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Abstract

A new theory for the propagation of pressure pulses in an inviscid compressible
fluid contained in a thin-walled elastic tube is presented. This theory represents an
improvement over the classical waterhammer theory because the restriction that the
speed of sound in the tube material must be much greater than that in the fluid has been
removed and because the restriction that the pulse length must be much greater than
the tube diameter has been somewhat relaxed. The degree to which the latter has been
relaxed will be determined by the reéults of an experimental program currently in
.progress.

The new theory is applied to a capped tube with an axial impulsive force applied
to the capped end for a short period. Numerical solutions using the method of charac-
teristics are presented for a water-filled copper tube and for two different pulse lengths.

An analytical solution is obtained for the special case when the speeds of sound
in the tube material and in the fluid are equal and this provides a check on the numerical

solution.

1. Introduction

To date, acoustic waves in inviscid, compressible liquids contained in elastic
tubes have been treated in two ways. The first approach is the classical waterhammer
approach (see e.g., Streeter and Wylie [1]), in which the fluid velocity is axial and
both it and the pressure aré ﬁniform across the tube at each cross section. The inertia
qf the tube is neglected so that the tube instantaneously expands or contracts until its

hoop stress balances the internal pressure. Although radial fluid flow is ignored,
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the continuity or conservation of mass equation is modified to account for changes in
the tube's cross sectional area due to its passive expansion. In this approach the
equations are those for plane acoustic waves in an unbounded liquid (see e.g., Walker
[2]) with a modified wave speed, i.e., the tube expansion increases the total fluid mass
between two adjacent cross sections for a given pressure and thus increases the effect-
ive compressibility of the liquid with a corresponding reduction in the apparent wave
speed. The modified wave speed is not a true wave speed, i.e., the speed at which a
discontinuity travels; at most it represents an engineering approximation to a wave
whose leading edge is moving at the true wave speed but whose peak pressure travels
at an effectively slower speed because of the wave dispersion associated with the
pressure relief provided by the tube expansion. In effect this approach includes the
radial fluid velocity term in the continuity equation but ignores corresponding terms
in the radial momentum equation.

The second approach (see e.g., Lin and Morgan [3]) represents an attempt
to avoid the basic inconsistency in the first approach. The fluid motion is assumed
to be axisymmetric, i.e., the velocity has an axial component A and a radial com-
ponent VRo while both these together with the pressure p are functions of the axial
coordinate s, the radial coordinate R and time t. (See Fig. 1). The tube can be

treated as a thin shell with inertia so that its motion is described by its radial displace-

ment W and its axial displacement u, both of which are functions of s and t only.

The fluid and tube problems are coupled by the boundary condition at the inside surface
of the tube, namely at R =r. For a given problem the Fourier transform variable
appears in the arguments of Bessel functions in the transformed solution and the Fourier
inversion cannot be obtained without some approximation. Lin and Morgan treat periodic
acoustic waves for which the Fourier transform variable is replaced by the unknown wave
number and the Fourier inversion is replé.ced by the problem of solving a dispersion

equation involving the same Bessel functions. For wave lengths which are much longer
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than the tube radiﬁs, the Bessel functions can be replaced by their asymptotic expansions
for small argument. Using the leading term in each expansion, Lin and Morgan solve
for the first two wave numbers. Lin and Morgan also present numerical solutions of
their dispersion equation for arbitrary wave length. One sidelight of the results pre-
sented by Lin and Morgan is the demonstration that the modified wave speed used in
the first approach actually corresponds to the phase speed of long periodic Waves when
the speed of sound in the tube material is much greater than that in the liquid. Indeed,
after the introduction of the long wave length approximation the second approach is sim-
ilar to the first; the radial velocity is much smaller than the axial one, while the axial
velocity and the pressure are nearly uniform across the tube. The principal difference
is that the second approach includes the small effects of radial velocity and radial pres-
sure gradient in an asymptotically consistent way and thus avoids the basic inconsistency
in the first approach. The greatest disadvantage of the asymptotic approach as it is
presented by Lin and Morgan and others is that it appears to require a partial solution
of the two-dimensional, unsteady acoustic equation before the asymptotic expansioﬁs for
long wave length can be introduced;

The object of the present analysis is to begin with an approximation which is
equivalent to the long wave length one and to derive equations which govern both the
tube and fluid motion and which involve only s and t as independent variables and not

R. These equations will be as simple as those in the first approach, but will also be

as consistent as those in the second approach.

