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Abstract

A mathematical model describing how a confocal arrangement of two focused
ultrasonic transducers is used to interrogate a complex interface between two solid materials
by scanning the focal point across the interface is outlined. A complex interface is one that
has roughness and partial contact at many length scales most of which are equal to or
smaller than the compressional or shear wavelength in the material. When the focused
ultrasound strikes such an interface, though the focal region be small, strong multiple
scattering takes place among scatterers within and adjacent to the focal region making it
unclear exactly how the interface is being sampled. To clarify this issue a specific interface
model consisting of multiple, small cracks having arbitrary lengths and spacings is used.
This interface is interrogated by an anti-plane, focused shear wave. From this model it is
possible to show that what is measured are the multiple scattered signals averaged over the
aperture of the transducer, but that the dominant contribution comes from the scattered
signals that phase match to the interrogating signal. Explicit expressions relating the
modeled reflected and transmitted signals to the convolution of the incident wavefield with
the crack-opening displacements at the focal region are given. Numerical examples are
worked out for similar and contrasting materials on each side of the interface.

PACS numbers: 43.20.Gp, 43.20.Rz, 43.35.Zc

INTRODUCTION

An examination of the surfaces of a fatigue crack or a diffusion bond between
contrasting metals indicates extensive regions of roughness and partial contact at many
length scales. Their irregular structure significantly influences the ultrasonic signals
scattered from them. The goal of this paper is to construct a model of how such an
interface can be interrogated ultrasonically using a scanned, confocal arrangement of
focused ultrasonic transducers and from that model to suggest what information can be
extracted from the measured signals. A specific interface model consisting of multiple,
small cracks having arbitrary lengths and spacings is used. This interface is interrogated by
a focused anti-plane shear wave whose focal point is scanned across the interface.
Definitions for the transmission and reflection coefficients measured by the transducers,
constructed using a reciprocity identity, are proposed and illustrated by numerical



calculations. The assumption of anti-plane motion limits the usefulness of the model, but it
is anticipated that it nevertheless captures many of the major features of the problem.

Among the several ultrasonic investigations of scattering from solid-solid interfaces
formed by fatigue cracks and diffusion bonds are the following. Buck, et al.12 studied the
reduced probability of crack detection caused by areas of closure within the boundary of a
fracture zone, while Margetan et al.3 discussed the difficulty of detecting the presence of
voids in diffusion bonded joints. More recently, Margetan, et al.4 reported several
experimental studies of scattering from various model interfaces. It seems likely that there
are imperfections at many length scales at fatigue-crack tips and along diffusion bonds.
However, the work cited above studied voids and asperities between 10 and 103
micrometers, using a confocal arrangement of focused transducers operating at
approximately 10 MHz. Thompson, et al.> provided more specific information about the
ultrasonic probes. The probes had diameters approximately 102 wavelengths in water and
a ratio of focal length to probe diameter of approximately 7 in water. Further, Thompson,
et al.5 showed that directing the focused ultrasound into aluminium, using water as a
couplant, could produce a focal region of approximately 2 compressional wavelengths in
diameter, at a depth of approximately 20 compressional wavelengths into aluminium,
despite strong refraction at the water-aluminium interface. The detailed structure of the
wavefield in the focal region is unknown. From the earlier information, the focal region
must contain no more than 102 scatterers, typically 10 and sometimes fewer. For example,
Fig.6 of Ref.2 indicates a line image of a defect, just ahead of a fatigue crack, that is about
10 wavelengths across suggesting that it is either a lai'ge defect or a cluster of many smaller
ones.

Several models, both linear and nonlinear, have been explored to estimate the
scattering from an imperfect interface. Among the linear models are the following. Baik
and Thompson® modeled a partially closed crack by replacing the crack faces by smooth
surfaces and connecting the two with a distribution of linear springs. A quasi-static
calculation was used to estimate the spring constants. This model was recently used, with
some success, to describe the lower frequency measurements of Margetan, et al.4. Mikata
and Achenbach’ constructed a model of an interface using an infinite plane of randomly
oriented cracks and calculated the scattering of an anti-plane shear wave. Zhang and
Achenbach?® considered adjacent cracks not necessarily lying in the same plane as a model
crack system and calculated the in-plane scattering for an incident plane wave. The
problem was formulated as a system of integral equations and solved numerically.



