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Abstract

Second-order forms for the material response functions of an elastic heat
conductor are derived by approximating the response functions by polynomials in
the appropriate invariants. Solutions based upon these forms of the response
functions are exact for special materials and approximate for general materials.

Several aspects of the behavior of incompressible elastic heat conductors
are investigated. The second-order dependence on temperature of isothermal
elasticity solutions is found and the results are shown to agree quite well with
- experimental data taken on rubber. The second=order solutions to the problems
of biaxial stretching with transverse heat flow, and simultaneous extension and
shear of a cylindrical annulus with radial heat flow are obiained,

If a material which is thermally insulated is deformed, in general, its
temperature will change. This phenomenon, known as Gough-Joule heating, is

investigated for materials subjected to strain impulses.
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1. Introduction

The solution of most problems in nonlinear thermoelasticity requires the use
of the inverse method. In the inverse method, deformation and temperature fields
are specified and it is then verified that the state can be supported without mechanical
body force or extrinsic heat supply. In general, one must have a knowledge of the
response functions of the particular material under consideration to know which states
can be supported. States which can be supported in every elastic heat conductor are
of particular interest as these states could be used in the design of experiments to
measure the response functions. Such states are said to be controllable or universal.
Recent work by Petroski and Carlson [1, 2, 3] has determined all deformation and
temperature fields that can be supported in every homogeneous, isotropic, elastic
heat conductor in the absence of body force and heat supply. It is shown that the
class of controllable states is extremely small, being limited to thé controllable
deformations of nonlinear elasticity coupled with uniform temperature fields.

Another approach to the problem of finding exact solutions in thermoelasticity
is to specify the deformation and heat flux fields. Laws [4] has found all such states
which can be supported, without body force or heat supply, in every homogeneous,
isotropic, incompressible elastic heat conductor. Although it is shown that several
classes of these states exist, the material response functions must be known before
the conductivity equation can be integrated to obtain the temperature field.

In order to obtain more detailed solutions, it seems appropriate to turn to
approximate methods. In nonlinear elasticity, theories appropriate to small but
finite deformations have been consistently developed by Murnaghan [5] and Rivlin
[6] from the general theory. This approach has also been used by Singh [7] in
the study of elastic dielectrics. In the present work, this method is extended and

used in the investigation of the behavior of elastic heat conductors. Essentially,
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the scheme is to approximate the material response functions by polynomials in the
appropriate invariants. An elastic heat conductor is then characterized by constants
(the coefficients in the polynomials) rather than by functions. The field equations
remain exact and are not approximated. Thus, solutions based on this tﬁethod are
exact for special materials and approximate for general materials.

Other theories of second-order thermoelasticity have been proposed by sev-
eral authors, including Dillon [8], Herrman [9], and Chadwick and Seet [ 10], In
each of these theories, both constitutive and geometrical nonlinearities are approxi-
mated. We also mention the general method of successive approximations, which
has been recently applied to nonlinear thermoelasticity by Yal;rington and Carlson [11].

After presenting the basic field and constitutive equations of nonlinear thermo-
elasticity in Sections 2 and 3, approximate constitutive relations are derived in
Section 4, First- and second-order approximations for the free energy function are
derived, which for an incompressible material represent thermoelastic extensions
of the neo-Hookean and Mooney strain energy functions of nonlinear elasticity. In
order that the material behave in a reasonable manner, various restrictions may be
placed on the thermoelastic constants. Some of these restrictions are given in
Section 5.

In Section 6, solutions are obtained for the problems of simple extension and
pure torsion of incompressible materials in which the temperature is uniform. A
general method of finding the dependence on temperature of any known elasticity solu-
tion is given.

Problems involving nonuniform temperature fields are considered in Section 7.
For incompressible materials, we obtain second-order solutions to the problems of
biaxial stretching with transverse heat flow, and simultaneous extension and shear

of a cylindrical annulus with radial heat flow.
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If a material which is thermally insulated is deformed, in general, its temper-
ature will change. This phenomenon, known as Gough-Joule heating, is investigated
in Section 8. If the motion of the body is a strain impulse, then the change in the
temperature can be found as a function of the change in the deformation of the body.
In Section 9, this relationship is shown to represent a type of difference equation
which, in general, cannot be integrated to yield the temperature as a function of the
configuration of the body. This fact is interpreted as implying that, in general, the
Gough-Joule heating will depend on the rate of deformation as well as on the amount
of deformation. Examples of Gough-Joule heating in simple extension and pure torsion
are given in Section 8. In Section 9, it is shown that a temperature buildup occurs iﬁ

a cyclically twisted cylinder.

Notation. Direct vector and tensor notation is used throughout. We denote the deter-

N A A~

minate, trace, transpose, and inverse of the second-order tensor iA‘ by det é, tr é
éT , and NA-l, In specific problems, we employ the notation T<*” for physical
components of stress. In general, second-order tensors will be denoted by upper
case boldface letters (e. g. i&), while vectors will be denoted by lower case boldface
letters (e.g. 3). The same notation is used for functions whose values are these

quantities. One exception to this rule will be the vector X, which denotes the position

of a particle in the reference configuration.
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2. Field Equations

N N N N T VL Y V)

If £ represents a subregion of a three-dimensional Euclidean space ES’
a deformation is defined by a one-to-one function 543’ —> E3 such that X = 2‘("(2(),
where 2< is the position vector of a material point X in the reference configuration
and X is the position vector of X in the deformed configuration. A family of defor-
mations X (Z(, t), parameterized by the time t, represents a motion of the body.

The derivative of the function X with respect to X is the deformation gra-~

dient F (X, t). The polar decomposition theorem may be used to write

The tensor R is orthogonal and is known as the rotation tensor, while the tensors
U and V are symmetric positive definite and are known as the right and left stretch
tensors, respectively. The tensor B, defined by

B = V2

is the left Cauchy-Green tensor. The first, second, and third fundamental invariants
of the tensor B will be denoted by I, II, and III, :respectively.

In terrﬁs of the Cauchy stress tensor T, the conditions of local balance of
linear and angular momentum are equivalent to

V-I+p13=p‘3§ (2.1)
and

T=T, | (2.2)

where V -« represents the spatial divergence, P is the body force per unit mass,
p is the mass density, and superposed dots indicate material time differentiation.
The existence of an internal energy function ¢ is assumed, and local balance of
energy is equivalent to

VegqHtpr +tr(TD) = pé, (2.3)
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where q is the heat flux vector, r is the extrinsic heat supply per unit mass, and

13 is the symmetric part of the spatial velocity gradient.

