


SUMMARY

Fatigue crack propagation is treated as a succession of fatigue crack

initiation events. The cyclic stress and strain experienced by each element
‘ahead of the crack tip is computed by means of an elastic-plastic analysis of
the crack tip region. The attendant cumulative fatigue damage is computed

in terms of low cycle fatigue properties of the metal. This permits a corre-
lation to be made between the fatigue crack propagation resistance of a metal
and its resistance to fatigue as measured on smooth specimens.

Over a limited range, a log-log plot of the fatigue crack propagation
rate, da/dN, versus the stress intemsity range, AK, is usually found to be
nearly linear and may be written in the form: da/dN = AGKP. 1t is found
in this investigation that the coefficient, A, and the exponent, p, depend
upon the types of assumptions used in the analysis to deal with the stress-
strain singularity at the notch tip. If the crack tip radius is assumed to
be blunted to the value of the crack opening displacement, p is found to be
equal to two and A is only a function of the low cycle fatigue properties of
the material. If the additional assumption is made that each metal has a
microstructure size, p*, below which continuum mechanics solutions are not
applicable, the coefficient A is found to be a function of AK. This causes
a significant deviation from the log-log linear relationship usually assumed
to exist between da/dN and AK. The analysis indicates that at small values
of AK the crack propagation rate rapidly decreases until it approaches zero
at a "threshold" value of AK,

Fatigue crack propagation data for eight steels from Barsom's work are
compared with predictions from the analysis using low cycle fatigue properties
and values of p* based on Gurland's study of the dimension of the micro-
structural elements responsible for strengthening in steels. In all cases the

estimate of da/dN was within a factor of two of the measured values,
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LIST OF SYMBOLS

a Semi-crack length

b, ¢ Fatigue strength and ductility exponents

c' Modified fatigue ductility exponent

n, n' Strain hardening exponent, Cyclic value

P Fatigue crack propagation exponent

X, V¥ Coordinates along and normal to crack length

A Fatigue crack propagation coefficient

coD Crack opening displacement at maximum load

E, G Young's modulus and shear modulus

KIc Plane strain critical stress intensity factor
N, Nf, Nt Cycles, Cycles to failure, Transition fatigue life
RP Reversed plastic zone size

A Mean free path as defined by Gurland

P Effective crack tip radius

p*  Microstructure size related to A

O, € Normal stress and normal strain.

0%, a% Fatigue strength and ductility coefficients

Oy Monotonic yield strength

G;, e; Cyclic uniaxial yield strength and yield strain
T, Y Shear stress and shear strain

Ty Yo Shear yield strength and yield strain

AK Stress intensity factor range (defined as ASVTa )
AKth Threshold stress intensity factor range

AS Nominal stress range

Aep, Aeé Plastic strain range and elastic strain range
Ao, Ae Normal stress range and normal strain range

AT, Ay Shear stress range and shear strain range



INTRODUCTION

The problem of plane strain fatigue crack propagation has been the.
subject of exfensive study over the last decade. In 1961 Paris, Gomez
and Anderson (1) suggested a correlation between the fatigue crack propaga-
tion rate and the range of the applied stress intensity factor. Experimental
results are now generally presented in a form similar to Fig. 1 which is a
schematic log-log plot of the crack propagation rate, da/dN, asia function
of the stress intensity factor range, AK, (defined as AS Yma ). Most
metals -appear to exhibit a "threshold" value of AK, below which fatigue
cracks do not measurably propégate; Above. the threshold value there is.
usually an intermediate range of AK over which da/dN is nearly linearly
related to AK on a log-log basis, At higher ranges, the crack propagation
rate increases rapidly as the maximum stress intensity approaches the critical
value of. K. . The crack propagation rate in the.intérmediate zone is related

Ic

to the range of stress intensity by the following equation:

da _ P
o = AGK) (1)

where A and p are experimentally determined constants.

A variety of tests (2-6) have shown that for most metals the exponent
P in Eq.(1)usually varies between two and four, though values as large as
eight have occasionally been reported. This makes Eq. (1) dimensionally
cumbersome. Depending on the value of the exponent, p, the constant, A,
will have different dimensioné,

Using continuum mechanics variables in a dimensional analysis, Liu (7)
has shown, that the exponent p in Eq. (1) should be two. The experimentally

observed deviation of p from two can be accommodated within the framework



of continuum mechanics by permitting the coefficient, A, in Eq. (1) to be
a function of AK, This requires the introduction of a '"length parameter"
which may be regarded as a measure of the microstructural dimension in the
metal below which usual continuum mechanics does not apply. In this paper
a dimensionally compatible relationship is proposed between AK and da/dN
which has been derived by analyzing a simple fatigue crack propagation
model similar to that proposed by Liu and Iino (8).