References 1 through 5 report their measurements as reflection and transmission
coefficients, though it is not entirely clear what these coefficients represent.. Sotiropoulos
and Achenbach?, by considering the reflection and transmission of a normally incident
longitudinal wave by a planar array of cracks, came close to defining the character of these
coefficients. In their work they imagined that the wavefield scattered from the cracks was
essentially plane and multiplied by a constant reflection or transmission coefficient. They
extracted expressions for these coefficients in terms of the crack-opening volumes by
applying the reciprocity relation to a large cell containing a portion of the infinite array of
cracks. Because of the many scatterers in the cell, it is likely that, for a plane wave to
dominate the propagation processes, the receiver must be in the farfield of the whole array
of cracks within the cell. In this paper the authors present an alternative model that
suggests that it is averaging over the transducer apertures of the various scattered signals
that leads to the measured transmission and reflection coefficients and that these tranducers
need only be in the farfield of an individual scatterer and not in that of the array.

The construction of the focused beam is identical to that used by Rebinsky and
Harris!0in their analysis of the line focus acoustic microscope. The scattered wavefield
from the array of cracks is calculated by formulating a system of differential integral
equations and solving them using a formulation used by Neerhoff!! for a different
problem. An alternative approach to formulating and solving integral equations that
describe scattering from complex interfaces is described by Wickham!2, Note also that the
wavefield scattered from a periodic array of cracks, struck by a plane, anti-plane shear
wave, can be estimated by approximating the dynamic nearfield with the static one!3 and
calculated exactly by the Wiener-Hopf technique!4. However, the translational symmetry
of a periodic array is unlikely to be present at most interfaces so such a model can suggest
misleading inferences.

I TRANSMISSION AND REFLECTION |
A. Scattering of a plane wave

The plane, anti-plane shear wave

vi = explik(x, sin 7 + x, cos )] (1)



INSERT FIGURE 1

is incident to the array of (2N +1) cracks shown in Fig.1 at an angle 7 to the x, axis. The
particle displacement v; is in the x3 direction and & is the wave number. The nth crack is
2ay, in length and is a distance d,, from the origin along the x; axis. Note that d,, is a

distance with a sign. The incident wave induces a net crack opening displacement
N

[Vs] = Z[Vz],, (x—d,n 2

n=-N

where [v3 ]" is the crack opening displacement of the nth crack. Its Fourier transform

(indicated by a superscript T) is

N
] = Y exp(-ikéd,)a,[v,] (ka,&,m) 3)

n=~N

where the (scaled) Fourier transform of the nth crack opening displacement is
T t .
[v:]] (ka,&,m) = [ [vs], (a1, ) exp(—ika, &) dy “@
-1

Scattering problems of this kind can be solved either directly in the transform domain or
through the intermediate step of calculating a Green's function!>. When this is done the
scattered wavefield is found to be

. -
v =20 ¥ ka, [ [ Gk &, mhewplikg o, = )+ kol € ©
n=—N —o0
where
k=(1-&H"? , Imx=0 Vng | . 6)

The function sgn(x) is plus or minus one as x is positive or negative. In several ways, one
of which is indicated in Harris16, it can be shown that provided



[ka? !/ Qmr)]<<1 Vn (7

where r,, is the distance from the center of the nth crack to the observation point, then
Eq.(5) can be asymptotically approximated giving

sgn(%,)  —imrs & T . exp(ikr,)
where
rn = [(xl - dn)2 + x22]1/2 aIld tan 9" = (xl - dﬂ) / Ix2l (9a’b)

Figure 1 shows the various coordinates. Equation (8) represents the scattered wavefield in
the farfield of any individual crack, but not in that of the array. Itis interesting to note that
for ka, very small the transform can be expanded in powers of ka, where the leading term
is the quasi-static solution for the whole array. The authors believe that this is the
underlying reason that the spring interface model of Baik and Thompson® works well at
lower frequencies.