In this work, we \&ill be primarily, but not exclusively, concerned with steady-
state heat flow and mechanical equilibrium in the absence of body forces and extrinsic
heat supply. Under these conditions, equations (2. 1) and (2.3) become

V-eT=0 (2. 4)

and

<
(a
I

o

(2.5)
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3. Constitutive Equations

T VY N Y L RV e N N TP

The modern theory of nonlinear thermoelasticity was initiated by the pioneer
work of Coleman and Noll [12 ]in 1963. Their method is to restrict the form of the
material response functions so that all processes satisfy the Clausius-Duhem inequal-
ity. We summarize their results below.

It is assumed that

NT = —T(E‘D e’ g)?
p = P (F, 0, g),
_ 7 3.1)
n = n(F, 6, g),
q =q(F, 0, g,

where © is the absolute temperature, g is the spatial temperature gradient, n is
the specific entropy, and y is the free energy defined by

p =€ - nb. (3.2)
The Clausius-Duhem inequality, which expresses the assumption that the local entropy
production is non-negative, is given by

“p@-m0) +r(TD) + (@ q- Ve 0. (3.3)

If we now substitute the constitutive assumptions (3. 1) into (3.3) and require
that the inequality hold for all processes, we obtain the following:

(1) The response functions T, P, and 1 are independent of g-

(2) The response function T is determined from @ through the stress

relation

<

T(F,0) = pF [ (F, 01", (3.4)

QDIQJ
?

(3) The response function 7 is determined from § by the entropy relation

n (F, 0) = -S—g (F, 0). (3.5)
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(4) The response function q obeys the heat conduction inequality

q(F, 6,8 - g>0. (3.6)

If we apply the principle of material frame indifference and assume that the

material is isotropic in the reference configuration, the stress relation (3. 4) becomes

= 9y 9y %Y - 9 -1
T = 2 [(Ugf + M) 1+ 55 B - MghB ] (3.7)

For an incompressible material, III =1 and (3.7) reduces to

- 8 , 9y -1
T=-pl+tgsB-57B", (3.8)

where p denotes an arbitrary hydrostatic pressure.

For an isotropic material, the heat conduction equation (3. 1) 4 becomes
= (hy 1 +h B +hB)g, (3.9)

where

hy = B (L I, L0, g g g Bg g B p),

i=0,1, 2.

With conditions (1), (2) and (3), it is easily shown that the energy equation
(2.3) can be written as

9pﬁ=V'g+pr. (3.10)
Thus, in thermoelasticity, locally adiabatic (V - q + p r =0) is equivalent to

isentropic (f = 0).
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4. Particular Forms of the Material Response Functions

B L R L Y R N i R e R ded

An elastic heat conductor is defined once the free energy function ¢ and the
heat conduction functions hi are known. Particular forms of these functions will be
considered in this section. In Rivlin's terminology [6], we derive the first- and
second-order complete forms for the free energy functions of compressible and in-
compressible materials. The first- and second-order complete forms of the free
energy function of an incompressible material represent thermoelastic extensions
of the well-known neo-Hookean and Mooney strain energy functions of nonlinear elas-
ticity. Specific forms for the heat conduction functions hi are also obtained and
are used to form a second-order heat conduction equation.

In what follows, the order symbol O will be used. We write

¢ = O() as a — 0
if there exist constants k >~ 0 and ¢ > 0 such that

K] < k lal whenever | a | < €.

We say that a quantity ¢ is of order N and write
ord ¢ = N as a-—>0

if N = max {n} such that

¢ = O(an) as a—> 0,
where {n} denotes the set of all integers. We say that a quantity a; is an Nth-order
approximation to a quantity ¢ if

ord(¢—$) = N+1 as a—>0.

When ¢ is a polynomial in a, then ord ¢ is the exponent of the lowest degree
term. Of course, for small a, the lowest degree term is the dominant one. The
notion of order as defined above is a measure of smallness in the sense that the higher
the order, the smaller the quantity. The order of the nonzero constant polynomial is

zero, while the order of the zero polynomial is infinity, If $ is an Nth-order
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polynomial approximation to a polynomial ¢, then ¢ - $ contains no powers of a

less than N + 1.
As a fundamental assumption, we assume that the principal extension ratios

ui*, the magnitude of the spatial temperature gradient g, and the nondimensional
6 -0 ~
temperature —g are of first-order in some small parameter.** Here, © 0 is
0
the uniform temperature of the reference configuration.

Compressible Materials

The free energy function @ will be expanded in a power series in the invar-
iants. To obtain an Nth-order approximation, we retain the minimum number of |
terms of the power series which will contain all quantities of order N or less. In

order to minimize the number of terms which need to be retained, it is convenient

to define a new set of invariants in the following manner.

Jl =1-3
J, = (I-3) - 2 (I-3),
(4.1)
Jg = (WI-1) - (-3) + (I-3),
6 -0
= 0
J4—( 90 )

It is easily shown that there is a one-to-one correspondence between the old and the

new invariants.

In terms of the principal extensions, Jl can be written as
= 2 2 2
]1 (ul + 17 + (u2 + 1) + (u3 +1)" - 3

2
2

(ui‘-i—u +u§) + 2(u1+u2+u3)

*The eigenvalues of the left Cauchy-Green tensor B are (1 + u.)z.

**0Of course, strictly speaking, the spatial temperature gradientl should also
be nondimensionalized. For example, we could replace g by (£(/8() g, where
QO is some characteristic length. The final form of the theory is not altered by
ignoring this detail.
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Thus, I is of first-order.
Ina similér manner, it is easily verified that
ord ]2 = 2,
ord ]3 = 3,
ord ] 4 " 1 (by definition).
Expanding the free energy function 3 in a power series in the new invariants,

we obtain

Y = ao-kal ]l+a2 ]4+a3 ]2+a4 ]1 +al5 ]4

N ”~ /N 3 N 2
tagllytayJgtagl taglly

A 2 A AN
+a10]1]4+a11]2]l+a12]2]4 + ..., (4.2)
If we require that the free energy, the entropy, and the stress vanish when the body

occupies the reference configuration at the reference temperature, then

ay = a; T a, = 0. 4.3)

If only terms of order two or less are retained in (4. 2), we obtain
o~ A 2 A 2 "
P -el?)]2+a45]1+<91514+a6]l]4c 4.4)
as the second-order approximation to the free energy. In accordance with Rivlin's
terminology [ 6], we will call (4. 4) the first-order complete form of 3 for com-

pressible materials.

