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. EVOLUTION OF A REACTION CENTER IN AN EXPLOSIVE MATERIAL
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Abstract

Experimantal observations of ignition in explosive systems

. demonstrate that as a rule, combustion first sets in at small,

?f discrete sites where inherent inhomogeneities cause chemical

» activity to proceed preferentially and lead to localized :
explosions. Combustion waves propagating away from these “"reaction
centers"” eventually envelope the remaining bulk.

This study examines the spatial structure and temporal evolution
of a reaction center for a model involving Arrhenius kinetics. The
center,; characterized by peaks in pressure and temperature with
- little diminution in local density, is shown to have one of two
2 possible self-similar structures. The analysis employs a
‘ combination of asymptotics and numerics, and terminates when
pressure and temperature in the reaction center have peaked.
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1. Introduction

This paper descibes, mathematically, the birth and growth of a
reaction center, or localized thermal explosion, in an explosive
material. The material is treated as an ideal, compressible,
reacting fluid, and as such is described by the eguations of
reactive gas dynamiés, i.e., the Euler equations with chemistry.
This treatment is appropriate not only for mixtures of reacting
gases but also for condensed explosives whewn the characteristic
reaction énd acoustic times are much too short for diffusion to be
significaﬁt.

Experi&ental observations on combustion initiation in explosive
systems, in shock tubes and elsewhere, have demonstrated
conclusivély that spatially homogeneous initiation is essentially
an unattainable ideal. In fact, ignition first sets in locally, in
small volume elements at discrete sites, where chemical reaction
proceeds preferentially due to spatial inhomogensities in the
system. In due course,; combustion waves originating from leocalized
explosion$ occuring at these "reaction centers” or “exotherwmic
centers” én?elope the entire reacting mass. The role played by
these sites as precursors of more dramatic combustion phenomena is
revealed with unsurpassed clarity in Urtiew and Oppenheim's [13
photographic records of deflagration—to—detonation transition in a
Hydrogen—Oxygen mixture confined to a tube. These photographs show
that as the deflagration travels down the tube, it accelerates and
evolves into @ highly contorted turbulent flame, preceded by a
precursowzshock. Eventually, an exothermic center is formed in the

trapped, unreacted compressed gas which is captured between the
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flame and the shock. ‘The localized explosion in this center
creates akblast wave which propagates through the preconditioned
mixture béhihd the precursor shock and ultimately evolves into a
fully—devélnped detonation. The same feature appears in other
modes of &etonatian—initiation in gases, as well as in other
geometric:configurations.

Experiments oF liquid and solid explosives have also documented
the role df reaction centers as ignition kernels. Shock—-initiation
studies oﬁ Nitromethane, a sensitive liquid explosive, are but one
example. In these experiments, conducted by Campbell, Davis and
Travis EEi, an inert piston is driven impulsively intcoc the
explosive;'and it is found that after the elapse of an "induction
period”, én ignition event occurs in a reaction center at the
piston faée, ultimately giving rise to a detonation.

The ea#ly analysesiaf reaction—center dynamics are due to Zajac
and Oppenheim [3] and Meyer and Oppenrheim [43. Inn these studies
the reaction center is assumed to be a spatially homogeneous source
of chemical energy, capable of expansion and separated from its
inert surroﬁndingﬁ by an impermeable barrier, across which only
momentum transfer can occur. Either by prescribing a specific
reaction écheme, or by specifying an energy release profile within
the QEhteﬁ, the above auth?Fs were able to compute the resulting
pressure pulse. |

In this paper the reaction center is treated as part and
parcel of:the reacting medium rather than an isolated entity in an
inert atmosphere, and is found to have a definite spatial

structure, The aim of this paper is to describe this étructure and
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to study:its temporal evolution in a plane, one—dimensional
framewdrk, under the asssumption that the explosive undergoés a
single, dne—step, first-order, irreversible chemical reaction of
the Arrhenius type. One may argue that the simple ovefall kinetic
scheme adopted here is too idealized to be realistic. However, for
large activation energies, the kinetics does capture an essential
attribute of most éombustion systems, namely, a reaction rate which
accelerates rapidly with increase in temperature. Thus the model
is quite;appropriate for studying problems, such as the orne at
hand, wh%ch owe their genesis to the interaction between
gasdynamécs and chemical heat release for rates which are highly
sensitivé functions of the local thermodyﬁamic state. Gné must
reiteraté, however, that the specific results obtaivned here are
peculiar to the model adopted; extensions to more complicated
models ihcluding alaborate kinetic schemes or complex material
properties will no doubt change the character of the reaction—
center. Indeed, as Stewart [51 has shown, kinetics may influence
the site‘and moment of birth of the reaction center, while multiple
hot spots may result as a consequence of variatiorns in the physical
prapertiés of the explosive.

In this study the configuration of the system is so prescribed
as to provoke the development of a single hot spot, and this can be
accomplished in a variety of ways. For example, the shockfinduced
thermal—ﬁunaway studies of Clarke and Cant [6] and Jackson and
Kapila [7]1 considered a semi—infinite expanse of gas ignited by a
piston—driven shock, thereby creatgng a raction center at the

piston face. Instead, the present waork assumes that the gas is



{4)

- confined between two parallel planes; and that its initial state
possesses‘a slight spatial nonuniformity. {In a practical
situation these non—uniformities may be caused by a variety of
factors, such as turbulence, interacting pressure waves, or, in the
case of condensed explosives; material imperfections.) The
mathematidal model leads to an initial—boundary value problem for
the equations of Péactive gasdynamics. An asymptotic solution is
developedjin the limit of large activation energy, and the analysis
is carried as far as the end of the localized explosion within the
center. the subsequent birth of a reaction wave and its
propagatién will be the subject of a future publication.

The te@poral evolution of the explosion occurs in two stages.
In the in&ucticn stage the state of the material is a small
perturbatiun of the initial state and the underlying physical
processesgare those of linearized acoustics coupled to a weak but
nonlinear chemica1 reaction. The reduced equations require a
numerical soclution (see [S51, [61 and [71) which exhibits local
thermal runaway, characterized by local unboundedness of the
pert wbation quantities at a Ffinite time.

Induction is followed by the explosion stage, whose temporal
extent iskexceedingly short compared to thg induction period, and
which consists of several distinct spatial zoves. There is the
outer frozen zone, in which the state of the explosive remains
essentially the same as that at the end of the induction stapge.
This is distinct from the rapidly shrinking ihner zone, or hot
spot,*iﬂ which intense chemical activity leads to an explosive

growth of temperature and pressure, ultimately limited only by the
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consumption ef the reactant. To leading order the hot spot”is a
constant%density, spatially-homogenecus thermal explosion. Its
spatial structure is described at the next order by the coupling of
chemistry with linearized gasdynamics, but now the linearization is
about an atmosphere undergoing a spatially homogeneocus thermal
explosion. fAs the layer shrinks, it recedes away from the frozen
zone, thereby ereafing an expanding zone of transition. This new
zone is élso effectively frozen in time, but in contrast with the
outer frdzen zone, temperature variationé across it are
substahtial.

nlthoggh highly nonlinear,; the explosion stage is amenable
to analyéis because in it, gasdynamics is of secondary importances
temporal%variations are much too rapid for the material to undergo
significént expansion.