B. Scattering of a focused beam
INSERT FIGURE 2

Consider a focused beam striking the interface at a scan distance s along the x; axis
from the origin. The geometry is indicated in Fig.2. Assume for the present that p, = p,
and ¢, =¢, . Defining y, = x, — s, the incident focused beam is

B

; 1 1
u, = ——— | E(n) exp[xik(y,sin n+|x,|cosM)] d 10

G jﬁ () expl£ik(y, sin 1 +|x,|cos )] dny | (10)
where E(n) and B are selected to meet an asymptotic farfield condition. The minus sign
indicates a disturbance incoming to the focal plane and is used for x; < 0, while the plus
sign indicates one outgoing and is used for x, > 0. The angle f3 is selected so that cosn is
real. Note that sin77=¢& and cosn = k, where K is now restricted to be real. The details

of this procedure are explained in Rebinsky and Harris!0, Egs.(3) to (9). While there is
some flexibility in the choice of E(n) and 8 experience suggests that the choices



E(n) = Aexp[—(Ftann)(b/ g)]"" and =m/22B=cot” F (11a, b)

work well. In this case F can be interpreted as the ratio of the focal length to the aperture
half width b, and A, g and m are parameters that can be chosen in several ways provided
(g/b) is less than one.

To calculate the scattering of the focused beam at an interface consisting of multiple
cracks, we use the linearity of the problem to relate the crack opening displacement of the
nth crack for a plane wave to that of the beam by

1 1"
[u ]" S E(TI) exp(—ikssin n) [V ]”(x '—dn, n) dn (12)
ST n)” ik fﬁ A

Therefore the beam scattered wavefield is given by Eq.(8) with v, replaced by u, and [v, ]:
T

replaced by [u,] , where

8

[]] = (_z_ﬂl?ﬁllk [ En) exp(-ikssinm) [v,]] (ka,&,m) dn (13)
-8

Accordingly, the wavefield scattered by the array of cracks, in the farfield of each
individual crack, but not in that of the array, is given by

o osgn(x%y)  _imra & T ) exp(ikr,)
", = _W . /4,,=z.~ka" cos @, [u3]” (ka, sin 6")W (14)

where r, and 8, are given by Eq.(9) and shown in Fig.1.

C. Transmission and reflection coefficients

What is measured are reflection or transmission coefficients and yet the scattered
wavefield for either an incident plane wave or an incident beam does not have a structure
that immediately suggests what these coefficients are. There is no single well developed
wavefield transporting a slowly varying, complex amplitude chai'acterizing transmission



and reflection. What is evident from the presence of the (2N + 1) propagation terms
exp(ikr,) is a scattering event from numerous, strong, compact scatterers. However, all
these signals are collected by the transducers and summed in both magnitude and phase
suggesting that it is the averaging effect of the transducer that gives rise to these
coefficients.

Consider the confocal arrangement of two focused transducers facing one another
sketched in Fig.2. The focal plane lies at the interface. The surface S represents the
aperture emitting the incident wavefield and receiving the reflected one, while Sy represents
that receiving the transmitted wavefield. An application of the reciprocity identity to the
region bounded in part by these two surfaces gives

N %
J‘(ugféz ~5T5) dx, — J'(u327:§2 —i5Ty) dx, = 2 J [“3],,(-"1 - d,) Ty dx, (15)
S, S,

n=-N g

where wavefield 2 has been selected to be the incident plus scattered beam wavefield and 1
is as yet unspecified. In deriving this identity, it is assumed that the wavefields outside the
surfaces Sy and S, are negligible and that none of the scattered radiation collected by Sy and
Se is reflected back. The first condition can be approximated by using a well-collimated
beam and noting that the surfaces containing Sy and Se are in the farfield of any individual
crack. Further, the array of cracks is bounded so that the scattered waves decay
geometrically far from the ends of the array. The second condition can be approximated by
assuming that a tone burst is used and that all but the initially arriving signals are gated out.

