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Abstract | ,

- - The diffusivity of ultrasound in an untextured aggregate of cubic crystallites is studied
théofetically with a view towards nondestructive characterization of microstructures. Multiple
séattcring formalisms for the mean Green’s Dyadic and for the covariance of the Green’s Dyadic
(and therefore for the energy density) based upon the method of smoothing are presented. The
first-order smoothing approximation used is accurate to leading order in the anisotropy of the
constituent crystallites, A further, Born, approximation is invoked which limits the validity of
the calculation to frequencies below the geometrical optics regime. Known results for the mean
field attenuations are recovered. The covariance is found to obey an equation of radiative trans-
fer for which a diffusion limit is taken. The resulting diffusivity is found to vary inversely with
the fourth power of frequency in the Rayleigh, long wavelength, regime, and inversely with the
logarithm of frequency on the short wavelength, stochastic, asymptote. The results are found to
fit the experiinental data. -

*Work done while on leave at the Department of Mechanical Engineering, University of Califor-
nia, Berkeley, CA 94720




I. Introduction

The microstructure of polycrystalline aggregates has been probed by means of ultrasonic
scattering for at least 40 years, since the work of Mason and McSkimm [1]. That ultrasound
with frequencies of the order of 10 MHz and inverse wave numbers of order 50 microns would
be sensitive to microstructural variations on the length scales of relevance in typical polycrystals
has long been appreciated. The names of Papadakis [2,3], Bhatia [4], Adler [5], Goebbels [6,7,8]
and Vary [9] are amongst those associated with laboratory efforts in the pursuit of the ability to
assess microstructure, and potentially therefore, mechanical properties, using nondestructive
ultrasound. In spite, though, of considerable effort over many years, the most common tech-
’nique, that of ultrasonic attenuation, though proven in the laboratory, has not seen much applica-
tion in the field.

That technique calls for the measurement of the exponential rate of spatial decay of an
ensemble averaged plane wave. Due to a host of potential systematic errors, the unambigous
measurement of that rate is, however, quite difficult[10]. The finite beam width to wavelength
ratio of ultrasonic transducers is responsible for geometric, non exponential, decays as the beam
transmits from near to far field conditions. Most studies are carried out in slab-like geometries
and the wave ainplitude monitored as it reflects between opposite faces. Imperfections in the
reflection coefficients at these faces can artifically enhance the apparent attenuation. Faces
which are insufficiently parallel can distort the apparent pulse amplitudes. Internal friction, or
absorption, which is more properly viewed as a temporal decay than a spatial one, contributes in
such a way as to be indistinguishable, in these configurations, from scattering based decay. High
attenuation rates are unmeasurable except over distances so short as to bring the ergodic hypoth-
esis, crucial to comparisons between theory and experiment, into severe question.

In more recent years there has been an increasing effort to measure microstructure from the
energy which is incoherently and singly backscattered from a beam[6,11,12,13]. The potential
for systematic error in these configurations is perhaps less severe than in the conventional paral-
lel wall slab configurations. The technique is also attractive in that it makes fewer demands on
specimen geometry and can potentially give information on microstructure as a function of
depth. The chief difficulties appear to be traceable to the need for extensive spatial averaging of
signal powers in order to minimize the effect of the inevitable meaningless fluctuations of an
incoherent wave field, the need for minimum slab thicknesses in order to resolve backwall
echoes and distinguish them from the important incoherent grass, and the absence of a complete
theory relating backscattered power to microstructure.




It is proposed here that measurement of the evolution of the incoherent and multiply scat-
tered, fully diffuse, ultrasonic wave field in a material with a scattering microstructure may pro-
vide a more robust measure of that microstructure. The published literature addressed to such
wave fields is meagre, and seems to be confined to the paper by Guo, Holler and Goebbels [8]
and to one by Weaver [14]. Weaver’s work considered sub MHz range ultrasound in a specimen
with an artificial centimeter scale microstructure. While not directly applicable to the usual
materials of interest in NDE, it did demonstrate, over several orders of magnitude, the applicabil-
ity of the concept of diffusion to the evolution of these fields. That is, it was shown that the
ultrasonic energy density evolved in accordance with a diffusion, or heat, equation, modified by
‘the inclusion of an extra term representing temporal decay. Weaver has also shown, in work not
yet prepared for publication, strong correlations between measured diffusivities in steels and
their heat treatments and fracture toughnesses. Guo et al. [8] after a study of such fields in a
range of materials, also report a good fit to the predictions of a diffusion model. Guo et al. [8]
and Weaver [14] have both emphasized that the diffuse-field technique promises to be able to
distinguish between temporal decay, or absorption, and scattering. Each is potentially a nonde-
structive testing parameter of interest, the former having received little attention in the past due
to the difficulty of its in situ measurement, e.g. [22].

No theory for the diffusivity of an ultrasonic field in a polycrystal is immediately obvious.
Guo ez al. [8] suggest, in analogy to a random-walk model, that the diffusivity D should be one
third of the product of a mean free ray path and the wave speed. They then identify that mean
free path with the inverse of the attenuation and suggest that the diffusion constant D is simply
an inverse measure of attenuation. The argument is attractive due to its simplicity, but it must be
modified to account for the presence of different wave modes, the transverse (T) and longitudinal
(L), each with its own wave speed ¢ and attenuation o.. We must further recognize that the
appropriate mean free path should be half of the inverse of the attenuation, (as it is the energy
which is diffusing and the attenuation rate of the coherent energy is twice that, o, of coherent
amplitude). With these identifications we write, as a conjecture,

D = [fic/60p)+ f,(c /60). (L.1)
where fr and f;, = 1 — f; are the mixing weights for the transverse and longitudinal contributions
to the diffusivity. Their values are not obvious. The only a-priori likely possibility is

Hif, = 2cc; (1.2)

corresponding to the equilibrium partition of the energy of a fully developed diffuse wave field
[15].




Equation 1.1 has the virtue of being dependent only on quantities available from standard
theory and/or experiment. As Guo et al. indicate it also implies that the diffusivity should, for
frequencies below the geometric optics regime, scale inversely with frequency with a power
between two and four. This follows from the standard theory (for which the reader is directed to
the recent work by Stanke and Kino [16] or Hirsekorn [17-20] or Karal & Keller [21] or the gen-
eral discussions of references 1-6) for the attenuation of mean waves in polycrystals. That theory
indicates that attenuation scales with the fourth power of frequency in a domain for which
wavelength is much larger than microscale length (the "Rayleigh" domain) and with the square
of frequency in the opposite limit (the "stochastic asymptote") but is ultimately bounded by the
‘geometrical optics limit where o™ is of the order of the microscale length.

The frequency dependence of the diffusivity observed by Guo et al. was however very
clearly an inverse first power. In consequence, equation 1.1 cannot be correct. We will see in
this communication that that error is due to the identification of that "mean free ray path"
required by the random walk model with 1/2a. The model requires a mean free path which cor-
responds to the distance travelled by a typical ray before it is significantly scattered away from
its original direction. At low frequencies, in the Rayleigh regime, grain scattering is isotropic;
equal energies are scattered in all directions; hence 1/2a does correspond to a mean free path. At
higher frequencies the scattering is increasingly biased towards the forward direction; typical
rays are scattered through small angles; hence the appropriate mean free path is somewhat
greater than 1/20..

The present communication is addressed towards the derivation of a more accurate expres-
sion for D. The derivation is confined, like the attenuation calculation of Stanke and Kino [16],
to the case of an untextured aggregate of cubic-symmetry crystallites. This is the simplest
polycrystal and includes iron as a special case, allowing comparison with the results from one of
the specimens studied by Guo et al. After discussion of the assumed statistics of the polycrystal
in section II, section III presents, by means of consideration of the ensemble average Green’s
function the standard result for the attenuations, explicit expressions for which are given in sec-
tion VIL. Sections IV and V present the analogous theory for the mean square Green’s functions,
and therefore for the energy. Section VI solves the resulting equations of radiative transfer and
concludes with an expression for the diffusivity. Upon choosing a form for the microstructural
spatial correlation function, that diffusivity is evaluated in section VII. It is shown that the fre-
quency dependence of D spans a range from strong to weak. The low frequency dependence is
with the inverse fourth power of frequency. At high frequencies but below the geometric optics
limit D™ scales only logarithmically with frequency. Section VII concludes with recommenda-
tion for furtherwork. An appendix contains a list of symbols.