For the~spécific reaption scheme under consideration it is found
that the reaction center can have one of two posible spatial
structures, depending upon the initial conditions. The two
structurgs are characterized by the temperature profile within the
hot spot possessing a sharp peak or a rounded peak (Figure 1). The
former typifies hot spots ariginating at boundaries (e.g.,; a piston
face), aﬁd the latter those occuring iwn the interior of the vessel.
These structures, which will be referred to as the "Type B"
{boundary—type) or "Type I” {(internal-type), are both selffsimilar.
Type B is described below in detail, with only the results for
type I given in section 6. In addition to thgse two structures
there exists a third, described briefly in the Appendix; it is

singular and corresponds to very special initial conditions.
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The specific configuration under study here was also examined,
with simiiar methods, by Poland and Kassoy [81. Their analysis
differs ffom ours in one crucial respect; they considered the
distinguiShed limif in which the séatially homogeneous induction
time at t%e initial state and the conduction time across the vessel
are of th? same order, i.e., the Frank—-Kamanetskii rnumber & is of
order uni&y, albeif supercritical. In our analysis the induction
time is éomparable to the acoustic time acrdss the vessel, i.e., &
is very #arge. Such would be the case when the explosive
eﬁvironmént has been preconditioned so that the initial reaction

rate is very rapid.

2. The Basic Equations, and Setup
The eduations of motion for plane; one-dimensional, reactive
flow of én ideal gas or a material with a pelytropic equation of

state aré 93

(2. 1a) % Py + up, + pu, = 0,

(2.1b) 'p(ut + uuy) + (1/Np, = 0,

@100 P(Ty + uT ) + L(Y-1)/¥1ipy + up,) = Pw,
{2. 1d) | plYy + u¥ ) = —w,

(2.1e)  p = T,

where

{(2.1F) § w = [1/(86)] pYexp(6-6/T).
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Here p, #, T, u and Y are, respectively, the gas pressure, density,
temperature, velocity and reactant ﬁass fraction. The variables
have been made dimensionless with respect to a constant dimensional
n

reference state E, ;, T and V. Velocity is referred to the

acoustic speed c, defined by
¢ = typsrpat’2

time to g,fthe homogeneous induction time at the reference state
(derived f}nm classical explosion theory for lafge activation
energy) and length to ct. The diffusion terms have been left out
because théy are much too small to play a role in the problem under
study. The dimensionless parameters appearing above are the
specific—heats ratio {(or polytropic exponent) ¥, the chemical heat
release 8 énd the activation energy 6.

Let the‘material be confined to the interval 0 ¢ % < £. At

the walls the appropriate boundary conditions are

(2.2) - ufO,t) = u(g,t) = 0.

The initial state of the gas is taken to be a small, ot~
perturbation of the spatially homogeneous and stationary reference

staté, i.@ay

(2.3a)  ux,0 = & lu,x,0,

(2.3b) Bx,0) = 1 + 615, (x,0) for =T, p, Y and p,
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where uj(x,0) and & (x,0) are assumed to be given. Note that
{(2. 3c) Py (n, 0) = py (%, 0) - Tl(x,O)

in accordance with the equation of state (2.1e)-’ An asymptotic
solution of the initial-boundary—-value problem (2.1)—(2.3) is
sought in the limif & + @ with 8 and ¥ fixed and 0(1), until the
localized explosion has reached completion. The various stapes of

evolutionﬁare detailed in the following sections.

3. The Induction Stage
In thq initial stage the state of the gas remains an oce 1)
perturbafion of the reference state. During this period, referred

to as the induction stage, one therefore seeks the expansions

(3.1’ ) : u‘\'a-lul"'---, §~1 <+ e.1§1+-.-'

for 8 =T, p, Y and p

which, upon substitution into the set (2.1) yield the leading—order

disturbance equations

(3. 2a) (373t £ ¥/ 30 (py £ Yuy) = Yexp(T,),
(3.8b) ¥/ RIT; — C(r-1)/73py1 = explTy),
(3.2c)  py = py - Ty, /8 = —(1/Pexp(T,).

Except for the nonlinear source term, egns. (3.2a,b) are simply

those of linearized acoustics in a uniform atmosphere.A It is a
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simple matter to integrate them along the characteristics, as was
done in tSJ, [61 and €71. During induction it is ewnough to
concentréte on‘the variables“Tl, Py and uqg, because once they are
known, the first egn. in (3.2c) yields Py while the second,
combined with (3.2b) and integrated, determines Y, according to the

expression

(3.2d) Ty = [(F-1/7ip; + BY) = T3 0,0 — [(¥-1)/71pg {x,0)

+8Y (x,0).

Equatéoﬁs {(3.2) have been solved numerically for representative
values of ¥ and for a variety of smooth initial conditions and
intervalglengths 2. A hiéh-resolutiow, adaptive scheme was
employedgto integrate along the characteristics. A1l computations
displayed thermal runaway, characterized by the unboundedness of Ty
and p; at a single location in the interval [0, 2] at a finite time t.

The numerical results can all be summarized by considering two
representative cases, for which the initial values of pressure and
mass fraction correspond to those at the reference state and the
initial velocity is zero.

Thus we consider
(3. 3a) Py {%,0) = Y ({x;,0) = uyxy,0) = 0
while the initial temperature perturbations are prescribed as

(3. 3b) - Ty, 0) = ali-(x/2)] for type B, a[i—(x/ﬂ)ej for type 1.
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In both éases the initial temperature disturbarnce has a single
maximum at x = 0, causing it to become the site of thermal runaway.
The essential difference between the two cases is that in the first
the initial temperature disturbance has a nonzero spatial gradient
{sharp peak) and in the second, a zeroc spatial gradient (rounded
peak), at # = 0. Thus the first case typifies a hot spot located
at the boundary (e;g., the shock configuration discussed in [51,
(61 and [71), and the second an internal hot spot. These will be
referredita, respectively, as type-B (boundary) and type-1
(internai). Their spatial structures, it turns out, are
different.

In thé following sections the type—B problem is discussed in
detail. The type—-1 problem cawn be treated analogously and is, in
fact, slightly simpler to analyze; it was deemed sufficient,
therefore, to simply state its solution in seaction 6.

We start with Figure 2, thch displays the numerical results for
the TypEfB induction solution. The four graphs there exhibit,
respectively, the profiles of Tl* Pys uy and Py against x for
increasiﬁg values of €. The curves at the latest time show the
solution:very close to the blowup time t,, the time beyond which
the integration routine was unsuccessful. fAn examination of the
Ty—sclution near blowup reveals that growth is most rapid in a thin
boundary layer near x = 0. ARAdditional information about this
growth is provided by Figure 3, where the furnction expl-T;(0,t)1 is
graphed near blowup. The straight—line graph in the figure has
slope %, to the accuracy of the numerical scheme, and a t—intercept

equal to the blowup time t_,, allowing one to conclude'that
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(3. %) T(0;8) ~ —=2nl¥V(E~t)] + ol(l) as t =+ €.

Figure 4 displays time ploté of the solution at x = 0;,and shows
clearly that while T1(0,%) and p; (0, t) become unbounded, p;(0,%t)
does not. Therefore, pi(o,t) must have precisely the same leading—

order behavior as T4 (0,%), i.e.,
(3. 3) - Pg(Ost) ~ —fnlt—tl + O(1) as t » t,.

To summarize, the induction stage exhibits the classiec logarithmic

singularity of spatially homogeneous thermal runaway [101.