2. Equations along characteristics

The equations governing the flow of a compressible inviscid liquid are

op/ot + (v - Vyp +p (V- v) =0, (1a)
pPOYAL +p (¥ - V)V + Vp =0, (1b)
dp/dp = K/p, | (1c)

where p, v and p are the density, velocity and pressure respectively. The liquid's
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bulk modulus K is taken to be a constant, which rules out flows in which cavitation
occurs. The acoustic assumption is that the velocity is much less than the speed of

sound in the liquid,

=

¢y = (K/pp)*®,

where p ¢ is the liquid's density when there is no motion. With this assumption the
second terms in each of the equations (la, b) can be neglected and the variable p can
be replaced by the constant Ps in the last term of equation (la), -in the first term of
equation (1b) and on the right hand side of equation (1c). For axisymmetric flow these

equations become

(1/K) op/ot + BVR/BR + VR/R + Bvs/as =0, (2a)
ppOvp /0t + dp/BR = 0, pp v /Bt + Bp/ds = 0, (2, c)

where VR and v, are the radial and axial velocity components respectively while R
and s are the radial and axial coordinates respectively. (See Fig. 1). Equation (lc)
has been used to eliminate p from equation (la).

Lin and Morgan [3] present solutions of equations (2) for periodic disturbances
applied at one end of a semi-infinite tube. Each of the variables in their solution is
equal to a periodic function of (s - Ce t) times ]o (kR) or ]l (kR) where Jo and ]l
are Bessel functions of the first kind and k is the wave number for the disturbance.
For disturbances with long wave lengths, k << r, where r is the inside radius of
the undeformed tube, and the Bessel functions can be replaced by their asymptotic

expansions for small argument. This is equivalent to writing each variable as a power

series in R,

Vo =y ©) + Rvs(l) + R2 VS(Z) +

- g TRV AR VST &L, S (3a)

v =V(O)+Rv(1)+R2v(2)+

R R R R F..... 4 (3b)

pep g s at Mg , (3¢)
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where the coefficients are functions of s and t only. Equation (2a) implies that

VR(O)’ (1)

and this, together with equation (2c), implies that v

must be zero, which, together with equation (2b), implies that p' ’ is zero,

s(l) is zero.

The plane wave approximation which is valid for very long pulses is obtained
by truncating the series (3) after the O (1) terms in the velocity and after the O (R)
term in the pressure, so that the axial velocity and the pressure are uniform across
each cross section of the tube and there is no radial velocity. An improved approxi—-
mation, which is valid for moderately long pulses as well as very long pulses, is
obtained by truncating the series (3) after the O (R) terms in the velocity and after
the O (R2) terms in the pre‘ssure so that the axial velocity is still uniform, but there
is now a radial velocity which is proportional to R and a radial variation in the pres-
sure which is proportional to Rz. Lin and Morgan [3] point out that when two terms
are kept in their asymptotic expansions, the radial velocity is proportional to R.

(2) (2)
S

Once p can be obtained from equation (2c), so that O (Rz) terms

is known, v
could be kept for \A with very little extra effort, but it turns out that VS(Z) plays no
significant role in the solution to this order of approximation.

The usual approximations for axisymmetric, small-deformation, elastic,

plane-stress problems are assumed to hold for the thin-walled tube, so that the equa-

tions governing its motion are

oy = E* (e + v ee).\,' 0 = B*(gg +ve, (4a, b)
€, = du/os, €g = W/r_, » (4c, d)
P 9u/ot = 90 _/os (4e)
p, T, © OW/Bt = rp, - Oge. e

In these equations, Ogs Tgs €1 €y U and w are the axial stress, azimuthal or hoop
stress, axial strain, azimuthal or hoop strain, axial displacement and radial displace-

ment respectively, all of which are functions of s and t only. For the tube material,



E* = E/L-v)),
where E, v and Py are the Young's modulus, Poisson's ratio and density respectively.
For the undeformed tube, r is the inside radius, D is the outside diameter, e is
the wall thickness and L. is the mean radius ( = D/2 - e/2). In addition, Py, is the
fluid pressure on the inside surface of the tube, and the dot denotes differentiation with
respect to time, so that U and w are the axial and radial tube velocities respectively,
which turn out to be the basic tube variables rather than u and w.

