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ABSTRACT

Asymptotic results are obtained for an initial-value problem for
singularly perturbed systems. Existence of bounded solutions to singularly
perturbed systems is deduced from the results of a previous paper 197.
These results significantly enlarge the class of limiting asymptotic
solutions of singularly perturbed systems in-as-much as the limiting
solutions satisfy equations more general than the classical reduced system.,
These results generalize those of Tikhonov [3] for the initial value problem,
Flatto and Levinson [6] for the existence of periodic solutions and Hale and

Seifert [7] for the existence of almost-periodic solutions.



1. Introduction

Systems of ordinary differential equations of the form

dx o
dT f (T3 X3 yS &)

]

. dy
&ar

g (7, % V,&) (1.1 a,b)

where x, y are real vectors or arbitrary but finite dimensionality and &,

. . « [1
is a real, positive parameter, are said to be singularly perturbed* (1],

[2].

If we formally put € =0 in (1. 1), we obtain the lower-order system,

the Reduced or Degenerate System:

dx _ _
T I(r, x, y, 0)

0 = g(r x, v, 0). (1.2 a,b)

The standard results of singular perturbations theory are concerned
with establishing the relation between solutions of (1. 1) and (1. 2). For
the initial valve problem, the classical theorem of Tikhonov [ 3]
established the convergence as £=9 0, of solutions of (1. 1) to those of
(1. 2) over finite intervals in 7 . This result was used to develop
asymptotic expansion in powers of € by Vasileva [4], and extended to

infinite intervals by Hoppensteadt [5]. The existence of periodic and

*More general singularly perturbed systems have been considered in the

literature, but this paper is restricted to systems of the form (1. 1).




almost periodic solutions to (1. 1) when (1. 2) possesses such solutions has
been established by Flatto and Levinson [ 6] and Hale and Seifert [7]
respectively.

In all of this work it becomes necessary to consider a related equation,

the Boundary layer Equation:

dz

e g (1, %,2,0) (1.3)

in which 7 and x are treated as parameters. If the equation (1. 2b) is
solved for y toobtain y = ¢ (7, x) we see that z = ¢ (7, x) defines a
constant solution of (1. 3) in terms of parameters 7 and x and it is
customary to make assumptions about this solution and its behavior when
the parameters 7 and x are varied.

The results mentioned above may be made more clear by means of
the following heuristic explanation. Equation (1. 1) shows that the y-vector
varies much more rapidly than the x-vector. The variation of y is
approximated by the boundary layer equation (1.3). If the solution ¢ (1, x)
of this equation is assumed asymptotically stable, it follows that nearby
solutions of (1.3) approach ¢ as t 3 0. Therefore, under suitable conditions,
for small g the behavior of x may be obtained by replacingy by ¢ in (1. 2a).
The assumptions on the stability of ¢ and on its dependence on 7 and x are
crucial in obtaining these results.

The primary result of this paper is to show that it is possible for
solutions of (1. 1) to approach asymptotic limits different from the solutions
of (1.2). This happens when (1. 3) possesses a nonconstant solution

¢ (t, 7, x) that is bounded in a sense to be made precise later.



In this case we show that the equation satisfied by the limiting
solution is obtained by substituting ¢ (t, 7, x ) for y in equation (1. 1a)
and then averaging over t. The precise definition of this average is given
in section 2. In addition to assumptions of a stability nature, it turns out
to be necessary to make some crucial assumptions about the average of f.

In case ¢ is a constant solution of (1. 3), the averaging process becomes
trivial and we are left with the equation (1. 2a) for x in the limit. We thus
recover earlier results as special cases of our result. Pontryagin [8]
has obtained a result for the initial value problem following somewhat
similar analysis for the more restricted case where f and g in (1.1)
are independent of 7 and ¢ is periodic in t.

In section 4 we show that an earlier result [9] leads to the existence
of bounded solutions to (1.1). This represents a generalization of [7] in
the same sense as above, i.e. the asymptotic limits of the bounded
solutions of (1. 1) belong to a larger class than in [7] and the equations

they satisfy are obtained by an averaging procedure.

