the speci-

men and the number of cycles to failure. The following equation was used

L
i} (W, - W) 7
e N

where Wf is the net final load on the specimen at fracture, Wi is the net initial
load, L is the moment arm, Z is the section modulus, and N is the total num-
ber of cycles to failure. Since water was added to the load tank to increase
the load uniformly, the minor influence of evapdration was automatically com-
pensated by using this method.

%*
After heat treatment, the ingot iron (B) and boron steel 14-B-50 were given
a light polish with 2/0 emery polishing paper.

o




The tensile properties of all materials are included in Table III and

«w

representative tensile stress-sirain diagrams are given in Figs. 20 through

2 22.

V. EXPERIMENTAL RESULTS AND DISCUSSION

In the following, the data and results for each material are considered
separately. All of the data have been analyzed using the value of the expon-
ent n = 0.5 as proposed by Prot, and by using a value of n determined by
Eq. 4 from diagrams of log N vs. log (S-E). Someof the data for 14B-50
steel have been analyzed by the general method of least squares and statisti-
cal theory. (The mathematical theory on which this method is based is pre-
¥ sented in Appendix A along with a sample computation.)

Ingot Iron (B). The results of the experiments for determining the en-

durance limit under progressively increasing load are presented in Fig. 1

b and 2y the starting stresses 0, Were 20, 000 psi and 10,000 psi respectively.
Two values of the exponent n were used, n= 0.5 andn = 0.371. Both of
the values appear to give a linear relation between SR and o" for the small
range of values of e covered by the data. The value of the exponent, n =
0.371 was determined from a diagram of log N vs. log (S=-E)* which is shown
in Fig. 3. These latter data {obtained by the conventional method of fatigue
testing) are also shown on the S-N diagram in Fig. 4.

The endurance limits determined by the Prot** and conventional
methods are summarized in Table IV. Though the absolute differences in
values are not large, the Prot method endurance limits are from 16% to 25%
higher than that determined by the conventional method. However the use
of n = 0.371 gives slightly better agreement than n = 0.5. It should be
noted that both the relative and absolute differences are larger than those

obtained for ingot iron (A) in Part I of this report.

Throughout this report the value of E used to obtain log N versus log
(S-E) diagrams was obtained from S-N diagrams employing conven-
tional fatigue data.
3k
In the diagrams of SR vS. an, the intercept with the S axis represents
the endurance limit ""(E) of the material. In determining the equation
of the straight line for best fit, the method of least squares was used
(7). The equation of this straight line is

Sg = E + Ka" Eq. 2

(Cont'd. on p. 6)
-
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The question of the effect of "coaxing" was raised in Part T (1} and ingot iron
(11) was heat ir caied {see Table 1I) to a condition thai is very susceptible to ''coax-
ins' {8). Itis suspecied that the coaxing phenomena is largely responsible for
,; higher values of B determined by the Prot method in these later tests. In

support of this, it should also be noted that a lower starting stress resulted in
a higher value of E. This is the reverse of the effect noted for different start-
ing stresses for ingot iron {A) {see Table IV) and is consgistent with the concept
ihat the "coaxing' pbenomena was largely responsible for the increased endur-
ance limit as determined by the Prot method. Thus it appears that for metals
ihat are susceptible to "coaxing" {certain ferrous alloys (8)) the Prot method
of determining the endurance limit may lead to estimates of the endurance limit
that are too high.

The Prot method of determining the endurance limit was limited to the lower
loading rates {low values of @) due to the fact that at higher values of « the
specimens failed by plastic bending instead of progressive fracture. Many of
the specimens also failed by plastic bending after developing a small crack.
However it is thought that the presence of the crack contributed to excessive
vibration of the specimen late in the test; therefore, these failures are repor-
ted as resulting from progressive fracture.

It is interesting to note from Fig. 4 that when very low loading rates must
be employed, the progressive load and conventional methods require comparable

numbers of cycles and time to fracture.

SAE 2340 STEEL

The experimental results for the Prot method are presented in Fig. 5 for

unnotched specimens tested using a starting stress, o, of 65,000 psi and in
Fig. 6 and 7 for notched specimens using starting stresses, o, of 30,000 psi
and 15, 000 psi respectively. Two values of the exponent n have been used

in plotting the data in Fig. 5 and three values in Figs. 6 and 7. In Figs. 5

The constants E and K are determined as follows:

}:(0/ S =d" . SR
E =
:( n - (Za'n)z
S Mo 8p -Sdt . TSy
M ") - (ZaM?

where M is the iotal number of spec1mens A similar procedure was used to
- determine the exponent m from log N vs log {(S-E)} diagrams.

_61



through 7 the data are plotted for n = 0.5, however it is obvious that ;the rela-
tion between the fracture stress SR and ¢ is not linear. To obtain an esti-
mate of the value of n that would give a linear relation, the diagrams in Fig.