4. The Structure of the Boundary-type (type-B) Induction—-phase
Singularity
Although numerics confirms the existence and the temporal
character of thermal runaway, further amnalysis is needed to
determine its spatial structure. Such an analysis would inveolve
coordinate expansions for t near t,. Accordingly, it is convenient

to introduce a new time variable r via the expression

(4. 1) t =t ~t, v O.
Then eqns. (3.2a,b) transform into
(4. 2a) - 8py/x — Y3uy/dt = O,

(4. 2b) - Yauysox — ¥py/ic = Yexp(Ty)d,

(4.2c)  L[(r-1)/713pg/ 8t — 374/ 8t = exp(T,),
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where the dependent variables are now functions of x and
t. The relevant boundary condition is the first of (2.2), re-—

written 55

Elementary manipulations on (4.2a,b) and (4.3) yield the following
integral, which will prove to be of value later on:

| te
. Ko = [T 00/ ]g = F exp[[ exp(Ty 0, mrdn],

where S(t) denctes the disturbance temperature gradient at x = 0,

and 3, its initial value, i.e.,
(5.5) Ty = o).

Recall, from (3.3b), that 3, vanishes for type 1 but is negative
for type‘B. Then (4.4) shows that F{r) = 0 (rounded peak) for the
former and decreases monotonocally to —® {(sharp peak approaching a
cusp)d fok the latter as v <+ O+,

We noﬁ turn to the analysis of the structure of the inductioh
singularity. fis indicated above, it is properly analyzed by
seeking separate coordinate expansions as ©v * 0, within the
boundary layer and in the region cutside. The outer region is

governed by the outer limit process

® > 0 and Fixed, v &+ 0.
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The boundary layer, on the other hand,; corvesponds to an inner

limit process
8 » 0 and fixed, Tt * O

where s{x, v} is the spatial coordinate in the boundary layer. The
shrinking nature of the layer requires x to vanish under the inner
limiting process. If one conjectures that the singularity is
locally sglf—similar, eqns. (4. 2a—c) require that s must be

defined by
(4. 6) 8 = u/T

this being the only choice which assigns coequal importance to the
x— and t—derivatives, thereby providing the richest equations for
the inner limit.

Henceforth we shall refer to the boundary layer as the hot spot.
It will transpire that the scaling (4.6) does not quite span the
entire hot spot. Rather, the hot spot is found to have a two—
sublayer structure, consisting of a thin central core embedded in a
thicker, ﬁain body. The various spatial regimes are displayed
schematically in Fig. 5. There;, H refers to thebhot spot and FR to
the frozen region ocutside. Within the hot spot, HC denotes the
core and HB the main body.

We shall first examine the core, show that it becomes

nonuni form for large s, determine the appropriate scaling and

expansions for the main body and demonstrate that the-latter merges

!
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smoothly into the ocuter repion. Only one or two terms of the

expansions in each region will be computed; continuation to higher
orders is straightforward though increasingly complex

algebraiéally.

4.1 The Core HC

The iéduction—phase equations (4.2a-c), written in the (s, 7)

variableé, are

{%4.7a) ; (s3/3 — vd/30)L¥Ty — (¥-1)pyd = Yrexp(Tq),
(4. 7b) % (s3/8 — Td/3t)py + Youy/ds = Yrexp(Tg),
% ‘ (G4, 7c) i (83/3 — td/8cvduy + (1/Y) 3py/3s = 0.

[

It is convenient to isolate the temporal singularity from the

spatial étructure. fccordingly, we define the structure functions

‘7, @ andu by setting

(4.8a) Ty = —fn(¥o) + j(s, ),
4.88)  py = ~#n(B) + (s, D),

where the yet unknown constant B represents a weak influence of the

initial conditions on the self-similar boundary layer, and will be
determined in due course by matching. Substitution of (4.8) into

(4.7) yields the structure equations

h.9m) sfs - tJct -DYg = Y, -1,
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.o sy - @ - - B - Us = 0

4.90) sYg - Y+ Wn@g =0,

where subscripts dencte partial derivatives. The onhly boundary

conditioﬁ appropriate for the above set is the wall condition
(4.100  QYP0, v = 0.

In addition, since the initial data are smooth, the structure
functiong and their s—derivatives are required to be regular in s.

Considerithe asymptotic expansions

(4.11) & ~ oy (0§ HE (s) + (BN ) + ...

. for & = J, @, and u,

as t ¥ Q. {In the remainder of this section the superscript HC,
which refers to the core of the hot spot; will not be displayed
explicitly.) The gauge sequence {o,(t)} has not been specified,
but a natural choice is provided by the integral relation (4.4),
rewritten as
412y Jg0, 0 = 3 ¢ exp[-f €1/ Cynrexpigfto, m 3dn]

te
in view of the scaling (4.6) and the prescription (4.8). For small
t the Eréexpansion in (4.11) allows the above relation to be reduced

further to the asymptotic form
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(4.13) oref 17 (0) + ... =

For® exp [0y - (f 01/ [ 27 le imdn + ... ],
o

where
(4.14) A= (¥Y-1)/7.

Recall, from (4.3), that the constant Jp is nonzero for the Type-B
problem. Then, the assumption thaté?i’(O) is nonvanishing

({invelving no loss of generality) leads to the conclusion

(4.1%)  og(e) = A

if the two sides of (4.13) are to balance at leading order. With

oy determined, it can be shown that the expansions (4.11) proceed
in powers of thh
Substitution of (4.11) into (4.9) yields the leading-order

structure equations for the ivner sublayer,

(4. 16a) (s dzds = N fy + (»-1)dY,y/ds =,
4.166) (s d/ds — N (g - 01) - dfy7ds = o,
4.16c) (s dsds - Mk + 1/ nd(y;sas = o,

subject to

t4.16d) Yy =0
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and regularity. Elimination of@l and ul from (4.16a—c) leads

to the third—order eguation

417 LEES-w 1 ¢ a-ash e - En gy

+ (D @80 + OB-D@E-n g =0

for ai’ ‘where * denctes differentiation with respect to s. The
points 5=0 and s=1 are singular points of this equation and the

three linearly independent solutions have the asymptotic behavior

i, = and sfns as s + 0, and

i, i-s and as s * 1.

In general one can expect a one—parameter family of regular

solutions to exist, and numerical computations verify that such is

indee=d the case. A convenient parameter is

{4.18) 2] =Jl {0).

With JI kviowr,g ul, can be eliminated from {(4.16a,b) to obtain a
first-order differential equation for 01 whose regular solution
turns out to be

(4.19a) Gl =t/ N/ -01 gy - s a0 f X anan,

and then, (4. 16c) integrates to give
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§

(4.190) Y4, =i/ - ts™rnaf n“"@l"m)do,
; o
where regularity has been imposed again. Thus the full solution at
this order depends on the single parameter A. Graphs ofJ 19 01
andul for A = 1 are drawn in Figure 6.
At this stage the solution (4.8) has the following expansions

in the interior sublayer:

(4.20B) Py ~ -An(BT) + t’\@l(s) + euns

In order to determine the spatial extent of the core HC one

needs tﬁe asymptotic behavior of Jl' 01 and ull for large s.