II. Mathematical Preliminaries .
The Green’s function (dyadic actually) for the response of a heterogeneous anisotropic
passive elastodynamic medium is given by the causal solution to
[-8,07 +0,C;(X)D] G o(xx51) = 8, 8°(x—x)5(¢) (2.1)
In (2.1) units have been used such that the material density is equal to one. G;(%,x’) is the dis-
placement response in the i direction at position x due to a unit impulse applied in the j direction
at position x” at time zero.
The usual fourth rank stiffness tensor is given by
Cari®) = Cy® +Yuj(X) (2.2)
with
<yx)> = 0 (2.3)
Angle brackets represent ensemble averages, hence C has a mean value of C° and yrepresents
the modulus fluctuations. We shall be considering the system (2.1) for the case 'y small, and dis-
cussing mean responses and mean square responses to leading order in the magnitude of y. As

such, all relevant statistical information regarding the material heterogeneity is contained in the
covariance function

Vi Nogs(®)> = EFn(x-x). 2.4)
Any other statistical information about the medium is necessarily of order ¥ with n > 2, and

therefore negligible.

Two assumptions regarding the statistics of the polycrystal are implicit in the form of
equation (2.4). The first assumption is that the tensorial character of the covariance function
decouples from the spatial dependence. This is equivalent to an assertion that there are no orien-
tation correlations between different crystallites. The assumption is a standard one. We have
also assumed that the polycrystal’s second order statistics are homogeneous (a function of x —x’
rather than x and x’separately) and isotropic (independent of the direction of x — x’).

If v is taken to be a dimensional measure of y then we define 1(r) as v? times the probabil-

ity that two points separated by a distance r lie within the same crystallite. Hence the eighth
rank tensor E is dimensionless and 1 is a well defined physical quantity. Like Stanke and Kino
[16], we shall choose an 1 of the form

nr) = ve™® (2.5)




The present work will not, however, call for any specification of 1 until necessary, in section
VIL. We will occasionally cite ™, though, as a measure of microscale length.
With respect to crystal axes, the moduli of a cubic crystallite are

Ciu = N8By+1'(8,8,+8,8,)+v3;,

= Cly+v3, (2.6)

Where the last term in each line is not a tensor, and is defined as vanishing unless all indices are
equal, and being unity otherwise.
With respect to laboratory axes the crystallite modulus tensor is given by

]

Ciu C,Jk,+v E a'a’a;al (.7)

y

1
’ijld + Iy
a;’ is an element of the rotation matrix representing the transformation between the crystallite

axes and the laboratory axes.
If the rotation between crystal and laboratory axes is represented by the three Euler angles
¢,® and {, the rotation matrix elements are given by

a, = cosOsin¢sin{+cosdpcosl; a, = cos@coshsin {+sindpcosl; a; = sin{sin®
ai = —cos@singcos{—cos¢sin{; al = cos@cosdpcos{—singsin{; a> = cos{sin®
a] = sinGsin®, a; = —cosdpcos®; a = cos® (2.8)

as found in Bunge’s treatise, eqn. (2.50) [23].

We now further assume that all crystallite orientations occur in the ensemble with equal
weight. This corresponds, when taking averages of quantities which depend on a, to the use of
the "uniform measure" [23]

sin@87°dO®dodf [0<O<m 0<¢p<2m, 0<{<2n
when integrating over crystallite orientations.
The ensemble average modulus of our aggregate then becomes
<Cu>=Cu® = C'+v3 [ofajajar 2OIOML
8n
=Cly+<ty> 2.9
<t>is manifestly an isotropic fourth rank tensor which is invariant under any permutation of its

indices. There is only one such tensor




<> = (5;8,+8,8;,+8,8,) 1] (2.10)

where the magnitude | z | may be determined by evaluating any one component of (2.9). For

example < f333; > is, according to 2.10, equal to 3 | ¢ |. It is also, according to (2.9) and (2.8),
equal to 3v/5. Hence |t |=v/5 and

Therefore the Voight-average, and isotropic, stiffness C° is given by

Ci® N +v/5)8,8,+ (W +v/5)[8,8, +8,8;] (2.12)

(cL —2¢7)8,;8y + c2[8,8, + 8,8,
‘¢ and ¢y represent the longitudinal and transverse wavespeeds in the Voight-average medium.
The variance, equation 2.4, is an eighth rank tensor:
VERL = <CyuaCiu>— < Cops>< Cyy >
= <ol >~ <lopys >< tyyy > (2.13)
where each of the factors of C is evaluated at the same point, in accordance with equation (2.4)

evaluated at x =x’. This tensor is manifestly invariant under any permutation of greek or of latin
indices. It is also invariant under exchange of all the greek for all the latin indices. It is isotropic
and not a pseudo-tensor; it is therefore constructable entirely from Kronecker deltas. Corre-
spondingly, each index of any nonvanishing component must occur an even number of times.
There are three independent tensors with these properties. The general linear combination is

<H>—<t><t> = bv’{§5,+8,5,+ 8:8;e} {8,505+ 8.8, + 8,505}

+dv*{8,,8,,5.:8,, plus all permutations consisting
of exactly two pairings between greek
and latin indices, one pairing between (2.14)
greek and greek indices, and one pairing
between latin and latin indices, 72 terms in all}

+ hvz{Sm-SﬂjSﬁSk, plus all permutations consisting
of exactly four pairings between greek

and latin indices, 24 terms in all}



The numerical coefficients b, d and h may be determined by evaluating three independent

components of Z. For example

2 =3222
Soz33 = S<lagplyyyy >~ <y ><lpp >

= 9dy?
= 6V’<@)(@) @)@ >+3*<@)' @) >

= —v170.

Hence
' d = -1/630
The other coefficients may be found by similar evaluations. They are
| b = 13/315-1/25
and

h = 1/180

Certain inner products on = will be required for the present calculation. They are tabulated
here. In terms of two unit vectors p and §, with angle 0,, between them, they are
L®,)= ERPobiSes b,

e pPES
~....pp8s

= (6/105—1/25)+ (p - §)*(18/105 — 4/25) + (6 - §)* (17/105 — 4/25)
= i+—6——cos29ps +-1—cos46ps

525 525 525
M(eps) = ﬁaﬁxfﬁfjﬁyﬁkaﬁl

= BN = B (2.15)
24 12,

= —4—
525 " 525 O

N®,)= EErS,pub858y = E 151

63 21 2
= 525+525c0s Ol,s.




III. Ensemble Average Responses _

The bulk of the theoretical work on waves in polycrystalline media has focussed on
attempts to describe an ensemble average plane wave, or more specifically, the effective wave-
number of the average field. This wavenumber is normally taken to indicate the speed and the
attenuation of waves observed in the laboratory. The present section presents a derivation
equivalent to the usual discussions, but in a language more suited to the requirements of later
sections. It concludes with closed form expressions for the average Green’s dyadic in the fre-
quency domain and expressions for the attenutations which are equivalent to those derived else-
where. The focus is on the mean response, which is calculated within an approximation,
'variously called the first-order-smoothing approximation or Keller approximation, valid to
lowest order in the magnitude, v, of the moduli fluctuations. The final results are expressed in
closed form valid for the frequency domain below the geometrical optics limit.

The starting point is equation (2.1) together with the (temporal) Fourier transform pair

G, = f "G, ()e™dt

1 “ —imt
G (t) = %Lc;me do. (3.1)

The causality condition or alternatively, the quiescent initial conditions, together with the
boundedness of the energy, assures that G,, is analytic for all  in the upper half complex plane
and in particular for all ® with infinitesimal positive imaginary part.

In the w-domain the governing PDE for the Green’s Dyadic becomes
{(@+i€)’5; + Cyy;°9,9; + 0,Yy;(X)9} Gy (x,X")
=§,,0°(x—x') (3.2)

where an i€ has been included to emphasize the infinitesimal positive imaginary part of m. The
@ subscript on G has been suppressed as well. It will be re-included at occasional future points
in the present exposition, but only when necessary for clarity.