Consider transmission. For wavefield 1 the beamfield

1

= )1,2 | j E" (1) expl[Fik(y, sin 1 + |x,|cos m)] dn (16)

is chosen, where the asterisk indicates the complex conjugate. Physically this represents a
beam going in the opposite direction to that of the incident beam. The minus sign indicates
a wavefield incoming to the focal plane and is used for x, > 0, while the plus sign is used
for a wavefield outgoing from the focal plane and is used for x, < 0. The stress

T,, = l1 0,u, for both wavefields 1 and 2. Evaluating the right hand side of Eq.(15) gives
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__HE N
sj, (.)- Sj ()= G Y a, [ [u] (@0 F(ax+d,~s)dx (17)

n==N -1

where, after scaling the integration variable,
8
F(x)= j E(n) cos N exp(ikesinn) dn (18)
-8

A suitable E(7) is given by Eq.(11). Note that E(77) is an even function so that the
exponential in the integral Eq.(18) can have either a plus or minus sign. We have chosen
the plus sign. Further note that F(x) is essentially the Fourier transform of E(n). If the
interrogating system is well designed, then F(a,) + d, —s) will be sharply peaked near

d, = s. If the nth crack were large enough to occupy the focal region, then Eq.(17)
indicates that indeed it is the nth crack that is being interrogated. Further, note that even
though only the crack opening displacements within the focal region are directly detected
their magnitude and phase is a consequence of the a multiple scattering among all the cracks
of the array. How many cracks participate is not clear, though intuition suggests that only
those adjacent to the focal region are important.

To evaluate the integrals on the left side of Eq.(15) approximate expressions for
wavefields 1 and 2 at Sy and S are needed. Asymptotically approximating Eq.(16),
wavefield 1 becomes

il (19)
The corresponding 73, is gotten from Eq.(19) by multiplying it by (—iticos8). The
coordinates (r,0) are

2 27172
r="+x°)

and tanf=y,/|x)| (20a,b)
INSERT FIGURE 3

and are shown in Fig.3 along with the related crack coordinates (r,,8,). Recall that

Y = x, —s. Figure 3 is drawn assuming identical materials on each side of the interface.
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Equation (14) added to the incident wavefield provides wavefields 2 at the
transducer faces. However it is useful to write these expressions in a way that explicitly
exhibits the pointwise transmission and reflection coefficients. For transmission, x,>0,

wavefield 2 is written as

1 E0) _iwia i
u(x) = T(x) — & ) e~ o 21
The term T(x) is a pointwise transmission coefficient and is given by
T(x)= ’k Zka cos8, [u;]] (ka,sin 6, ) L2 gk (22)

20m” E(9) ey

Il

The propagation terms vary rapidly over the aperture of the transducer unless the
observation point is very far from the scatterers making r = r, . This is not the case here
and accordingly the propagation terms cannot be dropped. Note that the pointwise
coefficient, in principle, has contributions from all (2N +1) scatters. The corresponding
72, is given, to the same order of approximation, by

E©) i yur 9T 1 EO) o iws e

73, = [Lcos 0 T(x) "2 My ox, ik (k)™

(23)

Note that the derivative cannot be dropped because it will contain a term proportional to
1/2

k(r —r,) that is not always of higher order, in powers of (kr)™* or (kr,)™?, than those
retained. The reflected wavefield 2 has a similar form, namely,
1 E(e) inl4 —ikr ~ifT ikr
u; (x) = AT [e™*e™ + R(x)e™™*e™"] (24)
The pointwise reflection coefficient R(x) is given by
Rx)=1-T(x) (25)

This relationship reflects the inherent odd reflection symmetry in the scattering problem.
Again a derivative dR/dx, appears in the calculation of 77, and cannot immediately be

discarded.
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Expressions (19) to (25) are substituted into Eq.(15) and the resulting integrals .
estimated asymptotically, though detailed estimates are not needed. The derivative term in
Eq.(23) makes no contribution to leading order in the integral over Sy because its saddle
point contribution is zero. The saddle point occurs for r =7, and 8 =6, Expressed'
physically it means that the leading order contribution comes only from those crack-
scattered waves that phase match to the dominant incident term. Elsewhere over the
transducer aperture destructive interference takes. No saddle point lies in the interval of
integration when estimating the integral over Se. The end point contributions are all of
lower order. These considerations lead to the following definition of a generalized
transmission coefficient T, namely

B
T == [TEE (mdn (26)
-B
where
B
P= [E(mE()dn @7)
_ﬁ .