If, in (4.2) we retain all terms of order three or less, we obtain

A A 2 o~ 2 A A
¥ = agJytayJytag ], tagl ], tas s
A 3 A 2 A 2 N~
taglytaglyytagli e

oo ~ 3
+ alZ ]2 ]4 + a3 ]4, (4.5)
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Equation (4.4) corresponds to the second-order complete form for 3 for compress-
ible materials.,
Substitution of (4.4) into the stress relation (3.7) yields the first-order stress
relation
n 1 |

I = 2p [a3 II% + (2a4I-6a4+a6]4 - 2a3)~B - a3~B 1- (4.6)

Substitution of (4.5) into (3.7) yields the second-order stress relation

—_ N A "N - A N
T = Zp{[H B, +8,) +8,], - &) +3 1]l
UAY N N - N N 2
+ [(Za4 2a11) Jl + (a6 Zalz) ]4 + 3a8 ]l

71 B

N\ n 2 N N n
+ Za9 I ]4 + a0 ]4 + ary ]2 2a3 + a
- m@, +A, +3,71, - a)8 "} (4.7)
3 11 1274 703 ’ :
From the entropy relation (3.5) and the first-order complete free energy

function (4. 4) we obtain the first-order entropy relation

n = .6% [2a ], + a,1,]. (4.8)

Similarly, substitution of (4.5) into (3.5) yields the second-order entropy relation

1 2
n = “%”‘515]4 tagly tagly * 2]y
+a. ] + 3a. 7] (4.9)
a19 49 13 J4d° :

ncompressible Materials
The constraint of incompressibility requires the invariant III to equal unity
in all deformations. Thus, the free energy function for incompressible materials

depends only upon I, II and 0. In addition to this simplification, the equation

IIT =1, which may be written as
(, + 1% @y + 1% g+ 1> - 1 = 0, (4.10)

can be used to increase the order of some of the invariants,
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For example, we have already seen that Jl may be written as

Jl = (u% +u§ +u§) =-l—2(ul +u2 +u3),

(4.11)
Equations (4.10) and (4. 11) imply that

ord ]1 = 2

Instead of using ] as defined for compressible materials, we will introduce

a new invariant ]_'2, defined by

I, =1 - L

In conjunction with (4. 10), it is easily verified that ]‘2 is of third order.

Expanding 3 in a power series in ]l, ]’2, and ] 4 yields
Y = a +a']+a]+a]'+a]]+a]2+a]3+ (4.12)
0 1°1 274 372 4°1 74 574 674 T

The requirement that the free energy and the entropy vanish in the reference state

leads to

If we retain only terms of order two or less in (4.12), we obtain
_ 2
p = al (I-3) + a5 J43 (4.13)

which will be called the first-order complete form for incompressible materials.

When the temperature is the reference temperature, (4.13) reduces to the neo-Hookean
strain energy function of nonlinear elasticity. This form has been derived from a
theory of long-chain molecules by Treloar [13].

If we retain all terms of order three or less in (4.10), we obtain

3

_ ) ) ) 2
p =a (1-3) +a;(-3) +a, (-3)], +a T, +al,,

(4. 14)

which will be called the second-order complete form for incompressible materials.
Again, when the temperature is the reference temperature, (4.14) reduces to the
Mooney strain energy function, which has been experimentally shown to accurately

approximate the strain energy function of certain types of rubber [ 14].
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Substitution of (4.13) into the stress relation (3. 8) gives the first-order stress
relation

T =-pl + a, B. (4.15)

Thus, the first-order stress relation is independent of the temperature. Substitution
of (4. 14) into (3.8) gives

) , -
T =-pl+@+aJ)B-aB-, (4.16)

which corresponds to the second-order stress relation, Therefore, the second-order
6 - 60

%
From (3.5) and (4. 13), we obtain the first-order entropy relation

stress relation involves the temperature through the term ] 4 =

n = - % (285 T, | (4.17)

while (3.5) and (4. 14) yield the second-order entropy relation |

n = --eio [a, (I-3) + 2a. ], + 3a, J°]. (4.18)
Remark - At this point it should be pointed out that an alternative method for defining
the various order stress and entropy relations is available., We could have substituted
the complete power series expansion of the free energy function into the stress and
entropy relations. Various order stress and entropy relations could then be defined
by deleting higher order terms from the exact stress and entropy relations. For
incompressible materials, the method just described and the method used in this
work give identical results through third-order theories. However, in general, the

two methods will give different results for higher-order theories.

Heat Conduction

P N Y PV P VY S PV

In addition to the invariants already defined, we will define three new ones.
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J5=§°gs

=8 B -5 & (4.19)
_ 2

J=8-Bg-2(-Bg-g-8 -g" &

It is not difficult to verify that

ord Jg = 2,
ord ]6 = 3,
ord ]7 = 4,

We observe that the heat conduction equation (3. 9) can be written in the form

g =[hyl+h B-1 +hB-D7g (4. 20)
where

By = by Oy Jos Jgo Iy Jso Jgo I)-

We next expand each of the hi in a power series in the invariants:

hy = by + by I +byJy +.tny
h1=co+cljl+b2]2—l—.,.,
h2=d0+d1]1+d2]2+,.

If we define a vector to be of order N if its magnitude is of order N, the vector

(E - })2 g is one order higher than (? - “1') g which is one order higher than g- In
order to obtain an Nth-order approximation of (4.20) with the least number of terms,
we will approximate hO one order higher than hl and two orders higher than h2°
We will call the usual Fourier's law

q = bo g (4.21)

the first-order conductivity relation. This corresponds to choosing
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hO = bO’

h1=h2=0,

If we wish to obtain a second-order conductivity relation, we must include first-order

terms from the expansion for h, and include zeroth-order terms from the expansion

0

for hl" For compressible materials, this corresponds to choosing

hO = bO + bl]4 + szl,
hl = CO,
h2 = 0.

Therefore, the second-order heat conduction equation for compressible materials is
given by

q = [(b0+bl ]4+b2]l) 1+ C0~B] g (4.22)
For incompressible materials, the invariant ]l is of second order; and, therefore,

the second-order heat conduction equation is given by

q = [(by+b; I 1 + cB] g (4. 23)
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5. Restrictions on the Thermoelastic Constants of

B T Y L Y T S L e R T T RV L VRS VRV R T

T e L L e

The heat conduction inequality, the requirement of thermal stability, and the
somewhat intuitive requirement that materials respond in a reasonable manner, place
certain restrictions upon the response functions of an elastic heat conductor. For the
special response functions derived in Section 4, these restrictions limit the range of
the thermoelastic constants.