2. Formulation of the Initial Value Problem

Consider the singularly perturbed real differential system:

dx

——':f(Tg X, ,8) X 0):X s

dr y ( c 2. 1)
6ﬂ=g(7xye) y(0) =y

d’T b 2 bl Os

in which x and f are n-vectors, y and g are m-vectors and &



is a positive number. Furthermore, f is a once continuously differentiable,
. . . n
and g, a twice continuously differentiable mapping from S 1 to R™ and

R™ respectively, S 1 being the set:

81= %(T,X,y,g)i 0< 1< L, xegl,yég,
0se< e |
o}

£

where /@1 X T 9 is a bounded domain in R" x Rm, containing the
origin. Further restrictions are imposed on f and g through assumptions
detailed below.

The equation

<>

d

|

A
= g(1 x,v,0) (2.2)

[oN
—t

in which 7 and x are regarded as parameters, is called the Boundary

Layer Equation.

Hypothesis H1:

Equation (2. 2) has a solution y = ¢ (t, 7, x) that is contained within

,@ 2

¢
(;’32 for (¢, 7, x) € S, = ZtZO, 0<7< L, x € gij The

partial derivatives o¢: and ¢ are also bounded on S,.
oT ox 2

Hypothesis H2:

The limits

t+ T

£ (1% = lim }—Fj £(r, % ¢ (s,7,%), 0) ds
T t



t + T
of _ lim 1 g_@_f_
(5,7_‘) (Ta X) = T 0 T‘ or (T9 Xy ¢ (S: Ty X): O) ds
0 t
(2. 3)
t+ T
(ﬁ> (r,x) = lim &) X (5%, (s, nx), 0)ds
X T ox
0 T » t

exist uniformly over S, = {(Ts x) 0 <7< L, x€ 91} and are

independent of t. Thus

We strengthen these hypotheses somewhat by assuming that there exists an

M > 0 such that

(t + T t+ T
\ _ of  of
} [f fO]ds\ + { [ 57 S—T—O] ds| +

t+T

of afol
Ht ox x4 S| =M (2.4)

for (¢, 7, x) & S2 . and all T> 0.

The equation

$o-t () (2.5)



is called the Averaged Equation. The general solution of (2,5) is denoted

by &(7,x), satisfying £(0, x_) =x_.

Hypothesis H3:

If X e F10 the solution (T, Xo) stays inside ‘gll for0< 7 < L.

Define the matrix C(t, £ ) by

Cre ) =58 (nt(nx) ¢k o 7 &(n x)), 0)-

(2.6)
We note that C depends on X
Hypothesis H 4:
The linear equation
dy -1
35 = € C(r, ¢ ) X (2.7)

has a fundamental matrix ¥ (7, € ) satisfying the inequality,

I@(T, 3 )ilf"l (s, ¢ )}_< klexp[-a“1 (1 -8)]

fo 73, (2. 8)

where kl and @, are positive numbers independent of £ and X,

Then we have the following result:
Theorem 1:
Under the hypotheses H1 - H4, there exist positive numbers «

and ¢*, such that if




y

s - (0,0, x)| g « @9

and 0< € < £ *, the solution x (7, & ), y(7, &£ ) of the Initial Value
Problem (2. 1) exists for 0 < 7 < L. Furthermore, we have:
Qim \X(T, £ )~ &m, XO), =0 Qim\y(T, e ) -
E—0 e+0
(2. 10)

¢(1/e. » T, & (T, XO))\ =0 .

The first limit in (2. 10) is uniform over 0 < 7 < L and the second,

over 7. < 7 < L forany t, > O.

1 1
Remark: If the solution d&(t, 7, x) is independent of t, i.e., ¢ isa
constant solution of the Boundary Layer Equation, a reference to (2.3) shows

that

fo (o x ) = (1, x, &(7, %), 0) (2. 11)

As a result, the averaged system (2.5) is just (1. 2a) of the reduced system
with ¢(7, x) substituted for y. The problem therefore reduces to Tikhonov's
problem when ¢ is a constant solution of (2. 2).

The proof of Theorem 1 is given in the next section. The major steps
in the proof are as follows:

(i) We use a transformation from (x, y) to new variables z, b
such that the equations in the new variables have a nonlinear part satisfying
some well -defined bounds. Equation (2. 4) of Hypothesis H2 is crucial in
obtaining these bounds. This transformation is based on a transformation due
originally to Krylov and Bogoliubov that is basic in results employing

averaging ([ 10 ], [ 11 ]).



