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Nomenclature

Elastic, plastic and total strains

Mean elastic, plastic and total strains experienced by a
grain-boundary element of material with outward normais
Eg and 2?.

Mean elastic, plastic and total strains of macroscopic
element of material

Stress

Mean stress in grain-boundary element of material

Stress applied to a macroscopic element of material
Equilibrium stress field resulting from elgstic analysis
Residual stress field

Thermodynamic strésses associated with different internal

state variables.

Principal applied stresses

Stress normal to'a grain boundary

Elastic compliance and stiffness matrices

Constants in creep law of eqn. (3.1)

Helmholtz free energy

Internal displacement variables

Thermodynamic force associated with 0

Internal state variable used in the analysis of strain-
softening

Thermodynamic driving fofcés for irreversible processes

Volume



i . . a
i Vg Volume of material element with outward normals n; and

L %
Il —2 A
| Ay Area of grain b0undafy
Vg V Volume fraction of grain-boundary elements of volume V,
Pa 7 Measure of the density of grain-boundary cracks
Ty : Void radius
re Critical void radius required for nucleation
2% Void spécing
n Number of voids in grain-boundary element
ng Number of potential nucleation sites
Eg,vég | Outward normals to a grain boundary
o "~ Strain-rate and damage-rate potential
Q, A ‘ _ Temperature dependent material properties
| w ’ Scalar measure of damage
? v : Creep damage exponent
? A Creep damage tolerance
i ef Strain to failure
te Time to failure
ti Time to initiate failure in a structure
x(cij) Convex function of stress appearing in damage growth rate
equation
Xo Value of X(oij) at yield for a perfectly plastic material
V) | Plastic multiplier




1. 1Introduction

Constitutive equations used by the engineer to describe the plastic
behavior of materials have largely been developed intuifively, the main
concern being that the equations should describe the material mécroscopic
properties while retaining sufficient simplicity to allow convenient
structural analysis. A.common and convenient approach is to describe the
material behavior in terms of internal state variables, and to assume the
existence of a scalar convex potential from which the strain-rate and rate of
change of internal state variables can be derived. This allows the proof of
uniqueness and the development of bounding theorems.

This intuitive approach is consistent with a thermodynamic description
expréssed in terms of internal state variables which are obtained from an
understanding of the microscopic mechanisms that lead to plastic flow. Rice
[1] proved the existence of a potential from the fact that plastic straining
is due to .the motion of dislocations through the material. Simple modeling of
the dislocation mechanisms further permits the identification of a number of
scalar and sécond order tensor state variables [2,3] (which relate to the
shear yield strength of a family of slip systems and the residual stress field
developed during plastic straining). The evolution of the state variables can
be found from the potential which can be shown to be convex. The advantage of
such an approach is that it gives a framework for the development of more
complex constitutive models and, perhaps more importantly, an indication of
those loading conditions for which a single state variable model adequately
describes the material and structural response,

At high temperatures a material subjected to a constant stress can creep
and eventually fail due to the growth of internal damage. The engineering

approach is again largely intuitive. State variables which measure the amount




bf damage are introduced into the cénstitutive equations. Additional rules
are developed for the evolution of the state variables with tiﬁe and failure
occurs when one of the variables reaches.a critical value. This approach has
proven successful for situations of constant load and in situations involving
moderate levels of cyclic loading.

In a recent paper Ashby and Dyson [4] have examined all the presenﬁly
known mechanisms of failure in creeping materials. A list of these mechanisms
is given in Table 1. They‘are divided into three groups: geometric,
environmental and bulk mechanisms. Geometric instabilities can be explained
using constitutive equations developed for the bulk mechanisms taking into
account changes in geometry resulting from large plastic deformation.
Preméture failure‘can occur in aggressive environments due to’the 1oés in load
carrying capacity of a surface layer which increases in thickness with time.
This load is shed onto the remainder of the body which deforms and becomes
damaged by one of the bulk mechanisms. Central to the understanding of all
these failures is the understanding of the bulk mechanisms of damage to which
this paper ié devoted.

The object of the present paper is to combine this knowledge of the
microscopic mechanisms with expe;imental observations to obtain constitutive
equations for damaged materials. Initially we concentrate entirely on the
mechanisms described above and obtain a general structure for the constitutive
equations. This gives a framework for the development of constitutive
equations for parficular materials. In the present paper we attempt to do
this for the copper and an alumiﬁum alloy tested by Leckie and Hayhurst [5,6].
Throughout the development of this paper it should be remembered that any
theoreticalrconstitutive equations should be verifiable experimentally. This

means that these equations should only contain a limited number of



experimentally obtained quantities and state variables.

The general structure for the constitutive equations is obtained by
following the approach of Rice [1] in identifying a number of intenal state
variables. The state of the material is then described in terms of its
Helmholtz free energy from which we derive the thermodynamic forceé associated
with each state variable. When the rate of increase of the internal Vafiables
are only functions of their associated forces and the present state of the
material it is possible to'prove the existence of a scalar potential from
which the inelastic strain-rate and rate of increase of the state variables
are derivable. We find this to be true for situations where the damage is in
the‘form of voids, but, as we shall see in section 7, this is not necessarily
the ﬁost appfopriate form for the constitutive laws. A situation for which it
is convenient to express the material response in terms of a single potential -
occurs in precipitate hardened materials when the damage is in the form of
dislocation ﬁetworks which grow around the precipitate particles.

The thermodynamics is developed in section 2., In section 3 we examine
each mechaniém of void growth and in section 4 we briefly discusé the process
of void nucleation. The analyses of these sections result in constitutive
equations with a large number of_state variables. This can be partially
overcome by formulating the problem in terms of the distribution of damage in
the material., We do this in section 5 following a method proposed by Onat and
Leckie [7]. 1In section 6 we examine the strain softening mechanism proposed
by Ashby and Dysoﬁ [4] and Henderson and McLean [8] which has recently been
analysed by Cocks [9].

Sections 2 to 6 are concerned primarily with the basic structure of the
constitutive equations. When the damage is in the form of voids we need to

know the distribution of these voids within the body before being able to



bbtain the exact constitutive laws. Constitutive equations are presented in
section 7 for two simple distributions of voids which result in zero and full:
constraint as defined by Dyson [10]. In4section 9 we aﬁalyze the experimental
data available to us to make decisions on the structure of the material
laws. 1In géneral the amount of information available is quite liﬁited and we
must be content with sets of equations which contain a limited number of state
variables. The type and physical nature of the state variables that prove
appropriate in a given situation can change as the type of loading (ﬁonotonic,
non—-proportional, cyclic) is changed.

The remainder of the paper is devoted to the application of the material
models to_structural problems. It is found that when the rate of increase of
damage is mathematically separable in expressions for stress énd of damage

that it is possible to obtain upper bounds to the life of a component.

2. Thermodynamic Formalism

In this section we present a general thermodynamic description of
material behavior in terms of internal statg variables which are either a
measure of the present dislocation structure or of the distribution and size
of voids within the material, We identify the conditions under which it is
possible to derive a scalar potential from which the strain-rate and rate of
change of internal state variables can be derived. In later sections it is
shown that the proposed mechanisms for void nucleation and growth as well as
that for strain éoftening satisfy these conditions. The approach described
here follows that used by Rice [1].

At a given instant in time we can define the state of the material using
the Helmholtz free energy, which is expressed in terms of the position‘of any

dislocations, the size, shape and distribution of any voids and the applied




1oad. This equation of state can only be obtained by postulating a reversiblé
process by which the present state could be reached. The free energy is
calculated by following this path to the.present state.r There may be a large
number of such reversible paths, and the one chosen need not parallel the
actual path that is followed during the irreversible process. For the
situations considered in this paper the reversible paths followed are purely
conceptual and cannot be followed in practice. When we define the state of
the material‘in terms of the present dislocation structure we introduce the
dislocations into the material by a series of cutting, displacing and
resealing operations [1,2,3]. When voids grow in the material by a diffusion
contfolled process we form the voids by scooping material out and spreading
this‘material evenly along the grain-boundary. In each case the contribution

to the free energy can be written as

¢ = f(ak) \Y (2.1)

where each « represents the position of a dislocation or the volume
fraction of voids within an element of material, and is either a scalar vector
or second order tensor; and V is the volume of the element of material. The
total free energy can be found by loading the material elastically to the

present stress:

where Cijkx is the elastic stiffness tensor which may be a function of the
ak's, and SEX is the elastic strain resulting from the application of the
applied stress Uij‘ Where o) represents the dislocation structure, the
uncoupling Qf the contributions to the free energy from Eij and o) follows
from the fact that the stress field which results from the presence of the



dislocations is a residual stress field.

Here we have expressed the free energy in terms of the elastic strain

Eij rather than the total strain 8§j and the plastic strain ng, Use of
eij and ezj implies that the history of loading is known.and; since ezj

is a function of ®; , that the final state is uniquely related to‘this
history, whereas in ﬁractice a given dislocation distribution can be obtained
by following a large number of different reversible and irreversible paths.
Also we can follow two hisfories of loadings which give the same plasfic
strain, but tompletely different dislocation structures. For example a
material which is loaded monotonically to a uniaxial strain € could have a
lowéf yield stress and a completely different dislocation structure to a

sample which is cycled between € and -g£ for a number of cycles.

The thermodynamic forces associated with the state variables sij and
‘ ®; can be found by differentiating eqn (2.2):
L] _ .e L]
¢ = (cij eij + skak)v (2.3)
where _ g,. V= 29
ij 3
ij
- 8¢
and s; V= aak (2.4)

where s, has the same tensorial nature as ayx. Here, and throughout this
paper, a repeating index implies summation over all the internal variables.
We now accept the Clausius—Duhem inequality as the proper statement of

the second law of thermodynamics for irreversible processes:

ds > 94
+ _——'[T_

Var T e
1

1=6>0 (2.5)



where S 1is the entropy per unit Volume, q; 1is the rate of heat flux out of
an element of material, T is the absolute temperature, xj is distance from
some origin and 8 is the rate of entroby production. ‘For isothermal
processes eqn (2.5) becomes, after making the usual manipulations [1],

éT

,Gij 15 V-4¢ 30 (2.6)

Substituting eqn (2.3) into this equation gives

ef, :

6. - Skak > 0 (207)

ij ij

L] [ L -
where Sij = Sij - €§j is the inelastic strain rate. This strain results
from the motion of dislocations through the material or from the growth of

voids, so that
= 8 X (2.8)

where g, is a second-order tensor if @, 1is a scalar; third order tensor if
o 1s a vector; a fourth order temsor if o, 1s a second order tensor.

Combining eqns (2.7) and (2.8) gives

(o, . & >0 (2.9)
or F a >0
where Fk = (Gij g ~ sk)

is the thermodynamic driving force for the process.

®
To proceed further we need expressions for the ak'S in terms of the
state variables and their affinities. For each damaging mechanism examined in

the following sections we find that



@ = (Fk’ ak) (2.10)

sé’ i.e., ak is only a function of the Affinity associated with it, Fr , and
the present state of the material. 1In such situations Rice [1] has shown

that it is possible to find a scalar potential from which the inelastic

strain-rate can be derived. We repeat that proof here and further show that
in addition the rate of change of the internal state variables are derivable
from the same potential.

If we multiply both sides of eqn (2.8) by dcij we find

° P _ ° -
sij dcij =g % doij (2.11)
From eqn (2.9) we note
ka )
30.. Bk (2.12)
1]

Substituting this and eqn (2.10) into eqn (2.11) gives

op R BFk
8ij dcij = ak(Fk, ak) acij dcij

At a given instant in time we know the state variables ay. Treating these as

constants in the above expression gives

epP _ e - ‘
eij dcij = ak(Fk, ak) dFk dd (2.13)

The r.h.s. of eqn (2.13) is now an exact differential:

F

k
({ o (P, @) dF =3 (2.14)
P oD
: and €, ., = (2.15)
| ij 6Gij

This is the result originally found by Rice [l]. Further, eqn (2.13) gives




@ == - ‘ (2.16)
We make use of eqns (2.15) and (2.16) in the following sections where we
analyse each of the bulk damaging procesées.