8 and 9 were plotted to include the present conventional fatigue data plus more
extensive data available from a previous investigation (9} of the same mater-
ial. The values of n obtained by applying the method of least squares to only
the data from reference (9) gives n = 0. 418 for unnotched specimens (from
Fig. 8 and n = 0. 40 for notched specimens {from Fig. 9). Using the respec-
tive values of n, the data were replotted as shown in Fig. 5 through 7 result-
ing in a more nearly linear relation between SR and o". s :

In Fig. 9 the line for notched specimens obtained by the method of least
squares appears to be considerably influenced by the wide scatter of points
in the range between N = 5 x 105 to 106 cycles. To further study the use of
diagrams such as Fig. 8 and 9, an additional dashed line was drawn by eye
in Fig. 9 that appears to better represent the data in the range below 3 x 105
cycles. From the slope of this line, a value of n = 0. 318 was obtained. The
Prot data in Fig. 6 and 7 were also replotted using this value of n, and appear
to give the most nearly linear relation between SR and & for this exponent.

The values of the endurance limit, E, found by the Prot method from
Fig. 5 through 7 and by the conventional method from Figs. 10 and 11 are
tabulated in Table IV. The values of E obtained by the Prot method for un-
notched specimens agree very closely with the results of the conventional
method. The exponent, n = 0.418 appears to give slightly better agreement
than n = 0. 5. For unnotched specimens the values of E obtained by the Prot
and conventional method appear to agree best when a value of n = 0. 318 is
used to plot the Prot data. The value of n = 0.4 gives good agreement for
a starting s’gress S, of 15,000 psi but for @, = 30,000 psi, the difference
is larger.

These results should be viewed in the light of the statistical variation
inherent in the determination of the endurance limit. The endﬁr’ance limit
by the conventional method was bracketed between one or two specimens
that did not fracture at a given stress level and two or three specimens
that did fracture at stress levels from 500 to 2000 psi higher. The informa-
tion that is available {10) on the variability of the endurance limit of other
materials indicates that the standard deviation may be several thousand

pounds per square inch. Thus when the results of the Prot and conventional




methods differ by only several thousand pounds per square inch, it does not
appear possikle to differentiate accurately between the results obtained by
using different values of mn.

From the results of the notched and unnotched specimens it is impossible
o decide whether or not n is a material constant. Because of the variability
of the endurance limit and the relative insensitivity of E to changes in n, it
is suggested that for practical purposes the assumption of a constant value of
n for a given material is sufficiently reliable.

The variation of the value of E obtained with the Prot method due to dif-
ferent starting stresses for notched specimens is of the same magnitude as

was obtained with unnotched specimens. This difference is not large but it

does represent a deviation from one of the basic assumptions of the Prot theory.

From the practical standpoint, this small difference may not be significant.
From Fig. 9 and 10 it is clear that there is some question about the proper
interpretation of these diagrams. For small values of N, approximately
100, 000 cycles and less, a second line of different slope often appears to bet-
ter fit this data (3,4). For larger values of N, the scatter is often large and
the trend of the data is difficult to determine. Thus this method of estimating
n may be misleading when conventional data from only a few specimens are
available. Interms of the modified Prot theory this may also mean that it
would be desirable to use a variable value of n in plotting the SR vs. o dia-
grams. However considering the insensitivity of E to changes of n and the
empirical assumptions upon which the modified Prot theory is based, it ap-

pears doubtful that such a refinement is justified.

BORON STEEL 14-B-50

The experimental results of the tests under progressively increasing

load are presented in Fig. 12 for unnotched specimens using a starting
stress of 50,000 psi and in Fig. 13 and 14 for notched specimens using start-
ing stresses of 35, 000 and 25, 000 psi respectively. In Fig. 12 for unnotched
specimens the data are plotted usingn = 0.5 and n = 0.456. The value of n
of 0.456 was obtained from Fig. 15, a diagram of log N vs. log (S-E), using
conventional fatigue data'for unnotched specimens and Eq. 4. As sufficient
conventional data was not available, a value of n for notched specimens was
not determined by this procedure. *

In the next section another method of obtaining a value of n is discussed.
The value of n = 0. 55 was obtained for notched specimens by this method
and the results will be discussed in the next section.

-8-
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The values of the endurance limit as obtained by the Prot and conven-
tional methods are also summarized in Table IV, For the unnotched speci-
mens, the values of the endurance limit are both {for n = 0.5 and n = 0. 456)
in close agreement with the value obtained by the conveniional method. The
conventional data are presented in S-N diagrams in Fig. 16 and 17 for un-
notched and notched specimens respeciively. The endurance limitsob-
tained by the Prot method for notched specimens using n = 0.5 were slightly
lower than the value obtained by conventional methods for both starting
stresses. However considering the statistical variability of the endurance
limit (10), it is not possible to determine accurately whether the difference
between the Prot and conventional results is really significant.

The results for Boron steel indicate that, like tile SATE 2340 steel, the
Prot method appears to be as reliable for notched as for unnotched speci-
mens. The implication is that the Prot method is probably as applicable
for testing odd-shaped complex machine members as for laboratory speci-
mens.

For the notched specimens, the two starting stresses resulted in
slightly different values of E; however, for the Boron steel the difference
is so slight that it must be considered insignificant. It is interesting to
note, by comparison of Fig., 13 and 14, that different starting siresses re-
sult in larger differences at higher values of « but the lines representing
the data tend to converge as « approaches zero. This tendency was found
to exist for all materials; however, from a practical standpoint in determina-
tion of the endufance limit, it has no apparent significance.