The second-order complete free energy function for incompressible materials

(4. 14) may be written in the form

y =l +a,],](I-3) + a, (IF3) + a JZ + a 5.1)

64
If the temperature is the reference temperature © 0 (5.1) reduces to the Mooney
strain energy. function

P = al(I-S) +a3(II-3);

and the Baker-Ericksen inequalities [ 15] (see also Truesdell and Noll [ 16] and Wang

and Truesdell [ 17]) imply

a, >0, ag>0, (5.2)

Since the last two terms of (5.1) do not affect the stress, changing the temper-
ature amounts to changing the coefficient of the term (I - 3). If we require that the
Baker-Ericksen inequalities hold for all temperatures in some neighborhood of 60’
then

3> 0 (5.3)

a; + a4]4 >0, a
We observe that (5.3) | cannot be satisfied for all temperatures if a 4 # 0. However,
in Section 6, we will present experimental evidence for a 4> 0 for rubber. To

alleviate this difficulty, we will adopt the viewpoint that (5. 1) is valid for tempera-

tures in a certain neighborhood of © 0
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The specific heat ¢ of a material is defined by
= .29, . 4)

If we require that the material be thermally stable in the sense of Coleman and Noll
[ 18], then
c > 0. (5.5)

For the second-order material defined by (5. 1), condition (5.5) becomes

0

Since (5.6) cannot hold for arbitrary ]4 if ag # 0, we again restrict the range of
]4 so as to satisfy (5.6). At the reference temperature 60, (5.6) becomes

ag < 0. (5.7)

Since the first-order complete free energy function for incompressible mate-

rials (4.13) represents a special case of (5.1) in which

we have

a; > o, aS < 0, (5. 8)

for that form.
If the second-order heat conduction equation (4. 23) is substituted into the

heat conduction inequality (3.6), we obtain

(b0+b1]4)§°§+c0g°§§20 . (5.9)

~

Again, (5.9) cannot hold for arbitrary ] 4 and therefore the range of ] 4 must be

restricted. When B = 1, (5.9) reduces to

(by+b Iy ey g - g> 0 (5. 10)

~

and therefore
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b0+C0+bl]4_>_O when g#q (5.11)

~

We note that (5.9) may be interpreted as requiring that the tensor (b0 +bl ] 4) 1+ o B

be positive semi-definite. Of course, B is necessarily positive definite.
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6. Solutions with Uniform Temperature Fields

N T Y e e e e e e e R R T LNV Ve

As an example of the use of the special stress relations derived in Section 4,
we obtain the second-order solution to the problem of simple extension of an incom-
pressible, isotropic, prismatic bar with uniform temperature. The solution reflects
the dependence of the surface tractions on thertemperature, and it is shown to agree
favorably with experimental data taken on rubber,

In addition, a method is outlined whereby the second-order dependence on
temperature of any known elastic solution may be found. As an example of this
method, we consider simple torsion of an incompressible, isotropic, right-circular

cylinder with uniform temperature.

Simple Extension of an Incompressible, Isotropic, Prismatic Bar with Uniform

B N S L Y T T R L Y Y V]

VP N N N V)

We assume that the particle, whose rectangular Cartesian coordinates in the

reference configuration are given by (X, Y, Z), moves to the new position (x, y, z)

given by
-1 _1
x = W 2¢X, y = W 2Y, z = W Z. ) (6.1)
We then have
- _ - _
W 0 0 w 0 0
_ -1 -1
B= |0 W o, B =10 w o |. (6. 2)
0 0 w? 0 0o w2

It is easily seen that det B =1, and hence the deformation (6. 1) is volume preserving.

Substitution of (6. 2) into the second-order stress relation (4. 16) yields
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1

TS L <Yy -p + (al+a4]4)W_ W,

43
T = . p 4 (ay ta, J) W - ag W2, (6.3)
TXY> o <XZ> L g<YZ> L

In order that the solution correspond to the simple tension test, we require
T<ZZ> o <YY> o o

Hence,

-1
p = (al+a4 J4)W - 3—3 Ww. (6.4)

Substitution of (6.4) into (6. 3)2 yields

T = 1> 4, w? - wh, (6.5)
where
<ZZ> 2 ol -2
TO = a; W -Ww ) ag W = -W)

denotes the stress which would be obtained if the body were at the reference temper-

ature.

Since the stresses and the temperature are independent of position, the field
equations

v-T=0

V-.gq=0

are automatically satisfied. Thus, the assumed deformation and temperature fields
can exist without body force or heat supply.

The general behavior of equation (6.5) is shown in Figures 1 and 2. Figure
3 represents experimental data taken on rubber [ 18]. The slope of the curves shown
in Figures 2 and 3 is known as the stress-temperature coefficient Sy From

(6.5), we may calculate the theoretical stress-temperature coefficient to be given by
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%,
T<ZZ> 91
%
1 W

Figure 1. Theoretical stress at constant temperature as a function
of the extension with 60 < E)l < 92 and a, > 0.

7 ?
<ZZ>
T T2
-

6

Figure 2. Theoretical stress at constant elongation as a function
of the absolute temperature if ay > 0.

_— 194%
10,000 /
stress-
! 2
grams/cm 1259
5000 //
72%
L ] 6%
40 80

G-Oc

Figure 3. Experimental stress at constant elongation as a function
of the temperature [ 18].
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a
s, = g Wr-wTh (6.6)
t

0
Except at very small elongations, the stress-temperature coefficient of rubber is
positive, Thus, from (6.6), the constant a 4

From Figure 1, it may be seen that if the stress T<*> s held constant,

must be positive for rubber.

an increase in the temperature will produce a decrease in the elongation in a mate-
rial for which a 4> 0. According to Treloar [ 13], this effect was first observed
in rubber by Gough in 1805,

From (6.6), we observe that when there is no elongation (W = 1), the stress-
temperature coefficient s ¢ should be zero. However, Figure 3 shows that, in fact,
S, is slightly negative at zero extension. According to Treloar [13] (see also Tre-

loar [19] ), this behavior could be due to the slight compressibility of rubber.

General Method

In the literature of finite elasticity, many problems have been solved, either

in terms of the functions g appearing in the elastic constitutive equation

T =391 +9,B +?/’=1§ml‘

~

or in terms of the constants . Cl and 02 appearing in the Mooney strain energy
function

yp = C (I-3) + C,(II-3).