The results obtained in this .section so far are central tovthe
developments in the remainder of this paper. Because of the importance of
these results we summarize them briefly below:

The internal structure of the material is described in terms of a number
of internal state variableé @y, such that the Helmholtz free energy fakes the

form
b= 9, o)

The thermodynamic forces are then

o fol()
o V = H S V =
ij Eij k oa

If eqn. (2.10) is satisfied the inelastic strain-rate and rate of increase of

the internal variables can be derived from a potential &:

°p _ 0D ° od
€. = ;A = -
ij Boij k 6sk

Next we consider a composite material, for which equations (2.15) and
(2.16) hold in each element. This analysis allows us to piece together a
number of microscopic elements to give the overall response of a macroscopic
element of material. For simplicity we will also assume that there is only

one state variable associated with each element. At a given instant the total

‘strain rate in each element for a constant remote stress Zij is
L] ° °
el - ge 4¢P

ij ij ij
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which is compatible with the remote strain-rate field ﬁgj. If doj; is the
increment of stress in each element for an increment of remote stress dzij
when the material responds elastically,‘application of the principle of

virtual work gives

‘I:"U

°p op
(s,ij + eij) doij v, (2.17)

. dZi.4V =X

] k
where ﬁgj is the remote inelastic strain-rate, V is the total volume 6f the
composite and YV, is the volume of the kth element. Rearranging eqn (2.17)

gives

oP . _ L=} op
Eij dzij V = i eij ddij Vk + i Eij doij Vk » _ (2.18)

The elastic strain-rate eij gives rise to a changing residual stress field

5ij , and associated with the stress field dcij is an elastic strain field

deij. Eqn. (2.18) then becomes, after making use of eqn. (2.15),

EP, az v%zD o, . do V+Za®kdo v
15 413 o iikL Pra %5 Yk E 395 i3k
‘ . 03"
= I Dklij dcij P T 53;3 dcij Ve (2.19)

where Dijkk is the elastic compliance tensor, and @k is the potential for

the kth element:

k _ .k
d =@ (dij’ 8y s ak)

The increment of @k for constant o is then

d®" = —— do,, + — ds, - (2.20)
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Substituting eqn (2.20) into eqn (2.19) gives

v . :
P e k od :
de’ . Vk + i eLo) Vt i P dSk (2.21)

E,. di,, V=1
k

ij ij pij ij

=

Since 6.. is a residual stress field and de?, a compatible strain field
ij - ij :

the first term on the r.h.s. of eqn (2.21) is zero. Rearranging eqn (2.20)

“and noting eqn (2.16) gives

e P » ® _ _
Eij dzij V-2 ak dsk Vk =% d@k Vk =dd VvV
k k
P _ 0%
Therefore Eij =3y
, ij
. s 0d® .
and ) ak = Vk -6—5-1: (2.22) :
where Ve = Vk/V

Equation (2.22) demonstrates that for the composite system it is possible

to obtain a single macroscopic potential, which is the volume average of the

microscopic potentials, from which the strain-rate and rate of change of
internal variables can be derived.
The macroscopic potential @ contains information about the residual

stress field, Pij> within the material which results from the non-uniform

accumulation of plastic strain. Cocks and Ponter [3] demonstrate that the
rate of change of the residual stresses are also derivable from ®. We do not
include these expressions here so as not to cloud the general results of this

paper. Specific forms for the function @ are given in sections 6 to 8. The

residual stress fields in these expressions remain constant as the damage

increases, so that the evolution laws for the residual stress field are not




GRAIN L{

BOUNDARIES

VOIDS

2ijEij

Fig. 1. An element of material containing a number of cav1tated grain
boundaries subj ected to a stress Z
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Fig. 2. A typical grain-boundary slab of material in Fig. 2, which contains
voids of radius I‘h spaced a distance 22% apart.
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required.

3. Mechanisms of Void Growth

As the material creeps, voids can either grow within the gfains or on the
grain boundéries. In structural situations, when the design life bf a
component is long, the most common mode of failure involves the growth éf
intergranular voids. The general situation we consider in this section is
shown in Fig. 1, where we éssﬁme that the number and spacing of the voids
remains fixed during the life. The influence of the nucleation of additional
voids is examined in the next section.

‘The analysis of this problem is facilitated by isolating a volume of
matefial surrounding a grain boundary and examining the respoﬁse of this
element. The behavior of the entire material is then found by combining all
of the elements to form a composite system. A typical grain-boundary element
is shown in Fig. 2. We characterize the position of this boundary in terms of
its outward normals E: and Eg‘

The voids within an element of material can grow by one of é number of
mechanisms: power law creep; grain-boundary diffusion; surface diffusion; or
by a coupling of any two or all three of these mechanisms. Cocks and Ashby
[12] have shown however that the materials response can be adequately
described if it is assumed that the dominant mechanism of the three simple
mechanisms operates alone. These mechanisms are shown in Fig. 3 and we
consider each in turn in the following sub-sections. The strain resulting
from the growth of these voids is accommodated in the rest of the material by
deformation due to power—law creep and by grain-boundary sliding. We examine
grain—boundary sliding separately in section 3.4 and the overall respoﬁse'of a

macroscopic element in section 3.5.




Eij“ 2"“ | >

| | i | i)
rrt1t1 1111717 1.12.111

€=€ (%O_n |
O— EO= ==
lBOUNDARY DIFFUSION SURFACE DIFFUSION
LD LTI T TT
Zij Zif R

(a;) - (b) (c)

Fig. 3. The rate of growth of the voids can be controlled by: (a) power-law
creep, (b) grain-boundary diffusion, or (c) surface diffusion.
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3.1 Void Growth by Power—Law Creep

Cocks and Ponter [2] have analyzed creep deformation by power—law creep .
for a void-free material using the thermodynamic approach described in the
last section. For constant or slowly changing stresses it is possible to

define a stéady state potential such that

P

.. = (3.1)
00, .
ij 013 .
It is often assumed that
coeo o n+l
¢ = (n+l) ('a,;)

Wheré co’ éo and n are material constants and Oc is an éffectiée stress,
We use equationv(B.l) as the starting point for the analysis of this section.
The state of the material can be described in terms of the volume
fraction of voids, fg, which it contains. 1If it is assumed that all the
voids are the same size and are unifofmly spaced along the boundary then we

. oo 04 . .
can further isolate an element of material of volume V which contains a

single void, Fig. 4, and assume that it experience the stress applied to the

grain-boundary element of Fig. l. Analyses of this type give the mean strain-

.a . 2
rate, Eij’ of the grain-boundary element. This strain-rate can be obtained

from the following energy balance.

L] _.a L] _ L
1] Eij i Yq AS = Ia oij eij av (3.2)
Vv

i

The second term on the l.h.s. arises from the increase in surface energy as

the surface area A of the void increases.

=]




Fig. 4. A void of radius Iy, embedded in an element of material of
volume V, which is subjected to a stress Zij'




Now

_ 2
AS =4 ry
and the volume of the void
_4 3
Vh T3
. 2 6& 2%3 —
Therefore A = = e V (3.3)
s ry T

\'
a h )

where f_ =-— is the volume fraction of voids.
vy

Substituting eqn. (3.3) into
eqn. (3.2) gives

a e

a 20
1j Eij L f

j; 15 i | C(3.4)
Vv

s _

where X = ——_, L. 1is simply the surface tension and eqn. (3.4) is a
h

statement of virtual work, with I, treated as an applied surface traction.

The microscopic stress Gij can be changed by varying the macroscopic
a
stresses Zi‘

and Zz . For increments of zij and I, the virtual work
expression becomes:

(3.5)
Therefore
4
e 0D
ij
4
and fg = - 6_@_

(3.6b)
o
oL
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ﬁhere ® 'is a scalar function of Zgj, Zg and fg.

The result of equation (3.6a) is due to Duva and Hutchinsop [13].
Inclusion of the surface tension term 1ééds to the addiﬁional result of eqn.
(3.6b). Surface tension does not strongly influence the form of the potential
but its inclusion leads to a compact form of the constitutive equ#tion. The
effect of sufface energy can be easily included in the work of Duva and‘
Hutchinson [13] who obtain expressions for @& for dilute>volume fractions of
voids. Another method of finding ® is to use extremum theorems [14,15] to
obtain bounds on ®. This approach allows the analysis of concentrated as
well as dilutely voided materials [16].

A :Although it has proved convenient to develop the constitutive model in
termé of the volume fraction of voids in the grain-boundary eiements; when
comparing the different mechanisms of void growth it is more advantageous to
express the equations in terms of the area fraction of voids in the plane of
the grain-boundary, fg :

o 3.2/3 42/3

We can define an associated internal stress

2y 2/3 1/3 -
o s 3 [+ 2 /
Eh = —X—&—— = (7) Ec fV (3.7b)

Now combining eqns. (3.6b) and (3.7) we find

(¢4
. 1/3 _1/3 . 1/3 _1/3 0?2
£ = Q%) £ £ - - (2) £ _c
h 37 v v 3 v o
[N
C
3% az®
Cc (o4

a . .0
azc bZh




= - — ' (3.8)

The important point about the above result is that the internal damage
variable is non unique. We could choose any function of the volume fraction,
fg , to deséribe the damage and still obtain the general form of result of

eqn. (2.15).

3.2 Void Growth by Grain-Boundary Diffusion

‘At low stresses, deformation due to power-law creep is slow and the
mechanism of void growth changes to one directly controlled by the diffusibn
of,material.‘ A void grows by material diffusing along its surface by surface
diffusion'to the grain-boundary. It then flows along the grain boundary where
it is uniformly deposited, Fig. 5. These are two sequential processes, so it
is the slower one that determines the overall rate of growth. In this
subsection we consider the situation where the void growth is limited by the
rate of gfain—boundary diffusion, and in the next subsection we examine the
conditions when surface diffusion controls the rate of growth.

For simplicity we assume that the grain-boundary energy ié the same as
that of a perfectvcrysfal, so that the voids remain spherical as they grow.
Again we isolate a grain-boundary element of material, Fig. 2, and perform the
analyses in terms of the local stress field. The conceptual reversible path
we follow in defining the free energy requires making a cut along the grain
boundary, Fig. 6. Material is then scooped out to form the voids, which is
spread evenly along the grain boundary. The surfaces are then rejoined and

the resulting change in free energy is

fa2/3
b= 3£ Yg Ay




VOID TIP

()

Fig. 5. The void grows by material flowing along its surface to the tip
and then along the grain boundary where it is uniformly plated.

In this process the shaded region in (a) is transported to the
shaded area of (b). '




Fig. 6.

5
=

() (b) ~ (c)

(d) | - (e)

Conceptual reversible process of forming a void on the grain
boundary: (a) initial void free material; (b) a cut is made
along the grain boundary; (c) material is scooped out to form
a void; (d) this material is spread evenly along the grain
boundary; (e) the two pieces of material are rejoined.
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where A, is the grain-boundary area.

Application of the stress Zgj gives the total free energy

e /3

1 & eq o a2 ‘
E E,. Va + 3fV Ys Aa | (3.9)

¢ 7 Ciij, kL Tij

Duva and Hutchinson [13] give ngkx for a dilute volume fraction of voids in
an incompréssible elastic material. Cocks [16] gives an approximate result

for any volume fraction:
o v '
Cijkl = §-E(1 - fv) 8, 8., + = oo 5,, & (3.10)

where 61j is the Kronecker delta and E 1is Young's modulus.

Differentiating eqn. (3.9) gives the Affinities

d¢ a ‘
= 3% v (3.11)
oS, 1 @
1]
2 2
a o
3¢ 1 Ze 9 . 2V Ay
—_—= - L— + = ]V (3.12)
afa 2 (04 2 8 o 2 o fl/3
v E(1 - fv) E(1 - fv) v
o a2 3 o o o
where X is the von Mises effective stress L ==85,.8,, , X is the
e ‘ e 2 7ij "ij m
mean stress % = E-Ea and s% is the deviatoric component of stress
m 3 “kk’ ij P
s* =3z% -3¢

ij ij m 5ij’

The second law of thermodynamics, eqn. (2.6) then becomes

2 2
¥ z*
ap eap - o 1 e 9 m o
25 Big (z. - G w8 ) £,2 0 (3.13)
B - £0) E(1 = £2)
. 2y
where Zz = ;?ii
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The inelastic strain-rate, E*P , results from the plating of material omnto

ij
the grain boundary. The rate of thickening of the grain boundary, ;i , is
directly proportional to the rate of increase of the volume of the voids:

s _ L0 L0 O :
v, = ZfV L g : (3.14)

The inelastic strain-rate can then be obtained from the kinematic relationship
(see Appendix)
eap 1 o a o o
E,. =—— (v, n, + v, n, 3.15
15 T (vy 5 f i) ( .)