From Tables II and IIT and Fig. 22 it will be noted that the Boron steel
is a very hard, high static strength material. However the fatigue strength
does not reflect this tendency. Photomicrographs of the cross section of
the specimen at the surface showed that the surface layer was slightly de-
carburized. Presumably fatigue cracks develop in the decarburized sur-
face layer and then spread to the higher strength interior with the aid of
the stress concentration at the root of the sharp crack. This sofier sur-
face layer may also account for the relatively low notch-sensitivity exhibi-
ted by the notched specimens of Boron steel. In the presence of a high
stress gradient, the stress on the hard interior material was sufficiently

reduced that the softer surface determined the effective notch-sensitivity.




vi. INTERPRETATION OF PROT DATA BY THE GENERAL
METHOD OF LEAST SQUARES

In order to avoid the necessity of employing conventional data to obtain a

suitable value of n to be used in plotting the Prot data, it is desirable to con-
‘ sider the methods that require only the Prot data for a complete analysis. One
such method is the "General Method of Least Squares Applied to a Nonlinear
l?‘or’mulag”.,>5< This method utilizes estimates of the constants E, K, and n in
Eq. 2 to obtain corrections to these constants by the ordinary method of least
squares. The corrections are obtained from an approximate formula which
becomes more exact the smaller the values of the corrections. The successive
application of this procedure resulis in corrections which rapidly become small
compared to the constants E, K and n; thus the optimum values are obtained
employing only the Prot data. Development of the mathematical theory for
application to this problem and a specific numerical example of the computations
are included in Appendix A. _ .

This method was applied to the Prot data for steel 14-B~50. The data in Fig.

12 for unnotched specimens and in Fig. 13 for notched specimens using a start-
ing stress of 35,000 psi were chosen for this study. The values of n obtained by
this method were 0. 717 and 0. 55 for unnotched and notched specimens respec-
tively. Diagrams of SR vs. o using these values of n are shown in Figs. 18
and 19. The solid straight lines represent the optimum fit of a straight line
to the test data. The value of E obtained for the unnotched specimens (see
Table 1V) is somewhat higher than the value obtained by the conventional method.
It appears that the two unusually low points (" = 0.17 in Fig. 18) influenced the
value of n and E considerably in this case. The value of E computed for the
notched specimens by this method is in excellent agreement with the value ob-
tained by the conventional method. This procedure was not applied to the notched
specimens tested using a starting stress of 25, 000 psi. However the value of n =
0.55 (obtained from notched specimens tested with a starting stress of 35,000 psi) -
was also used to plot the data for notched specimens that were started with 0, =
25,000 psi. The resulis are shown in Fig. 14 and the value of E is listed in Table
IV. The values of E for both sets of notched Boron steel specimens appear to be

in closer agreement withthe results of the conventional method when plotted using
n = 0.55 than for n = 0, 5.

Often referred to as Regression Analysis. See ref. (15).

-10-
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The advantage of this method is that only the deia obtained with progressively
increasing loads are required; however, the method inherenitly assumes that the
relation between SR and o is linear and that the distribution of the observed
values of Sp about its mean is normal. As the assumpiions made in the theory
to arrive at a linear relation are empirical and not always borne out by experi-
mental data (11), the usefulness of this procedure is restricted to thogse cases
where SR and & can reas onably be assumed to be linearly related. From zll
of the data available {1, 2, 12, 13, 14) it appears that for small values of @,
the assumption of a linear relation is reasonable. The assumption of a normal
distribution of SR about the mean also appears reasonable, at least as a first
approximation {12).

DETERMINATION OF THE STANDARD DEVIATION FROM PROT DATA

The statistical variability of the resulis of fatigue experimenis makes

knowledge of the éxpected variation of the endurance limit as imporiant as
knowledge of the mean value. * The Prot method allows measurement of the
fracture stress, SR’ which is related to the endurance limit by Eq. 2. Conse-
quently the variation of the endurance limit is obtainable only indirectly from
the variability of SR" Prot originally suggested that the variation of SR at
different values of @ may be constant and equal to the variation of E. There
is some data to indicate that the variation of SR may be constant and approxi-
mately equal to that for the endurance limit obtained by the "step up" method
of fatigue testing (12). However the various methods of determining the scat-
ter of the endurance liniit do not appear to give entirely consistent results. (10)

In view of the lack of knowledge of the .r’elation between the variation of E
and SR’ the standard deviation of SR at @ = 0 will be determined purely on the
basis of statistics, assuming only that the two distributions are normal. The
theory is an extension of the theory for obtaining the optimum values of E, K,
and n by the method of least squares. The standard deviation of values of SR
is very closely related to the sum of the squares of the difference between
the observed and estimated {optimum) values of SR’ A brief discussion of the
theory with application to the Prot daia is presenied in Appendix A.