There are practical as well as theoretical reasons for attempting to
relate fatigue crack propagation to other material properties via the analysis
of a model such és used here, A significant problem facing materials engi-
neers is the selection of materials to resist fatigue crack propagation at
intermediate and low stresses. Few guidelines are currently available for
choosing the most crack resistant metal from a group of candidates short of
conducting fatigue crack propagation tests. From this péint of view, it
would be desirable to relate A and p in Eq.(l) to other known mechanical

properties of metals.

Review of Fatigue Crack Propagation Models

Several investigators have attempted to correlate fatigue crack propa-
gation with other mechanical properties. For example, Tomkins (9) has ana-
lyzed fatigue crack propagation using the plastic cohesive stress approach
of Dugdale (10) and concluded that fatigue crack growth rate is basically
dependent upon the cyclic stress-strain characteristics of materials,
Hickerson and Hertzberg (11) have considered the correlation of fatigue crack
growth resistance of materials with other mechanical properties and found the
cyclic strain hardening exponent, cyclic yield strength, and elastic modulus

‘to be important parameters.



A number of continuum mechanics models of fatigue crack propagation
have been analyzed in the past. For example, McClintock (12) proposed a
fatigue crack propagation model on the basis that fracture at the crack tip
occurs whenever the accumulated average plastic strain reaches a critical
value in a small sector of material just ahead of the crack tip. The radius
of the sector which McClintock called the structure size, was interpreted
as the smallest region to which a macroscopic fracture criterion can be
applied (he used a value of 2 x 10_4 in.). From his damage analysis,
McClintock concluded that the crack propagation rate is proportional to the
square of the plastic zone size.

Rice (13) has considered fatigue crack growth based on the plasticity
model of slip ahead of the crack, Tracing the deformation history of a
particular point after it is encompassed by the plastic zone until the crack
tip advances to the point, separation was assumed to occur when the total
absorbed hysteresis energy equalled a postulated critical value per unit
area, He obtained a relation similar to Eq. (1) with p = 4 but his model
does not provide a direct interpretation of the physical meaning of the
critical hysteresis energy.

Using Neuber's rule (14), Weiss (15) derived a crack propagation law
under the assumption that the incremental growth per cycle is equal to the
distance over which the strain ahead of the crack tip exceeds some critical
value. The analysis of Weiss included a microstructure length constant , p¥
as introduced by Neuber to analyze the fatigue behavior of sharp notches.

Liu and Iino (8) proposed a model in which it is assumed that the
points ahead of the crack tip constitute a set of uniaxial fatigue specimens.
The propagation of a fatigue crack is assumed to be due to the successive

fatigue failure of each of these imaginary specimens. By postulating equal



crack advance per cycle and experimentally measuring the plastic zone size
and the strain distribution ahead of the crack tip, they derived an equation
similar to Eq. (1) with p = 2.

Fleck and Anderson (16) have analyzed a model similar to that used by
Liu and Iino (8). They used Rice's (13) discrete surface of slip or tensile
yielding analysis (for a pérfectly plastic material) to estimate the plastic
zone size ahead of the crack tip., It was postulated that a fatigue element
fails when the crack has progressed half way through the element. By suitably
choosing the uniaxial material properties and the element size, Fleck and
Anderson (17) obtained correlation between experimental data and their anal-

ysis for various metals.

Scope

The present paper adopts Liu's model, but instead of experimentally
determining the plastic zone size and the strain distribution ahead of the
crack, the analytical results obtained by Rice (18) are employed. In its
simplest form, the analysis results in the exponent, p, of Eq. (1) being equal
to two. The coefficient, A, can be calculated from the usual cyclic stress-
strain and fatigue properties of uniaxial specimens of a given metal.
Further, by introducing a microstructure size, p%*, into the analysis it is
shown that a nonlinear relationship between log AK and log da/dN may be
obtained which quantitatively agrees with the trends in experimental data.
The nonlinearity is achieved by keeping the power, p, equal to two while
the coefficient, A, becomes a function of AK. Thus, the dimensionality of

Eq. (1) is maintained.



