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Abstract

Starting with the basic equations of finite thermoelasticity
for an incompressible, isotropic, homogeneous body, the usual method
of successive approximations is generalized by expanding the relevant
fields in terms of two parameters. These parameters éeparately
characterize the mechanical and thermal loading on the body. The
successive equations are derived, and it is seen that at each order
the basic equations are linear and completely uncoupled. The displace-
ment is determined by the equations of linear isothermal elasticity,
while the temperature field is determined by the equation of linear
heat conduction. Solutions, through second-order terms, are found for
the following problems: annular cylinder with axial mechanical loading
and radial thermal loading, torsion of an axial heat conductor,
sperical shell with radial mechanical and thermal loading, solid
cylinder with axial mechanical and thermal loading, constrained annular

cylinder with internal pressure and radial thermal loading.
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1. INTRODUCTION

The coupled, nonlinear character of the basic equations of finite
thermoelasticity clearly militates against the exact solution of
specific boundary-value problems. It is appropriate, therefore, to
turn to approximate procedures. In the present paper we employ the
method of successive approximations to investigate thermodynamic
processes in an incompressible, isotropic solid. A detailed account
of this technique, as it applies to the isothermal case, has been
provided by Truesdell and Noll [1].

There appears to be very little in the literature of thermo-
elasticity on this method. Iesan [2,3] has derived successive
equations but has not applied them to any boundary-value problems.
Chaudhry [4] has considered successive approximations for plane problems
and has given an example that involves an insulated hole in an infinite
body with tension at infinity. By following the usual linearization
scheme but retaining the appropriate higher-order terms, Chadwick and
Seet [5] have derived a consistent (and nonlinear) second-order theory.
Starting with the formulation of Chadwick and Seet, Johnson [6] has used
successive approximations to study one-dimensional longitudinal wave
motion. Actually, Iesan, Chaudhry, and Johnson expand the relevant
fields in terms of a single parameter; this would not seem to allow
adequately for independence of mechanical and thermal loading.

We generalize the usual procedure of successive approximations
and expand all fields in terms of two parameters. These parameters

separately characterize the mechanical and thermal loading on the body.



The basic equations of the nonlinear theory are summarized in
Section 2. In Section 3, the successive approximation technique is
introduced and the equations of the various order theories are
derived from the equations of the previous section. Some remarks are
made in Section 4 about the uncoupled, linear character of the
successive equations. Then, in Sections 5-9, we apply the successive
equations to specific boundary-value problems.

We choose to employ direct notation in the development of
Sections 2-4, with scalars appearing as light face letters, vectors
as bold face lower case letters, and second-order tensors as bold
face upper case letters. In Sections 5-9, we select particular
coordinate systems appropriate to the geometries of the problems

considered.



2. BASIC EQUATIONS

In this section, we summarize the basic equations of nonlinear
thermoelasticity for an incompressible, isotropic, homogeneous body.

It is assumed that at time t = 0 the body occupies some un-
stressed reference configuration. The displacement vector u carries
the point x occupied by a particle in the reference configuration into

the corresponding point y in the deformed configuration according to

1<
[}
U

+ u(x,t)

The deformation gradient is then

F=1+vgu. (2.1)1

~

We will adopt the convention of placing a caret over the symbol for
a field quantity when it is to be regarded as a function of the
spatial variable y. The symbol is left free of such marking when
it is to be regarded as a function of the referential variable x.
Initially, we choose to present the local form of the basic

balance laws in terms of the usual spatial description. Accordingly,

conservation of mass is expressed by

1We use the '"del'" notation, V and ¥., to indicate differential
operations with respect to the referential variable x, while the
analogous operations with respect to the spatial variable y will be
indicated by grad and div, respectively.

2 A

E.g., T

= 7¥(y,t), while r = r(x,t), where £ (y,t) =
T(x + u(x,t),t) = - ~

r(x,t).



. . 3
6+6v.v=0 , (2.2)

where 6 is the density and v is the spatial velocity field. Balance

~

of linear and angular momentum are accounted for through the familiar

equations of motion

div T + pb = pv (2.3)
and
7=, (2.4)

where T is the Cauchy stress tensor and b is the body force per unit

mass. The equation of energy balance is

(2.5)

]
o>
o>
-

div q + pt + tr(TD)

(294

where ¢ is the heat flux into the body, is the extrinsic heat supply

per unit mass, e¢ is the internal energy per unit mass, and D is the

~

symmetric part of the spatial velocity gradient. For an elastic
body, (2.5) can be written in terms of the absolute temperature 6

and the entropy per unit mass ﬂ as

.
AAA

BpM = div g (2.6)4

1.0
+
o
[a]

Here, and in what follows, a dot above a field quantity
indicates the material time derivative.

This form follows from restrictions imposed on elastic
bodies by the second law of thermodynamics (see, e.g., [7]).



For the method of successive approximations, we will want the
referential description of the field equations. Conservation of mass
is conveniently expressed in terms of referential variables by the

density equation

oJ = Py > (2.7)

where N is the density in the reference configuration and

J = det F . (2.8)

Next we introduce the first Piola-Kirchhoff stress tensor

S = JT(FT)'1 , (2.9)

~

and the referential heat flux vector

ho=JFlq . (2.10)

~ ~

Then, with (2.7), (2.9), and (2.10), the equations of motion (2.3)
and (2.4) and the energy equation (2.5) can be written in terms of

the referential variables as

v § + poE TP 2o (2.11)
srl = msT | (2.12)
v.,li.l + por = pOG'ﬂ . (2.13)

The condition of incompressibility is

J = det F

I
'—l

(2.14)



In terms of the left Cauchy-Green deformation tensor
T
C=FF, (2.15)

(2.14) requires

det C =1 . (2.16)

The constitutive equations describing the material response of
elastic heat conductors have a rigorous foundation in the modern
theory of continuum thermodynamics (see, e.g.,[7]). Withou; going
back to first principles, we assume constitutive equations for the
stress, entropy, and heat flux that have been previously developed.5
Accordingly, for an incompressible, isotropic, homogeneous, elastic

solid, we take

= Qv ol v, _ ot T
T=pl+ Zpof[(axl )t 31, clE” , (2.17)
- _ ov
il 36 ° (2.18)
q=FT1l+rC+r .c 1 ve (2.19)
2 ~"ToL 1. -12 ’ :

where p is an indeterminate pressure and
b= 4(1;,1,,6) (2.20)
is the free energy per unit mass, defined by

y=e-16. (2.21)

5 R . . .

Implicit in the form of the constitutive equations assumed here
is that the principle of material indifference and the second law of
thermodynamics have been satisfied.



The

T

= = - 2,22
k Fk(Il’IZ’Kl’K23K3’e)’ k O’l, 1 ( )

are material response functions, and the invariants Ii, Kj in (2.20)

and (2.22) are given by

Il = tr C ,
~ (2.23)
_1 2 2
1, = 7(ex ©F - er(cH]
Kl = VG'VG )
K2 = v6-Cvo , (2.24)
-1
K3 = V6°E vo .
It follows, from (2.9), (2.14), and (2.17), that
= o™t 2 FE(JL #1202 o) (2.25)
~ ~ aI 2
Similarly, from (2.10), (2.14), and (2.19),

h=[T1+T.C+T C'ljve (2.26)
~ o~ 1~ -1 : :

It is essential to understand that S and h are not the customary

~ ~

Cauchy type stress tensor and heat flux vector. For physical
interpretations, one can invert (2.9) and (2.10) to get T and q in
terms of S and h, respectively. This is especially important in the

applications in Sections 5-9 where traction type boundary conditions

are set in terms of the Piola-Kirchhoff stress tensor S.

~



3. SUCCESSIVE APPROXIMATIONS

The method of successive approximations is a technique used to
reduce the basic equations of the nonlinear theory to a sequence of
problems in the linear theory (see, e.g., [1]). To allow complete
independence of mechanical and thermal loading, we will generalize the
usual procedure by expanding the relevant fields in terms of two
parameters.