This is easily obtained from (4.17) and (4.19), as

.21a)  f; ~ -Aars @Y1/ 4 g1/ gng
N Y2 O

Bd)

(4. 21b) Gl ~ ~AuLs(BY-1IIY , p G(I-1)/Y s‘“"u:p fns + B@ )

-.-],

2 S VA 4
+C@s + ceedg

4.210) Uy ~ —n«ts""“’"mugns + B+ c,u.s‘“" + ...l

Here a, B J and C d are constants with values

obtained by integrating the Jl equation (4.17) numef'ically. The
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remaining constants appearing above are given by

Aa = —<ar—1)(¥—n2/(er3>, ne = <¥+1ma/(¥—1),

Ay, = anaw(r—na, Be =_QJ/”-1) + (r+1)B_/(r-1),
(4. 22) By = eaaw(r—na - rtzr—xma/tr—xﬁ,

ce = (ay+1)c'1/(ar-a), o™ —3¥ca/(r—1),

De -30373/(1—1)3.

The range of validity of the expansions (4.20) can now be determined.
For example, substitution of (4.21a) into (4.20a) suggests that the

latter becomes nonuniform when

N g@Y107Y o ey,

T i.e., 8 = O(z™ ¥,

where
(4.23) w= (yf-1)/7(2¥-1)

and the definition (4.14) of A has been invoked. Correspondingly,

x = 0¥/ (BY-1)y = 5¢1).

The smallness of x indicates that although one has reached the edge
of the core HC, the frozen region FR is still far away. The need
for a thicker exterior layer, corresponding to the main body of

the hot spot, HB, is therefore apparent.



{(20)
4.2 The Main Body of the Hot 8pot, HB
In this layer the appropriate variables are § and tr, with §

defined‘by
(4.24)  § = tH g = y/ ¥/ BV,
The expressions (4.8) for Ty, py and uy hold again, provided a,@

and]L are now treated as functions of ¢ and v. The structure

equations, obtained from (4.9) by transforming from s to §, are

(4. 25a) U-wege - v + (D EY, = ed -1,
(4.25D) U-wscJ o~ Qs - rtat—@t) - ¥Y e = 0,
4.25¢)  (-w§lhe - U + W/NTHQe = .

Matching requirements imposed by HC, obtained by substituting

{4.21) into (4.20) and then employing {(4.24) are

(4.26a) of ~ -Aa BTV 4 g BH gy,
(4. 26bH) G ~ —An §EYDIIY o qeoiy,
4.26c) U, ~ —Ax g“’“’“”’cﬂuf—n fnt + eng) + Buz

+ 0(eEH, as ¢ > O.

Guided by these the HB-solution is sought in the form

.27a) o ~ Jo B + ...,
4.270) (P ~ @o® e + ...,

4.270) ), ~ thien Yo (o + g FP o3 . L.
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{In the bemainder of this section the superscript HB will not be
displayed explicitly.) Substitution into (4.25) leads to the

,diffeﬁential eguations

A-w Uy’ - 2y = Yo — 1/ Qo's

whose soiutions, subject to the matching requirements (4.26), are
(4.28a) Jote = Gote) = - nli+Aag(EY-11/7;
(4. 28b) Uot§) = —Aat (r-1) /231277,

4.280) a9 = Ax ¢V V0 @r-1)/P30ang + Jo(f)} - BJ.

Thus the%HB—solution can be written as

(4.29a) Ty ~ —fn(¥Td + Jo‘f’ + ceng
(4.29b)  p; ~ —fn(Br) + Jo(e) + oaany
(4.290) uy ~ ¥ Dine Yol + Y (0T + ... .

One must consider the behavior of this solution for large § in
order tofassesn the spatial extent of the layer HB. This can be
done, for example, by substituting the large-¢ behavior of (4.28a)

into (4.28%a). The result is the expansion

Ty ~ ~@r-1)/en? @D gy — gnipan + ...,

as ¢ + @,
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which cléarly becomes disordered when ¢ = D(t—yl(aygl’).
Correspondingly, x = D(l), indicating that the edge of the hot spot
‘has now been reachéd. The next step is to see if the hot spot

merges smoothly with the frozen region FR.

4.3 The Frozen Region FR

In the frozen region, where x and r are the proper variables, the

solution can be expanded as

4.300 & ~ 5, FR 0Lt + © 5 FR 6o

for & = Tl' Py and Uge

Here, thé leading terms are the numerically obtained limiting
values at-blowup and the higher-order terms can be computed from
(4. 2a-c) under the outer limit process. It is a straightforward
matter to establish that a match of (4.30) with the HB-solution

(4. 2%9a~c) requires the following asympfotic behavior of the frozen

solution at blowups

(4.31a) Ty ~ L (@F-1/V3nx — En(Pad) + ...,
(4. 31h) Py ~ ~{(@F-1/N2enx — nlAoB) + ...,
(4. 31c) ug ~ A 1/ e o yg) 7 - (r-1) 7 r3 #nx

+ m(n«nm“é “ c.., @as X * O.

(2] carefuljexamination of the numerical solution does, indeed,
confirm this behavior. The constants A and B, the only ones yet

undetermined, are found by comparing the above expansions with the
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numaricai solution. The comparison is made at the "edge"” of the
boundary layer, i.e., for (x, ) satisfying v <( 1, ¥/ EY-1) (¢
{{ 1. I% should be emphasized that the structure of the blowup
singularity is influenced by the initial conditions only via these
constants; otherwise, the solution‘has a universal, self-similar

structure.

%. 4 Bummary

The near—blowup analysis is now complete, and can be summarized.

In the core HC the expansions are

(4.32a) T ~ 1+ Fl-gnirn + AP, W + i1+ L,
(64.32b) p ~1 + 6 l-n(BO) + r"@l“'“-‘" (8) + ool + cuay
(4.320) u ~ LAY, WO @)+ Lla v L,

where E’i(HC)' (?I(HC) and Z‘l(HC) are defined by (4.17) and

{(4,19). In the main body of the hot spot, HB, the solution is

4.33a) T a1+ @ l-mmiro « JoMB o + Lli1 + L,
(4.330) T ~1 + 6 l—enBD + :‘70‘”3’(9) + aeed 4+ aua,
(4.33e) u o~ Gl e Y, HB (o) + B Y HB (o) o LT e L,

where of oHBY, M HB) ang ) HB) ore given by (4.28). In the

frozen region FR the expansions take the form

4.342) T ~ 1+ 6T, FR it + 003 + ...,

(4. 34b) p~t+ &hep o FR Gt + 0021 + ...,
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(4. 34C) u~t o+ 0l FR Gt + 001 + ..o,

(FR) plo(FR) and ulo(FR} are the terminal values of the

where T1°
induction solution, determined numerically.
The remaining variables p and Y can be computed, upto 0(6_1), by

appealing to the first equation of (3.2c) and (3.2d). The results

are
(4.35a) P~ 1+ @ limere + N (P HO- E’l(HC)’ TR
(4.35B) Y ~ 1 + (88N lrentayo)
+ (P Oy MO+ e L
in HGC,
(4.36@) Pl + FIEn(I/B) + ooud + uuuy
(4.36b) Y ~ 1 + (88N lrantAyn) - e’o‘”a’(g) + el 4 oa

in HB, and
4.37a)  p ~ 1 + @ 0pyo PR Gt )Ty o FRY (x,8) + OCo1 + ...,
(4.37b) Y ~ 1 + (0B T iC(r-1/773py o TR G, 00 T3 6 FR G, )

+ a(l-x/8) + 0(D)I + ...,

in FR. The constant Ay appearing in (4.35b) and (4.36b) is given

by

{4, 38) Ay = expl¥a + Yén¥ — (¥-1) gnBl.
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Observe that the hot-spot—-sclutions (4.32); (4.33), (4.335) and
(4. 36) break down when —fnt = 0(&), signalling the end of the
induction stage, and the onset of explosion. The frozen—region—
solution, (4.34) and (4.37), suffers no disordering and in faect,

becomes increasingly accurate as © 2 0.
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5. The Type—B_Eupldsion Stage
The nﬁnuniformity Just encountered decreess that further
evmlutioh in the boundary layer occur on the new time scale o,

defined by
(5. 1) | r = a 90,

For o= ﬁ(i) the limit & + ® corresponds to a time interval of
exponenﬁial brevity compared to the induction period; its role
in the éydlutian of thermal explosions was first recognized and
exploitéd by Kassoy [10]. The twe layers comprising the hot
spot muét again be examined in turn. In fact, we shall find
that as the hot spot continues to shrink, an expanding region of
transition {(dencted by TR in Figure 5), is created between the
hot sput and the frozen region. We shall find that compared to
the hot spot, this region is also one of relative chemical

inactivity, and has a simple description.