DESCRIPTION OF THE FATIGUE CRACK PROPAGATION MODEL

Figure 2 shows the model to be analyzed and a schematic representation
of the stress and strain history experienced by an element ahead of a pro-
pagating crack in a plate subjected to repeated tension so that AK is constant.
Figure 3a depicts an essentially undamaged element ab at the reversed
plastic zone boundéry. Figure 3b shows the same element with the crack at
a distance x from it. The damage experienced by element ab in one cycle
at this location will be the same as experienced by element cd in Fig. 3a
(assuming AK is constant). Thus, the cumulative damage required to cause
fatigue failure of an element is equivalent to the sum of the damage experi-
enced during one cycle by each element lying within the reversed plastic zone.
Let Nf(x) be the fatigue life of a specimen of the material subjected to
constant cyclic strain equal to that which is present at a distance x from
the crack tip. Using linear fatigue damage summation, failure of the element

will occur when

Assuming that AK is constant the crack advances in each cycle a con-
stant amount, Ax = da/dN. Mulitplying the left side of Eq.(2) by da/dN and

the right side by Ax and approximating the sum by an integral:

R
P

da _ 1
dN N_.(x)

Approximating the sum by an integral is equivalent to approximating the area

under the step-like curve by the area under the smooth dotted curve in Fig. 3c.



MECHANICS AND FATIGUE

ANALYSIS OF THE CRACK TIP REGION

Rice (13, 18) considered a stationary crack loaded in antiplane shear
(mode III) under small scale yielding in a material with the following shear

stress~strain law:

T = Gy for vy f-Yo’ T<T

(4)

-
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T, (/) for v > v, T2

Assuming that the plastic strain components at each point within the
plastic zone remain proportional to each other, Rice derived the following

expressions for cyclic stress and strain ranges:

2 . n

AKIII 1+n
At = 2TO . 5

4(1+n) 7 T, X
(5)
9 1

AKIII 1+ n

Ay = Zyo

4(1L +n) w Ti X

A similar analysis for tensile loading (mode I) is not available.

McClintock (12) has discussed the analogy between mode III and mode I
for the case where displacements parallel to the crack are small compared to
those normal to the crack surface, In the present study the above analogy
will be used to approximate the stress and strain ranges ahead of a tensile

crack in a material obeying the following cyclic stress-strain law:
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In terms of the product of stress and strain range, Eq. (5) reduces to

2
AK 7)

A Ae = (L+n'") " Ex

The reversed plastic zone size, Rp, and the crack opening displacement

at maximum load, COD, are given by the following:

2
R = 1 AK ; (8)
P 4 +n") 7o
y
2 ¢! AK2
COD = ——=&- 9)
12
T O
y

Even though the above equations are derived for a. stationary crack,
they will be assumed to hold for a propagating crack. The use of the fully
stabilized cyclic stress-strain law may be justified, provided the crack
propagation rate is slow enough that each point within the plastic zone
spends sufficient number of cycles at each strain range to attain stable
stress—-strain behavior.

In order to compute the fatigue life of an element ahead of the crack
tip subjected to a known stresé—étrain range, the following power functions
will be used:

‘Ao -

il

. b
20} (2Np) (10a)

Ae = 2¢ (2Nf)°‘ (10b)

|
f
Note that in Eq. (10b) the fatigue life has been assumed to be related

to the total strain range by a power function, In most materials, however,



the total strain range is related to the fatigue life by the following
equation (Fig. 4):
A ¢ 2% b
Ae = Asp + Aee = 28% (2Nf) +-—E— (ZNf)  (11a)

Equation (lla), in general, cannot be solved for the fatigue life
explicitly and consequently a numerical method has to be adopted. On the
other hand a closed form solution to the present problem may be obtained if
the following approximations are made. The majority of the damage experienced
by a fatigue element ahead of the crack occurs well inside the reversed
plastic zonme (17) where the plastic strain range is much larger than the
elastic strain range. Consequently, in the low cyCle (high strain) regime
of fatigue, the fatigue life for a given strain range will lie between the
following two power functions with slightly different exponents, c and c',

as defined in Fig. 4:

de = b = 2¢} (ZNf)c (11b)

The exponent c is the usual fatigue ductility exponent or the slope
of the log Aep versus log 2Nf plot., A straight line on thé log~log plot
connecting the intercept at one reversal (the fatigue ductility coefficient,
s%) and the strain range at the transition fatigue life will have a slope of
c'.

Note that Eq.(11lb) always underestimates and Eq.(llc) always overestimates
the fatigue life in the relevant range of the curve in Fig. 4. Thus the crack
propagation analysis based on Eqs. (11lb) and (llc) should bracket the results

that would be obtained if the unabridged Eq. (lla) were used to compute

fatigue lives.