Combining eqns. (3.14) and (3.15) gives ﬁg? in terms of f: :

(3.16)

Equation (3.16) can be substituted into eqn. (3.13) to give the rate of energy
dissipation,

az a2
%
{(Za na na - Za) + Ll e +-2 Zm ]} %a >0 (3.17)
ij i ] c 2. « 2 8 a 2 °
E(1 - fv) E(1 - fv)

This mechanism tends to dominate at stress levels where %-( 10_3
2

the term in the square brackets, which scales as %— , 1s always much smaller

, so that

than the other terms, which scale as £ , and can be ignored. Eqn. (3.17)

then becomes

nf -5 %50 (3.18)
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g n% is simply the stress normal to the grain

’ a
The component of stress ZI;. n 5

ij
boundary.
A detailed analysis of this mechanism of void growth gives a growth rate
[12,17]

o 8L nf nf - 2%
20 _ j i ] c

3
v 22% £% gn 1/£%
v v

(3.19)

where @ 1is a temperature dependent material parameter. This expression is

of the form, eqn. (2.10), which allows us to prove the existence of a scalar

otential, % , such that
P v

vy 0%

E. D = —

ij a5t

ij

(14

. . 00 (3.20)

and fv = - .__..&
dr

Cc

Following the analysis leading to eqn. (3.8) we can express the potential in
terms of the area fraction of voids fg instead of fg and define a stress
a 2Ys v
L = —— , such that
P

Y4

3.3 Void Growth Limited by Surface Diffusion

In the last subsection we assumed that surface diffusion was sufficiently
fast for the void to maintain a spherical shape as it grew. When the rate of
surface diffusion is slower than grain-boundary diffusion material cannot be
supplied fast enough to the tip of the growing void. Material is then only

removed from the void tip region, and the void adopts a crack like profile as
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it grows. The detailed shape of the growing void is now a function of . the
history of loading, but the rate of void growth is only a function of the
shape of the crack-tip region [12,18]. | |

Here we limit our attention to the steady state process of void growth at
constant stress and assume that the new steady state is soon reached when the
stress is‘changed. We can now define the state of the material surrounding a
given grain-boundary using two internal state variables: the volume fraction
of voids in the grain boundary element, fg , through which we relate the
inelastic strain; the area fraction of voids, fg , in the plane of the grain
boundary, which we use as a measure of the surface area of the voids. What we
have‘described so far is the material response to a tensile stress normal to
the plane of the grain boundary. When this stress is compressive the void
profile is completely different, Fig. 7, and if the stress is changed from
tension to compression the transient response before reaching the new steady
state can be significant. 1In the present section we limit our éttention to
tensile stresses, although similar expressions can be derived for compression.

At a given instant'the free energy can be obtained by again following the

reversible process of Fig. 6:

b = %'C:jkl Ezi EZ? Va + ng Ys Aa (3.22)
This expression is similar to eqn. (3.9) of the last subsection. The second
term on the r.h.s. arises from the introduction of free surfaces in the
material when the voids are formed. In practice the contribution from this
effect is also a function of f: and the history of loading, but in most
practical situations the dependence on these variables is weak, and the simple

form of eqn. (3.22) is sufficient,
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(a) Shape adopted by growing void for tensile stress across the
grain-boundary in the limit of surface diffusion controlled
(b) Shape adopted by sintering void for compressive

Fig. 7.

growth.
loading.
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Differentiation of eqn. (3.22) gives the thermodynamic forces

¢ o '
—_—t = 5. V (3.23)
pE¥e 13 &

ij

o _ :
LAY O (3.28)
th

In the derivation of the abové equation the variation of ngkk with both
f: and fz has been neglgcted, since, as in the last sectiom, the effect is
small,

The second law, eqn. (2.6), now becomes

S¥P Ry 9y A ¢

. |
ij "ij 'a s A T ? 0 (3.25)

As before the inelastic strain-rate, EP » 1s related to %3 ‘through eqn.

(3.16) and eqn. (3.24) becomes

P n%n%£%y -2y A %50
ij 1 j v « s h
o« o o s a ea :
or A Zij n; nj fV BZh fh >0 (3.26)
a2
where I, =—F
38

Chuang et al. [18] have analyzed this mechanism in detail. They show that for

steady state growth

£* t2 35
2 =_E_ag_*_l,3 ¢ afalh? (3.27)
joij
(1 fh)
« 1/2
o fh a o o3
fh = 3 A Iy n; nj) (3.28)
(1 fh)
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where A 1is a temperature dependent material property. If we substitute

these expressions into eqn. (3.26) we find that

a o 20 _ a0 2
Zij n; nj fV 32h fh v (3.29)

i.e. the wofk done by the applied load all goes into creating the new crack

~ surfaces.

Eqn. (3.27) is in the form of eqn. (2.10):

ca _ e o a o
fV = fV (FV’ Zh’ fh) (3030)
a _ oo a _a
Wher§ FV = zij ni nj

Following the analysis of section 2 we can prove the existence of a scalar

potential &' guch that

vap 6@3
e = 3.31
13 %, ( ‘
ij
. a@:
and £ - —'5;5 : | (3.32)
v

. . s a
When considering the life of a component fh is a more important

variable than fg » because failure occurs when the voids have linked to form

a crack. This occurs when fg =1 , and the value of f: at this instant is

unimportant. Eqn. (3.29) gives a relationship between %3 and .i .
Combining this with eqn. (3.32) gives
P03 e F: 6@:
fi=f — = - .
v g0 or® (3:39)
h h

So that the strain-rate and rate of increase of fg are again derivable from




23
the same potential.

3.4 Grain-boundary Sliding

In the previous three sub-sections it was shown that when voids grow
within an element of material it is possible to prove the existence of a
scalar potential from which the inelastic strain-rate and rate of growth of
the voids can be derived. Also the strain-rate of a void free element of
material is given by the potential form of eqn. 3.1. Another contribution to
the inelastic strain-rate arises from grain-boundary sliding in the material.
Here we analyse this contribution to the deformation of the material. An?
arbitrary amount of sliding in the grain boundary can be divided into

componenté ug in the EF direction and u? in the direction of E?, Fig.

t
. . . 2 , a
2. There is no change of internal structure when sliding occurs, so ug and

ug are not state variables, but their rate of change gives the speed of the

process. If we assume that the size of the voids remains constant then the
only contribution to the free energy is the elastic stored energy which

results from deforming the material elastically:

1

I ex _ea
b=5C

jk Tij i T«
Differentiating the above equation and substituting the result into egqn.

(2.6) gives the rate of energy dissipation

a esa
zij Eij >0

ﬁi? is the inelastic strain-rate which is related to the rate of change of

internal variables throﬁgh the kinematic relationship
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ﬁa% =L [G? nq + &? n
ij 4% 1] i i
1 (°a , a « o A, °0 , 0 O . .4
= + .+ t., .
4£a ug (si nj + sj ni) ul (ti nJ tJ nl)]

This equation is equivalent to eqn. (2.8) of section 2, although now the

~internal displacement rates are not state variables changing, they are a

measure of the rate of the irreversible process:

T

T
sn °q tn eq
u + u >0

zla s Zxa t

» _ 1 qa o _a o o

where Ten = i-Zij (si nj + sj ni)
" (3.34)

_ 1 o o a _a

and ttn = —Q-Zij.(ti nj + tj ni)

o . . : a
are the shear components of the remote stress Zij in the directions of ug

and u: respectively. It is conventional to assume that the sliding rates

oq . ' . .
u: and ut are linear functions of their resolved shear stresses. These

relationships are of the general form of eqn. (2.10), so that it is possible

to prove the existence of a potential, @: (eqn. 2.15), such that

s 0%
E-. = (3035)
ij ar®
ij
2
« _ 'max 2 2 \1/2
where @ = -and m 1is a material constant. T = (1 +1T7) is
42an max sn tn

the maximum resolved shear stress in the plane of the grain boundary.
When grain boundaries slide freely they are unable to support any shear
stresses and complex stress states can develop in a material even under simple

loading conditions. In section 7 we see that an effect of this is to magnify
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the stress transmitted across certain grain boundaries.

3.5 Deformation rate of macroscopic element of material

The general situation considered in this section is shown in Fig. lf In
each grain—baundary element there.are two contributions to the inelastic
strain—rate:ifrom void growth and grain-boundary sliding. The contribution
from void—gréwth.is given by one of eqns. (3.6), (3.20) or (3.31) and that

~from grain—béundary sliding by eqn. (3.35). Making use of eqn. (2.21) these
eqns. can be combined with eqn. (3.1) to give the macroscopic potential o

°p { _ °
E;. dI,. g f

1 @ a e
13 9% v, v ’V{, d¢dv+§d@cva+§d¢>3va-d<1>(3.36)

o
h h '«
g

where Vg is the volume of material outside of the grain-boundary regions.

~ Then EP. = L (3.37)
ij ox
13 ;
and each 'fgf is given by
20 1 3%
f ==-—— (3.38)
h Va azﬁ

4, Nucleation of Cavities

In the last section we assuﬁed that the number and spacing of cavities
remained fixed throughout the life of a component. In practice cavities
nucleate continuously during the lifetime resulting in a gradual decrease of
their spacing and an enhancement of the growth rate of the other cavities,

eqn. (3.19). The processes by which cavities nucleate are not fully
understood at the present time, but most recent studies of thevsubject follow
the analysis of Raj and‘Ashby [19] in assuming that cavities form due to the

coalescence of vacancies in the material. Such analyses lead to a threshold
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stress for nucleation. Below this stress the rate of nucleation is so slow

that it can be assumed that voids never nucleate, while above this stress thg,
rate of nucleations is so fast that it éan be assumed tﬁat voids nucleate as
soon as the threshold stress is exceeded. All studies to date predict values
of the threshold stress which are much greater than the applied stresses used
in the majority of creep experiments [20]. Attention has therefore focused on
ways in which these high levels of stress concentration can be achieved in the
material [20,21,22]. Argoh et al [20] and Wang et al [21] show how the level
of stress concentration can be achieved during grain-boundary sliding, while
Cocks [22] demonstrates how differences between the diffusion characteristics
of‘tﬁe grain-boundary and particle-matrix interface can lead to high stress
concéntration. Neither approach leads to satisfactory explanations of the
nucleation process. It is evident that further experimental and theoretical
studies are fequird to clarify the problem.

In ﬁhisksection we outline the approach of Raj and Ashby [19] and show
that a potential exists from which the inelastic strain-rate can be derived.

Also, in the simplified situation considered here, the rate of nucleation and

void-growth rate are derivable from the same potential.

Consider the situation for which a grain-boundary element of material

contains a number ng of potential sites for the nucleation of voids. At a

s .
given instant in fime the material contains an area fraction fz of voids
which are growing on n of the nucleation sites. Within an element of
material we now Have two state variables, fg and n.