The fluid and tube problems are coupled by the pressure p_ and by the inviscid
boundary condition that the fluid velocity normal to a solid boundary equals the bound-
ary's velocity in the same direction. In the context of the small-displacement and long-

pulse approximations, this boundary condition and p, are

v.v = VR(R=r) = rvR(‘l),

b = p®=1) = p@ 4 2@

Thus VR(l) = \7v‘/r and this, together with the radial momentum equation (2b) for the

fluid, gives

p? = (0£/2) BVR(l)/Bt = - (py/21) BW/BL .
(1) (2)

Since VR and p are determined by v.v,' they need not be kept as independent var-

iables. Henceforth p(O) and VS(O) will be denoted simply by p and v respectively,

where both are functions of s and t only. Thus the series (3) become

V,R, 51 = v +0R?Y, (5a)
vp R, s, t) = (R/r) w + O (R%), (5b)
PR, s, ©) = p- (o, RY/2r) oW/t + O (R%), 69

while the pressure driving the radial tube motion is

Py = P - (ppT/2) 3W/0t . | (54)
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It should be remembered that p and v in the subsequent analysis represent the
pressufe and axial velocity at the tube centerline R =0, and that values elsewhere
in the fluid differ by O (RZ) terms.
The introduction of the expressions (5) into equations (2a, c, 4f) and of the
expressions (4c, d) into equations (4a, b), together with the differentiation of equa-
tions (4a, b) with respect to time, gives six linear, first-order, hyperbolic, partial

differential equations,

(1/K) dp/ot + (2/t) W + dv/ds = 0, (6a)

90 /ot - E* (ou/8s + vv?r/rm) =0, (6b)

dog /ot - E* (w/r_ + vdi/ds) = 0, (6¢)

pfav/&)t + 9p/0s = 0, (6d)

ptaﬁ/at - 80 /8s =0, (6e)
2

(P T, € + ppT J2) 9W/ot - Tp + evy = 0, (6£)

governing the six independent variables, p, v, Oy Ogs U and v'v, which are functions
of s and t only. Physically, a radial tube acceleration implies a radial fluid accel-
eration which increases linearly from zero at R =0 to 8\7v/8t at R =r, and the
effect of this fluid acceleration appears as an added mass term in the first term of
the radial momentum equation (6f) for the tube.

The equations (6)can be solved using the method of characteristics. There are
two families of propagating characteristics and two other non-propagating character-
istics, so that discontinuities must either remain stationary or propagate at either the

speed of sound in the liquid c; orat the speed of sound in the tube material

1
2

= £
c. = (E¥*/p)
The modified wave speed used in the classical waterhammer approach (see e.g., [1])

is less than ¢ and is clearly not a true wave speed at which discontinuities or wave

fronts can propagate.
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The equations (6) are non-dimensionalized and transformed into the ordinary

differential equations which hold along characteristics, giving

do, F du - (vv?z/rm) dt = 0, along ds/dt = + 1, (7a)
(E*/K)dp + (1/y)dv + (2w/r)dt = 0, along ds/dt = + y, (7b)
vdo, - dog + (1-v?) @/r_)dt =0, (7¢)

. along -g-?- = 0.
adw + (Ue/r - p/e)ydt = 0, (7d)
In these equations, s, r, o and e have been normalized with respect to D; t has
been normalized with respect to D/ct; U, w and v have been normalized with respect
to ¢ and p, T and T have been normalized with respect to E*. The non-dimen-

sional wave speeds, which are equal to the slopes ds/dt of the propagating character-

istics, are equal to one and
1
vy = cp/e, = (Kp /E* po)? .
In addition

a = (rm/r) + (pf r/2pt e) .

3. Results for a water-filled copper tube

For a given tube, liquid and set of end conditions, the equations (7) can be
solved numerically using finite differences. Here the tube is made of copper and has
an outside diameter of 12.7 mm and a wall thickness of 0.76 mm (a standard 0.5
in, OD copper tube), the liquid is water and the end conditions are those for a semi-~
infinite tube with a prescribed force f(t) on the capped end, which is taken to be at
s =0. (See Fig. 2). The cap is a massless, rigid plate with a frictionless seal be-
tween it and the end of the tube, so that equation (7d) is applied at s =0. If the tube
were rigidly attached to the cap, equation (7d) would not be applied at s =0 and the
end condition vs.r =0 at s =0 would be added to the conditions (9) given below. The

applied force is
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0, for t « 0 and t > T,
f(t) = ‘ (8)

f sin (wt/T), for 0 < t < T,

where f has been normalized with respect to E* DZ. Since the problem is linear,
fo is set equal to one, so that the solution for any fo is given by fo times the pres-
ent solution. Here T is the non-dimensional pulse duration corresponding to a
dimensional pulse duration of T D/c,. Iy < 1, as it is for a water-filled copper
tube, then the leading edge of the plilse generated by f travels at a speed of Ce and
has propagated along the tube a distance equal to TD by the time the applied force
ends at t=T. Thus T also characterizes the pulse length and, if T =20, the pulse

may be thought of as a 20-diameter pulse. The end conditions are

™ (rz p- Zrm eas) = f, (%a)
at s =0,
v =u, (9b)
and the initial conditions are that all variables equal zero at t =0, A