Equation (3.2) is of a form considered in some generality by Karal and Keller [21] and by
Frisch [24] and McCoy [25] and others. The last term in brackets is a stochastic operator. The
assumed smallness of y suggests the use of an expansion in powers of y. But as Frisch [24]
emphasizes, any simple perturbative expansion of G in powers of y will fail at large | x —x’|.
The difficulty is overcome in most expositions by the method of "smoothing" described in
Frisch’s case very elegantly using diagram methods. The result is an integral equation for < G >,
‘the Dyson equation



<G xx)> = G 2(%x) (3.3)

+ffGiﬁ°(x,y)mﬁj(y,z) <Gz X) > d’yd’z

m is the "mass", or "self-energy" operator and G ° is the known Green’s Dyadic for the bare,

Voight-average, medium, i.e., the solution to (3.2) when y=0. Itis given below.

The Dyson equation is exact. An approximation is, however, necessary for the evaluation
of m. The "First-Order-Smoothing Approximation" (FOSA) [24] approximates m by its lowest
order term in an expansion in powers of the fluctuating moduli. Itis generally argued that FOSA
s exact in the limit of small y. This corresponds in the present case to sufficiently small values
of a non-dimensionalized | v |". The FOSA expression for m is

mp;(y,z) =< éi—ayuﬁya(y ) 5%‘6 G, (y az)%%ka(z) éaz > (3.4)

The Dyson equation (3.3) may be solved with ease in the domain of spatial Fourier trans-
forms. We define the spatial Fourier transforms of G°, m, and <G >.

G, P& (p-q =

(21 )3”d%cd’x'e"’*'"‘G,.;(x,x')e"“’ (3.5)
T

Where the diagonal, or delta-function, character of G ° in transform space follows necessarily
from the homogeneity of the bare medium. Equation (3.5) has an inverse

1 ip-x ° —-iq-x’
[ [#pdae G, o@5 0 -@e (.6

G, (xx) = s

G°(p) is readily constructed by means of the Fourier transform of its governing equation, (3.2)

with v set to zero.

{(@+ie)’8;— pp,Cuii"} G:®) = 8 3.7)
In direct notation the equation for G°(p) becomes
(p{(@+ie) ~ p’ci} + (- pp) {(@+ie)’ ~pcr}) + G' =1 (3.8)
The solution to (3.8) is available by inspection:
| G(p) = pbe™(p)+A-ppe”(p) | (3.9)

*The important issue as to how small must | v | be for FOSA to be accurate will not be com-
pletely addressed here. In the case of iron, | v |, when measured in the most obvious nondimen-

:sional manner, | v | /c7, has a value of 1.66. On the other hand, Stanke and Kino [16] argue for a
‘nondimensional | v | in the case of iron of order 0.14 or less.
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where g° and g°” may be termed the bare longitudinal and transverse propagators

[ . -1 o . -1
g"@) = l+ief-p’c]; g"() = [o+ie-p;l (3.10)
It is of particular interest to note that, for infinitesimal positive €, the imaginary parts of these

propagators are given by

Img™(p) = -msgn(®) 8w’ ~pc)
and
Img”(p) = -nsgn(o)d(w’—pich) (3.11)
The Fourier transform of < G > is also diagonal by reason of the statistical homogeneity of
the medium.
<G (p)>&pPp-q) = (21 ; fffxd%c'e"""* <G, (x,x) > eV (3.12)
T
Gulix)> = o[ [Erdre™ <G @>Fo-ae™ (13
The Fourier transform of m is of the form
—0y,(P)S’(p—q) = a7 ffd xd’x’e ™ Tmy;(x,x")e" (3.14)

Like < G >, m is diagonal in the Fourier domain in consequence of the statistical homogeneity of
the medium.

Substitution of the FOSA approximation for m (3.4) into (3.14) yields

S(P) = pap,fd r Gu°(r) B 9 {n(r)e ™™ (3.15)

It is more convenient to have ¢ expressed in terms of G ° evaluated in the Fourier domain.

Hence we define a spatial Fourier transform of the two point correlation function

np) = fdr n(r)e™ (3.16)

@ny’

and find that (3.15) may be re-expressed as a convolution between G° and M

@) = P [ds G2 D) 5550 (3.17)

In direct notation

op) = —fd’s PG E fi(p—s) (3.18)




11

By general symmetry considerations ¢ must be, like G°, and any second rank tensor function of

a single vector p, of the form

o) = o PP+ (p)(I-pp) (3.19)
Comparison of (3.18) and (3.19) with substitution of (3.9) gives expression for 6~ and 6"
B = - [d's IE )+ U-Dg G ip-9) (320)
and
1 R -
o) = — [ds A= E (i@ +A-D s @ ip-9) G21)

A spatial Fourier transform of the Dyson equation and an invocation of the definitions

(3.5), (3.12) and (3.14) reduces the Dyson equation to an algebraic equation for the Fourier trans-

form of < G >. The solution is

<G(P)> = g'@pp+"(p)A-pp) (3.22)

with
g'p) = @ -p*ci+op)’ (3.23)

and
g'p) = (@ -p*ci+d () . ‘ (3.24)

These are the propagators for the mean field. They reduce to the bare propagators g and

g°" when v, and therefore ©, vanishes. The term in epsilon has been dropped as the small but
nevertheless finite imaginary parts of the 6’s will dominate the infinitesimal &.

The wavenumbers of the mean field are extractable directly from equations (3.23) and
(3.24) by seeking that p at which the g are singular. Were one to take the inverse Fourier trans-
form (3.13) of the expression (3.22), the major contribution would arise from the pole near
| p I=w/c. The effective wave numbers are therefore the solutions, p, to the algebraic conditions

o’ -p’cl+ot(p) = 0 (3.25)
and
o’ -p’ci+o'(p) = 0 (3.26)
Evaluation of the effective wavenumbers requires the analytic or numerical solutions to

these equations where the 6s are given by equations (3.20) and (3.21). The solutions simplify,
however, in what is sometimes called the Born approximation [16]. That approximation is moti-

- vated by a recognition that the 6’s scale with v* and are therefore small. The solutions, p, to
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equations 3.25 and 3.26 are therefore close to the bare solutions p = @y/c. We are thus led to
approximate o(p) with 6(w/c) and to write closed form expressions for the effective wavenum-

bers
172

p™ = (0Yci+ 0" (wicp)icl) (3.27)

172

' = (@t + St (wic)ich) . (3.28)

As Karal and Keller discuss, this approximation fails in the very high frequency, geometrical
optics, regime. The approximation is by no means a necessary one and Stanke and Kino [16]
give numerical solutions to the more general equations (3.25) and (3.26). We, though, retain the
.approximation because it simplifies the later analysis and is in any case valid except at very high
frequencies.

The attenuations are the imaginary parts of the effective wavenumbers and are given, to the
same approximation, by

of = Imo'(wiep)2wmc, (3.29)
and

aL

The imaginary parts of the 6’s are in turn determinable from equations (3.20) and (3.21) together

Il

Imc*(w/c,)200c, (3.30)

with the identification (3.11).

BEES- . - e ~ @ "
Imo*(@le) = 3 2,;'2....:7n(p-:—s-:>d2s
L
5
T 55 o ~ .0 (V)
+ D |Ba-y= p——8§—)d’s 3.31
5 ) ps = c;c,fn(ch scT) § (3.31)

and

T prpSm W~ @O O A
Imo@ey) = % [A-DIE S A E -8 %+

4 p/pss EC% T L
5
s b 3 w -~ .0 ®
= | A-DEA- E=np—-8§—)d% 32
3 a-bra-b 0, 8 (3:32)

where the integrals over the magnitude of the vector s have been absorbed by the delta-functions
in equations (3.11), leaving integrals over the unit sphere §.