When calculating the contribution to the free energy from the nucleation
of the cavities the reversible process outlined in Fig. 6 can again be

followed. Material can be scooped from the nucleation site and spread'onto

the grain-boundary. 1In the process the stress normal to the grain-boundary
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'does work and the internal surface, and hence the total surface energy,
increases. Consequently part of the volume of the void at a given instant can
be assigned to the nucleation process aﬁd the remainder to the growth process.
In the early stages of void growth the rate of growfh is generally
controlled4by grain-boundary diffusion. Eiamination of eqn. (3.19) then

reveals that a void must have a radius

2y
04 .
=8 (4.1)
C Za nana
ij i

before it can grow. Problems arise in choosing a small number of state.
variables when we allow the voids to nucleate continuously. We will assume

however that we can, at least approximately, characterize the material

response in terms of fz and n, so that the free energy expression takes
the form
o a,.ea .o
: a o a
and ¢a = ata EE? + _aq»a fg + —-—aq’a @
BEij bfh on
_ °eq a ea a e
= Zij 1] + Zh fh + Zn n - (4.3)
a
where z* =-§9—
n 5
Equation (2.6) then becomes
@ spa _ O e L& °
zij Eij Sh fh Sn n >0 (4.4)

Now part of the inelastic strain rate, ﬁpg results from the nucleation of

the voids,';ﬁ?? » and the remainder, ﬁ?; » from their growth. Equation (4.4)
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then becomes

(¢, ghe _ o £y + (z;‘j E:_T - % 4%

15 Bi3 = 5y 0 - 45

and since the nucleation and growth processes can occur independently of each
other, each of the bracketed Ferms above must be greater than or equal to
zZero. Wé examined the first of these terms in the previous section and showed
that a pétential exists from which the iﬁelastic strain-rate and rate of
increase of area fraction of voids can be derived, eqn. (3.20). This
potential contains the number of voids [n* = 1/2%2] which is now a variable,

i.e. the potential

o 14 o o 44 ’ : .
¢V = ¢V (zij’ zh’ fhs n’) (4.6)

The approach used in analysing thermally activated processes such as the
nucleation of voids differs slightly from that described in section 2. The
change in.entropy associated with the random nucleation of voids becomes
important in determining the response of the material. It is conventional to
omit the entropy term from the expression for the free energy énd include its
effect as a kinetic reiationship for the rate of nucleation, which is largely
phenomenological. The effect of this is that the rate of energy dissipation
_given by eqn. (4.5) is less than zero. This energy must be supplied through

thermal fluctuations, which is incorporated in the entropy terms. The term

£F. BNY - 5%
ij ij n

of eqn. (4.5) can be expressed as

a .o o, ea
(zij Bij - Sn) n
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eno a

since Eij = Bij n*  results directly from the nucleation of the voids. As
before the term (Zgj ng - Sg) (which is now negative) can be interpreted as

a driving force for nucleation, it is armeasure of the additional energy
required from thermal fluctuations which is incorporated in,the‘entropy
expressions; If this is a small negative quantity then the rate 6f nucleation
is fast but if it is 1érge the rate of nucleation is slow.

It is instructive to consider the nucleation process in slightly more
detail. We are interested‘in‘the situation when a grain-boundary coﬁtains ng
possible nucleation sites per unit area. When a void of critical radius »rz
forms at one of these sites there is an increase in the free energy due to the

formation of the new surface. The free energy is then (excluding the

contribution from the entropy)

1 ea _eo 2
E—C E E;. V + Anrc Ys n (4.7)

¢ =7 Cijrn Brn By

where it has been assumed that the voids that form are spherical. Differenti-

ation of eqn. (4.7) then gives

LY=Y¢4 2 °
ij Eij vV + 4nrc Ys n (4.8)

where the change in stiffness due to the formation of the voids has been

ignored since it is always small compared to the other terms and r. has been

taken as a constant. The rate of energy dissipation, eqn. (2.7), then becomes

b = I ﬁi? v - 4nr§ v, n (4.9)

where the inelastic strain-rate

spo _ n% 4 %
o3
\'

ij

0 W
3]
3]

n, n, (4.10)

Substituting this into eqn. (4.9) gives




° a 4 _ 2 °0
D (Zij nln.J 3 T, Anrc YS) n
(4.11)
= F* %
n
Analyses of the nucleation process. [19,22] give
°q o a Fg
o = (ns - n ) A exp = (4.12)

where A is a temperature dependent material property and nz is the number
of potential nucleation siﬁes. This equation is of the form of eqn.v(2.10),
and eqn. (4.10) is equivalent to eqn. (2.8), so that it is possible to prove

; . o . . )
the existence of a scalar potential, @n , from which the strain-rate and rate

of nucleation can be derived:

.o L
EPT =
ij a5
ij
2% =%%f_= U
a as”*
n
a _ 2
where Sn = Anrc Yq

; e
The total strain-rate and damage rates fg and n* are derivable from the

potential
% = 3% + &
v n

It was stated earlier that this approach to void nucleation leads
essentially to avthreshold stress for nucleation. We can apply the above
analysis to small regions of grain boundaries, where the local stress depends
on the interactioﬁ of these individual elements. The stresses change
continually and once the threshold stress is reached locally voids can

nucleate and grow, the stress is then shed onto other regions where further
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ﬁucleation can occur., In this way it is possible to obtain a continuous
nucleation of voids as the material creeps. As in the last section the damagg
potentials @g can be combined with the.sliding potentiéls @z and the
potentials for the grain interiors. to give a global macroscopic'potential from

which the strain-rate and damage rate can be derived.

5. The Use okaverage Quantities

In the previous sectidns we developed the thermodynamic description of
the material in terms of discrete state variables. Rice [1] describes how.the
thermodynamics can be expressed in terms of average quantities. Here,
instead, we’make use of a result due to Onat and Leckie [7] in expressing the
distribution of cavitated boundaries in terms of a series of éven ordér
tensors. The potential can then be expressed in terms of these tensors, whose
rates are derivable from it.

Following Onat and Leckie [7] we now define a grain-boundary in terms of
the outward normals on either side of the boundary. We further assume that

there is no anisotropy in the distribution of grain-boundaries, and that all

boundaries with the same outward normal contain the same area fraction of

voids, f; (here we use fg instead of f: , S0 that we can combine the
various mechanisms of void growth) and for simplicity we assume that the voids
are all present at the beginning of the life. If one end of an outward normal
is placed at the origin of a linear co-ordinate system, the other end lies at
a point on a sphefe, s, of unit radius, Fig. 8. We can extend this line
beyond s by an amount which scales as the area fraction of voids on the
grain boundaries represented by the outward normal. The surface, TI' , formed
by the tips of these lines is symmetric about any diameter since a mirror

image is formed when the second normal is drawn in the opposite direction.




Fig. 8. The surface T is the locus of the end points of a series of
radial lines of length £ in the direction of n®, which
orginate on a sphere of unit radius, s.
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Onat and Leckie [7] show that the shape of I can be described by a

series of even order tensors:

D= li'f fg ds
S
D, =;l%-£ £y (nyn, -+ 8;1)ds (5.1)
Dijka = 32 g €] Kigup 48
etc.
Whgre ‘Kijkl =,ninjnknx - %—(Gij o n, + éik njnx + 612 njnk

+ 5jk n,n, + ajk o+ akk n.on, + ka ninj)

6 8,0 6..) & (5.2)

1
* 35 (8,50 ik %50 * 8ip Ok

kl+
All odd order tensors are zero because of the symmetry of T.

Onat and Leckie [7] further show that the damage on each grain boundary

can be written in terms of these tensors

a
fh =D + Dij (ninj

-1

3 + eoe (503)

8557 * Dijug iika

In the last three sections we made use of eqn. (2.21) to define a macroscopic

potential &:
Epj .. - ¢ fn ar¥ v = a8 (5.4)

Substituting for £
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iP - - l ! ceo =
Eij dzij i (D + Dij(ninj 3 éij) + Dijkk Kiju + ) dzh « dd
. (5.5)

or

BY dz Tf (D + Dy (nyn, =5 8;,) + Dy + +0n)dEY ds = & (5.6)

We can now define a set of stress like quantities

A _ 1 a
2= f 5, ds
s
A _ 1 a 1
zij = ﬂi‘£ Dy (ninj 3 6ij)ds (5.7)

etc.‘

Eqn. (5.7) then becomes

.P ’ _ ° A ® A o A - —
Eij dzij (D ax™ + Dij dzij + i_]kl dZika + eee) do (5.8)
' (7o)
Therefore E =
ij X, .
J 1j
H=-22 :
oA (5.9)
]-)' _ _ 02
ij azh,
1]
. __2®
ijk A
0%, ik

etce
Again we find the same general form of result as in the previous sections.
The inelastic strain-rate and the rate of change of the state variables are

derivable from a singlei scalar potential.
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6. Damage Mechanisms in Precipitation Hardened Materials

In the situations considered in the previous sections it has been assumgd
that the tertiary stage of creep is a direct result of fhe growth of voids in
the material. The nickel based superalloys tested by Dyson et al. [24] and
the aluminum alloy tested by Leckie and Hayhurst [5] exhibit extensive
tertiary regions, yét Are found to be virtually void free until just before
failure. Stevens and Flewitt [25] suggested that the steadily increasing
strain-rate of the nickel élloy is a result of precipitates coarseniﬁg in the
matefial, which thus become a less effective barrier to dislocation motion.
Dyson and McLean [26] found that a model based on precipitate coarsening is
unable to explain the response of these alloys and proposed that tertiary
creép is a result of an increase of the mobile dislocation deﬁsity with
increasing strain.

Henderson and McLean [8] observed that dislocation networks form around
the coherent precipitates of the nickel based superalloy IN738LC when the
material creeps. They suggested that the presence of these networks aids the
climb of dislocations over the particles either by acting as a sburce or sink
for vacancies or providing a fast diffusion path for the vacancies, resulting
in an increased strain rate. This mechanism has been analyzed by Ashby and
Dyson [4] and by Cocks [9].

A detailed analysis of the deformation mechanism is given by Shewfelt and
Brown [27] for particle strengthened materials. The essential features of the
process are showﬁ in Fig. 9. For a material to deform plastically disloca-
tions must be able to glide along slip planes. If the material contains
obstacles to dislocation motion then the dislocation must bypass them either
by bowing between them, Fig. 9a, or by climbing over them, Fig. 9b. The time

for a dislocation to tramsverse a slip plane is determined by the climbing




(a) | o~

PART OF DISLOCATION

CLIMBING OUT OF SLIP
PLANE

~

(b)

Fig. 9. (a) A section of dislocation gliding between two obstacles.
(b) The section of dislocation between the two obstacles can
only glide if part of it climbs over the particles. -
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‘part of the process.

Consider an element of material which sees a remote stresé_ sz. Within
this material dislocations move on slip;planes with outward normals E? , in
the direction §?°. We can identify two families of internal state variables
at a given instant in time: Ngs the area swept out by a segment éf gliding
dislocatibn, Fig. 95; énd nc,'the area swept out by a segment of dislocation
in the glide plane which requires climb over an adjacent particle in order for

it to move, Fig., 9b. The free energy at any instant can be found by following

the procedure outlined in section 2:

_ 1 e e
@ ~ = Cijkx Erq hij vV + f(ng) + g(n)) (6.1)

where f(ng)kand g(n.) represent the free energy due to the presence of
dislocation lines in the material,

Differentiating eqn. (6.1) gives

b =1z, BS

' [ ] 1 e
13 Fij V+ £ (ng) Ny +g (nc) N, (6.2)

Substituting this into the second law (eqn. 2.6) gives

.P _ ' ® _ ' ®
Eij V- f (ng) n g (nc) n, >0 (6.3)

I, .
1] g

Now the imelastic strain-rate, ﬁgj is related to ﬁg and ﬁc by (see

Appendix for derivation of this expression)

EP. = (n_ + 1
(ng n

b

c
Combining eqns. (7.3) and (7.4) gives the rate of energy dissipation

[vb = £'(n )10 + [wb - g'(n )10, > 0 (6.5)

pX
ii
where T =-—§l [nisj + njsi] is the shear component of the remote stress in




36

the direction of slip.