This method applied to the data for Boron steel gave results that are pre-
sented in Figs. 18 and 19. In Fig. 18 the short dashes on the stress axis

By definition, the endurance limit stress is that stress at or below which
fatigue fracture does not occur. However when considering the scatter
of experimental data, it is convenient to deal with the mean value and
the standard deviation about the mean. The term '"endurance limit" is
used in this report to indicate the mean value.

- =
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represent i' one standard deviation of E, that is for Sp at a=0. In Fig. 19 the
dashed lines on either side of the solid line represent upper and lower bounds
for one standard deviation from the optimum curve over a range of values of a.
The values obtained for the magnitude of the standard deviation of E are reason-
able {10, 12); however, it should be noted that the standard deviation increases
markedly {diverging dashed lines in Fig. 19) outside of the range covered by the
experimental data. It appears that the value selected for the smallest ¢ em-
ployed in testing has a pronounced influence on the value of standard deviation
obtained for @« = 0. That is, the standard deviation of E will be increased if
only larger values of o are used in the experiment. Thus the value of stand-
ard deviation obtained by this method depends upon the experimental design
(choice of &} and may be larger than the true value. For the purpose of estimat-
ing the scatter, this resuli may be useful as it leads to an estimate that is on
the safe side.

VII. CONCLTUSIONS

1. The Prot method of fatigue testing gives information about the endur-
ance limit of the metal only. Consequently the method appears to be more
promising for ferrous metals with a well defined endurance limii than for
nonferrous metals where the fatigue strength at a given life must be consid-
ered. .

2. The modified Prot theory in which the exponent n (in Eq. 2) may be
different for different metals, produces better agreement with conventional
fatigue data than does the original Prot interpretation based on n = 0. 5.

3. The use of progressively increasing loads to obtain a reliable esti-
mate of the endurance limit depends upon a knowledge of the appropriate value
of n; its value may be approximately constant for a given material regardless
of the shape of the specimen. Approximate values of n may be obtained from
previous conventional fatigue data for similar metal using log N vs log (S-E)
diagrams and Eq. 4. If such daia are not available, the method presented in
Appendix A may be used which employs only the data obtained from progres- -
sively increasing loads. |

4. For ferrous metals the exponent n was found to be reasonably close
t0 0.5(0.37< n < 0.71) in all cases. For rapid estimation of the endurance
limit, n = 0.5 appears to give satisfactory results if a smooth curve is drawn

through the data. However such a procedure was unsatifactory for 755-T6 alumi-
nurm alloy.,
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5. Various levels of starting siresses that are below the endurance limit
lead to approximately the same value for the endurance limit. In general,
lower starting stresses resulted in a slightly lower value of E. This would
indicate than an influence of repeated loading at stress levels below the en-
durance.limit was present; however, the variations were relatively small
except when the metal was susceptible to coaxing.

6. - For ferrous metals that are susceptible to coaxing, the Prot proce-
dure affords an opportunity for coaxing to occur which appreciably raises the
estimated value of E as compared to the value obtained by conventional method.

7. . Endurance limits determined by progressive loading of notched speci-
mens were in close agreement with the values obtained by the conventional
(constant stress amplitude) method. This indicates that the Prot method may
be applicable to members of any shape including full-sized structures. How-
ever it is doubtful that the Prot method will give reliable results in instances
where environmental conditions such as corrosion, erosion, or elevated tem-
peraturés contribute to the initiation of fatigue cracks. The short time nature
of the test precludes the complete development of detrimental conditions that
are functions of time.

8. A method of estimating the standard deviation of the fracture siress
at @ = 0 (and hence of E) is presented. This method gives reasonable esti-
mates of the variability in the cases investigated: However due to lack of
comparable data obtained by other methods, the reiiability of this method
is not known. The extimate of variability depends upon the smallest value
of @ used in the experiments and may overestimate the statistical varia-

tion in endurance limit if this value of « is reasonably large.
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APPENDIX A

GENERAL METHOD OF LEAST SQUARES FOR A NONLINEAR FORMULA
(16)

by Masaki Sugi

The general relation between two variables, x and y is defined as

y = f(X; a, bp C) Eq, 5

where x and y are the observed variables and a, b, and ¢ are unknown con-
stants involved in the relation between x and y. It is assumed that the form
of Eq. 5 is known. The problem consists of determining values of a, b, and
c that best fit the experimental data, that is, simultaneously observed values
of x and y. The observed values of y are assumed to exhibit statistical varia-
tion, ‘

From Eq. 2 it may be observed that Eq. 5 is nonlinear with respect to
the unknown constants and is not of a form that can be modified to be linear
with respect to the unknowns a, b, and ¢ (15). However by considering small
changes of the unknown constant in Eq. 5, a new equation may be formed that is
linear with respect to the small changes of a, b, and c. This procedure con-
sists of estimating the values of the constants a, b, and c that will require cor-
rection. Let the estimated values be ags bo’ and Co Then the second approxi-
mation of the constants will be

a; =a + 8a

b =b_+ 8b  Egs. 6

1

¢ =c Sc

The corrected values of a, b, and ¢ allow computation of a corrected value of
y. From Eq. 5 the second approximation of y is

y1=f(x; a + Sa, b, + Sb, Gt Sc) Eq. 7
The value of y based on the estimated parameters is

y' = f(x; ag bo” co) ‘Eq. 8

-14-



Equation 7 may be expanded using Taylor's expansion to give
yy = £0%5 2, b , o) 5a<af = Sb(-s——-) + Sc(-2 ) + o(Sa?, 8b%,8¢%) Eq. 9

The difference, ¥, between the corrected value, Yio given by Eq. 9
and an observed value of y may be written as

Vey, -y =flxiagb,c )t 6‘3,(———) + 8 p(2] )+6(a~5)

- f(x;a, b, c)

and from ¥q. 8,

V=8 a%{;o +8b(5D + 8 cc_gg;o +y'-y) Eq. 10

where the higher orders of o a, Sb, and Oc are neglected.