The time variations of p, o_ and Og at two gage locations, s =10 and

s
s =20, are shown in Figs. 3 and 4 respectively for T = 20. Dimensional time in
microseconds is used as the abscissa in order to provide a better physical picture

of the pulse, while non-dimensional pressure and stress are used as the ordinates.
These ordinates can be converted to dimensional values by multiplying by fo E* Wﬁere

E* =1.357 = 1011 N/mz. It should be noted that if fo was, in fact, equal to one,

the peak applied force would be 2.19 = 108 N, and the velocity and deformation would

be so large that the acoustic and small-deformation approximations would not apply.
Figure 3 illustrates the fact that the main pressure pulse, which arrives at

s =10 at about t =80 p sec, is preceded by a pressure dip associated with the faster

moving compression pulse in the tube. Figure 4 shows that this precursor pressure

dip has approximately the same shape at s = 20, while, as of t =160 p sec, the main

pressure pulse has not yet arrived.
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Reducing the pulse duration T from 20 to 2 has a drastic effect upon the
pressure and stresses, whose time variation at two gage positions, s =5 and s =10,
are shown in Figs. 5 and 6. It should be noted that the step sizes used for t and s
in the finite difference approximation of equations (7) are proportional to T, so that
the step sizes for T =2 are one-tenth those for T =20. For T =2, there is no

longer a well-defined precursor, and the hoop stress o, no longer correlates well

5
with the pressure as it did for T =20. The question of whether the present analysis

for a moderately long pulse applies for a 2-diameter pulse must be answered experi-

mentally, and a program to do so is discussed in the conclusions.

4. Analytic solution for c.=c

i t

For at least one special case, the equations (6)',A together with the applied force
(8) and the boundary conditions (9), can be solved analytically using Fourier sine and
cosine transforms in s and Laplace transforms in t. The equations (6) are normal-

0 . n . . e
ized as described in section 2. Sine transforms are used for v and u, e. g.,

<

[o¢] o0
& n =J J sin (¢ s) exp (-nt) v (s, t) ds dt ,
0 0

. 3 ® . :
while cosine transforms are used for p, w, o and Og» € 8-,

G o0
P (€ M) =j f cos (€ s) exp (-nt) p (s, t) ds dt.
0 Yo

The transforms of equations (6) are then

E*/K)np + £v + 2%/r = 7,

ngs-gg—vﬁ/rmz'z,
nog - Vgﬁ-@/rm=-v-5,
P V/ey - EP =0, ml + g0 =0,
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where a (n) is the Laplace transform of the unknown function

a@ = 4(0,t =v(O,t).
These six linear, algebraic equations are solved to obtain ;, 5, v‘:—r, ;, ;s and o, in
terms of a.

Since a is independent of £, the Fourier inversion for all six variables can
be carried out immediately, and, in particular, the Laplace transforms of the values
of p and o, at s = 0 are given by the Fourier cosine inversions of ; and ;s for
s =0, e.g.,

o

oo
p O, = (2/m / Pt m dt = / exp (-n t) p (0, t) dt .

0 0

The Laplace transform of the boundary condition (9a) gives
2— -
TE PO, - 21 _eT 0, 0) =T,
where T is the Laplace transform of f (t), namély
T = nT(l+exp(-nT) )/ @ +T n) .
Introducing the expressions for p (0, n) and E’S (0,‘ n) interms of a into the trans-

form of the end condition (9a) determines a, namely

- . -1 —
a = -1 (Pl/Ql + P2/Q2) f, : (10)
where
Pl =7n (T1 +T2)/2F, P2 =1 (Tl - Tz)/ZF ,
T1 = (At +Af/W) F, T2 = (At - Af/W) Y - 4At s
2 2
Q, = (F-B)/2Z, Q,” = - (F+B)/2Z,

F2 = Y2+8ermW/r2,

At = Zwrme, Af = wr",
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B=L(V+Wn +MEXEV +W +N,

Y =LV -Wn +MXV - W) + N,
2
Z =W({L +MX/),
N = 2rm/vr, M = e/vr, L = aerm/v,
- _ _ 2
V = E*/K, W—pt/pf, X =1-v",

With a determined, the Laplace transforms of all six variables are known.