To complete the thermodynamic description we need expressions for ng

and ﬁc' Conventional theorems of dislocation glide assume that
n_=mn_(tb - £(n ) (6.6)
Ny ng( (ng ) _

When climb is required for a section of dislocation to glide Shewfelt and

Brown [27] demonstréte that
e = - - A A
n, nc(T b-g (nc), geometry) - (6.7)

where the geometric terms are functions of the size, shape and spacing of the
particles and, as we shall see later, of the density of dislocation looﬁs

surrbunding the particles, which is related to Nge These expressioﬁs are of
thelform of eqn. (2.10), and making use of the result of eqn.‘(2.15); we can

define potentials for each process, then
P = @g + @c : (6.8)

where Qg is the potential for glide deformation and @, is that for climb.
Both of the above deformation processes need to occur if the material is

to deform plastically to any extent, and the two thermodynamic forces f'(ng)

and g'(nc) adjust so that on average ng = ﬁc » This ensures that the increase
of dislocation line length during the deformation process is minimized. Cocks

[9] demonstrates that if T, 1is the stress at which all the particles are
bypassed by an Orowan bowing mechanism, then for a stress + a fraction ~%—

: o
of the strain can be assigned to the pure gliding process and the remainder to

the climb controlled process. Then on average

=2 _ & = -2y
@g T @C and @c (1 10) @c (6.9)
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)n+l

where @é = A(ng) (t - s, is the potential within the volume of material

where the deformatioﬁ is controlled by climb. Here A(ng) is a kinetic
constant that is a function of ng and s, is the maximum value of g'(nc)/b
as a section of dislocation climbs over a particle. The functional depeﬁdence
of A on Ng arises from the fact that dislocation loops form around the
'particlés when they are bypaséed by the Orowan mechanism and the presence of

these loops aids the climb of the mobile dislocation. Now the potentiai o

g
for glide controlled deformation is a function of (7 - sg):
_T - =l— t 4
@g = ?— f(T s ) T @C (6.10)
o o
where Sg is the maximum value of f'(ng)/b as a dislocation bypasses a
particle and the equality with -%— @é arises from the condition that the
rates of nc: and ng must balance. The rate of increase of Ng is then
given by
0@
No= - 8._02
ng 35 S (6.11)
g g
Eqn. (6.11) is the damage rate eqn and the strain-rate is given by
bZij
A(n_ )
T _ _ T g _ n+ 1
where (0] == f(z Sg) + (1 ;?0 E—;—T-(t Sc) (6.12)
o o
Aln,) n+1

= g
"+ D (T8

In the above analysis we have assumed that there is only one slip plane
operating. For the deformation of a grain in a polycrystal to be compatible

more than one slip system needs to operate. So the potential, which is
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expressed in terms of the local stress, is the sum of the contributions from
each slip system. The macroscopic potential is then the volume average of the
microscopic potentials for each grain. >The stress within each grain must be
in equilibrium with the applied stress, which is the only streés that appears
in the macrbscopic potential. In the steady state the strain-rate in each
grain is the same [2,25] and all the state variables are related to each other
[2], so that a single state variable theory can be used to describe the.
material behavior. We fufther assume that each grain contains the séme
distribution of obstacles, so that S. for each slip system is the same.

If the damage accumulates slowly, so that the strain-rate remains unifofm
throﬁghout the material, the same density of loops will form around each
parficle. In the multiple slip situation it is this densitonf loopé that is
the damage in the material. Equation (6.12) then becomes

X

z
_ ‘e _ _ ey A(w) _ n+l
b = E_'F(Ze Eg) + (1 TTJ T T (Ze Zt)
o o
_ A(w) _ n+1 ,
=29z -z | O (6.13)
, s 02
and Eij Ay (6.142a)
1]
e 0D

where X, is an effective stress, L, 1is a threshold stress related to Se

of eqn. (6.12), X, is related to S

g and ®w is a measure of the density

g’
of dislocation surrounding the particles. The form of this potential reflects
the fact that the overall deformation results from two processes (climb and

glide controlled) whichbproceed at matching rates, but only the glide

controlled part of the process leads to accumulation of damage in the
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material.
It does not matter how the dislocations approach the particles, they Will
always see the same network of dislocations. In this instance the damage ®

is therefore a scalar quantity.

7. Theoretical Constitutive Equations for Void Growth

In the previous sections we concentrated mainly on the structure of
constitutive equations, without sayingkmuch about particular forms fdr these
equations. In the last section however we did end up with a specific form of
equation. In this section we obtain forms for these equations for two éimple
distfibutions of cavitated boundaries. These two distributions of voids
représent the extremes of behavior we would expect when the damage ié in the
form of voids. In the next section we adopt a different approach, and try and

obtain simple constitutive laws directly from the material data.

7.1 Unconstrained cavity growth

In the absence of any voids a material creeps at a rate (eqn. 3.1)

sp 00
i3 ™ 3o, (7.1)
ij
Goéo Ze n+ 1
where R CES VTR,
[o]

We will assume that this is the strain-rate measured experimentally, so that
eqn. (7.1) includes the effects of any grain-boundary sliding. When grain-
boundaries slide freely the stress across the grain-boundary may not equal the
resolved component of the remote stress. Analyses of the effects of grain-
boundary sliding [12,28,29,30] suggest that stress normal to a given grain

boundary is
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a
¥ =cs,. nfaf+3 (7.2)
n ij i 7j m
where Sij are the remote deviatoric stresses, X, the mean stress and c

is constant, which is a function of the shape of the grains, that ranges_from
1 to 4.

In this section we assume that the strain resulting from the growth of
the voids on the grain boundaries is readily accommodated by grain-boundary
sliding and the deformation of the grains, in such a way that the stresé
normal to the grain boundary is still given by eqn. (7.2). When void growth
is controlled by grain-boundary diffusion the additional strain-rate due fo
the growth of the voids can be found by combining eqn. (7.2) with eqns.
(3.16), (3.19) and (3.7). The macroscopic potential is then

E o Zon+ 1 Qv 1/2 2

o o e a a
o a 28

=R
=R

¢4 n

An l/fh

where Zg is given by eqn. (7.2) and Eg is the associated thermodynamic

internal stress. Differentiating eqn. (7.3) gives the strain rate and rate of

increase of damage:

Y2 n 0X
op _ 3D _ o e
By Tar,. " %G wmot
ij o ij
7.4)
Qv 1 2 (
a o o .o - o o 1 1

bX Z -z f ) [Cn,; ., - 56..) +%5..]
@ Jlcc3 n l/fi n h h ij 3 Tij 3 7ij

e 1 2@ Q @ a .o —1/2

h v, 62% kang 1/2 n l/fg n h "h

The last term in eqn. (7.4) represents the contributions to the strain rate

from void growth, and from the additional grain-boundary sliding required to
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accommodate this growth.
If, instead, the void growth is controlled by surface diffusion, the
strain-rate and void growth rate can be obtained by combining eqns. (3.16),

(3.27), (3.28) and (7.2); then

€ o T on+1 Av  £% A
_ o0 o e a h h ,.o.3
® =2 () + % 3 (Z) (7.6)
o a (1 fh)
and
1/2
p ° Ze n az:e BAVa fﬁ Zg a 2 a 1 1
EY, = £ (=) + 2 z [e(n; n, - 76,.) +=5,.]
ij o', 6ZiJ « (1 fg)3 i7] 3 7ij 3 7ij
(7.7)
A fo‘]./Z o
with L fg= N — b3 (7.8)
v a a3 n
o 62h (- fh)

8.2 Constrained cavity growth

In obtaining the potentials of eqns. (7.3) and (7.6) it was assumed that
the presence of the voids does not affect the stress field within the
material. For large area fractions of voids or small stresses the local
strains resulting from the growth of the voids under the applied stress cannot
be accommodated by grain-boundary sliding. fhe stresses in these regions must
then relax. The limiting case is when the local stress in the vicinity of the
grain boundary is much less than the applied stress. This local stress can
then be ignored and the grain-boundary regions can be treated as penny-shaped
cracks embedded in a creeping material (28,30,31). For non interacting cracks

with no grain-boundary sliding Hutchinson shows [31]
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. _1/2
& 6 % n+l £ o ¥ - 5@ go 122

4 o o <] a (1ij ni‘nj h "h
@'_'m('a—) {1 +Ip ( 7 ) } (7.9)
o a e
where p% is a measure of the density of a family of cavitated facets:

p = Ai/z Na(n + 1)(1 + 3/n)_1/2 where N* is the number of facets with .

outward normals Eg and Eg .

Differentiating 3 gives the rates strain and damage rates

1/2
a o a .o - 2
i _ 0% =é(i>_)“ {gsij_‘_z oc[_B_n—-lsij (Zij By ny Iy fy )
ij = 3% 0'G 75 P T FIs ¥
ij o a e e
_1/2
2 213 n: n? } Zg fg a o
taT T ) n; ny] (7.10)
1/2 o Z1/2
: A /r £ n-1 ., n% % - 3% £ /
d 20 _ 1 2 _ "« h (_3) ( ij i ] h "h ) (7.11
an h v a /2 o o -11)
a OX o o

1
h (1 + 3/n)

The important result here is that the ratio of the size of the voids to’the
size of the grain-boundary facets plays a role in determining the rate of
increase of damage. The larger the facet size, the larger the volume of
material unloaded due td its presence, and the faster the creep and damage
rates. Tvergaard [30] has suggested modifications to these equations to take
into account the effects of graiﬁ—boundary sliding based on computations of an

axisymmetric problem and the analysis of Rice [28]. The stress zij:ni nj is

replaced by Zn of eqn. (7.2) and pa is replaced by p*a = C2 pa s, Wwhere

Cy is a constant ranging from 1 to 200 depending on the degree of
constraint imposed by the surrounding grains. The strain-rate and rate of

change of internal state variables follow as before.
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In the following section we analyze a simplified form of these
potentials, so that we can compare the predictions with the results of
multiaxial stress state experiments. We assume that thé most critical damage
lies on grain-boundaries which are normal to the maximum principal stress, and
ignore the damage accumulating on other grain-boundaries. The consequences of
this assumption are anélyzed;

8. Experimental Determination of Constitutive Laws

A large body of experimental data has been collected on the fraéture
propérties of a number of materials under both uniaxial and multiaxial states
of stress. In general these experiments have been conducted at constant
stfeés, or, when the stress has been varied, this has been done in a
proﬁortional manner. An exception to this are the experimenfs of Trémpczynski
et al. [32,33] on thin walled tubes of copper, an aluminum alloy and a
nimonic. In these experiments the axial load was kept constant while the
torque experienced by the tube was cycled between two prescribéd limits.,

First we consider the case of constant load and develop constitutive
equations that can deal»specifically with this situatién. Then Qe consider
the situation of non-proportional loading. 1In particular we concentrate on
developing eqns. for copper and an aluminum alloy, which have been tested

extensively by Leckie and Hayhurst [5,6] over the temperature range of 150-

300°c.

8.1 General features of material behaviour at constant stress

When tested in uniaxial tension it is often found that the time to

failure, tg , and the uniaxial stress o are related by an equation of the

form
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I (8.1)
over a range of,stress; where A and Vv are material constants. In most
materials it is found that v is less than the creep exponent n. For.the
copper testéd by Leckie and Hayhufst [33] it was found that v = 5.6 and n =
5.9, For tﬁe aluminum»alloy,_however it was found that Vv was greater than

‘ n, with‘v =§10 and n = 9. We explain‘this observation later through

_ consideration of the strain softening mechanism of section 6.

Any constitutive equations we develop for the material behaviour, as well
as reflecting the stress dependence of eqn. (8.1), must also reflect the shape
of the uniaxial creep curve. Fig. 10 shows two typical creep curves for

aluminum and copper. The important characteristic of these curves is the

value of thé quantity A (the creep damage tolerance [4]):

A= — (8.2)

which is a measure of the materials ability to redistribute stress in a
structural sitution. A =~ 10 for aluminum and A = 4.0 for copper.

The results of multiaxial stress state tests are conveniently plotted as
isochronous‘surfaces in stress space, Fig. 1l. These surfaces connect points
which give the same time to failure. Fig. 11 shows the isochronous surfaces
found experimentally for copper and the aluminum alloy [5]. Failure in copper
is a function of the maximum principal stress, while aluminum fails according

to an effective stress criterion.

When analyzing the deformation of a structure subjected to proportional

loading it is found that a single state variable theory adequately describes

frvee




(a)

(b)

Fig. 10. Uniaxial creep curves for (a) copper and (b) an aluminum alloy.
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‘the response of the structure [3]. It is also found that a single state
variable theory gives good predictions of the time to failure of structures
subjected to constant and moderate leveis of cyclic 1oaaing [5] In section
8.2 we reduce each of the void growth models of section 7 to a éingle state
variable théory by assuming that most of the void damage lies on grain-
boundaries which are nérmal to the maximum principal stress. We obtain
isochronous surfaces for each model and compare them with the experimental

surfaces for copper and aluminum.