(ii) We show that, provided the solution of the z - ¢ system enters

a sufficiently small neighborhood of the origin at a time 7, > 0, the

1
solution stays within an arbitrarily small neighborhood of the origin for

sufficiently small E; for 7. € 7 < L. This is done using hypothesis

1
H4 and the bounds on the nonlinear parts obtained in (i).
(iii) We show, finally, that the solution of the z -3 system does

indeed enter an arbitrarily small neighborhood of the origin at a time Ty

that shrinks to zero with € . This step again depends heavily on
hypothesis H4.

3. Proof of Theorem 1

Define w(t, 7, X, € ) by

_i(

t
wie, %t ) =Je - E T 5 %, o, T, %),0) -
O

£ (7, %) ds. 3. 1)

ow Ow

Then from hypothesis H2, it can be shown that 57 %

and w are

bounded with a bound independent of € on S 4 = {(t, T, X, £ ):
t € [0, ), 7€ [o,L],x € él,O <t g Eo } . (See, for example,

[ 11 ]). Furthermore, w satisfies the partial differential equation

= = -~ &t¢w + f(T, X, Cb(t, T, X): D) - fO (T’ X)'

(3. 2)

x = &+ € w(t/g , nE,E ),



y = d(1k,5E) + 9. (3. 3)

Substituting in (2. 1) and observing that for sufficiently small & ,
0<e < 62 <€, thematrix [I + & g‘g ] has an inverse of the form
[I+ &W(r, & € ) ]where the matrix W is bounded, we obtain the

equations in the new variables:

dg _ £ (7 8) +/f\(7, €, 9. &) £0) = x_

-1
E= e BnE b)) WO =y =y, - Ho0x),

(3. 4)

where

A
f(rn&d,e ) = [T+ & W(TLEE ) (& +
ew(r/e, 6,8 ), N1/ »TE) + P, € )

g, H1/g 5 T,£),0) + £ (7€) 3.5)
ow, .
_EW(T/E 3 T gse )} - fO (T,g),

BrEad 6 ) = gt e Wik, nEE ), bk, T ) +

Y, &)

g (T,és 4)(7/6 s Ty 6)» 0) - € _g—% (T/e s Ts g)

"6-8—43(7'/ T, £) f(g_;_?g 6
o (Ve T g) [ (1 E) + K gy, £)]. (3.6)
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Introduce another transformation through
£ = 4rx) +z (3.7)

Then substituting in (3. 4) and simplifying, we have

a‘if = W7 7,0, e ) 2(0) = 0

Feelcmenw + kmnp ) 90 = 9,

(3. 8)

where,

h(T’ z, l/):e- ) = fO(T’ é‘(T, XO) + Z) - fo('T, g(T,XO)) +
A
f(r e(nx)) + 2z, 9, &), (3.9)

A
kKrz9,e ) = gni(nx) + z9,6 ) - Cr, & ).
This may be written in the following form:

dz _ . “
-_— = A('T)Z + B(T 7&)1,[) + h(T,Z,Z,[), 3 )

d
i (3. 10)

Yo elomew+ e Knmp e )

where,

A1) = 520 (T, £(r,x))
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B &) =gy (RE(x) ATh, 7, 8T %) )s 0)

and N(r,2,9,& ) = h(r,z,,& ) -Az - By (3.11)
The smoothness and boundedness properties of the functions occuring
in (3. 10) are crucial for the subsequent analysis. In order to state these

precisely, we define the set

SS = {(T:ngbsa ): 0 L 7K L, ZGRH, l/)éRnl,

[zl + |y < v, 0< € < ¢ o (3.12)

v, > 0 is such that

lzl+ W € v, = &y € 51 x ’?2 (3.13)

on tracing through the transformations (3. 3) and (3. 7).