Lastly, from Eqgs.(15) to (26), T is given by

T-1 2(27:)"2 ”ZNka jl 5] (a,0) F(a,x+d, —s)dy (28)
where F(x) is given by Eq.(18). The crack opening displacements [u, ] are calculated

numerically. The procedure is indicated in Sec. III.
An argument quite analogous to that just given using as wavefield 1

1

b= J E" () explik(y,sin 11+ |cos )] dn 29)
where the plus sign is used for x, > 0 and the minus sign for x; < 0, leads to a definition of

the generalized reflection coefficient R that is identical to that of T if 7(x) is replaced by
R(x). Moreover, it is readily shown that
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R=1-T (30)

Using an electromechanical reciprocity relation and an argument similar to
Auld's17 it is possible to show that the generalized transmission and reflection coefficients
are proportional, at a given angular frequency ®, to the corresponding model voltages.
‘Equations (28) and (30) capture the idea of one dimensional imaging of the interface. The
transducers and lens are designed to make F(x) as narrow as possible so that the measured
coefficients are responding only to those scatterers near the scanning position s. To make
F(x) narrow the apertures must be large. Correspondingly, averaging over the transducer
apertures means that the dominant contribution comes from those scattered signals that
constructively interfere with the incident signal. Lastly, note the convolution structure of
the integrals of Eq.(28) suggesting that a deconvolution of T and R might give the crack
opening displacements.

I AN INTERFACE BETWEEN CONTRASTING MATERIALS

The work of the previous section is readily extended to the case in which the
materials on each side of the interface are contrasting. Figure 2 shows the overall
geometry. A number of details will be omitted here because they are quite close to those of
the previous section. Some are given in Yogeswaren!8.

When a focused beam is refracted at the interface into a faster material the beam may
spread rapidly and some components of its angular spectrum may experience critical
refraction. Accordingly, the aperture collecting the transmitted signal may only intercept a
small fraction of the transmitted beam. To avoid these problems it will be assumed that the
beam is always refracted into the slower material. That, in combination with limiting the
angular spectrum of the beam in the incident material to real angles, implies that all the
plane wave reflection and transmission coefficients for the defect-free interface discussed
next are real.
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A. Transmission and reflection coefficients

Firstly, consider an interface with no cracks present. Material 2 is that for x, <0
and 1 that for x, > 0 (Fig.2). The reflection coefficient for a plane wave incident at an angle
n from 2,R,(n), is

R,(m=A.(m)/A.(n) @31

and the transmission coefficient from 2 to 1, T,,(7), is

T,(m=[A_.(m+ A, (M]/A. () (32)
The A,(n) are

A, (1) = (pycy /Py )cos 1+ a(m) (33)
where

a(m) =[1-(c,/c,)* sin® n"? (34)

Note that a(n) is real because ¢, /c, is restricted to be less than one and 7] is restricted to
real values.

The focused beam incident from material 2 is given, in x2 <0, by Eq. (10) with £
replaced by k, where k; = w/c; and Breplaced by B,. The value of S, is suggested by

Egs.(11a,b). The transmitted beam, in x, > 0, is given by

B
. 1 1 . .
U = -(—2—751—/2-%—2[2 E(n) Ty, (n) explik, (y,sin ¥ + |x,|cos )] dn (35)

The angles 1 and 7 are related by
sin(-=n)/c, =siny/c, o (36)

The minus sign arises from the sign convention that is used to construct the incident and
refracted focused beams. The reflected beam, in x; < 0, is given by
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B,
u; (2 1)1/2 ]1 J. E(n) R22(n) exp[zk,z(yl sin n + |x2|COS n)] dn (37)

The transmitted traction 73, at the interface when no cracks are present is

T = W F (3)/2m)" (38)
where
F'(x)= j E(n) T,,(ma(n) exp(ik,xsin ) dn (39)
—ﬂz

and u, = p,c}. The continuity of traction means that 7}, equals the sum of the incident and
reflected tractions T}, + 7;,. Note that both E(7) and T,,(7) are symmetric in 7.