8.2 Theoretical single state variable theories of creep damage

-In section 6 we developed a single state variable theory for the creep
deformation of a material which strain softens, where the damage is
represented by a scalar quantity, eqns. (6.13) and (6.14). For conditions of

constant stress eqn. (6.14b) can be integrated to give the time to failure te

vt dw n 2"e tf
é oy = A (B - I T (f) dt (8.3)

R . _3 .
Where wg is the value of w at failure. If Ze =3 Sij Sij is the von

Mises effective stress then failure occurs in a uniaxial test conducted at

constant stress Zc after a time

t_jwf dw/A(Z—Z)nZC'
£7 0y T e T T (8.4)

Failure occurs in the multiaxial test after the same time if

n _ _ n
(Ze - Zt) L = (Zc Zt) Zc

iece., if

e
Le

5= 1 (8.5)
c
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This equation represents the shape of the isochronous surface in stress space,
which, in principal plane stress space, is simply a von Mises ellipse, Fig.

12. The stress’dependence of the time to failure is given by eqn. (8.4)

te 1 - (8.6)
(g, - 2" 5,

The uniéxial creep curve can be obtained by integrating eqn. (8.11). The
shape of this curve and the value of A depend on the exact form of_thé
function f(w). The way to choose f(w) would be to fit the shape of the
creep curve. Ashby and Dyson [4] show that for this mechanism one would
expect largé values of A, A > 10.

- Next wé turn oﬁr attention to the theoretical models of void growth. We
assume in each case that only one family of grain boundaries are cavitated,
those which lie on the boundaries normal to the maximum principal stress.

Eqns. (7.4) and (7.5) for void growth by grain-boundary diffusion then become

% n or |
°p e e Qv -1/2 1 1
EX, = & (=) + (2% - % f ) [C(n, n, = =6..) +=%5..]
ij 0;06 6Zij n l/fh I h "h i 7] 3 7ij | 3 7ij
e Q _1/2
£ = (Z* - % f ) (8.7)
h 3 1/2 1 h "h
2 fh n 1/fh
where ¥ =c S,, n, n, + X
I ij 1 7j m

and n is in the direction of the maximum principal stress EI. In general

1/2

Zh fh << Z% so that eqn. (8.7) simplifies to

[ Q

£ = > X (8.8)

h 3 1/2 I °
2% fh n 1/fh

The time to failure can be found by integrating eqn. (8.8) between the limits
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t, = £4 at t=20
(8.9)
fh = f. at t = tg
£ |
giving £ f;/z fa 1/f, df, = §§.z§ t, - (8.10)
. |

The time to failure in uniaxial tension test is given by setting
E? = %—(l + ZC)ZC in eqn. (8.10), and the shape of the isochronous surface is
then represented by
32?
T+ 208, | (8:11)

Isochronous surfaces for ¢ =1 and ¢ = 1.5 are shown in Fig. 13. The stress

dependence of the time to failure is now

ot
1=}
™l =

(8.12)

When void growth is controlled by surface diffusion eqns. (8.7) and (8.8)

become
_ 1/2 5 yx2
P - eo(-i—‘i)n Zz caa M Tn 21 [Clay n, =5 6,0 +58,.1  (8.13)
. afl2g owd |
£ = (8.14)

3
1 -1£)

Integration of eqn. (8.14) between the limits of eqn. (8.9) gives the same
isochronous failure surface as for grain-boundary diffusion controlled growth,

'eqn. (8.11), but the stress dependence of the time to failure is now

1
te a-gg (8.15)
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In each of these situations where void growth is unconstrained the first
term in the expression for the strain-rate (eqns. (8.6) and (8.13)) dominate
and there is very little tertiary creep, so A~ 1.

For constrained cavity growth the constitutive relationships for one

family of cavitated boundaries becomes

_1/2
P (Ze)n 3 55, LR 51 (21 T Iy )2
ij 00 2 c 2n+ 1% by
[o] e
)X T f“l/2
2 I~ “hh A
% 1 % X f'l/2
. A n - -
. 2 1 h "h
£ = 2 oS ( . > - (8.17)
fé 2 (n+ 1) o o

where ZI = I,. n, nj is the maximum principal stress. Again if

ZI >> Zh f;l/z eqn. (8.17) can be integrated between the limits of eqn. (8.9)

to give the time to failure

£ t
d LI n-12% f
1/2 _2p e I
[/ =57 & Al (8.18)
£, o} o0
1 -
In uniaxial tension
f
c L n
_ 1/2 n+1 c
te = { £ Ay e/ ("_o) (8.19)
i

and the shape of the isochronous surface is

T,n- 13
() 5 = 1 (8.20)
c

(¢]
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A surface for n = 5 is shown in Fig. 14, The stress dependence of the time to

failure is

1
te ¢

(8.21)
5 ,

In this instance the value of f}, does not appear in the expression for the
strain-rate (eqn. (8.16)), so the material creeps at the same rate up to the

instant of failure, and A = 1,

8.3 Constitutive equations for an aluminum alloy and copper

In section 8.2 we examined the experimental data available on an aluﬁinum
alloy and copper and in the last sub-section we examined the prediction of a
number of‘simple constitutive relationships which resulted from our analysis
of the damaging mechanisms. The question now is "do any of these equations
adequately describe the response of these materials?"

The predictions of the strain-softening model are consistent with the
behaviourlof aluminum. The isochronous surface in each case is a von Mises
ellipse and the value of VX is quite large. The stress dependence of the
time to failure is slightly different, but over a small range 6f stress a

power—law relationship gives a good fit to the strain rate data:

“p Ze n aze

Eij = £(w 8063") dx., .

o ij

(8.22)

. Ze n+1
then _ w = f(w) €, (E;J
o)

and t. « 1

} f z,'n + 1

Therefore v = n + 1, which is consistent with the experimental - observation on

aluminum, when it was found that v = 10 and n = 9. There appears to be ample
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éxperimental evidence to support the predictions of the strain-softening
mechanism. In the next sub-section on non-proportional loading_we find
further evidence for the applicability of this mechanism.

The isochronous failure surface for copper, Fig. 11, is the same as that
for unconstrained diffusive growth with ¢ = 1, Fig. 11 but the stress
dependence of the time to failure, v = 5.6 as opposed to 1 or 3, and the creep
ductility, A = 4.0 instead of 1, are completely different. The stress
dependence of the time to failure is similar to that for constrained.cavity
growth, =n # v , but the shape of the isochronous surface is completely
different and the prediction of the creep ductility A\ is again too small.

These discrepancies are due, in part, to the fact that we have not
inclﬁded nucleation in our constitutive relationships. Also, for failure to
occur more than one family of grain-boundaries must fail. Metallographic
examination of copper specimens before final failure reveals the existence of
a number of grain-boundary fissures, the number of which increases as the
failure time is approached. Thus the number of crack-like features increases
with time. We could analyze this situation using the potential form of
section 4 with a large number of state variables. However, we would like to
describe the behaviour in such a way that we need only use a single state
variable.

When the voids are small there is not much accumulation of strain as they
grow, there is little contribution to the macroscopic strain and their growth
is essentially unconstrained. But as they get bigger the local strain-rate
increases and the growth can become constrained, or the voids can link to form
a crack. 1In either case we can analyze the behaviour as if a crack were
present. When a crack-like feature forms the stress locally is relaxed and

this can have a strong influence on the overall creep rate. If we assume that
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these cracks all lie on grain-boundaries which are nearly normal to the
maximum principal stress then we can use eqn. (8.16) for the cfeep rate, where
p is a measure of the volume fraction of crack-like feétures, which increases
as the material creeps, and is now our measure of damage in the material. The
problem now becomes one of determining the rate of increase of p.

If, as before, we consider proportional loading and ignore the effects of
rotation of material elements, we can obtain an expression for the rate of
increase of p. First conéidér what happens on a given grain—boundafy as the
material creeps. The rate of growth of voids on the grain-boundary is given

by eqn. (7.5):

z ' - (8.23) .
ad _ol/2 a O ( )
f fn l/fh

where I, 1is the stress normal to the grain-boundary. If the outward normal
to this boundary makes a small angle © with the direction of maximum

principal stress, Fig. 15 then to first order

..+ Z

o a2 11 7 “I1I,,2
z, = 2 (1 - 0%) + (——5—)0 (8.24)

where X;y and Zyyy are the other two principal stresses. For final
failure to occur all boundaries with 6 < © must fail where ® is a material
property. From eqn. (8.23) and (8.24) we see that damage accumulates fastest
on the grain—boundaries which lie normal to the maximum principal stress.

When these boundaries fail the stress is redistributed onto other parts of the
material, so that the stress increases in the unfailed parts of the material.

Initially the strain-rate is given by

(8.25)
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fhere are no grain-boundary cracks, and p = 0. The time for the formation of
the first cracks can be found by integrating eqn. (8.23), with 2, = I,
between the limits of eqm. (8.9); where Qe now interpreﬁ f. as the value
éf f}, at which constraint effects become significant or the point where the
voids coalesce to form a physical crack:

£ | t

1/2 Q
g £°7 2n 1/fh df, -.;§ b

1
[ at (8.26)

I

) 0

1

We saw in section 3 that we could choose any function of fh or f to

v

represent the damage. It is convenient at this stage to define the damage as

£
_ 1/2 : .
¢ = £ £7 fn 1/f df (8.27)
i
Then eqn. (8.26) becomes
q)C 0 tl
[ de == I, [ at
0 h) 0
¢, 2
and t, =3 = (8.28)

For loading times in excess of t the damage, in the form of cracks, spreads

i
to grain-boundaries with larger values of 60, The density of cracks is then

directly related to the value of © = 0, at which cracks have just

c

nucleated. So that
where B 1is a constant.,

As p ‘increases ZI in the uncracked material increase so that
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2 =% (I, 0, (8.30)

where the * signifies a local stress, but the stresses X;y and Zyyp

remain the same.

The time, t, at which a crack just nucleates on boundaries with 6 = 0.

can be found by combining eqns. (8.23), (8.24) and (8.27) and integrating

between the limits ¢ =0at t =0 and ¢ = ¢c at t = t. Then

t L+ I
_Q _ a2 1T ITT 2 :
bS5 ] Opo-d e e a e

where Z% is a function of p , which is a function of t. For a grain-

boundary with © = ec + A8, ¢ = ¢c - Ap after a time t, where

t ..+ % '
Q ‘ 2 ' I1 III 2
- = . * - - e
b, = A 3 é {zI (1 -8, - 20 48) + ( 5 ) (8] + 26, A8)}at
‘ (8.32)
Combining eqns. (8.31) and (8.32) we find
t S+ %
Q 11 IIT
= e * -_—_—
A 3 é {zI 20 26 - ( ~——) 20 _ A6} dt (8.33)

On the boundaries for which 0 = Oc + A8 , failure occurs after an additional

~time At, where

L _+1Z
Q

a =20z - 0%+ (LT 62y o (8.34)
2

Combining eqns. (8.30), (8.31), (8.33) and (8.34) we find

(z + Z__.)
o 331 - o2y 4 L TIID 29 g2,
A _ c 2 c c (8.35)
At 3 o
o [¢cx 21 ¥ Irpr
28, lg— - 5 ]

and making use of eqn. (8.29) we obtain therrate of increase of damage
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(T + 2..0)
sa(1 - B2y 4 1L I 42 2
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2 2

dp (1 - B

dt

) (8.36)

2B29 [

where it shquld be remembered that 2% is also a function of p. The
predictions of this model, and the modifications required when rotations occur
are examined elsewhere [34]. .Now the damage has a stronger influence on the
strain-rate of the material and there is a more extensive, and more realistic,
tertiary stage of creep. It should be noted however, that the times to
failure obtained from this model are not too different from the unconstrained
situation with one set of damaged planes, but the important modification is
the more detailed déscription of the creep curve, particularly the ;ertiary

stage. The stress dependence of the time to failure is still, however,

1
te &5

It would éppear that higher values of Vv require the inclusion of the
nucleation process in the constitutive law, although a value of v = 3 is
obtained when the growth of damage on the grain-boundaries is controlled by
surface diffusion. The effects of including nucleation are examined in

[34]. The analysis of section 4 demonstrates that the nucleation of cavities
is driven by the stress normal to the grain-boundary. The rate of growth of
damage in the material then varies in a nonlinear manner with stress [19,22].
Cocks [22] shows how the overall damage on a grain-boundary can, in certain
instances, grow at a rate proportional to 2?, where n 1is the creep
exponent. This mechanism, combined with the above analysis, appears to have

the potential of explaining the experimental observations made on copper.
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8.4 Non—proportional cyclic loading

In the previous sub—sections we concentrated primarily onvproportional,
or constant, loading situations where wéAcouid describe the material behaviour
in terms of a single damage parameter. In some structural situétions
components éxperience non—-proportional cyclic loading. Examples of this can
be found in a number of components of the Liquid Metal Cooled Fast Breeder
Nuclear Reactor‘which experiences cyclic thermal loading as the reactor is
shut down and started up. -It is therefore important to understand how a
material behaves under these types of loading conditions.