In terms of the three functions of the angle 8, between the unit vectors § and § which are

defined by
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nLL(eps) = ﬁ(f’(l)/CL - gm/c[,)
n0,,) =n"®,,) =N(pwvc, —dwicy) (3.33)

nn(eps) = ﬁ(f’m/cr —8w/cp)

we find
o = ogtoy o = oogptoy (3.34)
with
o' . e (Y1
o=y f & ™6, )L0,) = o L N(O)L(8)d cos
T o
o= as | €60, MO,)-L6,)
v (1 LT
3 SJ N (0)(M(©)—L(6))d coso (3.35)
2cier

1
O, = 5 (cr/ CL)zaLT

2.4
: Oi f l'ﬂ”(e) (N(©)—2M (6) +L(8))d cos
4CT -1

o' 24 T
o= [5070,) (V-2 4L} =
T

Four additional attenuation-like quantities may also be defined, oy, ’, 07", 0" and o4, by

expressions identical to those of (3.35) except that one extra factor of cos 0 is inserted in each
integrand. The primed quantities appear to represent the preference, if any, of the scattering for
the forward direction. It is worth noting that in the Rayleigh limit @ « Bc, all the n’s become
independent of their arguments. In consequence, all attenuations scale with @*, and all pﬁmed
attenuations vanish.

Upon specification of n(r), the above integrals can be evaluated. For the case of an expo-
nential N(r) (equation 2.5) this is done in section VIL.

The major qualitative difference between the bare medium and the effective medium is the
presence of this attenuation in the effective medium. It should be clearly understood, though,
that this attenuation is not due to a dissipative process. In a sense it is entirely an artefact of
having asked for the ensemble average response. Phase differences accumulating between the
disturbances in different realizations lead to destructive interferences upon averaging over the
ensemble. Viewed alternatively, the attenuation described above can be thought of as due to the
scattering of energy out of a beam. In any case, there is no true dissipation present. Therefore
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the energy which is associated with the attenuating mean field, itself attenuating also, is a very
poor representation of the actual energy in a typical member of the ensemble. This latter quan-
tity is probably more accurately described by the mean of the energy, not the energy of the mean.
In order to describe experiments such as that of Guo, et al [8] or Weaver [14] or backscatter
studies [6,11,12,13] all of which scrutinize mean square responses, a different theory is required.
The next section defines a few energy-related quantities of interest and the following section
presents the multiple-scattering theory for their evaluation.

IV. Elastodynamic Energy, Flux and Diffusivity

The energy density at position x and time t due to a unit impulsive source at x” polarized in
the j direction, and for simplicity summed over that direction, is given by the sum of kinetic and
strain energy terms

e = 112G, (x,x t)G {(x,x’, 1) + strain energy density 4.1

By means of the virial theorem we may recognize that the total energy density is equal, on suit-
able temporal or spatial averaging, to twice the kinetic energy density. Thus we are led to define
a quantity which appears to be a temporal Fourier transform of the energy associated with a band
passed process.

é(Q,x,X) = z e |B®G (xx,0) Pdt 4.2)
7 Je
where B represents a moderately narrow and moderately well damped band-pass process, cen-
tered, typically in polycrystalline applications at a frequency of order 5 to 50 MHz, at central
frequency o with width Aw. Qis of the order of the inverse of the time scale upon which the
relatively slow evolution of the diffuse energy is to be studied; Q €« Aw € ®; Q « ac € . ® rep-
resents a temporal convolution.

By employing the Fourier representation (3.1) for G (¢), € may be re-expressed as
f f dtd())dz(l) —iU — i +i(|)'tB (CO)B *(ml)mmlG(mj(X,XI)G(:’V(X,XI) (4.3)
~  (2m)
where an asterisk denotes a complex conjugate. The time integration yields a delta function
which then allows ready evaluation of the o’ integration. & becomes, in direct notation,
do

= on — B(0)B*(0+ Q) (0 + Q) G, (x,X):G,,, o(X,X) 4.4

As B(m) is a smooth function with width Aw » Q, and as ® > Q,

€= (2 ) L2 | B(@) P 0 Go(x,x):G, o(xX)
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The above equation indicates that ¢ is a frequency weighted average of the product of the

Green’s function at two different frequencies. By an ergodic hypothesis this frequency average

is equivalent to an ensemble average and we may conclude

| B > o*Aw
2n

We now drop the uninteresting pre-factors and take a spatial Fourier transform to define a quan-

N

é < Gm(x9x,) :Ga) + Q* (X’X’) >

tity which shall play the role of a diffuse-field energy density.
EQM)= ffxem'(""’ < Gy (xX):Gy, o(x,X") > 4.5)

E should, by reason of statistical homogeneity, be independent of source position x’.
On sufficiently long time scales (Q « aic) and long length scales | A |k @, E according to

our main hypothesis, should obey a diffusion equation. It is therefore expected, for small Q and
A, that E should have an Q and A dependence of the form

constant
T iQ+DA? (4.6)

characteristic of the Fourier-domain solution of a heat equation. D is the desired diffusivity.

The constant in the numerator of (4.6) may be evaluated by means of a Ward identity
[26,27]. Note that

E(Q,0) = < f d’xG (X, %):G,,, o(X,X") >, _
If G is expanded in terms of its unknown, but real, normal modes u® each with natural fre-
quency @,.

1

(0+ig)*— w? “.7)

Guj(x,x) = Zu'(x)u](x)
with orthonormality condition
f xu'x)-u"x) = §,, (4.8)

then
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u (X )u] (X)u]" (X)u" (x) S
(@+ie)— ol [(0—ie+ QP —w2] ¥~

u (X’ (x) [ 1 1 ]

T 200+ QP —2icol (@+ie)’ - (0—ie+Q)P—

E(Q,0)

<XX

=x"

1 *
= —_— G . X’, X” - G(I)+ i X’j x” >x’= ’ 4°9
200+ * CeilOX) ™ GorailoxT) e )

The A= 0 value of the mean square response E has been found to be related to a simple mean

response. The numerator in the last line of (4.9) can be recognized, as Q — 0, as the imaginary
part of the trace of < G >, divided by the total system volume. As such it is related to the modal
density in the effective medium [26]. As the modal density will be perturbed from its bare value
Aby terms only of order v?, that modal density can be well approximated here by its bare value.
More formally, equation (4.9) may be evaluated by replacing < G (x) > with the inverse Fourier
transform (3.13) of the expression derived for < G (p) > in the preceeding section.

1

1 . .
EQ,0) = f(f Lgt +2gT 24T
( ) 20)9 + Qz (215)3 p{ga) gm Q ga) 4 Q}

f { 20Q +0; — vo 20Q + 07 —
2w92n2 PP (= pte +cL)<m —p% L+o,.) (@ —pPcE+07) (@ —pPci+ oY)

} 4.10)

where Q has been neglected in comparison with 20Q. We may further neglect 2wQ relative to
0% — 0 = woc; that is, £, the rate scale for study of diffusive field evolution, is slow compared to
the rate of multiple scattering. We also approximate ¢ € @’, which is valid at all frequencies if
the modulus ﬂuctuation scale v is small. (4.10) is then easily evaluated,

EQ0) = Q[l/cL+2/c;] (4.11)

E has been found to be inversely proportional to iQ, corresponding to a step function temporal
behaviour of the total energy. The relative contribution of longitudinal and transverse waves in
4.11 is consistent with the standard mode counting methods [15] used in the conjecture (1.2).
Equation (4.11) can serve as a check on any theory of mean square responses.

Comparison of (4.11) and (4.6) allows one to conclude with an expression for the leading
behaviour of the diffusion propagator

CE@QA) = ﬁ[l/cf+2/cﬁ]/(iQ+DA2) 4.12)
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Of importance equal to that of the energy density is the energy flux. That flux may be
written in terms similar to those used for the energy by considering minus the product of material
velocity and stress.

