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ABSTRACT

The elastodynamic response of a thick plate, with the axis of transverse isotropy normal to the
plate surface, is calculated by double numerical inverse transforms, a method particularly well suited
for calculations of responses in the near field of layered structures. Applications of these calculations
include point-source/point-receiver ultrasonics, quantitative acoustic emission measurements, and
seismology. The singularities of the integrand are eliminated by the introduction of a small, but
non-zero, imaginary part to the frequency. We discuss issues of numerical efficiency and accuracy in
the evaluation of the resulting integrals. The method can be generalized to calculate the responses
in materials of more general symmetry, in viscoelastic materials and to include the effects of finite
aperture sources and receivers. The calculated responses are compared to those measured in a
single crystal specimen of zinc.

I. Introduction

Ultrasonic measurements which rely on elastic waves propagating through a material can provide
an ideal means for determining the macroscopic properties of the material or for detecting flaws and
inhomogeneities. The focus of much research over the past decade has been on the development of
quantitative active ultrasonic and passive acoustic emission (AE) techniques. The use of ultrasound
for non—destructive materials evaluation is especially appealing because of the direct connection
between the characteristics of the wave propagation and the mechanical properties of a material. In
contrast, passive AE techniques are attractive because they are able to monitor in situ the integrity
of a large structure and to provide a means of investigating details of dynamic failure processes in
materials.

The theory of quantitative acoustic emission represents AE signals as spatial and temporal
convolutions between the unknown source functions and the elastic wave Green’s functions of the
specimen. Recovery of the source function, which characterizes a source of emission, is possible only
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if the appropriate components of a specimen’s elastic wave Green’s function are known. The theory
of transient wave propagation in bounded isotropic materials is now well established and has been
used for the characterization of AE sources in such materials (Scruby, 1985; Kim, em et al., 1989).
This approach has formed the basis of quantitative AE analysis in which the waveforms detected
by well-characterized receivers are processed to recover the characteristics of the source, that is,
its type, orientation and time-dependence. Similar applications in anisotropic materials have not
yet been demonstrated, owing in part to the less well-developed theory for such materials.

A recent advance for obtaining ultrasonic waveform data in materials has been the develop-
ment of the point-source/point-receiver (PS/PR) technique (Sachse and Kim, 1986; 1987a; 1987b;
Sachse, etal., 1990). The technique employs small-aperture sources and receivers and uses knowl-
edge of the wave propagation to interpret the detected ultrasonic signals. The method exhibits a
number of distinct advantages over conventional, plane-wave ultrasonic measurements. Specimen
preparation requirements are reduced and broadband excitations are easily realizable. Except in
special cases, a point source generates both longitudinal and shear waves in a specimen, therefore
information about each of these wave modes can be extracted from a waveform. Further, since
PS/PR signals are simultaneously propagated in a wide range of directions in a specimen, one can
easily determine the direction dependence of the propagation speeds and attenuations of various
wave modes. Recent application of such measurements to characterize anisotropic materials has
focused on inverting ultrasonic group velocities, obtained from pulse arrival time data in signals
that have propagated in non-principal directions in an uncut specimen, to obtain the matrix of
elastic stiffness of the specimen material (Castagnede, et al., 1991; Every, et al., 1991; Every, et al.,
1990; Niu, 1992).

A more detailed analysis of the waveforms, and, in particular, their evolving amplitudes and
shapes, however, requires that the signals be detected by a sensor of known transfer characteristics
and interpreted with an understanding of the propagation of transient elastic waves in a bounded
specimen. Such measurements and signal analysis can form the basis of an absolute, quantitative
materials characterization technique in specimens of isotropic materials (Weaver, et al., 1989). The
same procedures should in principle also be applicable for waves in bounded, anisotropic materials,
but this has not yet been demonstrated.

Essential to the development of active and passive quantitative techniques in anisotropic
materials is the development of an understanding of the propagation of transient elastic waves
in bounded media. This would provide a rational basis for processing and interpreting ultrasonic
signals to recover the characteristics of a source of emission or to determine the propagation charac-
teristics of the material. Preliminary work has shown that the measured dynamic Green’s functions
in a plate-like specimen of an anisotropic material differ significantly from those in isotropic ma-
terials (Kim, etal., 1993a). A theoretical basis for calculating the transient elastic waves in a
bounded anisotropic material is of great fundamental as well as practical importance. Here we
take the first step, that is, the development of a method for the calculation of such waveforms
in transversely isotropic plates. The method promises to be readily extendable to plates of more
arbitrary anisotropy and viscous properties.