Then it is seen that ﬁ, k as well as their partial derivatives with
respect to z and P tendto zero as ( |z\+ |9l + € )==0, uniformly in
7. Infact, a close examination of the Taylor expansions of Xﬁ and k shows

that there exist positive constants A, 1 and oy such that

A
Ih(r,0,0,6 )] < re  |k(70,0,€) < e

A N
herzy 980 = Bnzg vy el < (e 4 uyw)

[ \zl —Zz\+ !Z,bl - 11[)2\ ]
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k(T,Zl, ﬁbl’ T ) - k(T’Zzslpzaa )\S (p‘lg— + p‘z V)
[1zg 291 F "pl B ‘pzl 1

l<v<v, ,i=1,2 0<&<E.

for OiTﬁL?}zi\ + lz/). o

1

Furthermore B(r, £ ) is bounded for 0 < 7 < L, 0 < €< ao“

This completes step (i) of the proof. In step (ii) we show that given

any v > 0 there exist positive constants 7Y{(v) and 5’11(\;) such that if

4

£ < é

o

1 any solution of the initial ~value problem (3. 10) that enters the

v -neighborhood of the origin at some time T > 0 stays inside the v-

neighborhood of the origin for TS TS L.

For anyv < Ve let

B? = {f:]-ﬂbRn, < v ¢, (3. 15)

where J = [0,L] x (0, 50] and the norm " f” is defined by

l Swe
Il = 0<rer 0<e <& li(re} @.16)
and further, for an n-vector x, Wwe use (x\ = max \Xi\,

Let u: ] — R, v: J—= R™ be such hull + | vl < .
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Then (u,v) € BIhLm

1%

. n+m .
We shall next define an operator on Bv and use the contraction

mapping principle to obtain our result.

Let @(7) be an nxn matrix satisfying

d a2 (1) = A(r) 2(D), (3.17)
dr

Ml a positive number such that

[Bire )| < M, for (r.e) e ] (3.18)
n m .
and (a, b) ¢ R x R7, constants with (al , |bl to be chosen later.
Also, let 1 be a positive number less than L.
Then we define the operator 7 on BIJ +om by

i T
) Lemaltrpa+ [ amal(s
ul _{P1| _ "
J L‘} - \pj o

-1
{B(s,& ) ¥ (s, e )V (Tl,E:, ) b

+ %(s,u(s, £ ) v(s, £ ), £) } ds

-1
Yr, )T (Tl, Yb

.
e [T (ne) ¥ (s )
T
1

k(s,u(s, ), v(s, ), )ds
(3.19)



14

We see that a fixed point of this operator corresponds to a solution of (3. 10)

passing through the point (a, b) at time 7,. We shall establish the existence

1
of a fixed point by showing that 7 is a contraction.
Let M2 > 0 be such that

a(r) 8 ()] « M, for 0< 7< L, 0< s< L (3. 20)

2

Then for T, = 7 < L we have the following estimates:

.
I pyl| € Mylal +{ M, [Mke e CTVp) 4 A+
T
1
v F o) 1ds
(3. 21)

k
1
< lea{ + MZMlL&l— [ble + MpL [AE + v + pyv) ]

o, , (T-T,) 4T ~a, , (T-8)
” 92“ < kje Ve 1 |bl + € lf ke 14 [Ae+ v(p € +pyv) Hs
T
1
kl

< k[l o+ g DVEF Ve + )]
(3. 22)

i T "
“ P - p'f[u € MyWe + py v) (' (s)-u" (s)] + [v/(s) - ' (s)| 7ds
T
1

SO MpLpge + gy MLt - W'+ Iv - g
(3. 23)
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. =afl/£ (1-s)

“pé ~"2” ” < ﬁ—li k, (hie + uzvlz)[\uf (s) -u' (s)|

1
+\vf(s) -yl (s)‘ 1 ds (3. 24)
< MZL (ulﬁ + Ky v [ “ 4 - u“ + “V’ _ VN“ ]

Pick vy and then 51 such that

MZL [)\El + vy (ul&l + uzvl)] < v1/8

K
1 ,
@ DE Tyl ey v T <oy (3. 25)
MMy LEy <12

The 61 chosen here depends on v and for any v & v., we can find

19
rf;l (v) to satisfy the above inequalities, Then El (v) == 0 with v. Now

for any v £ Vs let

v(v) = min (v/2M2, v/2kl) (3. 26)

and pick a, b such that

lal < w2, [pl < y/2 (3. 27)



16

Then for any v < v, we find from (3. 21-3. 24) that

1 .
«jua
/ u (3. 28)

197 -3[8ls o] [o] - il o someo < 1.