. S.1 The Core of the Hot Spoty; HC

The spatial coordinate in the core remains s, now written as

v/ T 8o

w
I
L
U]
%
L]

thereby sxpressing explicitly the continuocus shrinkage of the

ragion. In the (s, 0) variables egns. (2.1} transform into
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(5. 2a) 61 p, + sp, + (pu)g = O,
(5. 2b) PLE L u, + sud + (1/Npg + puug = O,
(5. 2¢) pLel T, + sT 1 - C(r-1)/ 7306 po + sp.3d

+ uLpTg — €(r-1)/7¥3p .1 = W,

(5.2d)  pLa L Y 4+ sY_ 1 + up¥_ = —(1/BW,
(5. 2e) . p = pT,

where

(5. 3) W= 61 prexpreci-o-1/m1.

The boundary condition (2.2) is rewritten as
(5. 4) . uto, o) = O.

At fixed s the soclution must match with the induction zone as o =+
0. To obtain the necessary conditions one applies the “explosion
limit"” o fixed, & » ® to the HC-sclution of the induction stage

(4.32), (4.35) to get

(5. 5a) T ~t4c - 61 ey« ...+ stJl‘”C’(s} + ...,

(5.5b) p ~ltc— &) B + ... + s, M s>+ ...1,

(5.5¢) u ~ &ty MO + ...1, |

(5.5)  p a1+ @ en(w/B + ... o+ sif) HE) (s)-gfy H s) + ...3,
(5.5) Y ~ 1-0/(8N + 88BN lenay + ...

+ smn"‘rw—n@l‘“‘:’ (s)—agx‘”c’ (s) + ...1, as ¢ > O.
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Here,
(5.6) § = g1 g 00N

where A was defined in (4.14) and Ay in (4.38). These
conditions reveal that spatial variations in the explosion
stage appear only at the (exponentially small) 0(& level,
suggesting that the solution is spatially uniform to all
algebraiq orders in & In 6ther words, the structure of the
core of the hot spot consists of an extremely weak chemico-—
acousticifield superimposed over a uniformly exploding

atmospheré. Accordingly one seeks expansions of the form

(5.7a)  u ~ Sugls, @ + ...,

(5.7b) ¥ ~ By(050) + & gls,0) + ..., for =T, p, P, and Y,
with the understanding that the ib contain all terms of algebraic
orders. Substitution inte (5.2) Ffinds the 8y satisfying the

standard equations of constant—volume thermal explosion [81, io@®eg

{S. 8b) k 1/ ppdTg/ 80 = —BPn Mg/ 30 = Hy = PoYperplé(li-o-1/Tyd 1.
The soclution, subject to the matching conditions (5.5), is
(5.9a) By ~ Byg + ! By + .n., FOr =T, p, Y and p,

where
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(5.98)  Tgo = Poo = (1—0 7L, Voo = (+¥B-Tog)7¢¥BY, Py = 1,
(5.92) Ty = -0 Cm[ra-odvysl, ppy = nim,

The structure fFunctions 85 satisfy, to leading order, the equations

(5. 10a) (53/38-N pg + Poodug/ds = O,

(S.108) Poolsd/ ds—Nug + (1/9) dpg/ds = O,

(5.100)  (8/88=N LagaT 5~ (r=13/3p gl = T oo/ Too2s
(5.10e) Poo(S3/ 35— NY 5 = = T Moo/ (B0

(5.10e)  pg = PyeTs — TooPs = O,

where Noo:is the leading term in the expansion for Wns the latter
having been defived in (5.8b). The use of the transformations

Eal

5.11) ug= (1-02 4"y s = "1~ "1/,

reduces the set (5. 10) to

(5. 12a) (878708 - NTg + (r- " s = Tg
H L & Fa o

(5. 12b) (s 3798 ~N(Tgpg — du g/as" = 0,

(5.120) (s @/ -Mu g+ (W Napyes” = 0,

(5. 12d) Pg = (pgT /Ty

(5.12@) (s 3/88 -NYgz + {1/(BNIT45 = O.

Egns. (S.12a—c) are identical toe (4. 16a—c) if Ts Pg uAa and s~ in
the former are identified, respectively, with€7i(HC?,éP1(HC),

ILI(HE) and s in the latter. Following the arguments of section
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4.1, therefore, one is led to the solution

: CaY o
(5.13a) Tz = A (oA, s,

(5. 13b) Ps

A" Cor /A3 (Py (=)

(5.130) ug = (1~0 12 " = -0 V2T osaa ], s,

where A is the constant introduced earlier in (4.18). The
amplitude Ffunctiown A"t is unknown at this stage, and will be
determined by matching with the main body of ﬁhe hot spot, HB. So

far we only know its initial value as a result of matching with the

induction solution (4.32), i.@..

(S. 147 A (0) = A.

1t is now a simple matter to solve (5. 12d) for Pg and compute Yg
by integrating (S. 12e) subject to the regularity requirement. The

resulting expressions are

(5.15a)  pg = (i-@) m’"‘wum@i <s")-=r71 (s 1,

e e Y
(5.150)  BYg = [A (0)/AILLI-1/70 (s )J,(s 3.

Both the spatially uniform and the spatially-varving components of
the expahsions (5.7) are thus determined at leading orders,
although‘the latter involve A (o) which is still to be found. It is
worth noting that the spatial structure of the solution is
essantially the same as it was at induction—-stage blowups the

scalings (S.11) simply reflect the temporal evolution of the acoustic

speed.
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fis in the induction stage, the HC-solution breaks down for large
s, the nonuniformity now occuring (see the expansion (4.21)) at

ass" (BY-1)/Y - (1), One is then led to the main body of the hot

spot.