II. Elastodynamics of thick plates

The calculation of elastodynamic responses in thick plates is a generalization of “Lamb’s” problem,
in which the response of an isotropic half space or plate to a concentrated transient surface load may



be represented as a problem of solving the quiescent initial condition partial differential equation ‘

0%u;
Oijji = P W?Z , (1)
where the stress tensor field is
oij = Abijurk + p(ui; + uj) (2)

and traction boundary conditions are applied at the free and loaded surfaces, and traction on the
other surfaces equal to the applied loads. For the case of a load F(t) concentrated at a point
=y =0, the traction on the loaded surface at z=h is

oijn; = Fi(t)é(z)é(y) at z2=h (3)

t;

These equations may be treated by finite difference algorithms (see for example, Chang and
Sun (1988) or Wu and Kuo (1990)) in which all derivatives with respect to time and space are
replaced with finite difference equivalents and the resulting difference equations iterated in time.
The method, in essence, numerically solves differential equations in all spatial coordinates and in
time. For systems which lack translation invariance in 2 and y this may be the most efficient
procedure.

For plates with translation invariance, however, it may be expected that the integral transform
method, with attendant analytical solution of the differential equation in z, is more efficient. This
is the approach taken by most researchers. The invariance of the plate under translations in time
and in the coordinates z and y make it convenient to proceed by means of a Fourier, or
Laplace, transform in time and a double Fourier transform in space. The result is a set of coupled,
ordinary differential equations in z for the transformed fields wu; or their associated displacement
potentials. In homogeneous materials, the ODE’s are constant coefficient and therefore solvable in
terms of linear combinations of exponentials in z. The coefficients in the linear combinations are
determinable from the transformed boundary conditions. The solution is the triply—transformed
response of the plate.

Because the signals are sought in either the time— or frequency—domains, the major difficulty
is the need for an inversion of the transforms. At least three different methods for that inversion
exist. One is Generalized Ray Theory (Pao and Gajewski, 1977) in which the response is written as
a superposition of expressions corresponding to rays from the source to the receiver, each associated
with a definite arrival time. Another method expresses the response as a sum of inverse integral
transforms associated with individual branches of the dispersive guided waves (Weaver and Pao,
1982a; Vasudevan and Mal, 1985). A third method attempts a completely numerical multiple
inverse integral transform (Bouchon and Aki, 1977; Weaver, et al., 1989; Lih and Mal, 1992).

Generalized ray theory in which the double transform is inverted by the Cagniard method
has been successfully applied to the calculation of the transient responses of isotropic half spaces
(Pekeris, 1955; Knopoff, 1958), and transversely isotropic half spaces (Payton, 1983). Ray theory
has also been successfully applied to the calculation of near field responses in isotropic plates
(Ceranoglu and Pao, 1981; Hsu, 1985) with numerous applications to acoustic emission source
characterization and to poini-—source/point-receiver ultrasonics measurements, e.g. (Scruby, 1985;

“Sachse and Kim, 1986). Generalized ray theory (Pao and Gajewski, 1977) expresses responses as
superpositions of integrals associated with rays traveling from the source to the receiver, either
directly or after one or more surface reflections, each with a well-defined arrival time. At finite



time there are a finite number of rays that contribute. In practice, however, the number of rays
that contribute may be very large. The calculations are therefore cumbersome unless interest is
confined to the very earliest times. Ray theory is generally not applicable to viscoelastic media
(Weaver, et al., 1989).

As Payton (1983) has demonstrated, responses in anisotropic media are, in principle, also
decomposable into a sum of generalized rays. The calculations, however, can become very difficult to
carry out because of the complexity of the folded group velocity surfaces. No one to our knowledge
has attempted to carry out such calculations except for the simplest of anisotropic media: that of
a transversely isotropic half space for which the symmetry axis is normal to the surface (Payton,
1983) and that of an unbounded medium of more arbitrary symmetry (Every and Kim, 1993). The
response of an unbounded medium and a half space to a transient line load has been calculated by
Nayfeh and Kim (1993). Van der Hijden (1987) has discussed the necessary procedures for a ray
calculation in the general case of an arbitrarily layered anisotropic medium. Bedding and Willis
(1980) have discussed and calculated high-frequency wave front approximations which are valid
near ray arrival times.