Proceeding formally, we assume the series expansions:

+€2

~ 2

U= equy teguy tegtyy Feglyy Fegentyy tol s (3.1)

6 =0 +e.0 +eb, +e0, . + 0. + + (3.2)
o T €19 T €y0,) T &0y T enlyy T egen0yy e, (S

S =¢.S, +¢,5, + 323 + 2S + S + (3.3)
2 1°1 222 1211 7 €2222 T €189°19 T eee s y

n="7_ -+ + + el el + + 3.4

Mo €My Tegly +egMyy + ey, + ey, +oon s (3.4

h h. + e.h. + ¢2h.. + ¢2h. . + h.. + 3.5

2T €l T eplty T el T €plyy T Eq€pRyy T - (3.5)

for the displacement, temperature, stress, entropy, and heat flux
fields, respectively. If a body force b and extrinsic heat supply r

are present, they will be assumed to admit expansions of the form

| 2
b=eb) +eb (3.6)

11 + .

and

2
= €,T, + €5 00 + ... (3.7)

H
|



so that e, and e, become measures of the mechanical and thermal loading,

1 2

respectively. More often it is the case that the parameters ¢, and €y

1

arise naturally in the specification of loading conditions on the
surface of the body (e.g., as measures of temperature and displacement
differences).

Introducing the expansions (3.1)-(3.7) into (2.11) and (2.13),
and collecting coefficients, we obtain the equations of motion and
energy balance for the various order theories. The first-order

equations associated with ¢, are

1

vog + poEl = poljl ?
(3.8)
VQEl - poeonl ;

while those associated with €2 are

V°§ - poﬁz ’

(3.9)
V°EZ + Poto = poeonZ ‘

In the second-order theory we have three sets of equations

. 2 2 .
corresponding to €15 €95 and €169 respectively:

+

ViSyp Tt Py T gy s

(3.10)
Vehig = 000,M1 T e8yMy
v-S =pf1°
Y U >
° (3.11)
Vhoo F0,T9n = 008,Mag t 08Ty



V‘S = u b
~12 p0~12 (3‘12)

Vehio = 000.Ma T o8Ny o 80Ty .

To find the first- and second-order fields for the stress,

entropy, and heat flux which appear in (3.8)-(3.12), we first expand

all fields appearing in the constitutive equations (2.18), (2.25),

and (2.26) in power series in € and €ye From (2.1),

2 2
F=14euy teyuy +euy) +egvuyy +ege,vuy, +oee

(3.13)
and from (2.15) and (3.13),

T T
€ =1+ e (Vu#vuy) + e,(Vuytou,)

2 T T 2 T T

ey (Vuyy F Ve Vuve) F e, (Tuyy + YUy, F TugTu,)

+ e (Vur, + Vu,, + Yuivu, + vuiva ) + (3.14)
€169Vl p T VU y + VU VU, + vu,vuy el :

Now, the Taylor series expansion6 of det C is

det C=1+ el[ZtrvEl] + 32[2trv22]
+ 52[4trVU - 2tr(Vu )2 + 4(trvu )2]
1 ~11 ~1 ~1

+ e§[4trVEZZ - Ztr(vgz)2 + 4(trv22)2]

+ 3132[2trVE12 - 2tr(Vuqu2) + 4(trVBl)(trVu2)] + ...

(3.15)

so the incompressibility condition (2.16) requires that

Here, the Taylor series representation is obtained by
expanding the function about €1,e9 = 0, which corresponds to
conditions in the reference configuration.

10

bl



11

I
o

trVu1 = 5
~ (3.16)

trvu2 =0,

trvyu

2
upy = trvay) o,

1]

N|= N

tryu tr(VUz)z N (3.17)

~22

tryw , = tr(vu,vu,)

Taking into account (3.16) and (3.17), we find from (2.23) that,
through second-order terms, the expansions of I, and I, are identical:

1 2

2-1

T 2 2.1 T 2
I, = 3+ eply tr(Vuptvu )] + ep[5 er(vuytvu))”]

T T .
+ elez[tr[(vgl+vu1)(vu2+vgz)]] + ..., 1=1,2. (3.18)

Similarly, we find from (2.24) that

2 2
Kj = 31(V91°V91> + ez(vez-vez) + elez(vel-vez) + ...,

j=1,2,3. (3.19)

Series expansions for the response functions Fk and the partial
derivatives of { appearing in the constitutive equations are obtained
by expanding these functions in Taylor series about the reference
values of their arguments, i.e., about Ii = 3, Kj = 0, and 6 = eo,
The coefficients in the expansions will be used to define a set of

material constants as follows:

= ou
a Zpo[ae:lo 3

o8]
|

o) .
- zpotailit]o , 1 =1,2

i




2
- i,
36
B2y
by =20 [6961 1 =12
1:2%y
CO=-_[ 3]
30

>
1t

p T+ T+ T,

= 19
Ky =[5 Ty + T +T_ D1 s

>
|

5=y -1 41,

where [ ]o denotes evaluation of the enclosed quantity in the
reference configuration. After substituting these expansions into
(2.18), (2.25), and (2.26), and collecting coefficients, we find that
the first-order constitutive equations for the stress, entropy, and

heat flux are

~ T
Sp=pl (e Fayvuy + v,
(3.20)
~ T
Sy =Pyl + (a; +a))(vu, +vuy) ,
N, =b 6;
1 o'l (3.21)
nz = boez ’
h, = K,ve. ,
hy = %v8 (3.22)

by, = K98, »

12



while the second-order constitutive equations are

B T T
511 = Pyl (agfay) (vupytvuy ) 4 (by+b,) 6, (Vu +vu,)

)2

T T T, 2
T PPyt 8 (Tuptey) - (aptay) (vup T,

w
i

T T
S99 = Pool * (ayFay) (Vuy Hvu,)) + (by+b,)6, (Vuytvu,)
T T 2 T.2
T PV, - ay(Vuytvuy) - (agta) (vuy) o,
S.. = p,ol + (a,+a,) (Yur +7u. ) + (b.+b.)6. (Yutyu.)
212 T Pyot 1780 (Vy57VY 17Pp) 8y (VU +vuy
T T T
+ (by#b,) 0, (Vuytvu,) - pyvu, - p,yvu;
T T T T
T 2 (Vuytvuy) (VupHvu,) - ay (Tuytvuy) (Vuytvu))
(a,+a.)( )t
17a) (Vuyvu tvu,vu,) -,
_ 2 1 T 2
Mg = Ppbyp +¢,8p = 5(by¥by)er(vu +vu, )™,

_ 2 1 T 2
Mog = PoByy + c8, - (by+by)er(vu,tvu,)™

Mg = PyOyp *+ 2¢.6,6,
- (b, #b, ) tr[ (yurtvu, ) (Futvu, )]
) 4y tvug ) (vugtvuy ),
_ T
Bi1 T %98qy * Kp8198 + Kg(vuptvu e,

_ T
Rag = K178 ¥ K;8,78, + K3(Tuptvuy)ve,,

=
I

T
Brg = V81p T 59(8,8,) + Ky(vu tvu,)ve,

T
+ K3(vu2+-vu2)ve1 s

(3.23)

(3.24)

(3.25)

13
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where PysPy> and pll’p22’p12 are first- and second-order pressures,
respectively.

The first-order constitutive equations (3.20)-(3.22) make it
clear that (a1 + az), Kl’ and pceob0 are the shear modulus,
conductivity, and specific heat, respectively, of the classical
theory. We also point out that the constants bl and b2 always appear
together as the single constant (b1 + b2).

Finally, we remark that the assumption of incompressibility
has considerably simplified both the first- and second-order

constitutive equations.
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4. REMARKS ON THE SUCCESSIVE EQUATIONS

It is easily seen from (3.8&, (309%3 and (3.20) that each of the

. . 7
first-order displacement equations of motion is of the form

2 y
v (pL) + (aytay) (Viutvv-u) + o b = ol (4-1)

From (3.16), each of the first-order incompressibility conditions
requires that

v.u =0 , (4.2)

With (3.21) and (3.22), each of the first-order energy equations

(3.8)2 and (3.9)2 can be written in the form
K.v°0 + pr=(p0b)o (4.3)
1V Po® = 1P59,P470 - °

We note that (4.1), (4.2), and (4.3) are the usual equations of
linear thermoelasticity in the incompressible, isotropic, and
homogeneous case. Moreover, these equations are completely uncoupled.
The displacement is determined by (4.1) and (4.2) as in isothermal
elasticity, while the temperature is determined by (4.3), which is
the ordinary heat equation. This uncoupling is due to incompressibility
and isotropy. It is not surprising at the first-order since it is a
familiar feature of the linear theory.