Trampczynski et al. [32,33] have performed non—-proportional cyclic-
loading experiments on thin walled tubes of copper and aluminum. In these
expefiments‘the axial stress was maintained constant while thé‘shear-stress
was cycled between +* T. The stress levels were chosen such that the
direction of maximum principal stress rotated through 32°,

In the tests on the aluminum alloy it was found that the mégnitude of the
components of strain-rate were the same before and after the reversal. It was
also found that the timg to failure was the same as when the stress—-state was
held constant for the entire life. These results suggest that the damage in
the aluminum can be treated as a scalar quantity. This conclusion is again
consistent with the predictions of the strain softening mechanism.

In tests on copper it was found that the magnitude of the strain-rates
decreased after a single reversal of stress and the life was increased by a
factor of 2 over that of a constant stress test. Metallographic examination
of the failed specimen revealed that one set of damage grew at one end of the
cycle and another set at the other extreme. The fact that the time fo failure
in the cyclic test is twice tﬁat in the sta;ic test indicates that there is no

interaction between these two sets of damage. Two state variables are now
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needed in the constitutive law and the strain-rate potential becomes (eqn.

7.9)
eo 60 Ze n+1 ijni n§ 2 Zijni n§ 2
® = TEF T ('6:;) {l + Pl (‘—Te—) + Pz ("—‘Z—e—"—") }

Evolution laws for each damage measure (pl and py) must be developed as in the

previous subsection. When the material is loaded so that Zij n; n; is the
maximum principal stress damage will accumulate on the planes nearly normal
to 5£5 and p; will increase as pp remains equal to zero. When the

. 2 2 . .
stress system is rotated so that Zij n, nj is the maximum principal stress,

damage will accumulate on boundaries nearly normal to .2?, while P1 remains

constant. Immediately after the reversal, when Py = 0, the magnitude of

i ni n; decreases in eqn. (8.37) and we would expect the magnitude of the

strain-rates to decrease, although the presence of this damage does effect

what these strain-rates are.

9. Life Bounds for Creeping Materials

When the damage in the material is in the form of dislocation loops, or
even in some situations where it is in the form of voids, the damage rate

equation can be written in the form
w = f(w) x(cij) (9.1)

where f(w) is a function of the damage ® and %(o) is a function of
stress. For damage growth rates in the form of eqn. (9.1)’it is possible to
extend the results of Ponter [35] to obtain upper bounds on the life of a
component for situations of constant and cyclic loading. First we obtain
boundsvwhenrthe loéd remains constant and then in section 9.2 we examine

cyclic'loading.




9.1 Bounds for Constant Applied Load

As in section 8.3 a convenient measure of damage in these situations is

dw
¢ =
. f(w)
i
where w; is the initial damage
. ®
and eqn. (9.1) becomes
¢ = x(cij) (9.3)

Now consider a structure subjected to a constant load P, Fig. 16, then as an
element of material deforms and becomes damaged the stress it experiences
changes. If f(w) is a monotonically increasing function of w then when

the structure fails after a time tee

te
[ e < ¢ (9.4)
0

where ¢, is the value of ¢ when an element of material fails. Integrating

eqn. (9.3) from t = 0 to t = ty and integrating over the volume gives
e
<
é g x(o;) dt AV < ¢V (9.5)

A further bound on the 1l.h.s of eqn. (9.5) can be obtained by considering the
same structure composed of a model material. Here we consider two such model

materials.

9.1.1 Model creeping material

Consider a material which creeps according to the relationship




Structure subjected to a constant load P fails after a time tf.

Fig. 16

s s R

s e

s S B B

e e

e

;.iwt ....F,tk.iw: ....F?k.(w: ..\..FT“Ew: ..\..rik(w:,....r?]iw: ..\..ri;(w‘ ....rf;,(w‘ ....r?‘iw:,....rfjiw: ..k..r,t“iw‘ p..r,r..k.iw,,.t»f;s\w:, ,

s



58

. dx (o, .)
51?. =——66—1J—' (9.6)
ij 15
where, we further assumé that x(oij) is a convex function of stress. Then
if G;j and Gij are two arbitrary stress states the convexity condition is
1 2 aX(cij) 2 1
c,. = 0,.) ——— + %(0,,) - o,.) 2 0 9.7
(635 = %4y — (CPIERICHS (9.7)
ij '
If we identify Gij with the actual stress field in the material, Qij’ and

Gij with the solution for the model material, Gij integrating eqn. (9.7)

between t =0 and t = ty and then over the volume gives

t t
f f
’ S s
‘ o..) dt dv > g,.) dt dv = g,.) dV t .
Ji dCH éi x( ) £x<“> £ 08

since both 0ij. and G?j are in equilibrium with the same load P.
Substituting eqn. (9.8) into eqn. (9.5) gives

¢CV
t, € ——— (9.9)
f s
5 x(cij) dv

9.1.2 Perfectly plastic material model

Now consider a perfectly plastic material with a yield surface given by

an equation of the form

x(;5) = %, =0 (9.10)

where Y. 1is a material constant equivalent to the yield stress. The value
of X, 1is chosen such that a structure composed of the model material

collapses at the applied load P. The inelastic strain-rate is given by the

associated flow rule

(9.11)
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where ﬁ is a plastic multiplier.
Multiplying both sides of eqn. (9.3) by ﬁ, integrating over the life
and the volume we obtain, after noting eqn. (9.4):

t

f .
J ] x(o ) dt av < ¢ [ wav (9.12)
Vo J v

Similarly eqn. (9.7) can be multiplied through by ﬁ , integrated between
t =0 and t =ty and, after setting Gij to the stress field at the limit
load for the perfectly plastic material and Oij to the stress field in the

real material, integrated over the volume to give

S oy meiy ldrav + [ [ Rox(al) ar av
V o. J J J Vv o J :
tf. =
-] ] (o) dt av > 0 (9.13)
Vo J :

[ ]
8?; is the strain-rate under a stress Gij'

where

The stress fields cij and Gij are in equilibrium with the same load Py

and, for the model material, plastic flow can only occur when x(Uij) = Xc .

Equation (9.12) then becomes

t
£
[ @ x(ci,) dt av > x_t. [ b dv (9.14)
j c £
V o A

Substituting this into eqn. (9.12) we obtain

<

£, < —

£ }; (9.15)

If it is not convenient to obtain the exact limit load for the model material
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the above bound applies when an upper bound to the unit load is obtained.

Then, if P 1is an upper bound to the limit load for a given yield function

Xe » and is the exact solution for X.:

and eqn. (9.15) becomes

te <= (9.16)

9.2 Cyclic Loading Bounds

For situations where the cycle times are large compared to a character-
istié timebfor stress rédistribution the results of the last section can be
readily extended.'

Consider the global damage rate

V=[¢av=] (o, ) av (9.17)
v v J

then for a given constant stress state x(cij) we can define a time

g ~
t = T—ETE;TYEV (9.18)
v J .
and eqn. (9.17) becomes
by
¥ == (9.19)
t

In the present context it can be readily seen that eqns. (9.9) and (9.16) are

bounds on t for a constant equilibrium stress field o3 First consider

J'o
the bound of eqn. (9.9), then eqn. (9.19) becomes

dv
e ‘{ x(dij) av '(9.20)
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where G?j is in equilibrium with the same applied loads as Oije If -the
applied load changes then eqn. (9.20) can be integrated to give
e i .
[ ar > [ [ x(d],) dv dt : (9.21)
: ij
o o V' 8

where tgy is the time to failure and Tf is the value of ¥ at failure,

‘which is less than ¢CV . Therefore edn. (9.21) becomes

t
f .
o V> [ x(cij) av dt . (9.22)
o \'

If the loading is applied in a cyclic manner with a cycle time of t. , éqn.

(9.22) can be expressed as

1
— S
¢, V>, £ é x(cij) dv dv (9.23)

where T 1is a dimensionless measure of time: T = t/tc; and ¢t

£ is the»

beginning of the cycle at which failure occurs. Rearranging eqn. (9.23) gives

(Y

c

tf < T (9.24)

S
£ J x(cij) dv d=

"If the number of cycles to failure is large then t

£ will be close to tee

Similarly, if eqn. (9.16) is used as the bound on t , we find

¢

— Cc
te < - (9.25)

[ %, d=
o

where Xe 1s a function of T , and is the value of the yield function that
will give plastic collapse at the instantaneous load. Again the bound is
retained if X, 1is replaced by .ic’ where i; corresponds to the yield
function which results from an upper bound Limit load calculation.

A more interesting, and, perhaps more important, situation is when the
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-load is cycled fast compared to the characteristic relaxation time for the
structure. The above bounds, eqs. (9.24) and (9.25), also apply to this
situation, but in certain situations it‘is possible to obtain better bounds in
terms of rapid cycle solutions. As before rapid cycle solutioﬁs can be
obtained in terms of the deformation solution for a model creeping material or
a model plastic material.

Under rapid cycle loading conditions the only variation of stress during

a cycle is that due to therelastic response of the material, so that
cij(t) = oij(t) Py (9.26)

where aij(t) is the elastic stress field at a given instant in time and pij
is é residual stress field. We assume here that the elastic‘constants are
unaffected by the presence of the damage so that cij(t) is the same for each
cycle. Thié assumption breaks down when the first element of material fails
so that it cannot support any stress. The following are therefore strictly

bounds for the time to initiate failure in the components.

9.2.1 Model creeping material
A bound on the life of a component can again be obtained by considering

the result of eqn. (9.5). Let dij of eqn. (9.7) be the actual stress field
1

under conditions of rapid cycling and o the

in the compnent, ij

O'ij ’
distribution obtained from the solution for the model creeping material 6§§ .
Integrating eqn. (9.7).over a cycle and then over the volume gives, after
noting eqns. (9.6) and (9.26),

t
c

rc p
..~ P..) Ael. dV + o,.) dt dv
é (pyj = Pyy) Bey; £ g x(o; ;)

t
c
> [ [ x(ord) dt av | (9.27)
vo O
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t

V L]
where Aegj = f €Ej dt 1is the compatible inelastic strain accumulated
o

during a cycle of duration t The first term on the l.h.s. of eqn. (9.27)

c°
is then identically zero. Substituting eqn. (9.27) into eqn. (9.5) then gives
i ¢CV
£ 1 re
[ ] %S dr av
1]
v o

where, as before, T = t/t..

9.2.2 Model plastic material

Under conditions of rapid cycling shakedown boundary solutions can be’
used to facilitate the construction of bounds on the time to initiate failure
in é_component. Ponter [35] considers a general cyclic loading history.

Here, however, we limit our attention to the class of problems where the loadv
is cycled between two prescribed limits, Fig. 16. The results can readily be-
generalized to include the situations considered by Ponter [35].