Owing to the multitude of rays needed, ray theory is not amenable to calculation of plate
responses in the far field. Nevertheless, responses in an anisotropic plate at receiver positions far
from a source have been calculated by means of one analytical inverse transform done with the
aid of the Cauchy residue theorem followed by a numerical inverse transform of the remaining
integral (Weaver and Pao, 1982a; 1982b; Vasudevan and Mal, 1985; Santosa and Pao, 1989).
The use of the Cauchy residue theorem requires the location of the poles corresponding to the
Rayleigh-Lamb like waves of the plate and this can be conceptually complicated, especially in
media with arbitrary layering, viscous properties and/or elastic symmetries (Nayfeh and Chimenti,
1989). Furthermore, a large number of pole locations are required for the calculation of responses
with fine time resolution. This suggests that the method is not appropriate for high frequency or
large bandwidth applications.

A number of researchers (Weaver, et al., 1990; Xu and Mal, 1985; Lih and Mal, 1992; Kundu
and Mal, 1985; Bouchon and Aki, 1977; Duprey, 1993) have discussed and implemented schemes in
which the location of the Rayleigh-Lamb poles is unnecessary. In these studies, all the inversions are
carried out numerically. These integrations confront one with a need to write algorithms in which
the contributions from the singularities at the poles corresponding to the Rayleigh-Lamb waves are
correctly evaluated. As Kundu and Mal (1985) discuss, there are a variety of techniques which have
been employed to negotiate these poles. One may write an algorithm which recognizes the pole
and evaluates the contribution from its vicinity by taking a numerical Cauchy principal value and
supplementing it with an analytic expression for a half residue. This could be cumbersome. Mal
and co-workers (Xu and Mal, 1985; Kundu and Mal, 1985; Lih and Mal, 1992) have proceeded by
introducing dissipation into their materials. Except for the strong pole at low wave number and
frequency, this moves the poles off the line of numerical integration. It also disperses the sharp ray
arrivals. Weaver, etal. (1989) and Duprey (1993) have followed the method suggested by, amongst
others, Bouchon and Aki (1977), of letting their frequency gain a small constant imaginary part,
hence w = w, —0 where ¢ is small and positive. After the calculation is completed, the
effect of ¢ is removed by multiplying responses by exp{ét}. This method has the presumed
disadvantage of amplifying numerical noise at late times. On the other hand it does preserve the
sharp wave arrivals characteristic of non—dissipative materials. It has been demonstrated (Weaver,
etal., 1989; Duprey, 1993) that this approach may readily be extended to the viscoelastic case and
to the use of finite aperture receivers (Duprey, 1993). Because of the presumed poor accuracy at
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Figure 1: Geometry of the problem.

late times the method is probably most appropriate for calculation of the responses at early times
and consequently for short source/receiver separations. It promises also to be extendable to the
case of arbitrary anisotropy with some additional computational effort. Thus it is ideally suited
for calculation of the waveforms expected in ultrasonic point-source/point-receiver measurements
and in near field acoustic emission signals. It is this procedure which will be followed here.

In the following section we derive analytic expressions for the transformed displacement re-
sponse to a step point load acting on the surface of a transversely isotropic plate and discuss the
extensions necessary for the treatment of other sources. The numerical inversion of the transform
by the method outlined above is discussed in Sect. IIL. In Sect. IV we present comparisons of the nu-
merically calculated responses with calculations by means of Generalized Rays (assuming isotropic
symmetry), and with experimentally determined responses in a single crystal plate specimen of
zinc. We conclude with a discussion of the prospects for extending this method to materials of
more arbitrary anisotropy.

III. Double transform of plate response

Consider the slab of thickness 2h = H pictured in Fig. 1. We imagine an excitation consisting of a
point unit vertical step force F(¢) = H(t)é, acting on an initially quiescent system, though gener-
alization to other time dependencies, loading positions, directions and distributions is not difficult.
The formal elastodynamic boundary—value, initial-value problem seeks the solution u(r,?) of the
following partial differential equation

0%u;
Cijkl UkJj = P m; (4)

with quiescent intial conditions and with boundary conditions given by
csjhiues = Fjé(x)d(y) at z=+4h
and (5)
c3jkitky = 0 at z=-h .