A group of r samples of observations leads to r equations of the
type of Eq. 10, namely

of of )
(8 a(————-—) ¥ 3b<_§bi)o + ac(—g—go Hy' -y ) = o,

of,
% 6a€—~——) + Ob(ab ) +5cb5——) Hy'y-yo) = 112 K
(

Egs. 11

----------------------------

a% of, ot |
k 8a(~3-§90 : Bb(—;‘;b—)o + Sol—t ) Hytpy) - yrj

It should be noted that Eqs. 11 are linear in the corrections to the con-
stants, Sa, Sb, and 5c, and 5&, 5b, and dc may be found by the
method of least squares.

The condition of least squares may be obtained by minimizing the sum

of the squares of ‘Vi with respect to S a, Ob, and Sec. This condition
may be expressed as
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o 12, _
S 5_(5‘“’5‘5’!‘-'1?{_’1 ;=0

—_—

Eqs. 12

2
Lm‘a’(zﬂ )

* °
Performing the operation indicated in Eq. 12 on Eq. 11 results in the following
three equations known as the normal equations,
g f Of |
ofi ot /of @1‘ of. L
oo (35) 56 (350, (85), + 63 (81 (85 = -2 (25) (- ¥)

Q

ob

N

;'>‘+5b2(6{\ +£ﬁ2{@‘p> of) - ,.2<_§_‘€:‘>0(\/L'ﬁ \IIQ

4 535(5&1,( \Sb)\Sc7,

O/lQ/
,i—’

(89,60, ov5(38),(39), » =88] = -2 (38) (i

Solving Eq. 13 for the corrections ga, Bb, and O ¢, the corrected constants
are given by Eq. 6. Taking a, b, and ¢, thus obtained as the second approxi-
mations, successive applications of this method lead to values of 8a, Ob, and
0 c that rapidly become small compared to the constants a, b, and ¢. Thus
the successively corrected constants a, b, and c rapidly approach an optimum
value.

Application to Prot Data

According to the modified Prot theory, the relation between Sp and «
is given by

S, = E + Ko™ Eq. 2.

R

In the following it will be understood that the summation runs from i = 1 to r.
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where it will be recalled that SR is the fracture stresec, a¢ is the increase of
stress per cycle, E is the endurance limit, and K and n are constants.
In this case @ and SR correspond to the variables x, and y, and E, K,

and n to the unknown constants, a, b, and ¢ in Eq. 5. Thus

Sp = e B, K,n)=E+ Ka" Eq. 14

From Eq. 13 it will be noted that the derivatives of f( a;E, K, n) with
respect to E, K, and n evaluated at Eo’ Ko and n  are required. These
are as follows:

[ 0fy, _(Of\ _
£ cofy _ RN
1655 5 =R e . Egs. 15
of of, _ I, _ I, .
L("SE 5 ("gﬁ)o =K, o In a=2.3026 K a = logjga

Making these substitutions, the three linear equations designated as Egs.

13 become '

( | \
g P - Mo _

TOE~ 3 46K+ (23075K,5.4,"°1092) 6N = Z(S{~ )

5 oM BE+ 3 af 06K +2.3026K,5 4l Clog e Bn = - Za"(S{-S)

4 L

5 a{'° loge, 6. + X4 ¥log a DK+ 23026 K T s 1° (laga Y n =
L =S4 ™logd, (8l-s)

/

Eq)s.\é.

where the subscript R of S'Ri and SRi is omitted for convenience of nota-
tion. The solution for SE, SK, and O n in the form of determinants is
as follows:

. o




5(S,-5;) St = loga;

g / 2.7\0 r Z“O .
2o 18-S, 2o 205 \ogocL

zo(?°|0(jo¢.l_ (S:"’SL) ZO('ZLY\,‘\OSOC-‘ 2()(%'7\,‘5(\090{.02

SE=-
AN
Eq.17a
T =(8-%) = o \ogoty
e S (S St) ZOLZ-:””\OCJOLL
ZO(T”OQDH Zo{?ﬂogmi(sg—sef) ZOL%'”"(\o%oL.L)Z

pK=~-
A
Eq_:\'lb
- = Sot” C=(si-%)
LAY 2Ms Mo ;
= o sl S0 (S-S
S loga, Zai®loget; SAl%loga (S{=S)

on=~-
23026 K. A
Bq,\7c
wheve A is given by
+ =l = o logel
A= |Sale = olTe =al"*loqo,
Zot?"\ocv\oq ZOcZ-L'm’\ogo’.L Zo;?{nf‘(\ogd.l)z
Eq.17d

i




Effect of Neglecting Higher Order Terms in Eq. 4
The last term of Eq. 9, namely O{& az, sz, &) c2) may be written as