B. Transmission and reflection coefficients

Generalized transmission and reflection coefficients are again defined and calculated
using the reciprocity identity, Eq.(15). The generalized transmission coefficient is given by

To—To =52 Zka j u;] (@) F*(a,x +d, —s) dx (40)
: 2(2 ) n-—N -1

where P is given by Eq.(27) and F' by Eq.(39). Recall that the asterisk indicates the
complex conjugate. The transmission coefficient T, is that measured when imperfections

are present at the interface and is defined by

1 c,a(n)
Tg == [T EME (222 an | @D
Py c,cosM

where T7,(x) is a pointwise coefficient similar that of Eq.(22). The coefficient T, is that

for a defect-free interface and is defined by
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B,
[T mEmE ()22 4 @)
-B, c,cosn

1
T,,=—

21 P
where T,,(n) is given by Eq.(32). The ratio [c,a(n)/c,cosn] isa conseqﬁence of Snell's

law, Eq.(36), and takes account of the different rates of spreading in the two contrasting
materials. The generalized reflection coefficient R3, is defined by

B,
Rz =-}5 | R, (x) E(E” (m)dn 43)
-B2

where Ry, (x) is the pointwise coefficient. The coefficient R3, is calculated just as was T3,

and is given by
RZ, —Ry, = (016 /p,¢," ) (T — T3,) (44)

where the coefficient R,, for a defect free interface is given by Eq.(43) with Rj,(x)
replaced by R, (7) , Eq.(31). Note that the expressions for the generalized coefficients
arise from both a refraction and reflection problem, and a scattering problem.

III THE VECTOR DIFFERENTIAL INTEGRAL EQUATION

It remains to calculate the crack opening displacements. Consider the case of
contrasting materials. The case of similar materials follows from this. Firstly, remove the
geometrical wavefield existing when no cracks are present and formulate a boundary value
problem for the scattered wavefields in each material. Secondly, note that the traction
across the interface is continuous, but that the particle displacement changes
discontinuously across each crack. Lastly, note that the scattered traction on the crack faces
equals the negative of the tractions generated by the geometrical wavefield. From this a
system of differential integral equations can be formulated that can be solved numerically.
The method follows that used by Neerhoffll. The vector equation is given by

1

1
202m)" [azf K(n.7)-U)dyl,, =Xm), -1<n<1 45)
-1
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where the derivative is left outside the integral for the present . The mth component of the
source vector I(77) containing the geometrical wavefield is

I (n)=-F(a,n+d,-s) (46)

where F'(x) is giv_en by Eq.(39). The nth component of the vector U(y) containing the
crack opening displacements is

U, (V) =lu],(a,7) 47

where [u,], is defined in Eq.(12) and is unknown. The mnth component of the kernel
- tensor K(n,7) is

I 2k, d
K, (.7 =ka, | 2 4o
= e /pyey)x + i (48)
x explik,E(a,n+d, —a,y —d,)]e*)%m
The radical x, is identical to k given by Eq.(6). The radical x; is
K =[l-(c /) &T1"” Imk, 20 V& (49)

and is essentially the same as the function a(77), Eq.(34).

To solve Eq.(45) the U,(y) are approximated over the interval (-1<y <1) by an
expansion in P Chebyshev polynomials ¢,(y). Thatis

P
U,(7)=Y.C,(p)9,(7) (50)

p=1
where

isin[p sin™(y)] p=2,4,6,...

cos[psin™ ()] p=L3,5,... (51a, b)

¢p(7’)={
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and the coefficients C,(p) are unknown. Note that each polynomial behaves as (1% y)""

near ¥ =71 so that the edge condition for each individual crack is satisfied. Both sides of
Eq.(45) are multiplied by a member of the P ¢, and Eq.(50) is used giving

1 1 1
C, (2, [dn[dy o,(m K1) 0,(0)] .o = [dn 6, (m) I () (52)
1 - -1

where a summation over n and p is implied. The integrations in ¥ and 7 are interchanged
with thatin & in Eq.(48) and then performed. This is followed by interchanging the
derivative and the integration over £ and evaluating the integrand at x, =0. By
performing the operations in this order the singularity that would arise from interchanging
the two operations at an earlier stage has been avoided. Accordingly, the differential
integral equation has been reduced to the following system of algebraic equations.