The solution (10) simplifies considerably for the special case of a tube material

and fluid with equal speeds of sound, C, = Cp OT V =W. For this case there are

branch points at n = +1i T and at m=+1i T, in the complex 7-plane (See Fig. 7),

where

=
I

(1+ 2 rm/e V)/(arrm) ,

2 2
2 X/(ax rm) < I

=
]

For t » T, the appropriate branch cuts are those shown in Fig. 7. For 0 < t < T,
the appropriate branch cuts would be from +1i r, to +ioo, from -1i r, to +i r,
and from -ioco to -ir,. Only the solution for a () = v (0, t) = U(0,t) for t >~ T
is presented here, although solutions for the six variables for any s and for any t,
including 0 < t <« T, are given by equivalent Laplace inversion schemes. The
Laplace inversion is given by an integral along the Bromwich path (See Fig. 7), which
can be wrapped around the branch cuts. With the usual manipulations, this gives an
integral expression for a (t) (=v (0, t) ), namely

a3

a = C [sin (xt) + sin(x (t- T))] I(x)dx, (11)

where
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C=2FTVN(+U?/A,,

2 0 e e - ew +HE) L,

Q
]

va-nte? -5,

H=N@0+0'6 -5,),

U évE*/rK-‘—szV,
and F is now independent of v, namely

F=1U k+ N.

The solution (11) can be used to check the numerical solution presented in
section 3. First the numerical solution is obtained for E*/K = pt/p £ 50, e=1 mm,
D=20mm, v =0.3 and T =2, and the values for v (0, t) for O < t < 50 are
plotted as the dashed line in Fig. 8. Next the integral in> the analytic solution (11)
is evaluated numerically using a 48-point Gauss quadrature for discrete values of t
in the range 2 < t < 50, and the values of a (t) are plotted as the solid line in
Fig. 8. The agreement is very good, the only discrepancy being a slight cumulative

time delay in the solution using the method of characteristics. This delay is felt to

be attributable to the finite size of the time increment used in the numerical solution [4].

5. Conclusions

The present problem has been chosen in order to emphasize the stress waves
in the tube, particularly the main compressioh wave in the tube, which, for a 20-
diameter pulse, travels faster than the main pressure pulse in the fluid and produces
a negative-pressure precursor in the fluid. In the classical waterhammer problem,
fluid is flowing through the tube initially and a valve at the downstream end of the tube
is suddenly closed. If the valve is not rigidly attached to some fixed structure, the
principal wave in the tube would be an axial expansion wave, which would produce a

positive-pressure precursor ahead or the main pressure surge in the fluid. The
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stresses in the tube and the pressure in the precursor would, however, be much
smaller, relative to the pressure in the main pressure surge, than in the present
problem. Such small, positive-pressure precursors have been observed experimen-
tally [5]. I the valve were rigidly fixed, thére would be no expansion wave in the
tube generated by a sudden closure. The main pressure surge would produce positive
radial displacements, which would in turn spawn axial compression waves in the tube.
These compression waves would travel faster than the main pressure surge and would
produce negative-pressure precursors ahead of this surge in the fluid, but the pres-
sure dip in these precursors may be quite small and therefore possibly difficult to
detect experimentally. |

The object of the present analysis is to develop an approximation for acoustic
waves in elastic tubes which represents an improvement over the classical waterhammer
approximation and which leads to equations that can be solved in a straightforward
fashion using the method of characteristics. The first improvement is that the present
analysis is not restricted to problems for which the speed of sound in the tube mate-

rial c_ is much larger than that in the fluid c,, and in fact there are no restrictions

t f

on c, and ct here.

f
The second improvement is that classical waterhammer theory is restricted

to very long pulses while the present theory also applies to moderately long pulses.

At present the minimum pulse lengths for which the classical waterhammer theory and

the present theory apply are not known, so the degree of improvement provided by the

present theory is also unknown. An experimental apparatus capable of applying an

impulsive force f (t) to the end of a capped, water-filled, 0.5 in. O.D. copper tube

is currently being constructed. The duration T of the pulse will be controllable,

while the values of f (t) will be measured and fed into a computér program to predict

the disturbarnce in both the tube and the fluid, using both classical waterhammer theory

and the present theory. A comparison of numerical and experimental results will
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hopefully indicate the limits of both theories and the improvement provided by the

present theory.
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Tube geometry with notation.

End conditions for applied force.

Time variations of p, o and O for T =20 (a 20-diameter pulse) and
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transform variable plane.

Time variation of v (0, t) from analytic solution using Laplace and

Fourier transforms and from numerical solution using the method of

characteristics for C = Ce
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Fig. 7. Walker & Phillips
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