Perhaps unexpected, however, is the fact that the basic equations

of each second-order theory are also uncoupled. From (4.23), (4.24),

7Since in this section we will be concerned only with the
structure of equations, the field variables entering the equations
will be presented without using subscripts to distinguish any specific
order theory. Instead, such distinctions will be made in the
discussion preceding the equations.



and (4.25), we see that each of the second-order fields for the stress

entropy, and heat flux has the structure

S = pl + (a1+a2)(vuT+vu) + s, (4.4)

n=be+1 , (4.5)
and

h=Kve+h , (4.6)

* * *
respectively, where the terms S , 7|\, and h are functions of the

first-order displacement and temperature fields.
From (3.10%3 (3°11%f (3°12%f and (4.4), each of the second-order

displacement equations of motion can be written as
2 * s
v-(pl) + (a1+az)(v utyy-u) + poE = p, U (4.7)

where b is the sum of the prescribed body force of that order and
a term involving first-order fields. Each of the second-order

energy equations (3.10)2, (3511)2, and (3012)2 is of the form

x
Veh + p r = poeon +po £ (4.8)

where f is a function of first-order temperature and entropy fields.

Using (4.5) and (4.6), (4.8) becomes

2 * .
K ve+opr = (poeobo)e s (4.9)

oL

where r is the sum of the prescribed extrinsic heat supply r and
., ., . * *
a term involving first-order fields. Both r in (4.9) and b in

(4.7) can be considered as known functions in the second-order theory

16

b

o
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We see, then, from (4.7) and (4.9) that the displacement equations
of motion and energy equation of each second-order theory consist of a
set of uncoupled linear equations, similar in structure to those of
the first-order theories., It should be noted that the form of the
second-order incompressibility equations (3.17) differs from that of
the first-order equations (3.16) in that, the first-order equations

are homogeneous, while, in general, those of the second-order are not.
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5. ANNULAR CYLINDER WITH AXTAL MECHANICAL
LOADING AND RADIAL THERMAL LOADING

In this section, we will find the first- and second-order effects
of combined mechanical and thermal loading on an incompressible,
isotropic, homogeneous, elastic cylinder in equilibrium. Both body
force and extrinsic heat supply are assumed to be absent.

We will use cylindrical coordinates (r,¢,z) and work with the
physical components of the field quantities.8 The associated set of
orthonormal base vectors is {f(r>’s(¢>’f(z)}° The cylinder is taken
to be of annular cross-section, and in the reference configuration it
occupies the region: a<r <b, 0<z<L, 0<¢<2m

We consider the case in which a first-order axial displacement
is specified on the ends of the cylinder, which are assumed to be
free of shearing stress, while the lateral surfaces are entirely

free of stress. Thus, the mechanical boundary conditions are

Eof(z> I =0,
2=0 (5.1)
Sy | Tl
z=L
Seyewm | =0
z=0,L (5.2)
Geyewy | =0
z=0,L

Component indices will be enclosed in brackets, ( ), as an
additional reminder that we are working with physical components.
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and

(5.3)

[ e}

ES(r) N
r=a,b

A first-order temperature difference is specified between the lateral

surfaces as follows:

a (5.4)

D
1l

eo + €260 ’

while the ends of the cylinder are assumed to be insulated, so that

E°S<z> | =0, (5.5)
z=0,L

From these conditions and the axial symmetry of the problem, we

seek displacement and temperature fields in the form:

[ =1
|

= u(r)S<r> + W(Z)E<Z> 5
(5.6)

D
1]

6(r)

We note that the boundary conditions (5.2) are automatically satisfied
by displacements of the form (5,6%? and assuming (5.6)2 restricts

heat flow to the radial direction so that (5.5) is also met.

First-Order Solutions

Equations (3.20) relate the first-order stress and displacement

fields. From them we find that



(rr) _ o
5. = p; + 2(a;ta,) 5t Y 0

S<¢¢> - + 2(a,+a.) .u_l, i=1.2 | (5.7)
i Py 1727 r ’

(zz) _ 9
Si = p; + 2(al+a2) Ny LA

with all other components of the Si being identically zero. Then,

using (5.7) in (3.8)I and (3.9%3 we get the displacement equations of

equilibrium
oS o rlo. =
7 Ps + 2(a1+az) 37 [r 57 (rui)] 0,
i=1,2 (5.8)
2
o o _ . -
Y Py + 2(a1+32) azz w, = 0.

The incompressibility conditions (3.16) require that

1
r

(ru,) +—§—;wi =0, i=1,2 . (5.9)

o}lol
H

According to (5.1), the first-order displacements must satisfy

the boundary conditions:

LA =0,

z=0 (5.10)
vy =L,

z=L
Wy =0, (5.11)




and, from (5.3) and (5.7),

Il
]

!
.12
[pi + 2(a1+32) - ui] (5.12)

r=a,b

The mechanical parts of the first-order solutions are found to

be9
=.1 r + ze
21 2 E(r) ~(z) ?
(5.13)
py = (a1+a2) s
and
u, = 0 ,
~2 (5.14)
p, =0

Using (5.13) in (5.7), we see that the only nonzero component of
5y s

s§ZZ> = 3(ayta,) , (5.15)

while, from (5.14) and (5.6),

§2 = 9 . (5.16)

For the case of steady-state radial heat flow, we find from
(3.21) and (3.22) that the first-order energy equations (3.8)2 and

(3.9)2 reduce to

9Since the basic equations of each order theory are of the same
form as those of the classical infinitesimal theory, we invoke the
uniqueness arguments associated with the classical theory to claim
at each order that any sufficiently smooth solution we find is, in
fact, the only (sufficiently smooth) solution.

21



d d ,
= = . 5.
— (r 0 ei) =0, i 1,2 (

From (5.4), the boundary conditions on the Gi are

81 l =0 €
r=a,b
and
92’ =O,
r=a (5.
92 I = eo
r=b

The differential equations (5.17) subject to the boundary

conditions (5.18) and (5.19) yield the first-order temperature

61 =0 (5
and
eO
6, = Tn(b/a) In(r/a) . 5.

Second=Order Solutions

Placing the first=-order solutions (5.13) and (5.20) in (3.

we find that the nonzero components of the stress S11 are

(rr) _ 3 1 .3

S11 7 T Py T 2Qagtay) Shuy H Gag - gay)
(38) _ Suo1 3

S117 " = pyp F2Qagtay) =+ (Gag - Ay, e
(zz) _ S

S11 = Py + 2(al+a2) oy w11=(2a1+6a2) s

22

17)

.18)

19)

fields

.20)

21)

23)

.22)



so that, from (3,102f the associated displacement equations of

equilibrium are

o 9 rlo. =
T P11 + 2(a1+a2) [r St (rull):| 0
(5.23)
o) 62
Py P11 + 2(al+a ) T Wy = 0 .
Y
with (5.13), the incompressibility condition (3,17)lbecomes
1o 9o =3
Far TYi) Tar i T g (5.24)
According to (5.1),
wiq =0, (5.25)
z=0,L
while, with (5.22), the condition (5.3) requires
[p + 2(a,+a,) — uy (_ a; - 3 a,)] = 0. (5.26)
11 2 r 4 4 "2 ’
r=a,b
The boundary value problem (5.23)-(5.26) has the solution
W23
~11 7 8 TSy 2
(5.27)
Py = - a; -
From (5.22) and (5.27),
(zz) _
Sll = = 3(al+232) (5.28)

is the only nonzero component of S11

23



Taking into account (5.14), the second-order problem for Uyy>

822 reduces to the form of the problem for the first-order fields

u Si with homogeneous data. Therefore,

Upy =0
(5.29)
Syp =0 -

Placing (5.13), (5.14), (5.20), and (5.21) in (3.23)1 yields

(rr) _ d
Sip © = Pyp t 2(agtay) Toug
(6]
- (b1+b2) z;zg7;7 in(r/a) ,
) u
S§§¢> = Py, + 2(a1+32) ~12
(5.30)
eO
= (bl+b2) ﬁn(b/a) ,@n(r/a) s
(zz) _ d
819 " = Py T 2(aptay) —wy,

0

+ 2(bl+b2) 252%7;7 in(r/a) ,

with all other components of S12 being identically zero. From

(3.12)_1 and (5.30), we get the displacement equations of equilibrium
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o rlo
or Pup T 2(aptay) o Do (rupy)]

S

[¢]

1 .
= (b1+b2) zn(b/a) (;) =0 3 (5,31)

2

o) =
+ 2(al+az) 5 Wiy = 0 .
o2

PJ

3z P12

With the first=-order result (5.17), the incompressibility condition

(3.17)3 becomes

3 d

1 =
T >t (rulz) + 37 Y12 T 0. (5.32)

The boundary condition (5.1) requires that
W =0, (5.33)
while, from (5.3) and (5.30),
[p., + 2(a,+a.) o u
12 1 727 br 12
r=a,b