B = (x,x NG, ll(x,x )Gy (X) (4.13)
The energy flux is summed over source polarization as was the energy. The modulus C(x) may

be taken to be the Voight average modulus C° to leading order in the magnitude of the fluctua-
tions.
Energy conservation takes the form
¢ = —0,j,+source 4.14)
which may be corroborated by appeal to the governing equations (2.1). As above we construct a
temporal Fourier transform of the energy flux associated with the band-passed response.
dt d (Dd (D _, -1 Y ’ . ’ ’
fe=Cou | | Tonp C T B OBHO) ()G (5X)G g 05X)
iw ,
= @C%‘w |B ” Aw < G(x,X)G *
We drop the same prefactors as was done following eqn. (4.5) and take a spatial Fourier trans-
form to define

o (X)) > (4.15)

J(Q,A) = éczkw f d’xe™ 7 < Gy (XX )G *, , 0 y(KoX) > (4.16)

which shall serve as our definition of diffuse field energy flux. Energy conservation (4.14) then
takes the form

iQE = iAJ, +source 4.17)

While the diffusivity D may be defined by means of equation (4.12), it will prove more
convenient to define it by means of a constitutive-like relation between energy flux and energy
gradient:
J, = IDAE (4.18)

hypothesized to be valid at small Q and A, and hypothesized to follow from a study of the multi-

ple scattering. It is readily seen that equations (4.18) and (4.17) together imply (4.6) and there-
fore (4.12). Thus the two definitions of D are equivalent.

V. Multiple Scattering Theory for Mean Square Responses

Both the energy and the flux may be formed by contractions on the Green’s dyadic covari-
; ance
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< Gaﬁ(x,x')Gi;(y,y’) >
which is a dyadic generalization of a scalar quantity for which there exists a multiple-scattering
formalism [24,27]. The covariance is fourth rank tensor function of four independent spatial
variables. We again suppress the ® and m + € subscripts, henceforth taking the asterisk to indi-
cate a complex conjugate and also to indicate a subscript w + Q rather than . It proves conve-
nient to study the covariance in a spatial transform domain, hence a fourth rank tensor function
of four wave vectors is defined.

riHg S(p+q ~q-p)=

PJq
(2n)*ff f fd3xd3x'd3yd3y' < Goy(x,X )G (y,y) > e P xHaX+ipy=id -y (.1)
The energy density may be expressed in terms of H by
1 o
_ (Zn)3ffd3qd3p P H 5.5 (5.2)
which follows from (5.1) and the definition of E. Similarly the energy flux may be expressed
=11 d’qd’p [p,+A] °, , “H™ & (5.3)
vy = o Qny Yoki qa p \P; k]p+Ai iq+a9jp .

The Dyson equation governed the mean Green’s Dyadic. The Bethe-Salpeter equation
[24] governs the covariance. In the Fourier domain it is

:+A ?ngm = ?I?:+A 83(13 -qQ+ fdss ?FI?:)+A ::+A ZKzassm A ?Hﬁfm 6.4
It is written in terms of the double-mean-field Green’s function
f‘I*}""’”A =< Gm,(p) >< G,.',;(p +A)> (5.5)

where < G > is as given in the previous section.

The Bethe-Salpeter equation is formally exact, but approximations are required for the
intensity operator K. In what is often called the ladder approximation because of the shapes of
the associated diagrams K is expanded to leading order in the perturbations, in this case, to lead-
ing order in v. The approximation is similar to the FOSA and a dyadic version of Frisch’s [24]
equation (4.36).

bea 1Kigoa = TUP =) PpsaD; + A) s, + A) B (5.6)
The specifications (5.5) and (5.6) complete the prescription for the calculation of the covariance

H. The Bethe-Salpeter equation (5.4) is however very complex and further simplifications and
approximations are required before it becomes tractable.
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The first set of simplifications may be obtained by focussing on a different dependent vari-
able, S, instead of H. § is a contracted version of the source of the covariance and is defined by

St(p,A) = fdsq k (F_l)ipl:- A g‘: A‘.H}:‘L Ry | (5.7)
where
T s =< G(p) S< GH(p+4) >} (5.8)

By performing suitable contractions upon eqn. (5.4), the Bethe-Salpeter equation becomes
SEPA) = 8t [d5 T K TR,y ST (5.9)

S contains all information required for the present purposes. In particular, we find that the

‘energy density and flux are given in terms of S by

1 .
E = (Zn)sfdspswir';‘;+AS,‘;(p,A> (5.10)
and
1 [P +Al] o
Jp. = 2n)? dsp km Cpukioirfll:1+ASrE(p’A) (5.11)

In order to obtain the diffusivity D by means of equation (4.18) it will be sufficient to
obtain E and J as expansions in powers of A through the linear terms. This will allow the deriva-
tion of an expression for D and also allow verification of the constraint (4.11) and the constraint
that J vanish at zeroth order in A. To obtain this expansion it will be sufficient to work with
expansions of I' and K and S to similar, linear order. This will provide a further simplification
of the Bethe-Salpeter equation. While doing this expansion it is wise to recognize that the Sys-
tem provides two different wavenumber scales, w/c and the attenuation o. In the limit 0.« wc, a
constraint invoked in previous sections, and valid throughout the entire frequency range if v is
small, we recognize that our expansion through terms linear in A should retain terms like
AloL~ Awc/Imo in comparison to unity, but may neglect terms like Ac/o.

The assumptions 0.« w/c and A € w/c allow the Bethe-Salpeter equation to be re-cast as an
equation of radiative transfer. The further approximation A € o provides the diffusion limit.

This two step procedure is the business of the next section.

V1. Radiative Transfer

In the above three expressions the integrals over the magnitudes of the wave vectors are all
highly singular, as can be seen from the form of T, eqns. (5.5) and (3.22) while recalling that the
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self energies ¢, and in particular, their imaginary parts, are small. This observation leads one to
attempt to approximate the integral by the contributions from the vicinity of the poles. Such an
approximation is equivalent to replacing the factor p*I" with

P Toes = R'(0,8) G~ P o) B = B:8 IS Pl - | @ )
+R"(P,A) (B Bob )8 pl—| ®| /cy) (6.1)

This approximation is valid only if Imo « @, or equivalently, o € w/c. Note that the unit vectors

in the direction of p + A have been approximated by p, in accordance with the assumed limit
A< w/c.
If we were to further seek the diffusion limit A € o and Q « Wwc we could approximate
‘the energy propagators R by

[ inQ
R'(p,A) = [ - +iwA-p c/Imo +]
®.4) 2ciImo;l  Imo” Pertmor
R, A) ol [1— (O oAb eims, + ] 6.2)
P 2cImo, L Imo, e ’

We now recognize that, as the wavevectors p and s will have magnitudes of order w/c, the

terms in Ain (5.6) and (5.11) may be neglected. Use of (6.1) and the neglect of the A’s leads to
great simplification of the Bethe-Salpeter equation. It is now defined on the unit sphere and all A
dependence in the kernal is by means of the factors R. In direct notation it is

Sp) = I+ fd%ﬁ o 2 SGOIC R E) + IR | SGe R ®)] 63)
The A and € dependencies in S and R have been suppressed. After the approximation (6.1), the
expression for the energy density becomes
E = (2n)"3fd2s* [IeSGwc )R ®) + L3-S S@Ew/c)RTS) (6.4)
The expression for the energy flux also reduces to an integral over the unit sphere.
Jo = @uCpy fdzf [($/e)$ o558 S SE(S/C, )R (S)
+ (Siler) Bop = o) (Bin = i8S Blc IR )] (6.5)

At this point the equations can be made to admit of a simple physical interpretation. S(p)

represents a source of radiant intensity in the p direction. It includes both primary and secondary
contributions. R represents a propagation of that intensity. Equation (6.3) indicates that the
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radiant intensity has two sources. ] represents the primary source, the original impulsive force.
The integral sums the secondary contributions due to scattering of intensity into the p direction
from all other directions §. Thus equation (6.3) is an equation of radiative transfer.

There is a considerable body of literature on the subject of electromagnetic radiative trans-
fer [28,29,30]. The bulk of it is confined to a parameter range of little relevance for the present
purposes. In that literature the effects of radiation polarization (the tensor character of the
equations) are usually neglected, as is the time dependence €. Any polarization which that liter-
ature does consider is, furthermore, confined to transversely polarizable waves and does not
include the longitudinal modes implicit in (6.3-6.5). On the other hand, that literature is
generally not confined to the diffusion limit A € &, nor to infinite statistically homogeneous
media. It considers secondary sources and sinks other than those due to simple scattering and
allows frequencies, ®, to change upon scattering. Thus our present problem is both somewhat
more complex and substantially less complex than the usual problems considered in the literature
of radiative transfer.