Multiplying Eqs. (10a) and (10b) and equating the result to Eq. @D)
gives the damage sustained in one cycle by an element at a distance x

from the erack tip,

1 1
%' =2 4(1 ﬁKi')'ﬂ E o' ¢! o () o (12)
£ f °f

A disturbing aspect of Eq. (12) is that the integral in Eq. (3) is
divergent for usual values of b and c. This singularity can be avoided
by introducing crack tip blunting. At any instanttthe crack tip will have
a finite radius that is approximately equal to half of the crack opening
displacement., To treat this problem rigorously, a full nonlinear analysis
is needed which unfortunately is not available. In the absence of such an
analysis Rice's results are modified by translating the origin of the axes
into the crack a distance of C€OD/2. In other words, x in Eq. (12) is
replaced by x + COD/2, Substituting the modified form of Eq. (12) into

Eq, (3) and using Egs. (8) and (9) gives:

[ g!' -1 bt+c+1] 9

~2(b+ b T b+ ' AK

?(11'1% - iiﬁ?ﬁ? 4(L + Z{') o7 &t €01 - [4L+ n')el] %y (13)
L Br T 092

Since all terms in Eq. (13) except da/dN and AK are constants for
a given metal, it may be written in a form similar to Eq. 1 with p = 2 as
follows:
da

2
il ACAR) (13a)

The coefficient A, is a function of the cyclic stress-strain and fatigue
properties of the metal., In the derivation of Eq. (13), 0;, e; and n' have
been used to characterize the cyclic deformation resistance and 0%, e%, b

and c¢, the fatigue resistance of the metal.
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INFLUENCE OF MATERIAL PROPERTIES ON THE COEFFICIENT OF EQ.(13)

Equation (13) requires the exponent of AK din Eq. (1) to be two and
the coefficient A is expressed as a function of the cyclic stress-strain
and fatigue properties of materials. For any fixed AK, the A's are pro-
portional to the rate of fatigue crack propagation for different metals.

Thus the quantitative influence of these properties on fatigue crack propa-
gation resistance may be evaluated by calculating their effect on the
coefficient A.

For making such an evaluation, reference values for e%, 0%, o;, n',
b, ¢ and E shown in Fig. 5 were chosen and each property in turn was varied
keeping the others fixed.®

The effects of the various properties on the coefficient A are shown
in dimensionless form in Fig. 5. Though the variation in one material property
without accompanying variation in the others is highly unrealistic, these
plots still serve to indicate how sensitive'the coefficient’ A is to small -
changes in material properties. This helps separate those properties that
need to be known accurately from those that need not be.

It is seen in Fig. 5 that the coefficient A 1is more sensitive to
relative changes in fatigue strength coefficient (0%), fatigue ductility
' and ¢) and elastic modulus (E) than to

f

changes in other material properties. These four properties, therefore, have

coefficient and exponent (e

to be known more accurately than the rest for proper evaluation of fatigue
crack resistance.

It is interesting to note that according to the present analysis, the
cyclic yield strength (0;) and the cyclic strain hardening exponent (n')
appear to be of relatively minor importance in determining fatigue crack

propagation resistance,

- —
" The reference values in Fig. 5 were chosen to be representative of a
slightly hardened structural steel.
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EFFECT OF MICROSTRUCTURE SIZE

A microstructure size, p*, may be incorporated in the analysis as follows.

Assume there is a distance p* ahead of thé crack tip that is a function of

the microstructure of the material within which the usual coﬁtinuum mechanics
approach is not meaningful. In other words, continuum analysis and bulk

fatigue properties are applicable only from a distance p* ahead of the crack
tip, and Eq.(3) should be modified by changing the lower limit of the integral
from O to p*. The results will then be applicable provided the reversed

plastic zone size Rp is large compared to p*. Incorporating these modifi-

cations into the analysis Eq. (13) dis altered as follows:

-1 ) b+c+l _ btctl 9
) ' ) ‘ '
da_ 220t0) |y el sz P e VS

~dN btct+l |4(1+n")ocle! COD ’ y (2

f°f T O

y

The condition RP >> p* dmplies
| 1/2 ] of

AK >> 2(1 + n") cyﬁrpk (15)

Notice tﬁat for large enough load levels, COD will be large compared to p*
and Eq. (14) becomes the same as Eq. (13). For small loads where COD is

of the order of p%, Eq. (14) will give significant reduction in da/dN from
Eq. (13). Thus, in general, the log da/dN versus log AK plot will be
nonlinear and will asymptotically approach the linear relationship of Eq. (13)
for large values of AK. At small AK's the plastic zomne size will approach
the value of p* which, according to this analysis, will arrest crack

growth., Thus, the limiting value of AK from Eq. (15) may be regarded as

an estimate of the threshold value, AKth.
Figure 6 contains plots of AK versus da/dN for a typical steel