)
- (b1+b2) z;?%7;7 In(r/a)] =0 . (5.34)

The solution to the system (5.31)-(5.34) is

Ypg =0

]
(@

(5.35)
)

[¢]



From (5.30) and (5.35), we see that the only nonzero component of

819 is

In(xr/a) . (5.36)

22y _ 9o
S1p © = 3(bytby) TR

With the first-order solutions (5.13), (5.14), (5.19), and
(5.20), the second-order problems for the temperature fields ell and

912 lead to the trivial solutions

6., =0 . (5.37)

6112912

11

From (5.12), together with (3.25)2 and (3.11)2, we find that the

second-order temperature 622 must be a solution to

8
d d 0 21
e O ) T Ipera) 170 (5.38)
By (5.4), 922 must satisfy
622 =0 . (5.39)
r=a,b

The solution to (5.38) which meets the conditions (5.39) is

“

6
0 2 r a
O = 2K [En(b/a)] In(p) () (5.40)

Then, through second-order terms,we get, from (5.13), (5.14),

(5.27), (5.29), and (5.35), that

u=e[- % recy tzen F ei[% eyl (5.41)




while, from (5.20), (5.21), (5.37), and (5.40),

[¢)
B = 60 + 32[25?3723 in(r/a)l
K, 8
+ eyl ) m@md] (5.42)

1

27

Finally, from (5.15), (5.16), (5.28), (5.29), and (5.36), we see that,

through second-order terms, the only component of stress not identically

zZero is

S<ZZ> = 31[3(a1+az)] + eiEB(al+2a2)]

8
+ 6€,[30b,) W?a) tn(r/a)] . (5.43)

We note, from (5.41) and (5.42), that the displacement is in-
dependent of thermal effects while the temperature is independent of
mechanical effects. However, the € €,-term in (5.43) represents a
second-order cross effect in the stress that appears only in the
presence of both mechanical and thermal loading. One could make use
of the present solution to experimentally determine the constants
aps 29, b1 + b2, and Kz. We will leave such considerations to the
subsequent sections, where examples that could be more readily

realized in the laboratory are discussed.
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6. TORSION OF AN AXIAL HEAT CONDUCTOR

We turn now to the problem of torsion of an incompressible,
isotropic, homogeneous, elastic cylinder with axial heat conduction.
We take the cylinder to be of circular cross section with the
generators of the lateral surface parallel to the z-axis. As in the
previous section, we will use cylindrical coordinates (r,¢,z) and
work with the physical components of the field quantities. We let
{E(r)’f(¢>’s<z>} denote the associated set of orthonormal base vectors.
In the reference configuration, the body occupies the region defined
by: 0<r<a, 0<z<L, 0<¢ < 2m For this problem, both the body
force and extrinsic heat supply will be taken to be zero.

We consider the case of equilibrium with the mechanical loading
on the cylinder statically equivalent to a first-order torque on the
ends, while the lateral surface is free of stress. Accordingly,
taking into account the symmetry of the problem, the mechanical

boundary conditions are

(z¢)
([ rs dA]e
£ le,L ~(z)

T j E}{§E<z> l &b = eszE z) °? (51D
R z=0,L
fgiie) i 6.2)
R z=0,L
EE(r} I . 9 4 E9ac

r=a
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where in (6.1) and (6.2) R denotes the cross section 0 < r < a. We
take €, to be the classical angle of twist that arises in the
linearized isothermal problem (see, e.g., [83).10

The axial thermal loading is achieved by insisting that the

lateral surface be insulated, while specifying a first-order temper-

ature difference between the ends of the cylinder:

h'8<r> ’ = O 9 (6’4)
r=a

0 | =6,

z=0 6.5)

GZlL = 90 + 6290 .

For this problem, we find that it is sufficient to seek dis=-

placement and temperature fields in the forms

u = u(r,z)s<r> + v(r,z)e<¢> + w(r,z)S<z> (6.6)

~

and

8 =0(z) . (6.7)

By assuming (6.7), we see that the condition (6.4) is automatically

satisfied through first-order terms.

First-Order Solutions

We note that the second integral in (6.1) contributes no
first-order moment. Thus, from (6.1)-(6.3), the mechanical boundary

conditions on the first-order problems are

10 . .

We will set the arbitrary infinitesimal rigid body displacements
that arise at each order equal to zero. This does affect the second-
order stresses and may be interpreted as fixing the end z = 0 in some
sense.



I rS§z¢> l =t , (6.8)
R z=0,L
[ rs {797 | a-o, (6.9)
2 z=0,L
R Z=Ys
(zz) _ .o 1
j S, dA =0, i=1,2 (6.10)
i
R z=0,L
= i = . 6.11
Eif(ﬂ' 9’ t=1.2 ( )
r=a
We get the first-order equilibrium equations
v-s, =0, i=1,2 (6.12)
from (3,8)1 and (3.9Zf and, from (3.20),
T .
§i = pii + (al+32)(v21+vEl) y i=1,2. (6.13)
By (3.16), the incompressibility conditions are
voEi = trin =0, 1i=1,2. (6.14)

Now, each of the first-order mechanical problems is the same

as the classical torsion problem (see, e.g., [8]). Thus,

u, = yrze )
~1 ~(8) (6.15)

o
}_—\
L]
o
-

and

[=]
i}
o

(6.16)

o
N
Il
o

30
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where €1y=gl/L is the twist per unit length. From (6.13) and (6.15),
(z9) _ {oz) _
S1 = S1 = Y(al+az)r (6.17)

are the only nonzero components of S.; while from (6.13) and (6.16),

S, =0, (6.18)

2
Using the result (6.17) in (6.8), we find that

TZ = Y(al+aZ)J R (6.19)

where J = ﬂa4/2 is the polar moment of inertia of the cross-section.
By (6.19), the classical angle of twist € is related to the torque

Tz through

€1TZL

€ =’W (6.20)

For temperature fields of the form (6.7), we find, from (3.8)2,
(309)2, (3.21), and (3.22), that the first-order energy equations

reduce to

2
2‘; 6, =0,

i 1,2 . (6.21)
dz

o
]

From (6.5), the ei must satisfy

) =0, (6.22)




Hence,
= 6.23
91 =0, ( )
= 89 6.24
92 I Z . (6. )

Second-Order Solutions

From (6.15)1,(6.16)P and (6.7), we see that (6.4) is

automatically satisfied through second-order terms.

With the first-order results (6.13) and (6.17), the second
integral in (6.1) vanishes; and the mechanical boundary conditions

(6.1)-(6.3) in the second-order theory become

[ w29 | -0, (6.25)
R z=0,L
J (=2 ' da = 0 , (6.26)
R Z=O,L
Zey | =0 (6.27)
r=a
where § can be §11, 522, or EIZ'
We first consider the determination of ujgs S11° Using the

results (6.15) and (6.23) in (3,23{, the components of Sll are seen

to be

32



(rr) _ 9 22
S11 = P + 2(al+az) - U + (al+a2)Y zZ
(9) _ fun 22 2,2
S11 =Py + 2(a1+az) - aZY r + (a1+a2)Y Z
(zz) _ 9 . 22
Sp1 " = Py t2(agtay) Towg - Ay,

: 11

(x¢) _ Apr) _ d _11
S11 h (ajta)) Gy vyp + 770 s

(rz) _ D 3

811 " = (apra)) G ugy + 37 wg)
(zr) _ , S o 2

S11 = (a1+a2)(az Ui + e Wll) + (al+a2)y rz ,
Bz) _ (z0) _ o

Sip 7 =811 " 7 (agtay) 37 vy

By (3.10). and (6.28), the equations of equilibrium are
i

o o rlo.
or P11 T 2Qytay) 5o Lo 57 (rup)]
o (9 [ 2 _
+ (al+a2) Ny (az ull + 3T Wll) + azy r=20,
2 2 %
o) J6) 19 11
Vi, t=%m v, +=v . = —5==0,
az2 11 ar2 11 r dr 11 r2
a2
g; Pyq + 2(a1+a2) 5 W
dz
1o r 2 9
+ (al+a2) r or [r(az u11 + dr Wll)]

(6.28)

(6.29)

33
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while, from (6.15), the incompressibility condition (3.17)_1 becomes

(rull) + %; Wi =T yzzz . (6.30)