Equation (6.3) is a set of nine coupled integral equations for the nine components of the
tensor S. As such it appears to remain somewhat intractable. However, our purposes are such
that only two of those components will prove to be relevant. .One might write, in general

Sed) = 3 pBYsh | (66)

AM=1
where p' = p and p” and p° form an orthonormal triad. Substitution of this form for § into equa-

tions 6.3-6.5 shows that the four components S,,57,S; and S> do not contribute to J or E or to
the secondary source of radiation intensity. They may or may not vanish, but they are in any
case decoupled and irrelevant. The irrelevancy of these four components may be summarized by
requiring that S(p) have as an eigenvector p itself on both the right and the left. The decoupling
is due to the vanishing of the cross terms g“g*" and g”g"" in the approximation (6.1). That
vanishing is in turn traceable to the different speeds with which transverse and longitudinal
waves propagate. There is no coherent propagation of interference between waves of different
velocity. Transverse modes can, however, interfere coherently and SZ and S2 do not in general
decouple from the radiative transfer equations. It is at first somewhat surprising that one would
need four components to describe the intensity of a transverse wave. One should, thou gh, recog-
nize that an elliptically polarized transverse wave requires specification of four independent
quantities: the two principle intensities, the orientation of the ellipse, and also the relative phase.
These four quantities are equivalent to the four "Stokes" parameters used in the treatment of



22

electromagnetic polarization in the theory of radiative transfer [28]. Thus the present system
may be said to require a fifth Stokes parameter as well, to represent the intensity of the lon gitudi-
nal waves.

S may be reduced further, from five independent components to three if it is recognized
that in an infinite statistically homogeneous and isotropic medium any second rank tensor func-
tion of two vectors p and A must be a linear combination of the five dyadics pp, I, AA, pA and
Ap. The condition that S also take p as a right and a left eigenvector then reduces this to three
dyadics. The most convenient representation is of the form

S@A) = ppaA q-ppp P 6.7)
R R
C<p,A)

HA-pp) - A [~ PP) - Al — 7

where A,B and C are isotropic scalar functions of p and A, and therefore of p% p - A and A* (as

well as €2). Because, as discussed above, the product RS represents radiation intensity we see
that A, B and C represent radiation intensity. B and C represent transverse wave intensities; A
represents longitudinal wave intensity.

The energy density and energy flux take very simple forms in terms of A,B and C:

1 2 A
(znff d'${A Bue,) +2B Boler) + (A~ (- A)C Gwlep)} (6.8)

and

J = ) fd § 8{c,ABwicy) +2¢;B Bw/cy) + cp(A?— (8- A)C Bwve,)} (6.9)

where the A and Q dependences in the Stokes-like parameters A, B and C have been suppressed.

When the form (6.7) is employed on the right-hand side of the equation, (6.3), of radiative
transfer, it becomes, in direct notation,

SM) = T+ [ a2 fip-Save,)olc? & T84 Gove,) (6.10)

fdzf Ti(p - Soc)olie? £ %] (1- DB Gavey) + 2 AC Gavey)]

(Iss)A

(6.10) is equivalent to three coupled scalar integral equations defined on the unit sphere. They
are obtained by contracting (6.10) on the three different dyadics pp,I— pp and

(A-(X-pp)) (A- (X— pp)) respectively. The first two are, with terms of explicit order A
neglected,
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A(pwic,R" = 1+fd2§ N0, )0/ 5 E)A Gwic,)

PSS
24 LT o) BB8y By mm poya
+fd $ N 0,) 55 I E BSw/cp)] (6.11)
CLCr
and

A n 0)4 P8 n
2B(pw/c))RT = 2+ deS 11TL(G,,S)?C%[(I - g)ﬁg. EA (soo/cL):l

4
+fd2§ n”(e,,,)-(:: [A-DHRA-) E BREwicy)] (6.12)
T

The third equation is not required for the present purposes and is therefore not included here. 0,

s the angle between the p and § directions and the 1(0) were defined in equations (3.33). Except
for the factors of A and B in the above integrands, these integrals are equivalent to those of equa-
tions (3.31)-(3.35).

In the diffusion limit, where A « o, we seek a regular expansion of the Stokes parameters A

and B in powers of A/o.. As discussed above, retention of A dependence through the linear terms
will suffice. Hence we write

APw/c,,A) = A,+AA-D) ~ (6.13)
and

B(pw/c;,A) = By+B,(A-P) (6.14)
where the coefficients Ay, A,, B, and B;, are independent of A. As they are isotropic scalars they

must also be independent of p. They may, however, retain Q dependence.

The energy propagators R must also be expanded,;
R'(®) = po+pi(A-D)

R*P) = ps+piA-D) (6.15)

whence, upon reference to (6.2) we identify
L o i0Q T inQ
pO = 3 1- = 4 1-
2ciImct\"  Imo* dcto " 2c,0u

T (V4 imQ T i0Q
= 1- = 1- 6.16
P 2¢iImo” ( Imo” ) 4cf~oop( 26'10'/1“) (6.16)

=)

and
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. de'm in;
P 2c2(Imo, ) 8cio?
.2 .
T IO I '
= = 6.17
P 2ckImo,) 8ciad (©17)

The diffuse field energy density (6.8) is given through first order in A in terms of the

expansion coefficients of the field by

1
E = —5(A+2B) (6.18)

The energy flux (6.9) is given through order A” by
J = (6r*)[Ac,+2B,c]] (6.19)
By reference to equation (4.18) the diffusivity is then given by

i Aic,+2Bcr

D
3 A,+2B,

(6.20)

Were we to seek the diffusivity by comparison of E with the expected form of the diffu-
sion propagator (4.12) instead of by means of comparison of the flux with (4.18), E would have
been required through second order in A. Correspondingly, A and B would have been required
through that same order, and C to zeroth order. By considering energy flux and equation (4.18)
instead of (4.12) an energy conservation constraint (4.17) is implicitly being employed to aid in
the solution to the equations of radiative transfer

The integrals in 6.11 and 6.12 over solid angle § will be carried out using conventional
spherical co-ordinates 6,, and ¢,, referred to a polar axis in the direction P, and to an arbitrary
zero of longitude. The factor § - A= Acos6,, appears in the integrand and must be re-expressed
in terms of the chosen spherical co-ordinates. This expression is available from spherical trigo-
nometry, or alternatively and in greater generality, from the addition theorem of spherical har-
monics. Itis

§-A = Acosf,, =
Alcos6,,cos8,,+sin0,,sin8,, cos[d,, — d,,11

= (p-A)cos6,, +azimuthal terms (6.21)
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The azimuthal terms will vanish upon integration over ¢,, in any integrand such as those of

(6.11) and (6.12) which are otherwise independent of ¢,,. This was to be expected. There are no
terms on the left hand side depending on sin0,,, hence such terms should not appear on the right
hand side.

The expansions (6.13) through (6.15) are now inserted in the integral equations (6.11) and
(6.12). Like powers of p - A are collected and the integrations carried out in terms of the defini-
tions (3.35 ff) of the attenuations and their angle-weighted primed versions. From the A-inde-
pendent terms one deduces

Ay Pf; + (4P16€Z/ ) [0y.c Ay + 200, crB |

and
2B, = 2p;+(4pcam) [0y ¢ Ay + 200¢,B]) (6.22)

From the terms linear in P - A one finds

L

A = Plf + (4P102/ ) [0y, ¢ Ay + 200, c1B ]

+(@pycaim) oy, c A, + 204, cB,] (6.23)
and
2B, = 2p;+(@picyim)[oy1¢,Ag+200cB,)
+ (Apycaim) [0y c A, + 200, crB]]. (6.23)
To leading order in Q the solution to (6.22) for the lower order terms is
T 1 Tt 1
o = mag P T Gag €29

This result together with (6.18) corroborates the expected total energy constraint (4.11). It serves
as a valuable verification of the extensive algebra of the present section and also of the consis-
tency of the ladder approximation.