Upon performing a single temporal and a double spatial, Fourier transform on u
Ui(kgy by, w,2) = ///uz(a:, Y, 2,t) exp{e(kzx + kyy — wt)} dz dydt (6)

we find that the PDE reduces to a set of coupled ordinary differential equations. When the material
is transversely isotropic with its axis of symmetry oriented normal to the plate surface, we may,
without loss of generality, assume that k, vanishes, and construct the following ODE’s, where a
prime signifies a derivative with respect to the z—coordinate

—c111 K2 Ur + eisia Uy — k[eiiss + cism 103 = —pu?ly
’ (7
—ca131 k2 Us + cazzaUY — ik [cays + ess11]U; = —puwllUs

in which U, decouples. General symmetry constraints amongst the elastic moduli tell us further
that c1313 = €3131 = €3113 = ¢1331 and €1133 = €3311 -

If one seeks solutions of the form U; exp(1:z), one recovers an algebraic problem:

[Q]{U} = {0} or,
0
0 9

for which the characteristic equation det[Q] =0 is, at fixed w and k, a quadratic for a?. We
label the two distinct solutions of this quadratic by the subscript @ which takes on the values of 1
or 2. Each value of a is associated with two related solutions, +a,, each of which is associated
with an eigenvector, labeled as {U{ }. Rather than labeling the related solutions by the sign of
Qq, it is convenient instead to characterize the solutions as symmetric (even) and antisymmetric
(odd). One therefore takes linear combinations of the solutions associated with 4+, and forms
the solutions A

(8)

pw? — c1111k? — c131302 ka(ci13s + €1331) Uy
ka(ci133 + c1331) pw? — c3131k? — €333302 Us

{U(=2)} = 1/2[{U3} exp(1ca2) + {U2} exp(—10,7)]

_ ~1kag(c1133 + €1331) sin @, 2
(pw? — 111152 — c131302) cos ag 2

and

1/22[{U}} exp(raa2) — {U%} exp(—iaaz)] A
= { ko (€1133 + €1331) COs 0 2 }

(pw2 - 61111k2 - 61313(,\!2) sin (s P94

{U*(2)}
(10)

The general solution of the ordinary differential equation (Eq. (7) is an arbitrary linear
combination of {UV(2)}, {U'(2)}, {U?°(2)}, and {U2%(2)}. That is

(U} = Y3 A% {yo°} | (11)



where the sums are over ¢ = 1,2 and o = e,0. Invocation of the boundary conditions allows one
to determine the coefficients A of the linear combination. The transformed boundary conditions
are, at the upper surface

‘ F
csz11(—1k) Ur + caszaUs |,—yy = ”
and (12)
c1313U7 — theiszUs |,y = 0
At the lower surface of the plate (2 = —h) both these expressions vanish.

In principle, the resulting system of equations for the A’sis 4 x 4, however the use of even
and odd solutions rather than upgoing and downgoing solutions uncouples this 4 x 4 system to
give two distinct 2 X 2 systems.

For the even modes one finds

> A% [eszi1 (—k% ) (er13s + e1aa1) sin agh
F

— Q4C€3333 (pwz — 61111k2 — 61313OZZ ) sin Och] = % (13)
and
ok Z A% [e13130] (e1133 + €1331 ) cosagh
— €1331 (pwz — 01111k2 - 01313012 ) COS Oéh] = 0 ) ‘ (14)
where the sums are over a = 1,2. For the odd modes one finds
D A% [eaann (k?0g) (c1133 + €13m) cos agh
F
-} ., C3333 (pw2 - 61111k2 - (31313012 ) COS ah] = %— (15)
and
k Z A% [e131302 (c1133 + C1331 ) sin agh
+ 1331 (pw? — cr1nk® — cizze? )sinah] = 0 . (16)

For a fixed value of w and k¥ one may determine the two thickness direction wave numbers o, by
solving the quadratic det[Q] = 0, determine the associated transformed displacement fields from
Egs. (9-11), and determine the coefficients A from the 2 x 2 systems of Eqs. (13-16). This
completes the determination of the transformed displacement field responses. At z = —h, the
transformed normal response is

Uslmp, = D A% (pw? — ern11k® — c131302) cos agh
— EAao (pw2 - 61111k2 - (,'1313(13) sin Oiah . (17)
At z = +h, the transformed response is

Usl,eqp, = Z A% (pw? — e1111k% — c131302) cos agh

+ ZAGO (pw? — ey111k? — c131302) sin b . (18)