9
or

1
r

The problem (6.25)=(6.29) for uipo S11 is a special case of the
isothermal problem treated recently by Chan and Carlson [9]. With the

results given there, we find that

1 2,2 2
= v r(z +k)S(r> + v sz<Z> s

Y117 7 2 :
(6.31)
1 2 2 2 2
Py =" 3 Y al(a -r ) + ¥ (a1+a2)k ,
where
(a,+2a,)
_1 M7 2
k = 15 (al+32) a’ . (6.32)
Then, by (6.28) and (6.31), the stresses are
(rr) 1 2 2 2
Sip T Tz YA e,
( 1 2 2 2 2.2
Sl?¢> =-35Y al(a -r ) - aYr
S(zz> 1 2a ( 2_ 2) + 1 2 +2a.) 2 22
11 2 Y ala T z Y (agf2aya = ayr
() _ ) _ g (639
11 11 ’
rz 2
Sfl ’ = -y (al+a2)rz .
(zr) _
S11 7 =0

(pz) (z
Sl? S11¢> =0.
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With (6.16), the second-order problem for Uyys 822 reduces to the

~

form of the first-order problem for Uy, S2° Hence, as in (6.16) and

(6.18),
522 59 . (6.34)
522 = 9 . (6.35)

Next we consider the problem for Ujgs Slzo For the components of

~

the second-order stress, 812’ we find from (3.23)3 together with the

results (6.15), (6.16), (6.23), and (6.24) that

Sf;r> = Py + Z(al+32) %; u,
s§<§¢> = p;, + 2(ayta,) %2, ’
sl<22> = py, + 2(ayta,) %; v, s -
s§;¢> - Sf?r> = <a1+82><-§=; Vip * Z%%) ,
s§;z> - s§§r> - (al+32)(§'; ay, + 2_? o) s
ngz> = s§;¢> - (ata,) %Z v
Y6

'"o
+ (b1+b2) Ttz -

By (6.36) and (3.,12)f the equilibrium equations are
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d o rlo
Sz Py T 2(aptay) 3o [0 50 (rupp)d
o (9 o _
+agtay) 57 GF Y2 Tor i) =0
2 2 v
o) o 1o o 12
Vg P T Vi P aT V2 T 72
oz or i (6.37)
Y6,
+ (bl+b2) T r = o,
2
o o
oz P1o * 2(agtay) 5wy,
dz
lo_ o o -
+ (al+32) r Jr l:r(az u12 + or WlZ):I 0.

Since the first-order displacement u, is zero, the incompressibility

<2

condition (3.17)3 reduces to

1o o -
T 3% (rulz) + v Wi, = 0 . (6.38)

The solution to the system (6.37), (6.38), which through (6.36)

satisfies the boundary conditions (6.25)=(6.27), is

(bl+b2) yGo 9

Y12 T - (a,+a,) 2L "7 S¢p) ¢
(6.39)
Piy = 0 .
Using (6.39) in (6.36), we find that
§12 = 9 . (6.40)
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By (6.5), the boundary conditions on the second-order temperature
fields are homogeneous in all cases. Taking into account the first-
order solutions (6.15), (6.16), (6.23), and (6.24), the boundary-value
problems for the temperature fields ell and 612 lead to the trivial

solutions:

8,187, =0 . (6.41)

For the second-order temperature field 922, we find from the

first-order results (6.16) and (6.24), together with (3.25)2 and (3.11)2

that
2 0
d 0.2
Kl _;f 622 + KZ(E—) =0 . (6.42)

d
The solution to (6.42) which satisfies homogeneous conditions on the

ends, z = 0 and z = L, is

K2 60 2
622 = EEI (E-) z(L=z) . (6.43)

Through second-order terms, we find from (6.15), (6.16), (6.31),

(6.34), and (6.39) that

2 1
u = el[erE(¢>] + 31[= > yzr(zz+k)f<r> + szzS(z>]

~

(by+by) ¥o

+ee,l- W ST TZ e<¢>] : (6.44)

while from (6.23), (6.24), (6.41), and (6.43),



38

% 14 2[53— (39)2 2 (1-2)] (6.45)
6 =6, +eylymz]l te, T ‘

Finally, from (6.17), (6.18), (6.33), (6.35), and (6.40), the

components of the stress tensor are given, through second-order terms,

by
) L 2
2 2 2 2

S<¢¢)> = ei[- % Yzal(a -r ) - a,Yyr 1,

2 2 2 1 2 2
S<ZZ> = ei[m % Y al(a -r ) + 7Y (al+232)a

= azerZ] 9
(6.46)

S<rz> = ei[- Yz(a1+az)rz] s

S(zr) - 0

S8 2 502 Ly [ycartayel |

sr®) _ ) _
In (6.44)-(6.66), k is given by (6.32), and y = 1/L.

We see, from (6.45) and (6.46), that the temperature is un-
affected by the mechanical loading, while the stress is unaffected
by the thermal loading. However, a second-order cross effect does
appear in the displacement given by (6.44). This second-order twist
provides a means for determining the constant b1 + b2. Similarly, a

measurement of the elongation would give k; and, consequently, a; and
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a, could be found through (6.32). Since this elongation occurs in the

2

ez—term, k could be found without imposing the temperature gradient on
1
the rod. Finally, it is clear from (6.45) that measuring the temperature

profile along the rod would give the second-order conductivity K This

9
could be done without twisting the rod.

Pipkin and Rivlin [10] have also considered axial heat conduction
in a twisted and extended rod. They do not resort to approximate
methods; however, their assumed deformation and temperature fields can-
not be supported without body force, and they assume that the heat flux
does not depend explicitly on the temperature,11 Both of these

important points are overlooked in the account given by Truesdell and

Noll [1, §96].

11This would imply that our Ky vanish.
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7. SPHERICAL SHELL WITH RADIAL MECHANICAL
AND THERMAL LOADING

We consider here an incompressible, isotropic, homogeneous,
spherical shell subjected to an internal pressure and a radial temper-
ature gradient. For this problem, we will use spherical coordinates
(r,¢,¥) with the associated orthonormal basis being {S(r>’fQ$)’S(¢>}'
In the reference configuration, the shell occupies the region:
a<r<b, 0<¢g<m 0<{y <2m We assume that the shell is in
equilibrium and that both body force and extrinsic heat supply are
absent.

The mechanical loading is specified as follows:

Seryl T 708y = meglag + 28508 (x) (7.1)

r=a

Se iyl =0 (7.2)
r=b

The radial thermal loading is achieved by setting

e | =09 (7.3)

and

D
]
D
+
™
D

(7.4)

From the symmetry of this problem, we find that it is
sufficient to consider displacement and temperature fields in the

forms

u= (e (7.5)



and

o = 6(r) . (7.6)

First-Order Solutions

From (7.5) and (3.20), the nonzero components of Si are

(rr) _ 4
Si =P + 2(a1 + a2) ar Yi o
i=1,2 (7.7)

u,
sé¢¢> = sf¢¢> =p, + 2(a; + a,) ;i .

Using (7.7), the displacement equations of equilibrium are found,

from (3.8)1 and (3.9)1, to be

2

d d 2 d 2 _
ar Py T2 taCHu + Ty - e =0,
dr T
i=1,2 (7.8)
The incompressibility conditions (3.16) require
Ui
-a;ui+2—r—=0,l=l,2. (7-9)
By (7.1), (7.2), and (7.7),
d
[pl + Z(a1 + az) i ul] | = -(al + az) , (7.10)
r=a
[p, + 2(a, + a.,) - - 1] =0 (7.11)
P2 1 %27 dr 2 . :
r=a
p, +2(a, +a) w1 | =0, i=1,2 (7.12)
i 1 27 dr i ? T :
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Thus, the first-order displacements and pressures are

n =5
1 27
r (7.13)
Py = 4ay +3y) 75,
b
and
u, =0, (7.14)
P, =0,
where
3.3
1<=—‘§‘-b—3 (7.15)
4(b" - a7)
From (7.5), (7.11), and (7.13),
s L 4ca, + )k—(1~b—3)
1 17 L3 3/ >
N (7.16)
@) _ ) K b>
S =S = 4(a, +a,)) = (1 +>) ,
1 1 1 2/ 73 3
b 2r
and
§2 = 9 (7.17)

2We are taking the arbitrary infinitesimal rigid body dis-
placements that arise here to be zero. This is evidently consistent
with the Signorini compatibility condition (Truesdell and Noll [1])
in that we will be able to find the corresponding second-order
solutions.