Again we make use of the inequality of eqn. (9.3) and the convexity
condition of eqn. (9.7). As before we identify dij with the actual stress
field and Gij with the shakedown solution for an elastic perfectly plastic

‘material of yield strength

x(o35) = %, (9.29)
where the magnitude of Xc 1s chosen such that the structure composed of the
model plastic material just shakes down. If we now write the associated flow

rule in incremental form,

2 s
WP - (0, 4)
ce T W e
ij d0, ,
1]

and apply eqn. (9.7) at each extreme of the cycle, we obtain



1 1s 6x(ci?) 1 1s
- - u, >
By x(oij) By x(cij) By s (cij oij) 0
ij
(9.30)
2s .
dx(a?)
2 _ 2sy _ ij 2 2s
Wy x(cij) Wy x(cij) uz-—ggfg—— (cij cij) >0
ij

where the first of eqns. (9.30) applied when O € T < A and the second when
A< T <1 . Here we will assume that A <1 — A . Combining eqns. (9.30) and
noting that plastic straining can only occur when eqn. (9.29) is satisfied

leads to the‘result

p B
1 1 "2 2 P
P e — + —
A x(cij) * oy M x(oij) (o + 1) X, dej, py5 2 0 - (9.3D)
where pij = Uij = 0;? = Gij - Gii is a residual stress field and dSEj is

the increment of plastic strain experienced by an element of material during a
cycle. The inequality of eqn. (9.31) is still retained if u1/N and Bo/(1-A)
is replaced by m » where b is the maximum of B1/N and py/(1-MN).

Integrating eqn. (9.31) over the volume then gives

[ Oatogy) + (=) x(ofdav > x, [ oy + v (9.32)

Multiplying both sides of eqn. (9.3) by 'E and integrating over the time to

initiate failure and the volume gives

i
t
£

ti_ ‘{ﬁ {)\x(cij) + (1-0) x(ofj)}dv - ‘f] cf) b T dedv (9.33)

Combining eqns. (9.32) and (9.33) and noting the inequality of eqn. (9.4)

gives
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b, [ wav
i \Y c
t. < <x>~
Xe J (ul + u?_)dV c

(9.34)

The above bound still holds if Xe 1is réplaced by i; , the yield function
resulting from a kinematic bound for the shakedown solution. As discussed by
Ponter [35] this bound can drastically overestimate the time to failufe of a
component. The eqn. (9.28), (9.24) and (9.25) can then give more accuréte

estimates of the life.

10. Discussion

The aim of the present paper was to try and obtain a structure for hreep
coﬁsfitutive laws through an understanding of the microscopic mechanisms
respénsible for deformation and failure. This work extends the thermodynamic
approach adopted by Rice [1] and Cocks and Ponter [2,3] to include the effects
of damage, which exists either in the form of microscopic voids or as
dislocation networks whch aid the dislocation climb process. Fér each
mechanism analyzed it is possible to prove the existence of a potential from

which the inelastic strain-rate and the damage rate are derivable. This

result follows from the fact that the rate of increase of the microscopic

damage is driven by its associated thermodynamic force eqn. (2.10). These
kinetic relations have been obtained from more detailed analyses of the
processes which are responsible for the creeping behavior; For the mechanisms
of void growth, the kinetic relations are essentially exact, while for
nucleation and tﬁe strain-softening mechanism they are semi-empirical in that
they are simplifications of the more complex behavior which retain the physics
of the process.

The approach adopted here is similar in some respects to that used by

[36]. Their measures of damage and their kinetic relationships are however
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éntirely phenomenological. The structure of their theory is based on the
results of Rice [1] for dislocation glide mechanisms of deformation. In this:
instance the rate of glide of a dislocation is only a function of the
thermodynamic force associated with it, so that the resulting potential is
only a function of the thermodynamic forces. When considering the various
mechanisms of damage we find a slightly different result. Now, the rate of
increase of an internal variable which is a measure of the damage is also a
function of the present stéte of damage in the material. The resulting
potential is therefore also a function of the present state of damage.

When analyzing the various void growth mechanisms we find that a 1afge
number of discrete state variables are required to describe the material
respﬁnse to general loading conditions, section 3. This number can be reduced
somewhat by representing the damage in terms of the distribution of cavitated
boundaries, section 5. For situations where this distribution of damage is
relatively smooth the distribution can be represented by a scalar and a second
order tensof state variable. But this is rarely the case and some grain-—
boundaries generally suffer much more damage than the remainder. There is
then a peak in the distribution of damage and higher even order tensors are
required to describe the state of the material. If one, however, is only
interested certain classes of loading it is possible to identify simple
measures of damage that can adequately describe the materials behavior,
section 8. For example, in situations where the load is varied in a
proportional manﬁer a single scalar measure of damage is sufficient. This
damage measure relates to the density of grain-boundary fissures which lie
normal, or nearly normal, to the direction of maximum principal stress. When
non—-proportional loading between two prescribed limits occurs, two scalar

state variables are required, which relate to the accumulation of damage
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ﬁormal to the directions of maximum principal stress at the two extremes.

Over the range of stress and temperature used in the experiments of
Leckie and Hayhurst [5,6], and Trampczynski et al [32,33], the results of
their tests on copper can be explained in terms of our understanding of the
void nucleation and growth mechanisms, section 8. The aluminum alloy tested
by them, however, exhibits a completely different type of behavior. They
found that even for non-proportional loading histories that a single scalar
measure of damage adequately describes the materials response, This is
consistent with the analysis of the strain softening mechanism described in
section 6.

4It is shown in section 9 that when the damage growth rate expression is

of the form
w = f(o) glw),

where ® 1s a measure of the damage and f(o) and g(w) are functions of stress
and damagé respectively, that it is possible to obtain upper bounds on the
life of a component for any loading history. At the present time we are
unable to obtain similar results for the more general constitutive relation-

ships obtained in sections 2 through 9.
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Appendix - Mean strains

In this appendix we obtain expressions for the mean strain experienced by
a body when portions of it undergo inelastic deformation. Results are
obtained for an anisotropic elastic materials whose stiffness and compliance

matrices satisfy the usual symmetry conditions:

C C

ikt = ikt T Cijae T Ckeij
Djjka = Pyikg = Pijak = Piuij - (aD
The form and magnitude of these matrices is also allowed to vary with position
in the body.
- First we consider the situation where a small element of material deforms

plastically. Then in section A2 we examine the material's response when

discontinuities occur across a plane within the material.

Al Microscopic inelastic deformation

Consider the situation of Fig. Al where a volume V' of an element of
material of volume V suffers a uniform inelastic strain dsg.., We wish to
calculate the mean strain suffered by the larger element. Each strain

_component must be calculated individually. By way of example we will obtain

p

expressions for the component dElZ'

Associated with the inelastic strain degj is an elastic strain de:. s
which together form a compatible field, and a residual stress field pij’

where

_ e
Pij = Cijka %Fin (a2)
Let Gij be the elastic stress distribution in the material for unit applied

stresses 212 = 221. Then application of the principle of virtual work gives
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p P - p 5 & L 4Py g
(dEj, + dE, ) V = 2dE], V = ‘f, o, eij deij) v
P
sfz L5k kl(de .+ dsij) dv | (A3)
where ekl ~is the compatible elaétic strain field resulting from the

application of the unit remote shear stresses. Making use of eqns. (Al) and

(A2) the above expression becomes

p _1 ' e ~ p
dE?, -ﬁ{ ‘f, Chgij 955 Sq 4V + jl o5 4815 av}
\
_1 . P : '
= EV'{ é Prq Exg 4V + deij fl % ; av} (A4}
\Y

The first term on the r.h.s. of eqn. (AA) is zero since pij is a residual

"

stress field and Ekx is compatible. Therefore

P deli)j -
dE) = —5er fl oy AV (A5)
v

Similar expressions are readily obtainable for other components of strain.
The mean remote strain is related to the local strains through the solution of

an elastic problem. For an isotropic elastic material subjected to the

»~

>

A A

stresses Xjy = Igq = 1, 019 = Oy = 1, o1 = Oyy = O35 = 039 = Oyg = 0, and

eqn. (A5) becomes

p _V p
dE12 T dsl2 (A6)
or in general
p v! P
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A2 Inelastic stress resulting from internal discontinuous deformations

Consider the body of Fig. A2 which contains a plane of area A with
outward normals_gf and n~. If the positive side of thié plane moves an amount
u w.r.t. the negative side, the body experiences a macroscopic strain dEgj.
The object of this section is to calculate what these strains are for given
internal displacements. Again we do this by considering the equilibrium
stress field which results from the application of unit dummy loads in the

direction of the required strain. As an example we calculate the shear

strains dEIl)2 and dEgl. We now treat the body as if it contained an internal

+ . + ~
surface, S; which is subjected to tractions Ti = - Gij n; along S1 and
T, = - d,, n, along S, , where, as before, o,. 1is the elastic stress field
i ij 3 1 ij

resulting from the application of the remote stresses 212 = 221 = 1.'

Application of the principle of virtual work then gives

~

P + = e :
2 dED, V + i T; u, ds J o5 €15 AV (A8)
A \'
Making use of eqns. (Al) and (A2) this becomes
deP_ = l—-f o.. o u, dS + 4 [ p c dv (A9)
12 720, %13 3t 2V 5 Pke Fa ,

The second term on the r.h.s. of eqn. (A9) is zero and we have

p _ Jji 7
dE?, 5 i o, 48 (A10)
A
For an isotropic homogeneous material 012 = 621 = 1 with all other stresses
zero and eqn. (Al1Q0) becomes
A

p _A
B}y = 5y (mpuy + nyuy)



(A11)
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_ A
= Ev-(niuj + njui)

dEP,
ij

Using the full range of dummy loads we find
for an isotropic homogeneous material.




dEij
E
i ing from an increment
in a volume VI, .

}
*

A
*

P
Fig. Al Macroscopic plastic strain dE,, result
of plastic strain de *




Fig. A2 Macroscopic plastic strain dE. . resulting from discontinuous
deformation across a plane with outward normals E+ and n~ .
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Table 1 — Types of damaging processes identified
by Ashby and Dyson [4]

Nucleation and growth of voids
Coarsening of precipitate particles Bulk processes
Strain - softening

Necking ' ‘ Geometric effect

Oxidation - internal and external Surface, environment
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An element of material containing a number of cavitated grain
boundaries subjected to a stress zij'
A typical grain-boundary slab of material in Fig. 2, which contains
voids of radius T, spaced a distance 22% apart.

The rate of growth of the voids can be controlled by: (a) power-law
creep, (b) grain-boundary diffusion, or (c) surface diffusion.

A void of radius 1 eﬁbedded in an element of material of volume v,
which is subjected to a stress zij’
The void grows by material flowing along its surface to the tip and
then along the grain boundary where it is uniformly plated. 1In this
process the shaded region in (a) is transported to the shaded area
of (b).

Conceptual reversible process of forming a void on the grain
boundary: (a) initial void free material; (b) a cut is made along
the grain boundary; (c) material is scooped out to form a void; (d)
this material is spread evenly along the grain boundary; (e) the two
pieces of material are rejoined. '

(a) Shape adopted by growing void for tensile stress across the
grain-boundary in the limit of surface diffusion controlled growth.
(b) shape adopted by sintering void for compressive loading.

The surface T isathe locus of the end points of a series of radial
lines of length £ in the direction of_BF, which originate on a
sphere of unit radius, s.

(a) A section of dislocation gliding between two obstacles. (b) The
section of dislocation between the two obstacles can only glide if
part of it climbs over the particles.

Uniaxial creep curves for (a) copper and (b) an aluminum alloy.
Isochronous surfaces in plane stress space for copper and aluminum.

Isochronous surface for strain-softening mechanism.

Isochronous surfaces for unconstrained void growth for two values
of c.

Isochronous surface for constrained void growth whem =n = 5.

The outward normal to the grain boundary makes an angle © with the
direction of maximum principal stress.

Structure subjected to a constant load P fails after a time tg
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Fig. Al Macroscopic plastiﬁ straiB dE?. resultin% from an increment of
plastic strain daij de ifila volume v .

Fig. A2 Macroscopic plastic strain dE?. resulting from discontinuous
deformation across a plane with’outward normals Eﬁ and n .
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