The response at a receiver location (z,y), located at a distance 7 = /(22 + y2) from the point
of application of the force is then given by the inverse triple transform:

uz(z,y,2 = £h,t) = (2r)3 ///U3 (kzyky,w, z = 1h) exp{—u(kzz + kyy — wt)} dk, dk, dw .
(19)
Using the assumed transverse isotropy, one may recognize that Uz is a function only of the

magnitude of k£ and hence one can perform the integration over the direction of & analytically.
One is left with the following inverse double Fourier-Hankel transform

‘ptoo  poo
ws(ryz = tht) = (21)2 / / Us(k,w, z = +h) Jo(kr) exp(wt) kdkdw ,  (20)
—00 0

where Jo is the Bessel function of first kind, zeroth order. Except for the relatively greater
complexity of the expressions for U, this double inverse transform is identical to that obtained
for the response of an isotropic slab (Vasudevan and Mal, 1985; Weaver and Sachse, 1988; Weaver,
etal., 1989).

The above analysis has described the method for the generation of doubly transformed dis-
placement responses to normal surface loads. The method is, however, of greater generality and
may be used to calculate responses to more arbitrary loadings. The right side of Eqs. (13)—(16) are
essentially the transformed applied surface tractions, which could be generalized to loads other than
normal loads. Buried sources would be slightly more complicated, the ODE (Eq. (7)) acquiring
inhomogeneous forces, functions of z. Their solution would not, however, be difficult. Nayfeh and
Kim (1993) have discussed doubly transformed responses to line loads in anisotropic media. Van
der Hijden (1987) has formulated the procedures for the calculations of the transformed responses
to point loads in arbitrarily layered anisotropic media.

The response to some of these other loadings is implicit in the present calculation. For exam-
ple, the displacement response to a pair of horizontal double forces may be obtained as described
in the following paragraph.

The displacement response in the radial direction to a vertical impulse may be shown to be

up(ryz = thyt) = (2m)"2 / / Us(k,w, z = +h) Jy (kr) exp(uwt) kdk dw (21)

where U is obtained from Eqgs. (9)-(16) as was Us . Symmetry arguments may be used to show
that the response in the 6 direction vanishes. The in-plane (two-dimensional) divergence of the
in—plane displacement field may then be formally constructed from

Vaa-(ure,) = (21)2 / / Us(kyw, 2 = £h) (1/r) d[rJy (k)] /dr exp(wot) kdkdo  (22)

(27)2 / f Uy(kyw, z = £h) Jo(kr) exp(wt) k2 dk dw . (23)

While measurements of in plane divergence responses to normal surface loads are rarely, if ever,
made, the reciprocal measurement of a normal surface displacement response to an in—plane dilation
precisely corresponds to a common case in which laser generated thermoelastic sources generate
ultrasound which is detected by sensors of normal surface motion. Thus, by reciprocity, Eq. (23)
corresponds to an important PS/PR testing configuration.



The effect of a finite aperture receiver may be incorporated into Eqgs. (20) or (23) by the
insertion of a factor corresponding to the Hankel transform of the receiver sensitivity into the
integrand. This has been demonstrated for the isotropic case (Duprey, 1993; Weaver and Sachse,
1993).

The principal interest of the present communication is in a proposed method for the evaluation
of integrals such as those appearing in Egs. (20), (21) or (23). We therefore do not concern ourselves
further with the calculation of the integrand in the general case, but only with the integral. We
choose to address Eq. (20).

Evaluation of one of the two integrals appearing in Eqgs. (20), (21) or (23) may, as discussed
in the Introduction, be effected by contour integration and the Cauchy residue theorem. That
procedure requires the location of the poles, the roots of the dispersion relations for the guided
waves of the plate. Alternatively one might attempt an algebraically cumbersome semi-analytical
evaluation of the response by writing it as a ray sum. See, for example, the work of Knopoff (1958)
or Ceranoglu and Pao (1981) for discussions of this approach in an isotropic plate.

Here we follow the algebraically less cumbersome, but computationally more demanding
numerical evaluation of the double integral expressed by Eq. (20). We judge it expedient to carry
out the integration in w by means of an FFT algorithm. The numerical integration may be
done in a variety of ways. It is most important to recognize that the k-integration along the real
k axis passes arbitrarily close to a finite number of discrete poles at the real roots k(w) of the
guided mode dispersion relation for the plate. A reliable numerical algorithm for the navigation of
these poles is, in principle, possible. However, in the spirit of constructing an algebraically simple,
albeit computationally intensive method, it is arguably more appropriate to avoid the need for such
programming. Mal and co-workers (Xu and Mal, 1985; Kundu and Mal, 1985; Lih and Mal, 1992)
have treated the difficulty by including dissipation in their constitutive relations ¢ijki(w) . For real,
non-zero w this moves the poles off the real k axis. The consequent high attenuations at high
frequencies have also limited the high frequencies in their responses, thereby allowing truncation
of the inverse Fourier transform at moderately low frequencies. By also limiting the low—frequency
content of their excitations, the pole at w = 0 is eliminated.