With (3.21), (3.22), and (7.6), the energy equations (3.8)2 and

(3,9)2 reduce to

d2 d
r—— 6. +2-—96, =0, i=1,2. (7.18)
2 Vi dr i
dr
The boundary conditions (7.3) and (7.4) require
o, | =0,1i=1,2
r=a
8, | =0, (7.19)
r=
6, | =6_;
2 r=b o
thus, we find that
61 =0, (7.20)
bo
_ o r-a
% ~ -a) = (7.21)

Second-Order Solutions

Each of the second-order solutions will be given only to within
an infinitesimal rigid body displacement.

From (3'23%f (7.5), and (7.13),

2
(rr) _ d_ k1
Si1 " = pyp T 2(ap +ay) qougy +8(a; + oay) 33
- 4(ay + Sa,) K2 lg ,
r (7.22)
COYNRCTIN 11
511" =811 TPy T 2(ayp +ay))
k2 1 21
- 4(al + az) 373 - (al + Saz) k™ =
b” r r



with all other components being zero. From (3.10&, and (7.22), the

displacement equation of equilibrium, corresponding to €y is
d d2 2 d 2
ar Pyt 2ey v a)CHuyy F UG Y T T3 )
dr r
+ 18(a, + 5a)k> 1= = 0 (7.23)
1 2 7 )
T
From (7.13) and the incompressibility condition (3,17%3 Uiy must
satisfy
d 2 -
ar "1 Pyt T g (7.24)

With (7.22), the boundary conditioms (7.1) and (7.2) require
2
d k1
[py) +2(a; +a)) Grupy +8(a) +ay) 33

- 4ay + 5a )k’ ig] | =o0. (7.25)

r=a,b

The system (7.23)-(7.25) has the solution

2
w = _k
11 r2 r5 ’
(7.26)
kz[(3::11-::12) L, (al-3az):|
Py 3.3 6 ’
ab py
where
- EE (b3+a3) (3a1-a2) . k2 .27
4 (a3b3) (al+a2) 2b3

44
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The components of S11 can be computed from (7.26) and (7.22).

Taking into account the result (7.14), the problem for Upos 822

~

leads to

Ugp =7

il
o

(7.28)

il
@]

§22 =0, (7.29)

Substituting the first-order solutions (7.13), (7.14), (7.20),

and (7.21) into (3.23%, we find, with (7.5), that the ‘nonzero components

of §12 are
(rr) _ d_ bl _a
819 " = pyy T 2(agtay) Groug, - 4keo(b1+b2)(b-a)(r3 - ra) ’
(7.30)
@b _ ) _ T12
Sio7 " =857 = pyy + 2(agtay) —
b 1 a
* Zkeo(bl+b2)(b-a)( 3" —Z)
r r
Then by (3.12)f the equilibrium equation becomes
d a2 2 d 2
@ P12 T 2(agta)) (g ugy T an Uy - T ugy)
dr r
- 4k (b.4b ) () & = ¢ (7.31)
o1 "27'b-a 5 : °

s
By (7.13) and (7.14), the incompressibility condition (3.17)3requires

a 2
r

Su,tTu,=0- (7.32)

12
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With (7.30), the boundary conditions (7.1) and (7.2) become

d b 1 a _
[pyp *+ 2(aytay) G vy - ke (byth )G (5 - =1 | =0.
r T r=a,b
(7.33)
Equations (7.31)-(7.33) have the solution
=B
u = >
122 (7.34)
b 3(b-a) a
Pio = kO (b +b,)) ()L ~ - =1,
12 A I
where
8 = o P19 b )[3a3(b‘a> - 11 . (7.35)
4 (al+a2) b-a

b(b3-a%)

The components of S

12 follow from (7.30) and (7.34).

With (7.20), the problem for the second-order temperature 911

leads to

611 = 0. (7.36)

Using (7.6), (7.14), and (7.22) in (3.11)2, (3.24)2, and (3,25)2,

we find that the energy equation for 922 becomes

2 ak be
d 2 d 2 0.2 1
2% T Tt G Z 0 (7.37)
dr 1 T
By (7.3) and (7.4),
0, | =0 (7.38)
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thus,

2
K.6 ab
2 (b=r)(r-a)
o 5 . (7.39)

e =
22 ZKl(b~a)2 r

From the first-order solutions (7.13), (7.14), (7.20), and
(7.21), together with (3,12)2, (3624)39 (3,25)3, and (7.6), we find

that

12K3ab60k 1
912 + —EIKB:ET— ;E =0 . (7.40)

By (7.3) and (7.4),

015 | =0 . (7.41)

r=a,b
Equations (7.40) and (7.41) imply that

K40 k (£2-a2) (£2-p2)

8 = (7.42)
12 Klab(b-a) r4

Hence, from (7.13), (7.14), (7.26), (7.28), and (7.34), we find

that, through second-order terms,

2
k 2 k
u = 61[:2-:] + Gl[';LZ - ?] + 6162[%_2-] s (7'43)

while, from (7.20), (7.21), (7.36), (7.39), and (7.42),

2
b6 K. 0 ab
6 =c.[ o gr—a)] + €2[ 270 (b—r)(r—a)]
2-(b-a) T 2 2Kl(b—a)2 r2
K, 6 k 2 2 2 .2
¥ 370 (r-a)(«-b )] ) (7.44)

e [
1255 ab(b-a) b
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The constants k, o, and B in (7.43) and (7.44) are given by (7.15),
(7.27), and (7.35), respectively.

It should be noted from (7.43) and (7.44) that, in contrast to
the problems of Sections 5 and 6, both the displacement and temperature
fields include second-order cross effects. Thus, the thermal loading
affects the displacement field, while the mechanical loading affects
the temperature field.

Of particular interest is the second-order conductivity K3 which
shows up in (7.44). In principle, K3, as well as the other material
constants, could be determined from the above solution. However, the
geometry of this problem makes it an unlikely candidate for use in
experimental work., The example which follows exhibits the same coupling
of thermal and mechanical effects, and it is more likely to be amenable

to investigation in the laboratory.

From (7.1) and (7.43), the internal pressure per unit area of the

deformed body is el[(al+az)] + ei[— i%— (al+a2)] through second-order

terms. Due to the uncoupling induced by the assumptions of in-
compressibility and isotropy, there is no chance of €5 being introduced
into the traction boundary conditions as we transform from the Piola-
Kirchhoff stress to the Cauchy stress. However, in less symmetrical
problems, boundary conditions like (7.1) might not correspond to

pressure loadings in the usual sense.
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8. SOLID CYLINDER WITH AXTIAL MECHANICAL AND
THERMAL LOADING

We will work with the physical components on the field quantities
relative to a cylindrical coordinate system (r,$,z), where the
associated orthonormal basis is {S<r>’s(¢)’5(z>}° In the reference
configuration, the cylinder occupies the region: 0 < r < a,
0<¢$p<2m 0<z <L, As before, the body is assumed to be in-
compressible, isotropic, and homogeneous; and both body force and
extrinsic heat supply are taken to be zero. Furthermore, we assume
that the cylinder is in equilibrium.

On the ends of the cylinder, we prescribe a first-order axial
stress while assuming that the shear stress vanishes there. The lateral
surface is taken to be free of stress. Thus, the mechanical boundary

conditions are

§S<z>zlo,L = OS<Z> - el(al = aZ)S(z) ’ (8.1)
Se(r) r=\a =0 . (8.2)

The axial thermal loading is achieved by specifying a first-order
temperature difference between the ends of the cylinder and taking the

lateral surface to be insulated. Accordingly, we set
6,20 = 8, > (8.3)

(8.4)

@
I

60 + 6290 >
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and
h-e \ =0 . ' (8.5)
~ N< ) r=a
We will find displacement and temperature fields in the forms
u = u(r,z)e + w(r,z)e (8.6)
u = ur,2)e o+ wlrze o
and
6 =6(2) . (8.7)

With (8.7), the boundary condition (8.5) is automatically satisfied

through first-order terms.