S.2 The Main Body of the Hot Spot, HB

Here the proper variables are § and ¢ where € is now related to x

P,
and s wvia the expressions

obu

(5. 16) : § = x @OV @EY-1) o (_gn-i/8 g ,

and was{defined in (4.23). In the new variables the full equations

{(2. 13 read

(S.17a) &1 py o+ U-wsp, + @ 9THpn) = 0,

(5. 17b) peOo8 Lgl u + (1-w gugl + (1/Npg + puug = O,

(5. 17e) PLEY T+ (- eTgd - Cr-1/EF L py + (1-w spgd
+ @ 0% yepr, - Ctr-1/13pga = w,

(S. 17d) pLet v+ (1-w §¥el + @™ 0% uov, = —(1/pu,

(S.17e@)  p = pT,

where W retains the definition (85.3). The solution is subject to

the following matching conditions imposed by HC:

(5. 1Ba) T ~Tgg + 61 [Ty - @e@¥-107¥3 o |
(5. 18b) P ~Top + &1 [Toy + pyy/ti-o) — @gl@¥-1277y o |
(5.18e)  u ~ —e~ 00U ag”"““”’[nufw +

!t ant(1-18¢3 + B 3] + ...
U u.] ’
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(S.18d) p ~ 1 + 61 pog + aeey
(5.18@) Y ~ Ygo + (BN [mAy/ 1 ~ Toy +

@g@-1)/7 & .., as ¢ » 0.

Hevre, @ is a guantity that appears frequently, and is defined by

(5.19a) Q@) E oA (o) (1-g) E¥F-DI/Y,
with
(5.19b) QIO = oA,

From (5.@4). In obtaining the conditions (5.18) we have employed
the;expagsi@ns (4.21) and the solution (5.13)3; the variables with
double sﬁbseripts are the spatially homogeneous Tunctions appearing
in (5.9): It turns out that compliance with these conditions also
ensures %emporal matching with the induction stage. The HB-

solution is now sought in the form

(5.20a) T ~Toe+ 6L T, M gm0 4 ...,

(5. 20b) P a~Tgo + &1 py B ¢(g,00 + ...,

(5.200)  u ~ e~Oom tug M (g, 00 + o1 u, HWB (g o0 + ...3,
(5.20d) Y ~ Voo + 61 v, B e o 4 ..,

(S.20@) p~1+ &L gy el .

{Inn the remainder of this section, the superscript HB will not be

displayed explicitly.) Bubstitution inte (5.17) shows that (5.17a)
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is satisfied identically to G(G‘ﬁ)f At 0{1), (5. 17b) reduces to
(1) §3up/ 86 — pupy = O

whose solution subjgect to the matching reguirvement (5. 18e¢) is

(S.281)  ug = LCr-1)/r230agt-1/7,

At o ly, (5.17e) yields

(3. 22) ; Py = Ty + pgy/ti-o,

while (5;17c) reduces to

(1-0)"2 & (1-wgaTy/70¢ - ((r-11/ 0 [t1-0 "

+ (=) §3py/38] = Yoo expl(l-0&T,3,
anﬁ, in view of (5.22), simplifies further to
(5. 23) (1= & (1-1w ¢8T,/ 28 = Wy expl(1-0ET 1.
Its solution, consistent with the matéhing condition (5.18a), is
(5.284) Ty =To - (1-072 i + 1-erBpe@¥-11/7],

With Ty known, (5.22) defines Py In order to determine Yy

consider (S.17d) at ﬁ(ef1>; it yields
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(B8N 18 & (1- g8V, / 88
= (~1/B)Yqo ®xpl{i—o) T, 1.
When linearly combined with (5.23) the above equation leads to

9Ty + BIV; 1788 = 0.

The matching conditiown (5. 18e) then provides the following expression

For Yiz
(5. 25) 8¥Y1 = ﬁn(ﬁvir) - Tl‘

It now remains to determine Uy, and the function G(e) (or,

equivalently, A" ¢e)). Both are obtainable from (5. 17b) which, at
B(E“l), reads

(5.26) (- §duy/ 8¢ — wuy = —duy/dc — (1/¥) apy/ 28,

With uy and py known (see (5.21), (S.22) and (5.24)), the

general sclution of the above eguation can be writtewn as

(5.27)  uy = @0/ - -1 7R3 (o) g

+ @/ W inr.f‘a"‘l””/{1+@(1ma)3§‘3y"1””}3],

where K(o) is the integration “"constant®. Az € + 0O, uy has the

asymptotic behavior
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(5. 28) uy o~ @173 TV e 01y 1 Py otd 0

+ C@r-1/33 e + K] + ...,

which must agree with the 0 Y term in (5. 18c). Matching the fng

terms yvields the differEﬂtial eguation
Loi{odd?® =@

whﬁée salgtion, subject to (S.i?b}, is

{5. 2%a) i @ = &,

Gy equivélenﬁlyy

{(5.298) @A = ali-g-E&¥-1)/@&n.

With Q@ determined, matching of the é-independent terms in (5.28)

and (3. 18c) yields M3
{(S. 30) K = {(aR/7¥L(1/72) In{i—0o) - {VEICEV;i)}B_],

where the‘coﬂstamt BQLwas defiﬁed'iﬂ eguation 4.228. The HB-—
sclution at the explosion stage is thus complete.

It is instructive to compare the solutions in the core and main
body of the hot spot. In =ach the background field is that of a
apatially;homsgeneous thermal explosion, but the superimposed
spatiallyévarying field is quite different, both in amplitude and

structure. In HC the
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spatial component is exporentially swmall in amplitude but has a
chemico—acoustic characters all disturbances to the background
homogensous fi@lﬁ are of the same size. In HB the Qpatial
variations in T, ¥ and p are 0(9_1), while those in u and 2 are
exponentially ‘:a,mvaal‘l..g i. @3, the evolution is essentially due to
chemistry, with gasdynamics playing & minor role.

As o increases, T and p both increase,,while Y‘decreases.
Eveﬁtualiy, p and T peak whewn YOO’ the leading term in Y, vanishes.

This hapéens at (see (3.9))
{5. 3ia) % o = RBI{1+8Y),

and the peak values are
(S.31b) T ~ 1+8Y, p ~ 1+8Y.

At the same time, the 0t term (in T Bays see (5.20a), (5.24)
and (S5.9c)) develops a logarithwic singularity, indicating

breakdowﬂ of the scolution and the end of the euplosion stape.

5.3’ The Frozen Region FR

This region remains essentially stationary, and hence plays no
role during the explosion stape. For the sake of completeness, we
give below the asymptotic form of the outer Qolutien as % * 03

these expressions are determined by combining (4.31) and (4.34):

(5. 32a) T ~1+ &t [o@r-1/vrenn - tntAan | + ...,
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(5. 32b) p i+ @l [t@rn/neme - maa ] + ...,
(5.32¢) u ~ &1 A« x“"‘"i”"{{ (BY-1)7 30— r=1) 7 ¥> Bnx

- fn{Aedl — B *+ sas =
ol

Similar expressions can be written for p and Y. The important
point to note is that this solution is unmatchable with that in HBj
for example, to leading order, T is 1 in FR and 1/{i—-a) in HB. The
reason isﬁthe ensrgance of the transition region TR in Figure 5,
created by the receding hot spot. In this region T must vary, at

leading'order, from the ocuter value 1 to the irwmer value 1/(i-0).

5.4 The Transition Region TR

This région, because of its passive character, will only be
descwibed‘v&ry briefly. It is governed by the variables o and X,
where X is defined by

(5.33) —&X

%
i

L]

8

Matching with the neighboring regions is carried ocut at fixed o, by

setting
X = -1 gnx
as one approaches the ocuter vregion, and

X = oli-w - &1 gne,
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as the hot spot is approached. Therefore the range of X is

(5. 34) O (X { o{l—udg

recall that i was defined in (4.23). From (5.20) one can easily

conclude that leading—order matching with HB reqguires
{(5.35a) T ~ 1/4¢1-0) #+ acuo 4 as X + ocl{i-g),
with analogous expressions for p and Y, while

(5. 350) Pail, ua~e@ID/Y iy 3y/20a0.