01822, 8%, 8c?)= L 8a)? (——«,-2) +16b)2 (a £y +18e >2<

(o} (¢}
+ 08 a%,61%, 8c°)

Applied to the Prot analysis

0B E? 8§k%,5 n)= L8 w) %‘”)’fz(‘gm (69—7) +2(3 )2(:99 £

Il
(o]

+ O(§E3,3K3,5 n®)

and
o't D't
) =& =0 fori= 2, 3, 4,
8E" Ok’
o o
i . n
@-fr) =K, Un o a ® fori=1, 2, 3,
anl
therefore

n
O(8E2,5K2,5n2)= Ko o o{—%zl—(Sn {n (:z)2 + ;—!(Sn In a)3 + .. }

The expected range of values of n is between 0 and 1 and the estimated
value, n, is 0.5. Therefore the correction Sn is smaller than 0. 5 often
approximately 0.1 or less. Values of o varied from approximately 10_4
to 1 (Ib/in?/cycle). If 8n <0.1and a 3 10™%, the absolute value of

the term Sn fn o is smaller than unity and the higher order terms may

be neglected Successive apprommatlons lead to very small values of Cn
and the remainder terms O(é\E (SK 0 n")approach zero.

STANDARD DEVIATION

The expa,nswn of Eq. 5 into Taylor's series considering only the
‘: linear terms of O a, ch and Jc gives

10+
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il e e 5 b

‘9%0

5}"( oa-}( )Sb+( Eq. 18

in which the partial derivatives have been evaluated at the optimum values of

a, b, and c determined previously. If the higher order terms in éa, 5b and
& c are small compared to the linear terms (7, 8 y may be considered to be
a linear function of the variables o) a, ch and & c. The general variance law
(17) for a function, 5 v, which is the sum of three linear variables aa, Sb, and

Oc may be ertten as

y af af Gb af)c‘ +2(af)( £) 0, 0 Py

+z(3f)( Bf)g 0, poe + 22DED) 6 o, aye Eq. 19

It may be shown (18) that the variance of & a,éb, and 8c are given by
2 _ a1 2. 2 _ -1 2. 2 _ -1 2
= (A Jaa 3 % =AY, 00, =7 o
and the co-variance by

oAl 2 ey B
a’ad"bpab'(A )abd O patc_(A )acc’

-1 2
% % Ppc = (& )ch

where (A—l)aa, (A-l)ab are the terms of the reciprocal matrix A_l of the
matrix /A (Eq. 17d) and given by '

%Sk
cofactor of( ) Aaa

@™, = -

etc., and
-1 cofactor of (af @g—) PANN
(N ). = =
ab A A
etc., and
2
2 =§(—Anz where m is the number of parameters.

3¢

The independent variable x in Eq. 5 enters Eq. 18 in the evaluation of
the partial derivatives only. Since the partial derivatives are evalua-
ted at specific values of x, they may be considered to be constant.

%3 2
Cofactor of (-«a—g) is the minor of this term in Eq. 17d multiplied by
the appropriate sign, (-—1)1+J.
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Application to the Prot Data
Writing Eq. 19 in terms of the Prot symbols (see Eq. 15) gives

2
2 2n 2n 2
s [AEE Y AKK q +A . a” (loge)

o
Sg A‘

: 2
2 Lt b +2AEnanloga+zAKnanloga] Eq. 20

where 0'2 is given by .
2
§1 Gr = 5'p)

r -3

s i,
o =

A is given by Eq. 17d and AEE’ AEK’ etc. are cofactors of A\.
The standard deviation of SR may be computed from Eq. 20 for any
desired value of a. For the special case of = 0, SR = E and Eq. 20 re-

duces to

P 2 &
oy = =0 =9———AEE Eq. 21

(Note in Eq. 21 that although log a=>ocas a-»0, o log a—>0 as a=>0.)

where

2
I XA 1 b2 ozizn log «
Mgy =
Zafizn log o; E:_aizn (log azi)2

A sample computation is given in Table V to illustrate the procedure.
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TABLE I

OUTLINE OF EXPERIMENTAL PROGRAM

Material

Type of Specimen Starting Stress
Aluminum Alloy Unnotched 10,000 psi
755-T6%* Unnotched 20,000 psi
R Unnotched 20,000 psi
Ingot Iron (B) Unnotched 10,000 psi
* Unnotched 10, 000 psi
Ingot Iron (A) Unnotched 30,000 psi
Unnotched 65,000 psi
SAE 2340 Steel Notched 30,000 psi
Notched 15,000 psi
Unnotched 50,000 psi
14-B-50 Steel Notched 35,000 psi
Notched 25,000 psi

* Experimental results reported in Part I (1).