At the next order in A and again at leading order in Q, we find

A = T (o — oy’ + oy )lcy
P 4Q (o — o) (0 — o) — oy oty
and
P oy — oy, + oy e
B, = (o, — o+ oy, )er (6.25)

4Q (0, — 0") (0 — Oy’) — Oty Oty
Hence, using (6.20),
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2

b - 1 (op—ogy’ +oyy)ef +2(oy — oy + o )er
6(i+1) (0, — 01”) (O — Otr’) — Oty Oty

3 3
L °r

(6.26)

This is the desired result. The diffusivity of the multiply-scattered wave field is expressed in
terms of the wave speeds, the attenuations, and the scattering-angle-weighted attenuations. It is
valid for statistically isotropic and homogeneous media in the limit of weak attenuation per
inverse wavenumber, &L € W/c, and equivalently, weak fluctuations, v, in moduli. It has been
established for frequencies below the very high frequency, geometric optics regime, that is,
within the "Born" approximation.

In the Rayleigh limit where all primed attenuations vanish, the expression for the diffusiv-
ity simplifies.

ICL

Dy = (——— e
Rayleigh C[? 6(XL 36 o )/ ( C )

(6.27)

which is precisely that diffusivity argued as plausible in the first section. It is striking that the
naive rule of mixtures used there was correct.

VII. Numerical Results and Discussion

Explicit expressions for the attenuations, and therefore for the diffusivity, can be obtained
only upon specification of a two point correlation function 1(r). The choice (2.5) has the virtue
of simplicity while adhering to the requirement that 1 vanish at large r and reach v? at r = 0.
That specification has a single length scale B™. In order to make comparisons with real materials
one must either determine the actual 1(r) of the specimen at hand [31] (and by implication verify
the decoupling assumed in (2.4)) or make a best estimate for an effective B. At low frequencies
it is well understood that the key microstructural quantity is mean grain volume. Hence one
identifies an effective B by the equation

f d’re™ = Qo’nONn? = 8P’ (7.1)

where V is the mean grain volume. At frequencies of order w~Bc or higher, though, it is prob-

ably not the grain volume which is critical, but rather the short distance behaviour of 1, or the
volume density of grain boundary. This leads to the identification of B with half that density.
Such a B is something like half the B determined from (7.1), depending on the assumed grain
shapes. This uncertainty in the choice for an effective B underlines the naivete of the simple
form (2.5).
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We shall, though, in order to generate explicit expressions for the diffusivity, make the
choice (2.5). It should be kept in mind, however, that in any comparison between the results to
be presented and diffusivities in real materials, the best choice of an effective B is uncertain, and
should, probably, even vary somewhat with frequency. With choice (2.5) the spatial Fourier
transform of M is obtained from equation (3.10).

| i@ = o) +e™" (7.2)
The 1(0) are then found from equations (3.33)

i 2
n*® = pmd) [52+3cf°2—(1—cos9)
L L .

-2

T 202 [ 2 20° N
n® = P B +—c—2(1—cosG) (71.3)
L T E
n"® = n7e) = P )[B +co +2—2£cos 6]
& ¢y

which in turn allows the attenuations, (3.35) to be written as

o 1050 voxt [ Gyt + 2250 -

- 2100 4fo dp 4+ 32+ Y1 + 221 — )’

Oy = B xLfo dp (15 +6p” — why[1 +x; +x7 — 2x,x70)]
1050 ¢, c? -1
oy = oyci2ct (7.4)
x, = w/c P and x; = WP > x; are dimensionless measures of frequency. W has been used for

cos 0. The primed attenuations are given by expressions identical to those above, but with one
extra factor of [ in each integrand.

The integrals are easily done in the Rayleigh limit where x; < x; € 1. The primed attenu-

ations vanish in comparison to the unprimed attenuations, the unprimed attenuations are
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onmigh  — (8/375)Bv x;/c;
onleigh = (9/375)Bv xs/cr
ol = (12/375)Bv A x e cl (7.5)

oIt = (6/375)Bvxixtlccy
and the attenuations proper are (equation 3.34)

Ofayieign = (1/375)B(/ci)x; (8 + 12K°)

(1/375)Bw*cp)xp(9 + 6K %) (7.6)

T
a‘Rayleigh
where K is the ratio of Voight wave speeds; K = c;/cr. These attenuations are in agreement with

*expressions found in the literature, e.g., Stanke and Kino [16] equations 24 and 25.
The Rayleigh limit diffusivity is then given by (7.6) and (6.27)

c -1 125 2 K
Rayleigh = éx;*(VZ/ C;) ( + ) (77)

b @+K*)(1+2K7) 374

The result is nearly insensitive to K in K’s physical range. For K about 2, Dg,yeig is given fairly

accurately by

-1
DRayleigh = 11.2(¢cy/ B)x;1 (Vz/ C;) (7.8)

It is noteworthy that the transverse and longitudinal contributions to the energy flux are roughly
equal.
Outside the Rayleigh limit the integrals (7.4) are more difficult. They are all of the form

1 un
1 EJ du——m—— 7.9
= (7.9)

forn=0,1...5and | b |<| a |. Defining ¢ =a/b the integrals are given by
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-1 o—1

— B2 2¢? _ o+1 }
I, = b {¢2_ - 2¢log—¢_ T +2

- B2 2¢3 2, O0+1 }
L = b {¢2_1 30 1og——¢_1+4¢

4
-2 ¢ 3 ¢ +1 2 2}

= —4 =
I, b {q)z 1 ¢log¢_1+6¢ 3
and

2¢° o+1 }

- 1

I, = b {¢2 ~5¢*log =7 +80%+3¢ (7.10)
In terms of ¢, = 1+ 1/2x the longitudinal attenuations are
_ _B Y23+’ o+
o= 004 o1 49,3+ ¢7)log . +6¢L+38/3
and
. p_v: _____2¢L[3+¢%]2 a2 avy G+1 3
= 4200¢ - 1
% = D00g| gy Ot I80+SElog 86 +760,3)  (111)
The transverse attenuations are, in terms of ¢y = 1 + 1/2x2,
B v?| 2[24 + 3%+ ¢l op+1
T R400ci T -1 20(3+2¢7)log - [+ 607 +20/3
and
_ B V 207(24 + 307 + 07) Or+1
% = 8400k o1 (24+ 997+ 5¢7) log T 803 +400,/3

The longitudinal-to-transverse mode conversion attentuations are, in terms of
¢TL = (1 +xT +xL)/2xLx s

_ B V| 2(15+607 —07) O
%r = 4200 ch;[ 0% —1 — 4673~ ) log-——— om—1_ 607, + 34/ 3:'
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and
2 4
oy 421300 Cj; 2¢”‘(15¢;6_¢:’“ 9% _ (15 4 1842, 564 log i;’; s i — 802, +68 %} (7.13)
The other mode conversion attenuations may be found from
o, = oy(eri2er)
and
on = oler2e) (7.14)

'As x — oo the resulting expressions for the attenuations o = o, + 0, and o = oy + 0l

approach the "stochastic asymptote” and agree with expressions given by Stanke and Kino [16]
in their equations 33 and 34.

The diffusivity is obtained upon substitution of (7.11) through (7.14) into (6.26). The
result is plotted in Figure 1 in scaled dimensionless units of diffusivity against dimensionless fre-
quency for a choice of Poisson ratio 0.287 corresponding to a wave speed ratio K = 1.827 appro-
priate to untextured polycrystalline iron. The diffusivity is given in units of 4200c;/v>B;
frequency is measured by x; = w/c;B. The inverse fourth powerydependence is apparent in the
Rayleigh regime x; « 1. An inverse logarithmic dependence is seen in the opposite limit. The
diffusivity must certainly become frequency independent in the very large x, geometrical optics
regime. Thus the observed inverse logarithmic (and therefore weak) dependence closely, but not
precisely, captures the actual very large x limit.

The approximate point at which geometrical optics becomes significant and the "Born"
approximation fails can be determined from the attenuation curves published by Stanke and
Kino. For the case of iron, with a moderate value of v that point is found to be at x; = 4.5; for
aluminum, with a small value of v one find that geometrical optics obtains for x; > 20. One
speculates that the diffusivities should become frequency independent for frequencies in excess
of these limiting points. It is noteworthy that the calculated diffusivities are nearly frequency
independent there anyway, in spite of being based on attenuations calculated using the Born
approximation.