Therefore the solution is sought in the form

(5.36a) B ~ 8, TR’ + ..., for =T, p, P and Y,

and

" e OXUD/Y | (TRY

(5. 36b) u

In the (X, o) variables the full equations. (2.1) read
Py — (upy e~ 0K o o

pﬁuo = uuy E_O(G_X)} ~ {1/ py e~ @lo-X) o 0,

Pt = uTy @XM ] — c(r-1)/13ip, — upy e 0 X ] = gy,

plYy — uvy e” X)) = —(1/8) au,
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p = pT,

where W Eetains the definition (5.3). Clearly, the solution is
stationaﬁy, i.@., independent’of g to all algebraic orders.
Specifically, the reaction term W is exponentially small since one
expects T ¢ 1/(1—65. The leading—order terms can then be
determinéd simply by appealing to the matching conditions (5.35),

and‘one finds that

(5. 37a) To TR = 1/01- - ~1x3,

with anaiogous expressions for p and Y, while

(5. 37b) pe TR = 1, uo'TR = (r-1)/7P3Aa (1-w~1x.

It is a simple matter to check that the above solution also matches
with the outer expansions (5.32) as X =+ 0.

The analysis of the Type—-B explosion is thus complete.

6. The Type-1 Reaction Center
In this section details are largely omitted and emphasis is on
the results, since the treatment follows closely the Type-B

analysiskJust concluded.

6.1 The Induction Stape
Figures 7(a—d) display the numerical solution of the induction

problem. The graphs are self-explanatory. Similarity with Figures
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1(a—ﬁ) is obvious; but two points of contrast are noteworthy.
First, the temperature profile now has a rounded peak. Second, the
boundary‘layer is thickers; this can be seen more clearly in Figure
8, where T;(x,t)/T;(0,%) is plotted at the last successful time
step for each of the two cases.
The boundary la&er retains the form (4.8) and a two—sublayer

strucure emerges once again. The expansions are

(6. 1a) T atl+ @l-niro - cne Cr-12/703A +
t {-AsS + C} + ] + euey
(6. ib} 'i‘ p ~ 1 + ﬁ“lf—ln(Br) -~ tvne {{(¥+1)/¥38 +
| t [-AsT + C(¥+1)/(¥-1)3C + A/ Y] +eea ] ¥ aaa,
(6.1e)  u ~ #lfcenc <-2AS/ ¥} +

v [BC/(r-1) — A/ r¥is + ...} + ...

in HC, and

(6.2a) T a1+ &l-tniro - en1+a® + T
(6. 2b) pat+ ll-meo - tmawne® « .00] + L,
(6. 2c) u ~ e Bene (—c@/nnac + 12 [—@/na¢ n1+a®)

+ {BC/(Y=1) = A/¥3CI + .uu] + ...,

in HB. The constants A, B and C are to be determined by matching
with the outer solution as before. The spatial coordinate ¢ in HB

is defined by

(6.3) ¢ = usel/2
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implying that the boundary laver is now o¢cl/8) thick,; and hence
thicker thawn the a¢e?/(8-1), Type-B layer. The finding of Figure
8 is thus confirmed.

It turﬁs out further that the HB-solution is uniformly valid all
the way to ¢ = 0, so that the core of the hot spot is, in fact,
superfluous.

For smooth merging with the boundary layer the outer,

numerically computed solution is required to have the asymptotic

form

(6.4a) T ~ 1+ &1 [-28nx — (M + .00 + ...,
(6.4b)  p i + &1 [—28nx — N(AB) + ...] + ...,
(6.42)  u ~ &L -4/ xtnx + {-2(A/ V) InA

+ 2C/7¢(r-1) — A/¥IR ¢+ ... * 2.y as x * O,

This behavior was confirmed, and the constants O, B and C computed,
by comparing the numerical solution with the above expansions. The
remaining variables p; and Yl can be determined as before, by

appealing to the first member of (3.8c), and (3.2d).

6o 2 The‘Explosion Stage

The aﬁalysia proceeds as in section S5.2. The appropriate
coordinates are o and ¢, and the requirement of matching with HC
is replaced by the condition of regularity at ¢ = 0. The solution

turns out to be

(6.5a) T wTgg + 1 [To-1-0"Bent1+ac®r] « ...,
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(6.5b) P ~Too + 1 [To-t1-0) Bent1+AcErep55/(1-m) | + ...,
6.50) u ~ e 92 [eac/iri-o 3 + ...

6.5d)  p i+ &L gy .,

(6. 5e) Y~ Yoo + (88071 [eniAy/ n-Toy

+{1—o "Epng 1+nga}} + waes

where the constant Ay appearing in {6. Se) was defined in (4.38).
Tﬁe doubly subscripted gquantities correspénd to the spatially
homégeneaps explosion, and were introduced in (5.9). The explosion
stage peaﬁs Just as it did for fype—B, and the remarks at the end
of sectioh 5.2 remain valid. Finally, the TR-analysis of section

9.4 carries over, with obvious modifications.
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7. Concluding Remarks

The spatial structure and temporal evolution of a localized
thermal ekplosiow in a confined material have been described
mathematically. A local, rather than a spatially uwniform
explosion, occurs as a result of an inhomogeneity, here modelled by
a slightly nonuniform initial temperature. Attention is confined
to what may be called the fast-reaction limit, characterized by the
initial induction time of the reaction being comparable to the
initial acoustic tiﬁe, so that diffusion plays no role. This limit
can be achieved if the initialltemperature of the unreacted
material has been raised to a sufficiently high level, perhaps by
the passage of a strong shock. By contrast, the slow-reaction
limit wauid correspond to the induction time and the conduction
time being of the same order. The latter problem was the subject
of Poland and Kassoy's investigation [83.

The explosion is shown to develop in twe distinct stages. The
first stage is induction, characterized by small perturbations

~ about a spatially uniform state, where the primary interaction is

between linearized acoustics and weak but nonlinear chemical
heating. Chemical amplification leads to localized thermal
runaway, 6r blowup of the perturbations, at a time and location
determined by the initial and boundary conditions. The spatial
structure at blowup is essentially self-similar, depending only
weakly on the initial and boundary conditions.

Induction is followed by explosion, characterized by OC(1)

variations in the state of the material. The characteristic chemical
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time in the hot spot plunges dramatically. The corresponding
acoustic time drops as well, but not nearly as rapidly, so that
hot—-spot formation is dominated by chemical heating. There is no
time for expansion, with the result that changes in the velocity
and density fields are negligible. Thus the material explodes
locally at essentially constant-density conditions, with little
change ih the spatial structure that it inherited at runaway. The
explosion stape ends when temperature and pressure within the hot
spot havé peaked, their finai values being exactly the same to
leading érder, as in the spatially homogenecus case.

The méiﬁ structural featureé of the evolution of the reaction
center céh be summarized in a simple way by giving only the
ieading—arder results in the explosion stage. For x + 0 and t =+ te
the evolution of the center is described approximately by the

formulas -

(7. 1) T=p=1/01+6 nct ~t11, p=1, u =0,

0 ¢ x ( bty 1=,
in the hot spot, and,

(7. 2) T

p=1/01+¢1en x €1-w37 13, p=1, u=o0,

x ) (tg—t) (1-#),

in the transition region, for
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0 (¢t ¢ te—exp[—OC(1+B)/(B¥)}].