This shows that 7 is a contraction on B3+m and hence possesses a unique

Sledt * legl < v

fixed point. The fixed point of j , from (3.19) is evidently a solution of (3. 10)
that is in the v (v) neighborhood at T = o and remains inside the v-

neighborhood for 7, < 7 < L.

1
Step iii: To show that the solution of the IVP(3. 10) does indeed enter

the y( v ) neighborhood at some time 7., 0 < 7. < L, we first assume

v 1
that the solution of (3. 10) exists on [0, L] and that

L2+ ol < vy, (3. 29)

where v, < Vs will be specified later.

At this stage we return to the z -3 equation in the form (3. 8) and

write it as an integral eqgaution

z(7) =fT h(s,z (s), ¥ (s), £ )ds

(0]

1) = W(r, &)y  + e f \If(r,a)\lfl (s,&) (3.30 a, b)
(6]
k(s, z(s), ¥(s),¢)

Let M3 > 0 be such that
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\h(q-,z,z/),%)] < Mgfor 0< 7< L, |z +[9] € v,, 0<E<E,.

(3.31)
Then from (3. 30a), we have
] z('r)ls Msfr (3.32)
Choose 7-1’ such that
M, T < ¥( v)/2 (3. 33)
Then |z (Ml< v/2 for 0 < r< 7] (3. 34)
Now from (3. 30b), we have
- T = -
1 ) ('T)[$ kllz,bo\ e-alT/E—i- £ lj [alKe /g (178) +
(6]
s /5 (7-s)
k me 1 |9 ()] 1ds, (3. 35)

where we have put

k
_ 1 _ .
K = 'q [KE + 7/2 (ula + szz )]9 uo= Mlﬁ + ”2 V2a

(3. 36)

Therefore the scalar function

2 T/
r(r) = e [# () | (3.37)
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satisfies the inequality

-1

T T
Sk -1
r(r) £ kllz’bo‘ + ¢ 50 o Ke'l tds +¢ fo k ur(s) ds

T

. T B
S klpl+ ket D +e tkypf (o).
' (3. 38)

Applying the generalized Gronwall's inequality [ 12 ] to (3. 38)

and simplifying, we have:

Q.
1 !
) S e © +(1<1 [ %] ozl—klp)e

' (3.39)

Therefore,
K L

K
o) 2 +(kll¢0\-a—_aklu>exp (-2 3
b bl (3. 40)

Now we choose v

9 and 52 < €. such that

1

k, (&) T By vy) < @ /3 (3. 41)

With this choice of v, it is possible to pick 8*’ v¥ < vy such that

Ka ko AR+ y/2 (V) eF v T
a——klu = a/—l I-% (u[ *}F-w vz )2} < min(%(v ! Ky “”A)
171 1 1HE THY

oy

(3. 42)
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From (3. 42) we see that the right side of (3. 40) is a monotone

decreasing function of T having values beiween kl‘ zﬁot and

Kay . A
— Thus for each £ ,0< ¢ < ¢* wecanpick 7, = &7
al —kl K. - 1
such that
Y

z/)(Tl)\ < S (v (3. 43)

Taking
. I
T, = min (Tl, Tl) (3. 44)

we see from (3. 34) and (3. 43) that
lzerp] + o] < vivp (3. 45)

To complete the proof it is only necessary to show that (3. 29) is
satisfied and the solution of (3. 10) does indeed exist on [O, L]. This

is immediate since, if z,bo is chosen that
=V
‘po\ < K = z/kl (3. 46)

we see from (3. 40) that ( P (1) l is monotone decreasing and this, together

with (3. 34) shows that the solution of (3. 12) cannot get outside the vy

neighborhood. Thus Theorem 1 is proved.