TABLE II
CHEMICAL COMPOSITION, HEAT TREATMENT

AND HARDNESS OF METALS TESTED

terial Chemical Ti O h Temper |Temper IiI{arcll{nesli
Materia Comp. ime Quenc Mo op céc well
cale
B (e
755-T6 Zn 5,6 | -----m--- As received------=meemmm o 91.2
Aluminum{ Mg 2.5 (Rolled)
Alloy* Cu 1.6
Cr 0.3
Ingot .012 |1 hr. [1400 |Water 54.
Iron (B) Mn . 017
P . 005
S . 025
Ingot .012 J---mmmmme As received ~=-=----ccceonaod
Iron (A)* { Mn .017 (Hot Rolled)
P . 005
S . 025
SAE 2340 | C .40 1/2 hr.|1450 Oil 1 hr. 1200 |9¢
Steel Mn .74
P .019
S . 020
Si .28
Ni 3.48
14-B-50 C .52 10 min.{1550 QOil 1 hr. 550 51
Steel Mn .84
P .011
S . 030
Si .27
Brn. .0005,
|

* Experimental results reported in Part I (1).




TABLE III

*
TENSILE PROPERTIES OF METALS TESTED

Yield
Strength Tensile Elongation Biadiiotiing
Material 0.2% offset Strength g of e %
psi psi in 2 in.
755-T6%*
Aluminum 73,100 83,000 16 31.6
Alloy
ngot Iron 1 33 400 55,125 21.5 66. 5
(B)
el ™ | 54,000 62, 900 18 65. 6
SAE 2340
Steel 92,100 112,900 26.5 64.8
14-B-50
el 242,000 271,500 9.25 45.8

All values represent the average of at least two tests. Specimens were

0.505 in. dia. and gage length was 2 in.

3ok '
Experimental results reported in Part I (1).




COMPARISON OF ENDURANCE LIMITS OBTAINED BY THE CONVENTIONAL

TABLE IV

Experimental results reported in Part I (1).

Material Type of Endurance Starting Exponent | Endurance
Spec. Limit by Stress n Limit by
Conventional . 2 Prot method
Tes Ib/in g
1b/in [in
758-T6  |Unnotch | 25,000 at 10% | 20,000 ! [
Aluminum cycles 20,000 0.1786 20,500
Alloy* 10,000 0.5 | =e==--
10,000 0.1786 17,000
Ingot Iron |Unnotch | 23, 000 20,000 0.5 28,100
(B) 20,000 0.371 26,800
10,000 0.5 28,800
10,000 0.371 26, 800
Ingot Iron |[Unnotch | 34, 000 30,000 0.5 38, 500
(A)* 30,000 0.371 36,200
10,000 0.5 36,700
10,000 0.371 35,400
' 65,000 0.5 71,700
S onay (P ometeh § 48, 06D 65, 000 0.418 69, 500
Steel 30,000 D. 5 42,500
30,000 0.4 40,700
30,000 0.318 38,800
pratels . AR, 8O0 15. 000 0.5 39, 200
15,000 0.4 38,300
15,000 0.318 36,900
50,000 0.5 60, 000
4 Unnotch | 61,000 50,000 0.456 61, 100
14-B-50 50, 000 0. 217 68, 000
Steel 35, 000 0.50 37,500
35,000 0.55 38,400
Peoteh . } .54, 000 25. 000 0.5 37,000
25,000 0.55 38,300
*




TABLE V

SAMPLE COMPUTATION OF OPTIMUM VALUES OF E, K AND'n AND

STANDARD DEVIATION BY THE METHOD OF APPENDIX A.

DATA FOR NOTCHED 14-B-50 STEEL, o

= 35,000 psi

To evaluate Eq 17 the followmg qua,ntltles are required:

E, = 37,500; K = 70,000; n_ = 0.500
ST s, | T e
1 41,400 | 3.42612 x 1075 | -2. 4651975 | -1. 2325987 | 5. 85330 x 107~
) 42,400 | 4.41791 x 103 | -2. 3547821 | -1.1773911 | 6.64674 x 1072
3 43,900 | 5.02541 x 10”3 | -2.2988285 | -1.1494143 | 7. 08901 x 1072
4 50,000 | 4.36047 x 10”2 | -1.3604667 | -0. 6802334 | 2.08817 x 107>
. 52,900 | 4.60154 x 10”2 | -1.3370968 | -0. 6685484 | 2.14512 x 107!
6 48,750 | 4.84155 x 10°2 | -1.3150156 | -0. 6575068 | 2.20035 x 107 !
7 62,750 | 1.42747 x 10”1 | -0.8454330 | -0. 4227165 | 3.77819 x 107!
8 59,000 | 1.44578 x 107! | -0.8398078 | -0. 4199489 | 3.80234 x 107"
9 70,100 | 1.52875 x 10”1 | -0.8156635 | -0. 4078318 | 3.90992 x 107!
10 71,800 | 1.55734 x 10”1 | -0.8076165 | -0.4038083 | 3. 94632 x 10”7
11 76,900 | 3.20336 x 10" | -0.4943942 | -0. 2471971 | 5. 65982 x 107
12 84,100 | 3.21546 x 10" | -0.4927569 | -0. 2463785 | 5.67050 x 10”
13 72,400 | 3.22971 x 10”1 | -0.4908365 | -0. 2454183 | 5. 68305 x 10 £
5 4084268
%il:ln%:r Ao o SR' SR'-SR azno afno loga
1 4,097 41,597 197 34.26112 x 10™% | -14. 42954 x 16"
2 4,653 | 42,153 |- 247 44.1795 x 10”4 |-15.65152 x 1072
3 4,962 | 42,462 |-1438 50.25406 x 10"%|-16.29642 x 1072
4 14,617 | 52,117 | 2117 4.36045 x 10”2 |- 2.84089 x 107!
5 15,016 | 52,516 |- 384 4.60154 x 1072 |- 2.86823 x 107"
6 15,402 | 52,906 | 4152 4.84154 x 10”2 |- 2.89349 x 107!
7 26,447 | 63,947 | 1197 14.27472 x 1072 |- 3.10421 x 1071
8 26,616 | 64,116 | 5115 14.45779 x 1072 |- 3.19358 x 107"
9 97,369 | 64,869 | -5231 15.28747 x 1072 |- 3.18918 x 107}
10 27,624 | 65,124 | -6676 15.57344 x 1072 |- 3.18711 x 107 *
11 30,618 | 77,118 | 218 32.03356 x 10”2 |- 2.79818 x 107}
12 39,694 | 77,194 | -6906 32.15457 x 10™2 |- 2.79418 x 107}
13 39,781 | 77,281 | 4881 32.29705 % 10°2 |- 2.78945 x 1071
o ~3004 1.711691 - 3.438625




TABLE V

(Cont'd.)
e ’n on n n
Sample fe) o; 2 o) o) ;
N?ll;%er o log o o (loga) o (S'R-SR) o log a(S'RusR)
1 - 84.46043 x 10°%| 92.08212 x 1072 11.531 | - 28.426
2 -104.03225 x 10°% | 2.44973x 1072 | - 16.417 38. 660
3 ~115.52548 x 10°% | 2.65573 x 1072 | - 101.940 234. 343
4 - 5.93226x 10°2 | 8.07066 x 10”2 442.060 | - 601.416
5 - 6.15270x 1072 | 8.22674x 1072 | - 82.373 111. 140
6 - 6.33669x 1072 | 8.37228 x 10”2 913.585 | -1201. 377
7 - 12.06833 x 1072 | 10.20298 x 10”2 452.249 | - 382.347
8 - 12.14308 x 1072 | 10.19895 x 10”2 1945.277 | -1633. 836
9 - 12.46944 x 1072 | 10.17087 x 10°2 | -2045.279 | 1668. 260
10 - 12.57736 x 1072 | 10.15767 x 10°2 | -2634.563 | 2127.715
11 - 15.83720 x 10"2 | 7.82981 x 10™2 123.384 | - 61.000
12 - 15.84440 x 102 7.80744 x 10~ 2 3196. 047 1929. 661
13 - 15.85258 x 102 | 7.78103 x 10”2 2773.897 | -1361.531
s - 1.182842 0. 960060 -2134. 630 838. 846
The numerators of Eq. 17a, b, and ¢ become
- 3004, 4.084268 - 3.438625
A= | - 2134630 1.711691 - 1.182842 | = - 160. 877
+ 838.846 - 1.182842 "+ 0.960060
13 - 3004 - 3.438625
A - 4. 084268 - 2134. 630 - 1.182842 | = - 722. 973
- 3.438625 + 838,846 + 0. 960060
13 4.084268 - 3004,
a = 4. 084268 1. 711691 - 2134.630 | = - 1340. 466
- 3.438625 - 1.182842 + 838.846
and
13 4,084268 - 3.438625
A - 4.084268 1.711691 - 1.182842 | = 0.144764
- 3.438625 - 1.182842 + 0. 960060 :




o

. For 14-B-50 steel, unnotched specimens, the standard deviation at «

TABLE V
(Cont'd.)

From Eqgs. 17, OE, OK, and Sn become

A
SE =-+-—E_1111.31
A
A
K
-—E . 4904.15
A
Dy
n = =37309¢8 K &

K

= 0.05745

Therefore from Eq. 6, El’ Kl’ and 'nl become

E1 = E0 +OE = 38,611.31; K4 KO+ 8K = 74,994.15

ny =n_ +0n = 0.55745
Successive applications of this method give
E2 = 38, 315.72; E3 = 38,330
K2 =175,012.08; K3 = 75,138
ng = 0.5508237; ng = 0.55149

From Eq. 21, for the standard deviation of SR at = 0, the following are re-

quired:
2
ST (S,-S',)
Ao SRR 189,113,175 _ 15 g1y 349
r-3 10
AEE i} 1.459245 - 0.981910 | _ o yssgs40
-0.981910 0.766014
-4\ = 0.120650 (after correction)
A

2 2 2 “EE
O “ = = ¢ = 24, 084, 680
e R &

and the standard deviation is

o =1 4,908 Ib/in’

0

was found to be

o = 3,730 1b/in’
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Tensile Stress, in 1,000 psi.
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