For the approximate theories which have been derived here, we have the following
correspondences:

First-order complete

1) Compressible
z/)o = 2p aq 11, z/)l = 2p (2&14 I- 6a4 +a6 ]4 - 28.3)

vop T T2y
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2) Incompressible

vp = ap by 70

Second-order complete

1) Compressible

b = 2p [1I (ag ta a7) + a, II1]

il taly -
2
¥, = 2p [(Za4 - 2all) Jl + (a6 - Zalz) ]4 + 3a8 ]1

2
+ 2a9 ]y Iy toaggly tagly - 2ag +oay]

vop T e (agtag ] tay - ay)
2) Incompressible
vy T tagly v T omag

Cl =8 + a4]4, C2 = ag
By substituting the above relations into a solution from isothermal elasticity,

we may find the effect upon that solution of altering the uniform temperature.

pure Torsion of an Incompressible, Isotropic, Right-Cireular Cylinder

As an example of the method outlined above, we consider simple torsion of
an incompressible, isotropic, right«circular cylinder of radius e The particle
originally located at the point (R, ® Z) in circular cylindrical coordinates moves to
the position (r, ¢, z) given by

r =R, ¢ = @ + BZ, z= Z.
The moment T exerted on the ends of the cylinder is known to be (see, e.g., Trues-

dell and Noll [161)

0
T = 2B g r® (g, - 9_) dr. - (6.7)
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If we substitute the second-order complete forms for 1 and Yo into (6.7), the

integration may be carried out and we obtain

- 1 4
T =T, +$nBrya, ],
where
T =11rBr4(a +a,)
0 2 01 3

is the moment which would exist if the temperature were the reference temperature.

For rubber cylinders, the constant a, is positive and the moment increases with

4 .
increasing temperature. If the moment is held constant, the amount of twist will
decrease with increasing temperature. This effect represents a torsional analog of

Gough's observation for simple extension.
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7. Solutlons Involving Nonuniform Temperature Fields

In this section we obtain second-order solutions to the problems of biaxial
stretching of incompressible materials with transverse heat flow, and simultaneous

extension and shear of an incompressible cylindrical annulus with radial heat flow.

Biaxial Stretchmg of Incompressible Materials with Transverse Heat Flow
We assume that the particle whose rectangular Cartesian coordinates in the
reference configuration are given by (X, Y, Z) moves to the position (x, y, z) given

by
_ _ _ .1 -1
x =UX, y=VY, z=U"V"Z (7.1)
In addition, we assume that the nondimensional temperature ]J 4 is given by

I, =1, (2 . (7.2)

Laws [ 4] has shown that this deformation and temperature field represents a con-
trollable state with prescribed heat flux.

Corresponding to the deformation (7. 1), we have

Uz 0 0 U2 0
B = |0 V2 o |, B'_ o vZ o . (7.3)
0 0 U 2y2 0 0 U%v?

Again, det B =1, and the deformation (7. 1) is volume preserving.

Substitution of (7.3) into the second-order stress relation (4. 16) yields

<XKX> 2 -2
T = p+(al+a4]4)U a3U ,
TVYV> = -p + (al-l-a4 ]4) V2 ag V_Z,
(7.4)
Z -2 2
T2 = -p + (@, +2, 1) UV " - a, WV,

TXY> o L IE> L )
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Since ] 4 depends only on z, substitution of (7.4) into the field equation V - T = /9

yields
p = p(2),
(7.5)
%> = TEZZ> = constant.
Substitution of (7. 5)2 into (7‘,4)3 gives
Z -2 2
p=(2)=-Ty 7 +(a, ta, ) UV~ - a; UV, (7.6)

With (7.6), the stresses (7.4) become

T 2 4 4a ) [U2 - (U V)—Z] - . [U—Z (U V)Z] + TP
1734 3 0
- 2 -2 -2 2 <ZZ
TV @ e, ) [V - UV - e V- @+ T
<ZZ> TBzz>
T<Xy> — T<XZ> = T<YZ> = 0.
To correspond to biaxial stretching, we set TBXX> =0 to obtain
TS @ +a,]) [U2 - (U V)=2] - 2 [U'2 - (U V)Z],
1 %474 3
2 -2 -2 2
T<VY> (a, +a, ] [V - UV - ag[V" - UV, (7.7)

Using the method presented in Section 6, it is easily shown that at each point X, the
stresses given by equations (7.7) represent the stresses which would be obtained if
the body were at the uniform temperature ]J 4 (f)"

It now .remains to calculate the temperature distribution. With (7. 2), the
second-order heat conduction equation (4.23) can be written as

by 4

2Vh, e, (7.8)

-0 -
q -E[(b0+ COU
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Equation (7.8) and the field equation V - q = 0 imply

q = qO e, = constant. (7.9)

If the temperatures on the faces of a plate originally of thickness t are given by

0@ =6, o@Ulvig =0

0’ 1

we may equate (7.9) and (7. 8) and integrate to obtain

-1 2 1

]4 (z) = m, [- m, +(m2 +21rn1 dg z)?], (7.10)
where

m, =b 6, m, =0 (b +c UZ2V?

1 170 2 0v0 0 :
The heat flux 4y is given by
= -1 1 2

q4y = Uuvt (m2 ]41 +§ml ]41), (7.11)
where

= 1%

4 %

The temperature distribution (7. 10) may now be substituted into (7.7) to determine
the lateral stresses.

This solution may be interpreted as corresponding to a thin stretched mem-
brane whose faces are held at different temperatures. Because the temperature
varies in the z-direction, the stresses on the edges of the membrane must also vary
in the z-direction,

If we set

U=v=w!

in the solution just obtained, we obtain the solution to the problem of simple exten-
sion with uniaxial heat flow. Since the lateral stresses vary with temperature, it
is not possible, in general, to make these vanish. Thus, the solution cannot be made

to correspond to the simple tension test with axial heat flow.
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Simultaneous Extension and Shear of an Incompressible, Isotropic Cylindrical Annulus

L T L N e L T Lo o e e e e R R R R N N R 2 )

N N N VP e I

We assume deformation and temperature fields of the form

r=AR, $=0%+%®, z=27z+8®, (7.12)
Iy = 1,0,
where (r, ¢, z) represent the circular cylindrical coordinates of the position of a
particle whose position in the reference configuration was (R, ® Z). The constant
A is assumed to be given while the functions $ (R) and v (R) are to be determined.

The physical components of B and Bml corresponding to (7. 12) are given by

[ 22 AS T AW
B= [A§r a2 +12 92 & |, (7.13)
AW W &2+ 1Y
0252 a2 129207 (273 1) %A% ]
13'1 = 238 1 A2 0 ,
- & A% 0 N

where a prime denotes differentiation with respect to R. It is easily verified that
the deformation (7.12) is volume preserving.