First-Order Solutions

From (8.1) and (8.2), the mechanical boundary conditions on the

first-order mechanical problems are

S = (a, + s 8.8

2@y Lo (8 +ay)e,y (8.8)

S,e =0, 8.9

~22(z) le,L b (8.9)
and

S.e =0, i=1,2. 8.10

~is{x) rla * ( )

The first-order equations of equilibrium,

VS, =0, i=1,2 (8.11)

follow from (3.8)l and (3,9)1; and from (3.20),

= T $ =
§i = pil + (a1 + az)(vgi + VEi),_l =1,2 . (8.12)
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The conditions of incompressibility (3.16) can be written as

vou, =0, i=1,2. (8.13)

These first-order problems are familiar from the linear isothermal

theory; thus,13

= - = re + L ze
1 6 ~(r) " 3 %(z)’
(8.14)
=1
p1_3(a1+32) s
and
u, =0 ,
~2 - (8.15)
P, = 0

From (8.12) and (8.14), we find that the only nonzero component of

5y 18

szz) = (a, +a,) , (8.16)
while, by (8.12) and (8.15),

§2 = 9 . (8.17)

The differential equations and boundary conditions which deter-
mine the first-order temperatures ei are the same as those of the
torsion problem in Section 6, viz., (6.21) and (6.22). Thus, from

(6.23) and (6.24),

i}
(@]

8; (8.18)

e .
= -9
92 =1z . (8.19)

13 . ; . e .
Here, as in Section 7, we can take the first-order infinitesimal

rigid body displacements to be zero and still solve the second-order
problems.
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Second-Order Solutions

From (8.14)1, (8.15)1, and (8.7), we see that (8.5) is automatically
satisfied through second-order therms. As in Section 7, each second-
order solution will be given only to within an infinitesimal rigid body
displacement.

With the first-order solutions (8.14) and (8.15), we find from
(8.1) and (8.2) that the mechanical boundary conditions on the

second-order problems are

Te | =0, (8.20)
{2} z=0,L. ~
Te =0, 8.21
By | =0 (8.21)
where g can be either Ell’ §22, or §12'
First we will find uigs Sll' Taking into account (8.14) and (8.18),

(3.23)l reduces to
S,. =p.. 1+ (a+a,)(vu-tu,.)
211~ P11z 178274V
- (a,+5a,) (vu. )2 8.22
- PV 17280 (V) k8,22

The last two terms in (8.22) are tensors with constant components;

therefore, by (3.10%3 the displacement equations of equilibrium are
2
ve-(py 1) + (ajta) (v utoveu ) =0 . (8.23)

With (8.14), the equation of incompressibility (3.17)1becomes

1
veuggo= 12 - (8.24)



The solution to (8.23) and (8.24) which through (8.22) meets the

conditions (8.20) and (8.21) is

S (a1+5a2) ” .\ (a1+2a2) %
el 72(a1+a2) ~(r) 9(al+a2) o kB
(8.25)
=—2-a
P11 79 %2 -

Substituting the solutions (8.14) and (8.25) into (8.22), we find

that

S =0 . (8.26)

Since u, and 82 vanish identically by (8.15) and (8.17), the

and S leads to

second-order problem for Uso 559

4y, =0, (8.27)
522 = 9 . (8.28)
Next, we will find ul, and 812' Using (8.14), (8.15), (8.18),
and (8.19) in (3.23)3, we get
S<rr> = + 2(a,ta,) e (b.+b,) 39 z
12 P12 1727 3r "12 s S T
@0y _ %12 S
S1a © = Pyp * 2(aytay) == - (byHdy) 3r oz,
(zz) _ d Eg
S12 = Py + 2(a1+a2) s W0 + 2(b1+b2) 3L % o
8.29)
(rz) _ o(zr) _ Q. Q. (
S1a " = 81p T = (agta G u, o v,

(rg) _ {opr) _
Spa | =815 ' =0

- 539 o
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From (3.12)1 and (8.29), the displacement equations of equilibrium

become
3 213
o P1o + 2(aptay) S5 o0 (rupp) ]
9 (ou _ owy _
+ (a1+a2) dz (az ar) 0
5 (8.30)
o + 2(a,+a,) o w
>z P12 17827 72 Y12
oz
1o r.ou 2w 2 -
+ (al+a2) - Br[r(BZ + ar)] + 2(b1+b2) L 0
By (3.17)3 and (8.15), incompressibility requires
la o -
31 (rulz) + v e 0. (8.31)

Seeking the components of displacement as power series in r and z,

we find after a lengthy calculation that

~12  6(a,+a, )L ~"I{r)
1 72
_ (bytby)e, G2 L2,
6(a1+a2)L 2 ~{(z) "’
(8.32)
Py =0

satisfies (8.30) and (8.31) together with the boundary conditions

(8.20) and (8.21). Through (8.29), the solution (8.32) leads to

512 =0 . (8.33)

54
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With (8.18), the second-order problem for 611 reduces in form to

that of the first-order problem for 61. Thus,

8,0 =0 . (8.34)

Using (8.15) and (8.19) together with (3.24)2 and (3.25)2, the
energy equation (3.11)2 becomes
2

—5 ©
1 dz2 22

¢ +K(3>2-o 8.35
2 M T (8.35)

By (8.3) and (8.4), 922 must vanish on the ends z = 0 and z = L,

Thus,
K )
2 0,2
622 = EEI (E_) z(L-z) . (8.36)

We find, from (3.12)2, (3.24)3, (3.25)3, and the first-order

results (8.14), (8.15), (8.18), and (8.19), that

d2 eo
Kl ;;5 612 + 2K3(§E)Z =0 . (8.37)

By (8.3) and (8.4), 612 must vanish at z = 0 and z = L. Consequently,

K360 2

_ 2
12 = 9K1L z(L"-2") . (8.38)

0

In summary, through second-order terms, we have, from (8.14),

(8.15), (8.25), (8.27), and (8.32), that
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2= el g Ty T3 ]
(a,+5a,) (a,+2a,)
2 1% 1 %2
+ 61[_ 72(a1+a2) rs<r) * 9(al+ N(z>:I
(by+b,) 8, 1 22
*ersalgtatayt ey TG T E el (8.39)

while, from (8.18), (8.19), (8.34), (8.36), and (8.38),

o,
6 =8, + ey 2] + eZE (——) z(L-2) ]

K 0,
+ € 2[9K I z(L -z )] (8.40)

Finally, we see, from (8.26), (8.28), and (8.33), that the second-order
stresses all vanish for this problem. In fact, from (8.16) and (8.17),

the only component of stress, through second-order terms, which does

not vanish is

(zz) 1(a1+az) . (8.41)

Of course, the Cauchy stress, which can be calculated from (2.9), will
not be this simple. In any case, the traction vector vanishes on the
lateral surface, and the stress distribution on the ends is statically
equivalent to an axial force.

The presence of the 61€2~term8 in (8.39) and (8.40) makes it
clear that the displacement and temperature fields are each coupled

with respect to the effects of thermal and mechanical loading on the

body.
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Using (8.39), the constants a; and a, could be determined from
an isothermal tension test. Then, imposing an axial temperature
gradient would yield (b1+b2)° The second-order conductivity KZ could
be found from (8.40) by measuring the temperature profile along the
cylinder in the absence of mechanical loading, i.e., when € = 0,
€9 # 0. A similar measurement under combined loading would then
determine K3.

Petroski and Carlson [11] have given an exact solution of the
present problem for conductors whose heat flux does not depend

explicitly on the temperature. This would imply that the second-order

conductivity K2 vanish.
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9. CONSTRAINED ANNULAR CYLINDER WITH INTERNAL
PRESSURE AND RADIAL THERMAL LOADING

Here, we consider a variation of the annular cylinder problem
treated in Section 5. In the present problem, both the mechanical
and thermal loading are in the radial direction. Again, we will be
working with physical components of the field quantities relative to
a cylindrical coordinate system (r,¢,z). The body is assumed to be
in mechanical and thermal equilibrium with both body force and
extrinsic heat supply absent. 1In the reference configuration, the body
occupies the region: a <r <b, 0 <¢ <2m, 0 <z <L,

A first-order pressure is prescribed on the inner lateral
surface, while the outer lateral surface is free of stress. We assume
that, on the ends of the cylinder, axial motion is prevented and the

shear stress is zero. Thus, the mechanical boundary conditions are

§S r> rla = -GS<I‘> = "31(al+32)3<r> 5 (901)

Se () rlb =0, (9.2)

ey w70 9.3)

(§g<z>>°g<¢> ziO,L =0, (9.4)
and

2e | =0 (9.5)

~ ~(z) z=0,L



A first-order temperature difference is specified between the
lateral surfaces, and the ends are assumed to be insulated. Accord-

ingly, we set

8 \ = eo , (9.6)
r=a
o | =6, +e,8 (9.7)
r=b
and
h-e | =0 . (9.8)
~ ~{2) z=0,L

To get terms through second-order, we find that it is sufficient

to consider displacement and temperature fields in the forms

u = u(r)g<r> (9.9)

and

@
[}

e(r) . (9.10)

We note that, with (9.9) and (9.10), the boundary conditions

(9.3)-(9.5) and (9.8) are automatically satisfied.