The value:of 2 is (y-1)/(2¥-1) for type-B and 1/2 for type-I.
Bonsisteﬁt”with our previous discussion, the region of maximum
temperatu}e and pressure shrinks as fhe explosion proceeds. A
sketch'oﬁ the evolution of temperature and pressure according to
these foﬁmulas is shown in Fig. 9.

The s@bsequent expansion of the hﬁt,Ahighly compressed material,
and the éventual development of a detonation, are currently under

study.
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FIGURE CAPTIONS

A schematic of the temperature profiles for the Type-B (sharp
peaked} and the Type-1 {(round—-peaked) explosion. 7

Type—B inducti&n—stage profiles for (a) T3, (b) pl; (c) uy and
(d) py, for ¥=i.4, a=0.5, £=0.8 and initial data given by eqgn.
(3.3)5 The profiles are plotted at (i) t=0, (ii) t=0.2, (iii)
t=0.4, (iv) t=0.43, (v) t=0.442, (vi) t=0.44685. Estimate of blowup
time is te = 0. 446890, |

Plot éf expl-T4 (0, )1 for Type-B problem.

Type—ﬁ plots of T(Os %), Py (0, t) and ug (0, ).

A schématic of the spatial zornes at and beyond blowup.

He Hof.spot, HC: Core of the hot spot, HB: Main body of the hot
spot, FRs Frozen region, TR: Transition region. Not to scale (The t-
scale is cosiderably stretched).

Profiles of structure functiansJi, @1 andul forJi {0)=1.
Type—-1 induction—-stage profiles for (a) Ty, (B} Pys () uy; and
d) py, for ¥=1.4;, a=0.5, £=0.8 and initial data given by eqn.
(3.3).k The profiles are plofted at (i) =0, {(ii) t=0.2, (iii)
t=0.4,‘(iv) t=0. 422, (v) t=0.432, {(vi) t=0.435875. Estimate of
blowup time is tg = 0.435880.
Plots of T1(x,t)fT1(0,t) at the last integration step for (a)
Type B, and (b} Type I.
The eveolution of temperature and bressure for the reaction center

for times close to to according to formulas (7.1) and (7.2).
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Append i x

The sefup (4.8); employed in the text for analyzing the spatial
structure of blowup, is based on the numerical observation that
both T; and py exhibit identical, éznt behavior as v * 0. This
observation, faund\to hold for all the numerical runs undertaken,
implies that blowup is a constant—density process, since density
perturbation Py = py — Ty remains bounded.

Let usgnow consider the possibility that for some initial
conditioné, blowup lies partway‘between a constant—-density and a
constant—pressure process, and ask whether a self-similar
strudtureiconsistent with this notion exists. Accordingly, we

replace (4.8) by

(A.1a) Ty = —gnc +J (=) ,
(A.1b) p; = —Afnt +G(s) ’
{(A. 1c) | uy =2L(5) 3
where

0 < A (1.

The case A = O corresponds to a constant-pressure situation, and
=1 to the constant-density case already discussed. Substitution
into (4.7), followed by some rearrahgement,' yields the leading-

order structure equations

(A. 2a) s(l—s&)a‘ + [1-s8—CCr-1)/7¥A1 = u—rs*‘-“yex;igj;
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(A.2b) (1—_52)6* = sCA-Yexpgl 3,

t.eey  ra-sSfr = Yexpe] - A

The transformation

(A. 3) o = —#rF

reduces {(A.2a) to the livnear equation

(A. 4)  s(1-sD)F? - [[1-s5—{(r-1)/¥¥AIF = 1-rs=.
Onece F is knowh,u and@ can be computed from (A.Z2b,c).

Equation (R.3) has singular points at s = 0 and 1. It can be
shown that integration can remove at most one singularity, thereby
vielding solutions which are singular either at 0 or at 1. Such
solutions can evolve only from very special, singular initial

conditions, and are therefore unacceptable if the initial data are

smooth. ‘The only regular solution is the constant

ﬂ
i
o<

which requivres

cokresponding to the constant—density blowup already discussed.




TYPE |

8

TYPE

Flé L




_:.:::_::F:

v
iv
- {il

06

eams

S
//

\

N

LTI ek
o
X-AX1S

[ nd

T T AT D AT LT o
i |

r [ R - Q
B LIRS 21

«d

T

Fig. .z(a.)



Vi

r::::r::::_::_:.;

%%

_:‘ :::_ IEIARRN TR NI TR AR EE A

~_ i

P2

llllI‘A{l!lllllllllllllllllll'

& @ 0]

y_.mBE
as

obrLa g1l

-

/

e

Fieg.a2(b)



reg. ae)

I i,
H T 2 e
~ MINTA

bl

=




Vi
v
v

T

iil

pal

N

oY%
X-AXIS

]llIlllllI!LJillllllllelllLlll

o

o

_—

e

-

N T
@

— szua. ;

R

Q-

—

_ :_ \:__::::__::_::_:_:_:mo
o
!

aQ

Feg. afd)



e e S UL

T T

EXP(-]) = 10(3)

3.0

Ld L
o o

IIHHIIII'HHIIIH,HHHIHIIllH»HHlHHIHﬂ]

)

o

-~ N
o

{;f,\
("

6
MY + Tm10( -3)

—
;Jllllllllllllllllllllllllll llllllllll]‘
Y 5 7 8



. T vP ’-RHO

o

10

lll]ﬂI]HHUI!I'HHHHIllllliﬂﬂ]]l!l”ﬂTl

m1lllllHIlllHllHlllllllllllH'
-‘ 02 -3 o“ -5

0

TIME

Fig. ¢




EXPLOSION

n (L,-¢)=0(8)

E=0O®0)

BLOWUP

HC

HB

INDUCTION i

1< ln(b,-¢)c<

Fzg. 5

]




S-AXIS

r::: __:::: :___:__::::__:_::_L_::_:____:___.:___:::

‘O
o o =] a (8] Q Q =] Q
L DERUE SR S SR A




Vi

v

T,
 TENPERATIRE

R LA D B IHHHH:fllllllﬂiﬂﬂlllﬂ 1]

l lLlllllllJlALlllllJl
.2

111 l
.4 -8 -8
X-AX1S |

(o]
B
-
—
-
—

| | Feg. 70)




e

B‘._._“:"'
= vi
5

Vv
8

iv

\
.

Illlllllllllll/lllLlllllllllllllllL]

X- HXIS

IHHHIHlHI lll”l” Hlllllllll' lHiHIHHH 11

-

[=]

SO

Fg 70b)



T =

e e

T

VELOCITY

I ﬂ”lﬂﬂlﬂlllHHlHIIIHI]IHIH_HHI '

unlunluuu/]/ul||1||U
e -"& 06
X=-RAXIS

~g. Tl)



.2 =
—
0 .
1 E /V|
— v
- iv
08? we o
— 1
= U
.8 =
=
W 2 E
# .H:_";"'
=
2 —
— |
0fF—
-.Q:tllllllllllllllllllllJlllllll'llllllLJ
) .2 M .8 .8
X—-RAXIS

Feg. 7(d)




e

.10

X-AXIS

| .__._ﬁ__.__p_—~__—n_m._-~m_._.___—m.__ PLieidng
o @ S @ @

XoWL/L

o
>

1.0

ST R T

Fg. 8

S T T e B e



F7. 7