Substitution of (7.13) into the second-order stress relation (4. 16)

yields
T = L 4@ e, l) - oa, (2%l 2 0
1 474 3
2 2,2 -2
T<¢¢>==p+(al+a4]4) (}\ +r$)"337\ )
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T2 = -p + (a; ta, ], @2 - ag At
T> 2 4 ta, )BT +a, A

1 474 3 :

(7. 14)

<Tz> A, A, 53
T (al+a4]4)(7xw)+agw A,
<bz> _ NN
T (al+a4]4) (¢' W' 1),

If we assume that the pressure p depends only upon r, then all of the stresses

depend only upon r; and the field equation V * T =0 becomes

0 [,.1-<rr>] +?]L:' [T<rr> - T<¢¢>] - 0,

T

2 (1 (&) T <, (7.15)
o] <TZ> 1 T<rz> _

5t [T I+ () = 0.

Equations (7. 15)2 and (7. 15)3 imply

where

where

<> o k, /17,
(7. 16)
r
T<M%> = K,/
kl and k2 are constants. Substituting (7.14) into (7.16) and integrating yields

$(I’) - $(r0) = kl Ils

~ ~ (7.17)
w (r) - w(ro) = kz 12,
r
= 4 4 -1 -3
Il = g A [(a0+a1]4)?\ +a3] r = dr,
0
(7.18)
r
I, = [(a, +a,], t+a AZ)}\r]_ldr
2 1 7474 73 !

o
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If we assume the boundary conditions
Sy =Wy =0,
) =8 W) = W,
we obtain

(7.19)

where
N A
kp = 0y/L ) Ky = Wy /L)
In order to proceed further, we must find the temperature field. For the

assumed deformation, the second-order heat conduction equation (4. 23) becomes

= 0 (b, +b, ], +c,A%) (w) e +0 x@uﬂ)e
q 00 P14 "% or / Sr 0 or ’ o

o A% 9 J4 .
+ 0 AW (Tr_) e . : (7. 20)
We assume the boundary conditions

G(ro) = 0 G(rl) =0

0’ 1’

Substituting (7. 20) into the field equation V + g = 0 and integrating yields

~

I, (0 = £ [ &,+ (s +E, In r—f))%], (7.21)
where |

£, = b, 097",

£, = 0 By +cy 1),

£; = b, eg [2 (b, +c, %) (619—060) + b, (919-0.90)2] [1n,-§—;]_l.
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Substitution of (7.21) into (7.18) and (7.19) gives $ and W as functions of r. How-
ever, because of the complexity of the expression, the integration would have to be
carried out numerically.
All of the field equations except (7. 15)l have now been satisfied. Substitution
of (7. 14)l and (7. 14)2 into (7. 15)l yields

2 2

op _ @ 2 2 A -2 22, -4
57T a—r-[(a1+a4]4)?x a3(>» W' A +rv¢ A )]

2

-1 2,2 2 A, 27,2 -4
-r [(al+a4]4)r$ —a3(7\ v/\v -7 e A )]

(7.22)
Since all of the functions on the right-hand side of (7.22) have been determined, we
may, in theory, calculate p to within an additive constant c:

p(r) = p(r)+ec.
By choosing the constant c properly, we may free either the inner or the outer sur-
face of the cylindrical annulus of normal traction. By choosing p in this manner, we
have satisfied the remaining field equation (7. 15) 1

We may simplify the problem considerably by choosing

(@) = W@ = o (7. 23)
This corresponds to stretching the cylindrical annulus without shearing. Under these

conditions, equation (7. 15) 1 becomes
<> = T(<)rr> = constant . (7.24)
Substitution of (7. 14) 1 into (7.24) yields
(@) = (a +a, )X - a, A2 + T (7. 25)
1 474 3 0 ) )

With (7.25), we obtain
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<IT>  _ <IT>

0o
<> (<)rr>’
(7. 26)
T = (a; +a, ]y ataa?) - a oo X2 - 57,
T<Ee> | q<rZ> | <> _
The temperature distribution (7. 21) remains unchanged. By choosing T(<)rI> equal to

zero, we may free the inner and the outer surface of the annulus of stress. The only
non-zero stress is the normal stress acting on the ends of the cylindrical annulus.

This stress must vary radially with the temperature.
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8. Gough-]Joule Heating
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It is generally observed that if a material which is thermally insulated is
deformed, its temperature will change., This phenomenon, known as Gough-Joule
heating, will be investigated in this section.

In order to make the concept of Gough-Joule heating more precise, we con-
sider the following situation. We assume that at time t =0, a thermally insulated
elaétic heat conductor which occupies some configuration X1» is at the uniform

temperature © From time t=0 to t= At, the body is deformed to some new

1
configuration Xo- The body is then held in the configuration Xo until the temper-

ature reaches some new uniform temperature 0, at time t =o.* This process

2
of going from one uniform temperature before deformation, to another uniform
temperature after deformation, will be called a Gough-Joule process. Our goal is
to find the new uniform temperature 925
If we assume that the motion X (}5’ t) of an elastic heat conductor may be
specified arbitrarily, we may assume the motion to be given by
Z( (}E, 0) , < 0,
X (X, 7) = XX, 1) 0<rt <1, (8. 1)
X Ofs 1) , 7 >1,

where 7 is a parameter related to time t through

T =6 " t. (8.2)
Thus, & units of time are required for the body to deform from the configuration
X (X, 0) to the configuration X (X, 1). In the limit as 6 goes to zero, the motion
becomes discontinuous in time. This motion has been referred to as a strain im-
pulse by Coleman [20].

Basic to all that follows is the assumption that "during' a strain impulse,

*Of course, this assumes a certain kind of stability. However, the equilibrium equa-

tions and the condition of insulation do support the assumption that 0, is uniform.



34
no heat flows; and hence, by the result at the end of Section 3, the deformation is
locally isentropic. This assumption, which leads to a correct final temperature in
the linearized case (see Martin and Carlson [21]), may be motivated as follows. If
a body is thermally isolated from its surroundings, and if we assume a conductivity
equation of the form
q =K (F, 0,Ve) Vo, (8.3)
then the energy equation (3. 10) may be written as
0ph(E(X, 0,0 =V [K(FX 1,0 V0)Vo] (8.4)
Equation (8.4) represents a partial differential equation in 6, }S and t if the motion
and the conductivity functions are known.
Substituting the parameter 7 for t (recall (8.2) ) in (8.4) yields
0 p g [n(E (X, M, ©]= V - [K* (F (X, 7), 0, VO)V 0] (8.5)
where
K* =5 K.
The tensor I~<* will be called the equivalent conductivity.
We observe that, except for the change in the conductivity tensor, equation
(8.5) is identical to (8.4). Thus, we conclude that changing the rate of deformation
(changing 6) is equivalent to keeping the rate of deformation fixed and changing the
conductivity tensor. For a strain impulse, § goes to zero and therefore the equiv-
alent conductivity tensor goes to zero. Equation (8.5) becomes
e lnx, 7 0)l= 0 | (8.6)
and therefore we have

n @O, X, 1) = my (X).