First-Order Solutions

From (3.20) and (9.9),

{rr) _ d_
Si =Py + 2(a1+a2) i Ui
u i=1,2
99) _ _i (9.11)
Si pi + 2(a1+a2) T
(zz) -
5 P; >
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with all other components being zerc. With (308)1y (3.9%, and (9.11),

the displacement equations of equilibrium become

d_
ar Pi

From (3.16), incompressibility requires that

c

o

i .
drui+r =0, i=1,2 .

By (9.1), (9.2), and (9.11),

d
[pl + 2(al+a2) T u1] | = —(a1+a2) s
r=a
lp, + 2(a. +a.) S 1 1 =0
1 1 727 dr 1 ?
r=b
[p. + 2(a,+a,) g u,] | =0
i 1 727 dr 2 :
r=a,b

b
and
u, =0 ,
p, =0,
where
2.2
K = a’b

d 1 d . )
+ 2(al+a2) i [r i (rui)] =0, i=1,2.

(9.12)

(9.13)

(9.14)

(9.15)

(9.16)

(9.17)
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From (9.11), (9.15), and (9.16), the nonzero components of S. are

~1
2 .2
(rr) _ k ,r’-b
S1 = 2(a1+a2) 5 ( 2 )
b r
2 .2
(o9 _ k_  r+4b
sl —2(a1+a2) 2( 5 ), (9.18)
b r
(zz) _ k_
S1 = 2(a1+a2) 5
b
and
§2 = 9 . (9.19)

The problems for the first-order temperature fields ei are the
same as the corresponding problems of Section 5. Thus, from (5.20)
and (5.21),
6, =0 , (9.20)

6

8, = }HZ%7;§ In(r/a) . (9.21)

Second-Order Solutions

When (9.15) and (9.20) are substituted into (3.23)1, we find

that
2(a,+a,) (a,+5a,)
(rr) _ d_ 2 1720 1%
S1p " T gt 2(agtay) Grouyy H R e
b r r
(@p) _ 11
S11 = Py + 2(al+a2)
2(a.+a,) (a +5a,) (9.22)
i i S R 12
2 2 4 ’
b r r

(zz) _
511 7 T Py1 -



All other components of Sll are zero. From (3.10)1 and (9.22), we

get the equilibrium equation

d d
dar P11 + 2(a +a2) dr Lr dr (rull)]

2
K- A
2) ;3 =0 . (9.23)

+ 4(al+5a

With (9.15), the incompressibility condition (3°17)l requires that

2
1d _ kT
T ar (rull) = r4 . (9.24)

=

Using (9.22), the boundary conditions (9.1) and (9.2) become

2(a.+a,) (a,+5a,)
d - Hghnt ) _
ipyy * 2(aptay) oy + K5~ -—7—11 | =0.
br T r=a,b
(9.25)
The solution to (9.23)-(9.25) is
-1 kZ(b2+3a2 1,
Y11 T 2 2.2~ 3>
abr T
(9.26)
2 2
- kK k_
Pyp = (8%3y)) 5= - (a)-3ay) = .
a'b r
By (9.22) and (9.26),
(rr) a 2 r4-r (a +b )+ 2b2
11 - ( l+a2)(_ 4 ] )
T
4 2,2 2 2
(pd) _ k (2rr+r (a+b7)- 30" b
Sll = (al+a2)(ab> [ r4 ] ’ (9°27>
(zz} N L2 1 21
ll = (a1+a2)k —5;5 - (a1-3a2)k ;Z é
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With (9.16), the problem for the second-order fields Usgs §22

leads to
222 = 9 s (9.28)
§22 = 9 . (9.29)

The components of the second-order stress 812 are given by

(3.23)3° Substituting from (9.15), (9.16), (9.20), and (9.21), we

get
K

(rr) _ d ) In(r/a)

B12 = Pyp + 2(agtay) vy, - 20y TS 2 -

ko

@p) _ ( E}Z o fn(r/a)

S12° " T Pyp ¥ 2(aptay) =7 4+ 2(b b)) Dy 2 93
(zz) 3

512 =Py

with all other components being zero. From (3,,12)l and (9.30), we

have the single equilibrium equation

d_ d 14
ar P12 T 2(agtay) g T g (v
ke

[¢]
= 2(b1+b2) m ? =

0 . (9.31)

With (9.16), the incompressibility condition (3,17)3 reduces to
1 d
L (ru) =0 (9.32)

Using (9.30), the boundary conditions (9.1) and (9.2) require

k 8

d_ ) o) ,Qn(r/a) =
[pyp + 2(aptay) 7 upy - 2001109 o/ r? ]r=\a b o

(2.33)
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The solution to (9.31)-(9.32) which satisfies (9.33) is

(b +b ) ke 2
Uy = (a o ) /ey L 2 2)1&““’/a> - 4]—
(9.34)
ke 1
plz = (bl+b2> n (b/a) [( 2 2>Zn(b/a> - 2]

2%

Through (9.30), (9.34) generates the stresses

ko 2
(rr) _ n(b/a) a’y _ In(x/a)
S15 ' = 2(b+b,) (1 - r2) 2 1

In(b/a) C b2ma2

ke
P9y _ ﬁn(b/a) ) é_ n(r/a2
Slz = Z(b 2) z (b/a) [ (l r + ] (9 35)
ko
(zz) _ 0 2 1
S127 = Or*®) Ty L7 ) m®/a) - — 5]

We turn now to the second-order temperature fields. The problems

for 911 and 622 are the same as the corresponding problems in Section 5.

Thus, from (5.37),

611 =0, (9.36)
while, from (5.40),
K 9
_ 2 o) 2 x a ,
S = 2%, /ey B m) . (9.37)

Using (9.15), (9.16), (9.20), and (9.21), together with (3,24)3
and (3,25)3, in (3,12)2 we get the following differential equation

for 912:



2 4§ ko
d 1d 3 0
d_ 1d 2% -9, 9.38
7 02 YT ar P12 TR me/ay D O (9.38)
dr 1
By (9.6) and (9.7), we must have
01 | =0 ; (9.39)
r=a,b
thus,
o, -3 o 1 p-ay in(r/e), (9.40)
12 Kl fn(b/a) r2 a2b2 in(b/a)
where
2
a
2 2
5= b 2 (9.41)

Finally, we summarize the displacement, temperature, and stress

fields, through second-order terms. From (9.15), (9.16), (9.26),

(9.28), and (9.34),

2 b2+3a2 1

k 2-1
v bl tah ke - 3]
(b.4b.) ko 2
1 72 o) a 1.1
+ e132[(a1+a2) in(b/a) {(bz-a2> fa(b/a) - Z};] - (9.42)

The temperature field

S

K
2
9 = 92[%—(%/3—) n(x/a)] + eg['z'—a{mg/—a)} !&n(%) J&n(%)]

Ky k6 n(x/6) 11

2
o) 1 b7 -a
+ e162[' ?I £n(b/a){;§ + (azbz ) in(b/a)

(9.43)
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follows from (9.20), (9.21), (9.36), (9.37), and (9.40). Only the
diagonal components of stress are nonzero. From (9.18), (9.19),

(9.27), (9.29), and (9.35), these are

2 2
s < ¢ [2(a 4ay) 5 5]

2 r4-r2(a2+b2)+a2b2)1

. €§[<a1+a2>c§g> ( 4

r

2
{ﬂn(b/a) (1 - ) - ﬂ,n(;‘/a)}],
r

a6, [2(by4b,)
(99 Kk r2+b
8T = ey [2(agtay) 3 202 5 ]
L2 2 2 2
+ e2[(apha,) iy HEAE (2 db )- 22y (9.44)
r
| k6 2

T egeyl200 ) (b/a){m(b/a) a - i‘> +-m—i§_'/—§l}],

S<ZZ> = 61[2(a1+a2) %5]

+ 62l (aytay) G - (a-3a,)K’ —iz]

ko
2

The constants k and § in (9.42)-(9.44) are given by (9.17) and
(9.41), respectively.

Notice that the solutions (9.42)-(9.44) for the displacement,
temperature, and stress each include elez~terms° These cross terms
make second-order contributions to the corresponding fields only when

both mechanical and thermal loads are present.
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As in Section 7, special care must be taken in interpreting the
pressure boundary condition (9.1). With (9.42), it is easy to see

that the internal pressure per unit area of the deformed body is

eylata)] + eil- 55 (a+a)]l.
a
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