A,.(q,p)C,(p)=V,(q) (53
where

A..(gp)=
and

4

2 dg
Vil D) =9 |\ %57

!é(l—éz) 12

X [eik2§(dm—s) _ (_l)qe'ikz§(dm —S)]

E() T, (n) a(n) J,(kya,,&) (55)

The indices m,n =-N,..., -2, -1, 0, 1, 2, ..., N and the indices ¢,p =1, 2, ..., P. The
first set of indices indicate the mth and nth cracks, respectively. Thus A _ (g, p) is the gth
row and pth column of the submatrix positioned at the mth row and nth column of the
global matrix, C,(p) is the pth row of the Chebyshev coefficient subvector at the nth row
of the global vector and V, (¢q) is the gth row of the source subvector at the mth row of the

global source vector. The distance d,,, =d,, —d, . In Eq. (55)
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n=sin" & and &, =sinf, (56a,b)

Though the numerical procedure is straightforward it is important to try to assess its
accuracy and correctness by comparing its predictions with a known result. In the
Appendix the same numerical procedure is used to calculate the reflection coefficient for a
plane wave normally incident to a coplanar periodic array of cracks. While this problem
does not allow all aspects of the numerical work to be checked, the good agreement
between the numerical predictions and the known analytical ones suggests that the
procedure is accurate.

IV NUMERICAL EXAMPLES
INSERT FIGURES 4 AND 5

Figure 4 shows the transverse profiles of the incident, and scattered beams for two
contrasting materials. The magnitude lk,u,l is plotted against y, =y, /b. The u,

symbolizes whatever displacement term is being discussed. The focused beam is
characterized by setting 8, =cot™ F, A=(2x)"*/(2B,), F=1, g/b=0.75 and
k,b=40. The materials are characterized by the ratios ¢, / ¢, =1.33 and p,c, / p,c, =1.34.
These material constants are typical of a nickel copper combination. The solid line indicates
the incident wavefield at X, =—1 ,where X, = x, / f and fis the imagined focal length, the
long dashed line indicates the reflected wavefield at the same location and the short dashed
line with the broader profile indicates the transmitted wavefield at X, =1. The narrow
profile with side lobes given by the short dashed line indicates the profile in the focal plane.
The focal region is on the order of 0.4 wide. The beam spreads more slowly in the '
slower material, as expected. Figure 5 shows a profile of the beam along its central axis
for k,b =100. The remaining parameters are identical to those of Fig.4. Here the
magnitude of the net normalized displacement is plotted against X,. The focal region
extends over 0.4f. Because F = f/b and F =1, increasing k,b by a factor of the order
of 2 will decrease the width and length of the focal region by approximately 1/2. The focal
region is about 2 times longer than it is wide. The beam parameters given here will be used
for the following figures.

INSERT FIGURES 6 AND 7
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Figure 6 shows an interface between identical materials. There are three zones
containing cracks of different sizes. Zone Z1 contains 5 equal cracks. The length of each
crack and the spacing between adjacent cracks is 2a , and @ =0.1 where @ =a/b. Zone
Z2 is identical to Z1 except that @ = 0.15. Zone Z3 consists of one crack with @ =1. The
interaction among the scatterers is likely to be strong for they are immediately adjacent to
one another. Nevertheless the cracks tips are closed. In each case two scans are
undertaken. The solid line indicates that for k,b = 40 and the dashed line indicates that for
k,b =100. Figure 7 shows the magnitude of R plotted against § where § =s/b. The

corresponding value of T is readily deduced from Eq.(30).
INSERT FIGURES 8§, 9 AND 10

Figure 8 shows an interface between contrasting materials having the same ratios of

materials properties as those used for Fig.4. The arrangement of cracks is symmetric, with
the largest crack at the center. The half-width of the cracks is given by @, =0.5-0.1n and

d,|=|d,.,|+a,+a,, +0.001, where d, =d, / b.
Figure 9 shows [T3, — T,,| and Fig.10 shows [T§,| both plotted against 5 for this interface.
From Eq.(44) the corresponding value of IR‘z’z - R22| can be deduced.