Thus, the entropy at each point X is the same immediately before and after the

strain impulse.
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We use this approach to consider the Gough-Joule heating associated with
strain impulses. For strain impulses, a Gough-Joule process consists of two stages.
If we regard a strain impulse as taking place over an infinitesimal time interval §,
the first stage lasts from t =0 to t=©6. During this time interval, the body is
deformed isentropically from the initial configuration X X, 0) = X4 Q() to the final
configuration X ()E, 1) = Xy (}5). Employing the notation eu whenever a temperature
field is to be regarded as uniform, the temperature at t =0 is Gulo At t =56, the
temperature will, in general, be nonuniform; and it will be denoted by 61 (}E),

The second stage 1astsl from t =6 to t=co. During this time interval, the

body is held in the configuration Xy (X) while heat flows within the body until the

temperature becomes uniform. The final uniform temperature will be denoted by

eu .
2
During the first stage, the entropy at each material point X is constant.

Therefore, from (3.5) we have

n [Ey 6, 0, COT = n [E; 0, 0, 1, (8.7)

where 131 (}5) and Ij‘z (Z() are the deformation gradients corresponding to X (2,()
and Xy (Z(), respectively. If the function m (g, 0) is known, equation (8.7) may be
solved for 81 ()~{) as a function of }fl (Z{), Ez (Z(), and Gul.

In the second stage, the deformation is held fixed while heat is allowed to
flow within the body. The temperature distribution at time t =06 is 61 (}5)’ In
the absence of external heat supply the energy equation (3.10) is

eﬁ(§,9)=vog, (8.8)

Since the deformation is fixed, and the boundary of the body is insulated, it is

possible to integrate (8. 8) to obtain

Se (X), t) dm = Se (X, &) dm. (8.9)
B B
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Of course, this is also evident from overall energy balance. Thus, the total internal
energy in the body remains constant during the second stage. If we assume that the
temperature reaches some uniform temperature eu at t =, (8.9) may be written

2
in terms of the specific internal energy e (F, ) as

e [F,X), 6 ]dm = e[F, X), 6. (X)] dm. (8.10)
If the form of the internal energy function is known, the integration may be carried
out and © solved for in terms of F., (X), F, (X), and 6_ .
u, ~1 Y7 L2 N Uy
In order to proceed further, it is necessary to assume a specific form for the
free energy function, and hence, specific forms for the corresponding entropy and
internal energy functions. We take the form of the free energy function to be given

by the second-order complete form (4. 14) for incompressible materials. To simplify

the calculations, we will assume that the constant ag = 0. Therefore, we have

g =a (1-8) +a,(I-3) +a,(I-3)], +a (8.11)

2
504

At this point, it is convenient to adopt the notation

o= I
B = (1—3)9
v = (II - 3).

With this notation, the entropy and internal energy functions corresponding to (8.11)

are given by

-1 )
n = —90 [a46 +2a5 al, (8.12)
and

€ = (al+a4)3 + agy - ag (———) . (8.13)
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The invariants g and y corresponding to X ()5) and X, (}S) will be denoted by Bl’
Y and Bos Yo respectively.
Substitution of (8.12) into (8.7) yields

0p (%) = kLA g ], (8.14)

where
ARy (X) = By (%) - B (X)
and

a,6 6

; 40
k =-(——).

2a5

With (8. 13), the requirement that the total internal energy be constant during the

second stage is equivalent to

elz12 =L S [0, )7% dm (8.15)
®

where m is the mass of the body. Substitution of (8. 14) into (8. 15) gives

2 1
%, " S@[k B, (>~<)+eul ? dm. (8. 16)

| Equation (8. 16) allows us to calculate the temperature eu in terms of the tempera-
2
ture eu and the configurations X4 (X) and Xy X).
1 ~ ~ ”~, ~
If the deformation from M X) to x2 (X) is homogeneous, then (8. 16)

reduces to

euz = kag, + eul., (8.17)

Simple Extension

As an example of Gough-Joule heating in a homogeneous deformation, we con-
sider simple extension of an insulated cylinder. From Section 6, we recall that for

incompressible materials in simple extension



38

b yw? - os,

B=1 =2W
If we deform the material from the reference state,

AB =owt o+ w? - 3,

From (8.17), we obtain

a,®
- _ 470 -1 2
0, =9 - (=) [2W 7 +W” - 3]. (8.18)
2 5
For rubber, we have
a,o
o 4 O %
k - ('—Z-é'-g') 2 Oo

Since the function (2 W—l + W2 - 3) has a minimum at W =1, an insulated rubber
cylinder will increase in temperature whenever it is stretched (or compressed) from

the reference configuration.

pure Torsion of a Right-Gircular Cylinder

As an example of Gough-Joule heating in a nonhomogeneous deformation, we
consider pure torsion of an insulated right-circular cylinder of radius Ty If the
particle originally located at the point (R, @, Z) in circular cylindrical coordinates
moves to the position (r, ¢, z) given by

r = R, & = @+ B7Z, z = 7Z, (8.19)

then

B = B r%,

If the body, initially at the temperature ©_, is deformed from the reference config-

1’
uration, we have

*In Section 6 it was shown that a 4> 0 for rubber. From equation (5.7), ag < 0.
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agy = B'r%, o, =0 (8. 20)
1
Substituting (8. 20) into (8. 16) and integrating gives
2 _ 1,2 2
6u2 3 (y +3y61+3 91), (8.21)
where
y = kB r, (8.22)

If the cylinder is composed of rubber, k > 0, and therefore y > 0. From
(8.21), Gu is a monotonically increasing function of y if y > 0. Thus, from

2
(8.22), we see that the temperature increases if the cylinder is twisted in either the

positive or negative direction -- a result which should hold due to symmetry.
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9. Successive Gough-Joule Processes

N N D L R L R YY)

In the previous section, it was shown that if the motion of a body is a strain
impulse, it is possible to calculate the final uniform temperature of a Gough-Joule
process in terms of the initial uniform temperature and the change in configuration.
This relation represents a type of difference equation between the uniform temper-
atures and the configurations of the body in a Gough-Joule process. In the present
section, it will be shown that for general motions this difference equation cannot be
integrated to yield the uniform temperature as a function of the deformation only,
as is possible in 1ineér thermoelasticity [ 22]. The fact that the temperature cannot
be found as a function of the configuration of the body means that the Gough-Joule
heating is dependent on the path which the body takes in time-configuration space.
For Gough-Joule processes involving motions other than strain impulses, the above
results indicate that the Gough-Joule heating will depend upon the rate of deformation
as well as upon the amount of deformation.