The analogous situation for the attenuations was very different and should be contrasted
with that for the diffusivity. The stochastic asymptote has attenuations increasing with the
square of frequency while the geometrical optics very high frequency limit has frequency inde-
pendent attenuation. Thus the stochastic asymptote is a very bad approximation in the geometri-
cal optics limit if the interest is in attenuation. The error is apparently much less severe in the
case of diffusivity. '
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The four diffusivities measured by Guo, Holler and Goebbels [8] are also plotted, as iso-
lated points. In order to do so, their measurements had to be nondimensionalized. A shear wave
speed of ¢y = 3.23mm/usec was chosen corresponding to untextured iron. v/c? was set to —1.66
in accordance with the moduli of single crystal iron. A value of B was chosen equal to 10/mm.
The one-parameter fit represented by our free choice of a value of B is seen to agree fairly well
with the limited laboratory data.

B~ = 100 microns appears, from the optical micrograph published by Guo et al. [8], to cor-

respond to the radii of the regions of similar shading. It is reasonable to conjecture that the
_grains clump in groups with similar crystallographic orientations and thus with similar shadings
in the miérograph. The ultrasonics would of course, be most sensitive to the large angle grain
boundaries between the clumps, and hence respond to an effective B of the order of 100
microns. It is, unfortunately, not possible to make detailed comparisbns without more informa-
tion on the actual sample microstructure and also on error bounds on the diffusivities. The
agreement is, however, promising.

VIII. Conclusions

The present theory has presented a formula for the diffusivity of a multiply scattered dif-
fuse wavefield in an untextured cubic polycrystal. It appears to agree with laboratory measure-
ments. The theory is valid in the limit of weakly anisotropic crystallites and is derived within the
context of the "Born" approximation which thus confines confident application to the so called
Rayleigh and "stochastic" regimes where the frequency lies below the geometrical optics limit.
The diffusivity was derived in a two step process. Radiative transfer equations were obtained
from the multiple scattering equations in the ladder approximation by invoking a weak attenu-
ation and long length scale assumption. The diffusion limit was then obtained from the radiative
* transfer equations by considering still longer length scales.

There is room for further study on a variety of issues. Perhaps the most obvious need is for
definitive laboratory studies comparing the diffusivities in known microstructures with the pre-
dictions of a theory such as the present one. Inasmuch as it is as yet unclear how small the
numerical quantity | v/c? | must be for the theory to be valid, it would be desirable to study
diffusivities in a range of materials with different values for that parameter. Such experiments
would also tend towards the development of efficient techniques for the measurements of diffusi-
vities, and by implication, local internal friction as well. The possible consequences for NDE are
exciting. |
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It is conceivable that the formula for diffusivity could have been derived from a starting
point within the theory of radiative transfer without any direct reference to the formalism of mul-
tiple scattering, with a consequent saving of effort, and with a consequent loss of grounding in
the fundamental mechanics. Diffusivity in systems with non-trivial geometries or with statistical
anisotropy might be best treated in that manner.

The present calculation has been carried out within the "Born" approximation and is there-
fore not safely applied to the geometrical optics very high frequency regime. While attenuations
have been calculated in that regime [16,21] they are of little practical relevance, being of order f3
itself and too large for meaningful laboratory measurement. Laboratory diffusivity in such a
Tegime, though, is not inaccessible ; indeed the geometric regime has even been termed the "dif-
fusion regime" by some authors. Such an appellation is somewhat of a misnomer in that diffu-
sion is operational at all frequencies on sufficiently long length scales. It is appropriate though
in that no other ultrasonic microstructural assessment method is likely to be feasible there. Thus
it is unfortunate that the present calculation cannot be applied there. There is a need therefore for
a diffusivity calculation in the geometrical optics limit.

In the limit of strong crystallite anisotropy, FOSA and the ladder approximation will fail,
as will the radiative transfer approximation & « @w/c. The condition o~ w/c is precisely the ‘
Ioffe-Regel criterion for the absence of diffusion and the onset of Anderson localization
[14,26,27,32]. While an analysis of the high crystallite anisotropy regime is presumably beyond
any exact treatment, experiments there would not be difficult and should certainly be attempted.

With a theory now available it is possible to make the case that ultrasonic diffusivity mea-
surements should take their place with attenuation and backscatter measurements for purposes of
nondestructive characterization. While the technical aspects of making diffusivity measurements
are non-trivial, and will be discussed in another communication, it seems that the severe system-
atic errors which can sometimes plague attenuation measurements do not trouble diffusivity mea-
surements. The ease with which quantitative assessment of microscale length was effected at the
end of the preceeding section is encouraging. The diffusivity measurements also promise to
deliver assessments of the local internal friction, something which it is difficult to imagine mea-
suring in any other non-destructive way and which could conceivably be an interesting nonde-
structive materials evaluation parameter in its own right.
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X. Appendix - List of Symbols

A,B,C
A(;,BOaAlsBl

n

a;

.C,Ciu

o
Cijkl

goL’gaT

g".8"

H

ijklmn

I

J

K

K
L(9),M(0),N(0)

m,:,.'m

P.a.Sp.q

Stokes-like parameters for the radiation intensity (6.7)

expansion coefficients for A and B (6.13) (6.14)
rotation matrix element (2.7)
stiffness tensor (2.1)

ensemble averaged stiffness, also the Voight estimate of effective stiffness
2.2) |

effective (Voight average) longitudinal and transverse wave speeds
generic wavespeed

diffusivity (1.1)

diffuse field energy density in transform domain (4.5)

unaveraged Green’s function (2.1) (3.2)
Green’s function of the bare, Voight average, medium (3.3),(3.7)

ensemble average Green’s function (3.3)

bare longitudinal and transverse propagators (3.10)
mean field propagators (3.22) (3.23)

covariance of the Green’s function (5.1)

latin Cartesian indices

unit dyadic

diffuse field energy flux in transform domain (4.16)
ratio ¢;/cy of effective medium wave speeds (7.6)
intensity operator (5.4)

(2.15)

self energy operator (3.3)

wave vectors
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P, 4,8 unit wave vectors

R:,RT mean field energy propagators (6.1)

S covariance source (5.7)

Xp,Xr dimensionless measures of frequency (7.4)

xx,x",y,y configuration space position vectors

o generic attenuation

oy, Oy longitudinal and transverse wave attenuations (3.29) (3.30) (1.1)
O, 047 Oy, Oy partial attenuations (3.35)

oy, 0, 0,0y angle weighted partial attenuations (3.35 )

ofydyuv Greek Cartesian indices

B microscale inverse length (2.5)

Y(x) fluctuating modulus (2.2)

r double mean field propagator (5.5)

A spatial Fourier transform parameter for mean square quantities (4.5)
8,,,,,- Kronecker delta | |

30 three dimensional Dirac delta function

€ infinitesimal positive constant (3.2)

nr) microstructural two point correlation function (2.4)

(@) Fourier transform of n(r) (3.16)

,nLL’,nLT’,nTL’,nTI‘ (333)

v the third independent modulus of a cubic crystal (2.6)

pL,po, pr, pr expansion coefficients for R and R” (6.15)

o', o, self energies for the mean field propagators (3.14) (3.19)

c generic self energy

0 wave frequency

Q temporal Fourier transform parameter for mean square quantities (4.2)
ng,*s constant eighth rank tensor, the dimensionless modulus variance (2.4)
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0/0x,, the partial spatial derivative

complex conjugate (4.3), also ® = o+ Q (5.1)

ensemble average
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Figure 1. Dimensionless diffusivity is plotted versus dimensionless frequency for the case of an
untextured aggregate of cubic crystallites of weak anisotropy. The low frequency Rayleigh
regime is characterized by an inverse scaling with the fourth power of frequency. The high fre-
quency stochastic ncgiine is characterized by an inverse logarithmic dependence. The four data
points from the experimental work of Guo, Holler and Goebbels are also shown.
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