the distance to each crack is given by

V  CONCLUSIONS

Examining Figs.6 and 7 neither the k,b =40 scan nor the k,b =100 scan is able to
resolve the structure of the cracks of Z1 and Z2. In both cases the cracks of Z1 and Z2
give a reflection coefficient suggesting only one crack. Moreover, the k,b =100 scan
almost seems to resolve only one crack. Accordingly, though the cracks of Z2 were
approximately the same width as the focal region of the k,b =100 scan the closed crack
tips are not evident. Examining Figs.8,9 and 10 indicates that the k,b = 40 scan does not
resolve the cracks, but rather it suggests only the presence of three larger cracks all of
approximately the same size. However, the k,b =100 scan does resolve all but the
smallest cracks at the ends of the array. In this case the focal width is less than all but the
smallest cracks. Lastly, note that the interfaces examined are all ones for which strong
interactions among the cracks are anticipated so that the clusters of smaller cracks act as
single scatterers.
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In summary, a mathematical model describing how a confocal arrangement of two
focused ultrasonic transducers can be used to interrogate a complex interface between two
solid materials by scanning the focal point across the interface has been outlined. The
central hypothesis was that averaging over the transducer apertures yielded approximations
to the measured transmission and reflection coefficients and that these coefficients were a
consequence of multiple scattering processes. Expressions relating the measured
coefficients to the scatters were derived. Equations (28) and (40) constitute the principle
theoretical results. The convolutions evident on the right hand sides of these equations
suggest that a deconvolution of the measured coefficients could yield information about the
scatterers. The numerical examples indicate the difficulty in determining the detailed
structure a complex interface.
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APPENDIX: Plane wave scattering from a periodic array

Consider a plane wave, of unit amplitude, normally incident to the array of
(2N +1) cracks between identical materials shown in Fig.2. Set a, to a and d,, to nd for all
n, giving a finite periodic array. There is no real aperture in this problem so that a slightly
different definition of a reflection coefficient needs to be used. Following Harris and
Yogeswaren!? define a reflection coefficient as

N

__a 1 1 |
R= - (2N+1)n;v jl [vs], (ax,0)dy (58)

where the [v,], are given by Eq.(2) with = 0. For a finite array the [v,], will not be

identical, but, as N becomes large, they should approach a constant value.
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Lamb!3 gives an approximate solution for the reflection coefficient for a plane wave
normally incident to an infinite periodic array of cracks that is accurate for small kd. That

coefficient is
—ikl
- 59
1—ikl (59)
where
d ‘ '
[ =—=In[sec(ma/ d)] (60)
T

A comparison of the two problems indicates that as N becomes large the reflection
coefficient defined by Eq.(58) should closely approximate that defined by Eq.(59) for a
small kd. Figure 11 shows a comparison of the magnitudes of the two coefficients fora
range of ka and d/a = 2.5. The dashed line indicates the R from Eq.(59) and the solid line
that from Eq.(58). Equation (58) was evaluated by increasing N until the difference
between the Nth and the (N-1)th terms was negligible. The agreement between the two is
satisfactory.
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Figure captions for

A model of a confocal ultrasonic inspection system for interfaces by E.
Yogeswaren and J.G. Harris

Figure 1. The (2N +1) cracks, indicating the geometrical parameters for the plane wave
and focused beam scattering.

Figure 2. The geometry of the focused beam scanning the interface. The case for
contrasting materials is shown.

Figure 3. The geometry of the focused beam scattering the interface. The crack based
coordinates are contrasted with those based at the focal point. The case for similar
materials is shown.

Figure 4. Transverse profiles of the incident, and scattered beams for kb = 40.

¢, /¢, =133. p,c,/pc, =1.34. Solid line the incident beam. Long dashed line the
reflected beam. Short dashed line the transmitted beam. Short dashed line with sidelobes
the beam at the interface.

Figure 5. Longitudinal profile of the net normalized displacement beam along the beam's
axis for kb =100. The material ratios are identical to those used in Fig.4.

Figure 6. An interface between identical materials. Z1 contains 5 equal cracks, @ =0.1.
Z2 is identical to Z1 with @ = 0.15. Z3 contains one crack with @ =1.

- Figure 7. The magnitude R for the interface of Fig.6 plotied against 5 .

Figure 8. An interface between the contrasting materials. The a, become progressively
smaller as indicated. The magnitude of the d, is also indicated.

Figure 9. The magnitude [T3, — T | for the interface of Fig.8 plotted against 5. The

material ratios are identical to those used in Fig.4.

Figure 10. The magnitude IT I plotted agamst 5. The parameters are identical to those
used in Fig.9.

Figure 11. The magnitudes of the two coefficients for a range of ka and d/a = 2.5. Solid
line Eq.(59). Dashed line Eq.(58).
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