We assume that we have a sequence of Gough-Joule processes (of the strain
impulse type of Section 8) in which the uniform temperature reached at the end of
the it process represents the initial uniform temperature of the (i + l)thi process.
The uniform temperature at the beginning of the ith process will be denoted vby eu..
During the ith process, the body is deformed from the ith to the (i + l)th' configl—
uration. The invariants g and y corresponding to the ith configuration will be
denoted by g, and i |

With this notation, equation (8.16) becomes

eﬁ_ -1 S [k &g, (X) + 06 1% dm, . 1)

(i+1) e i
where

ABi (}5) = B(i'l‘l) (55) - 6i ()E)c
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Equation (9. 1) represents what could be called an integral-difference equation
of the form

Vi = A& by Aup 0]
Conceivably, one might hope to solve (9.1) for eu as a function of the écalar field
B (X), as is possible in linear thermoelasticity. That this is, in general, impossible,
will now be shown.

We denote the set of all scalar fields by S, the set of all real numbers by R,

and establish the following theorem.

Theorem. A necessary condition for a functional-difference equation of the form

Vig =4 Ly, Ay (X)] ©.2)
to have a solution F: S —» R, such that

y = FluX)] (9.3)
is that

21 [y, Auy (X + AuX)] = ,zz{,y [yys Auyp @O, Auy O} 9.4)
for every scalar vy and for all scalar fields Aul (X) and Auz (X).

Proof. Suppose that (9.2) has a solution of the form (9.3). Let uy X),
uy Q{)’ and ug (Z() be arbitrary elements of S. Define Aul ()5),Au2 (X), and
Aug (X) by

Aul ()S) = u2 OE) - ul (}S):

Au, (X) = ug (X) - u, (X),

Aug (}E) = u3 (;}S) - ul (ZC) = Aul (ZC) + Auz (?\9'

Then, by (9. 2) and (9. 3),
Flu, (X)] =4 [y, du (0],

I

P

1l

F[ug ()] =4 [y, Au, (X)]
- ,U{,zj [y, Au; (0], Au, (X} -

Y3
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We may also express V3 by

vy =2 [y, A (0] =4 [y, Au (X0 + Au, X,
and therefore, 'We must have

,21{,@ [y, Auy (01, Au, <>5>} =4 [y, Au, (X) + Au, (0]
for every scalar vy and for all scalar fields Aul (}E) and Auz (}S). This completes
the proof.

We now show that (9. 1) does not, in general, satisfy the condition (9.4). Let
B 1 (}5), 32 (}S), and ‘63 (Z() be arbitrary elements of S. Define A/S'z ()~() and ABZOS) by

I

1l

Substitution of (9. 1) and (9. 5) into (9. 4) yields

S{ kAp, (X) + {—rlﬁ S (k A, (X) +0, )2 dm]i} 2 4m
& B !

- S{k[Aﬁl (0 +48, (0] +0, | dam (9.6)
® 1
Expanding and collecting terms in (9.6) leads to

1
V{zcan, 005 § aeofam® + 2§ 0o’
® ®B B

<288, (0800 - [8 (01 | dm = o, ©.7)

where

h(X) = kag @) +9, . ©.8)

If AB 1 is arbitrary, then (9.8) makes it clear that h (X) is arbitrary.
To show that (9.7) is not valid for arbitrary choices of ABZ (X) and h (X),

we take
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A'BZ ()N() =1 (9.9)
and define the quantities I1 and 12 by
_( 1 2. 3% | 9.10
o= ) [heor”am] (9.10)
®
and
- 1 .
12 - S h(}f) dm. (9.11)
®

Substitution of (9.9), (9.10) and (9. 11) into (9.7) yields

I = 1. (9.12)

Since Il does not generally equal I,, we conclude that the integral-difference

9
equation (9. 1) does not satisfy the conditions of the theorem. Hence, we cannot
solve (9. 1) for eu as a function of B.

Thus, we conclude that two rapid deformations, the second occurring only
after the body has reached uniform temperature, are not equivalent to a single rapid
deformation which is the compeosition of the two deformations. In particular, if the
second deformation is the inverse of the first, the body will not necessarily return
to its initial temperature. This result suggests that the Gough-Joule heating depends
upon the rate of deformation. Since the free energy function which has been used
could, conceivably, correspond to a real material, we conclude that the Gough-Joule
heating of a general elastic heat conductor is rate dependent.

If the deformation of the material is homogeneous, equation (9.1) reduces to

o = kAB., + 0 (9. 13)
U(i+1) 1 Y

Equation (9. 13) represents a linear first-order difference equation whose solution
is given by [ 22] as

0, = kB +8,- (9. 14)
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Thus, if the deformation is homogeneous and compounded from a sequence of strain

impulses, the Gough-Joule heating depends only upon the deformation.

Cyclic Pure Torsion of a Right-Circular Cylinder

L R L v Y VP N PP TN

We assume that a right-circular cylinder, which is initially in the reference

configuration and at the uniform temperature 6., is deformed according to the defor-

13'
mation (8.19). In Section 8, it was found that the final uniform temperature eu was
2
given by (8. 21) and (8. 22).
Now, let us assume that after the body has reached the uniform 0, > the body

is returned to the reference configuration by another strain impulse. Thus, for this

case we have

AB, = - B 17, (9. 15)
o = [ig2+3ye. +302]2 (9. 16)
u2 2 y y O 0 o R
Substitution of (9. 15) and (9. 16) into (9.1) yields
2 .2 _ 2 2 12 2.3
9u3 81 37 + yel y(gy +yel+91) (9.17)

If vy > O (which is an appropriate assumption for rubber), it is easily shown that
(9.17) implies

2 2
6u3 - Gl > 0.

Hence, if y > 0, a cylinder subjected to cyclic strain impulses will experience a
temperature buildup. A similar result has been obtained by Dillon [ 8] in his theory

for a cylinder subjected to infinitesimal sinusoidal twisting.
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