(same properties as used as reference in Fig. 5) and for various values of



12

p*, It may be observed that the effect of p#* is significant at low values
of AK and tends to be less significant at higher values of AK. Thé fatigue
crack growth resistance of any metal may then be thought of as consisting of
two parts. Firstly, the fatigue crack growth resistance is controlled by

the bulk low cycle fatigue properties and is given by Eq. (13). Secondly,

an increase in resistance beyond that predicted by Eq.(13) is achieved by
introducing the microstructure size, p*. It is the latter effect that makes
it necessary to select an exponent p of Eq. (1) that is greater than two

in order to fit the power function to experimental data over a limited range
of AK.

The physical interpretation of the microstructure size, p%*, is not
clear. Some possibilities would include the distance between slip bands,
grain size, carbide spacing, mean free ferrite path, and so on.

The effects of size or scale of the microstructure on the yield strength
of steels have been studied in some detail. Recently, Gurland (19) has shown
that in many steels of various microstructures, the yield strength can be
expressed as a function of a microstructural parameter, A, in a form similar

to the Hall~-Petch equation, i.e.:

6 =0 +k "1/2 (16)
00 = Friction stress Grain size in low carbon mild steels
k.y = Constant A =XMean free path between cementite par-

ticles for spheroidic and tempered steels

Mean cell diameter in deformed pearlitic
(steels

When A is interpreted as above, data for a variety of steels correlate
well with a single Hall-Petch equation. For the purposes of the present

paper p* for steels will be approximated by A.
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COMPARISON OF EQ. (1l4) WITH BARSOM'S DATA ON STEEL

Published crack propagation data are seldom accompanied by cyclic
or low cycle fatigue properties of the metals studied. To compare crack
propagation data from the literature with Eq. (14), therefore requires
that the appropriate mechanical properties first be estimated. Barsom's
data (6) on fatigue crack propagation in steels were chosen for comparison
with Eq. (14). The fatigue strength and ductility coefficients were approx-
imated from the reported values of ultimate tensile stiength and true frac-
ture ductility (20). The fatigue ductility exponent, ¢, was approximated
as =-0.60 for the four soft steels and as -0.65 for the harder steels.
The various properties assumed for computation are shown in Table I.

As mentioned before, p* has been approximated by A as given in
Eq. (16). Gurland's (19) reported values for o = 10.5 ksi and k= 0.564
ksi vin were used in Eq. (16).

~ Figures 7 through 14 show the predicted values of crack propagation

rate according to Eq. (14) together with Barsom's test data. The predicted
values have been based on two values of ¢ in Eq. (10b) as discussed earlier.
For all practical purposes, Barsom's test data fall within the band of pre-
dicted values in all cases. Notice that the value of p* for the high
yield steels are on the average a factor of ten smaller than those for the
low yield steels. Over the range of AK investigated by Barsom for the
high yield strength steels, the effect of p* is small. On the other hand,
for the low yield strength steels the introduction of p* gives excellent
correlation with both the magnitude of the crack propagation rate and the

slope of the log AK -~ log da/dN plots.
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CONCLUDING REMARKS

Ignoring the effect of microstructure size, Eq. (13) gives the maximum
potential rate of fatigue crack propagation for any given range of stress
intensity factor, and the slope of the log AK - log da/dN plot is two. This
maximum potential fatigue crack propagation rate is controlled by the bulk
mechanical properties of the metal, particulgrly the fatigue ductility
coefficient and exponent, the fatigue strength coefficient, and the elastic
modulus. For this kind of fatigue crack resistance the yield strength is
theoretically of little importance (Fig. 5).

By introducing a microstructure size into the analysis the crack propa-
gation rate for any given stress intensity factor range is reduced, especially
at intermediate to low values of stress intensity factor. The increase in
fatigue crack propagation resistance is larger the larger the microstructure
size (Fig. 6). In steels, a Hall-Petch type equation may be used for com-
puting the relevant microstructure size from the yield strength. Since the
microstructure size varies inversely as thé yield strength, this kind of

fatigue crack propagation resistance is indirectly dependent on the yield

strength of steels,
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Fig. | DEFINITION OF TERMS AND TYPICAL
CRACK PROPAGATION DATA
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Figg. 3 TYPICAL DAMAGE HISTORY OF AN ELEMENT
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