4. A Result on the Existence of Bounded Solutions

We show in this section that the main result of [9] can be
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specialized to singularly perturbed systems of the form (1. 1) to yield
sufficient conditions for the existence of bounded solutions which have
asymptotic limits as €-» 0. Results of this nature have been obtained for
periodic systems in [6] and for almost periodic systems in [7]. Our
results are more general in the same way as in the case of the initial

value problem, namely, the class of limiting solutions in our result is much
larger than in the above results. However, as noted in [7], the result

of [6] does not follow from our results because the special nature of
periodic systems makes it possible to utilize less restrictive hypotheses
than ours.

We proceed to describe the result of [9] when specialized to the system
(1I.1). Let /S\l, ,é\z and /§3 be as in section 2, except that 7 and t may now
take any real values, i.e. - @ < 7< o and - © < t < o0, Let f
and g satisfy the same smoothness hypotheses as in section 2 on the set

AN A A
S1 and further, let hypotheses H1 and H2 hold on the sets S2 and 83.

The hypotheses H3 and H4 are replaced by the hypotheses H5 - H7 below.

Hypothesis Hb5:

The averaged equation (2. 5) has a bounded solution §£*(7) which lies
in the interior of él for all 7.

Hypothesis H6:

Let

A(n) = Lo, £ (7). 1)

Then the variational equation of (2. 5) with respect to the solution

€*(7), that is, the linear equation
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dn . 2
a-;“A(T)n, (4. 2)

has a fundamental matrix @ (r) which exhibits exponential dichotomy, i.e.,
there exist supplementary projections® Pl Ql and positive constants

k @, such that

17 71

\<I>(~r) qu;l(s)\s kl exp {“QI(T‘“S)} for 72z s,

\@(T) qufl(s)\ < kl exp {a/l(v'-s)? for 1< s. (4.3)

Hypothesis H7:

Let C(7,¢) be defined by

Cre) = 2&(n & (0, Wr/g, T &* (7),0). (4. 4)

= By

Then the linear equation
dft = elan eyt (4.5)
dr

has a fundamental matrix ¥(r,&) for which there exist supplementary

projections P29 Q2 and positive constants kz, such that

)

Y(T,%) P2 ‘l’ﬁl(s,‘i) < k, exp %E‘lQZ(T"S)} for T 2 s,

* A matrix P is called a projection if P2 = P. 'Two projections P, Q are

called Supplementary Projectionsif P+Q =1. (See, for instance, [13]).




22

‘ U (1,%) Q2 \Ifml(s,s;) < k2 exp gg_—l afz('r-s)} for 7 £ s
(4. 6)

A discussion of the hypotheses H6 and H7 and sufficient conditions
for the existence of such exponential dichotomy, along with a reference
to relevant literature may be found in [9].

The result of [9] as it applies to (1. 1) is contained in the following
theorem:

Theorem 2

Under the above hypotheses there exists an ¢* > 0, such that for
alle, 0< & < E*, the system (1. 1) possesses a unique bounded
solution x* (7,¢£), y*(7,€) lying in the interior of VZKI x’glz for all .

Furthermore x* and y* are continuous in £ and satisfy

m [ [|x*ne) - @ + [|y*ne) - o (s mex@)1=0
E-5 0 (4.7)

where i‘i fn = sup \ f(‘)\ . The solution (x*, y*) is uniformly asympto-
tically stable if the matrices Q 1 0% Q2 are null matrices of order n and m
respectively, and unstable if either Q s Q 9 is different from the null matrix.

For a proof of Theorem 2, see [9].

In case the solution ¢ (t, 7, x) is independent of t, i.e., ¢is a constant
solution of (2. 2), then as in the case of the initial -value problem, Theorem 2
shows that the solutions x* and y* approach asymptotically the postulated
bounded solutions of a system which in this case corresponds to the reduced
system (1. 2). If f, ginstead of being merely bounded in 7, are almost-
periodic or periodic, this result reduces to those of [7] and [ 6] respectively

except for the reservation noted at the beginning of this section.
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As in the case of the initial value problem, our result is considerably
more general than previous results because of the fact that the asymptotic
limit of the solution of (1. 1) satisfies an equation more general than the
reduced system (1. 2).

5. Conclusions

It has been shown that if the Boundary Layer Equation possesses a
nonconstant bounded solution, the singularly perturbed system (1. 1) may
possess solutions that approach asymptotically su'itabl\/ defined solutions of

a system more general than the classical reduced system (1. 2)
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