In this paper we follow an alternative scheme in which the Fourier transform is generalized
by w — w, —1§ where ¢ is small and positive. While § may, if desired, be allowed to have a
dependence upon w, as one would if one were to make one’s excursions into the complex plane
only in the vicinity of the poles, the choice of a constant § preserves the applicability of the FFT
algorithm for the final w inversion. With a constant, positive §, it is a simple matter to show
that Eq. (20) is exactly equivalent to

400 o]
uz(r,z = th,t) = exp(6t) (271')"2/ / Us (k,wr —16, 2z = £h) Jo(kr) exp(wyt) k dk dw, (24)
—oco0 JO

The integrand is a non-singular function of the real variables w, and k. It may now be integrated
numerically without ambiguity.

IV. Double Numerical Inverse Transform

The computational burden associated with the performance of the double integral appearing in
‘Eq. (24) is not prohibitive. Issues of efficiency are therefore not critical. Inasmuch, however, as we
imagine ultimate extension of the technique to the triple integrals required for responses in slabs of



arbitrary elastic symmetry, we do expect issues of efficiency to be ultimately relevant. We therefore
consider them here.

The integration of Eq. (24) is performed first with respect to &k at fixed w,, and then with
respect to w, by an FFT algorithm. Upon choosing a temporal resolution At, and a range in time
T, one concludes that the frequency resolution Aw can be no more coarse than Aw = 27/7T. We
choose Aw = 27 /vT with v > 1 chosen to be an integer power of 2. The maximum unaliased
frequency is wpqe = m/At. Thus the number of independent frequencies for which the inverse
Hankel transform must be evaluated and summed for the inverse Fourier transform is vN/2. For
ease in implementing the FFT, we choose the number of points in the time record, N = T'/At, to
be a power of 2.

It is important when evaluating the integration with respect to k£ to anticipate the rate at -
which the integrand is likely to vary and the consequent requirements on the spacing Ak in the
k—integration. The integrand of Eq. (21) has variation with k& due to more than one cause. At
moderate distances, when r is less than a few times the thickness 2h, the oscillation resulting
from the factor Jy is fairly slow so that the variations in U are dominated by other causes. For
large 7, it is evident that the required spacings in & will be constrained due to the factor Jy by
an inequality such as Ak < 1/r.

The poles in U at the roots of the dispersion relation also contribute to rapid variations
in the integrand. For a small imaginary frequency shift ¢, the poles in U are very sharp,
leading to the requirement that the spacing Ak in the k-integration be small. Thus there is
an advantage to choosing large §. On the other hand, a large § will lead to large numerical
noise at late times. Hence, there is some optimal choice for §. The pole for branch ‘b’ is located
at ky(w) = ky(w,) — kj(w, )26 which lies a distance 6|kj(w,)| = §/|vg] from the real k axis.
Here v, is the group velocity of the branch at frequency w,. Thus, one may anticipate that the
requirement on Ak for a correct evaluation of the integral in the vicinity of the pole is something
like Ak < é/v where v is the group velocity of a typical guided wave mode.

One also anticipates oscillatory variations in U(k) at fixed w, related to the presence of
factors such as exp{ia,(k,w)h} in the expressions for U . At most points in k this factor varies
with & on a scale of 1/h. The exponent is, however, especially sensitive to variations in k near
the cutoff values of k where da,/dk diverges with a square root singularity. After some algebra,
one concludes with a constraint of the form Ak < (h)~!(6/w,)/? which is important only in
the vicinity of those few points for which da,/dk diverges. In isotropic materials, these are the
points where «, vanishes. In an arbitrary material, these are points with group velocity in the
(z-y)-plane; one would therefore anticipate that they are important only in the case that source
and receiver are on the same side of the plate.

In Fig. 2 is a plot of J(kUs) versus k for different values of §. Note the existence of some
of the anticipated scales of variation with k. The sharp behavior near the poles is evident in the
limit of small &. At larger 6 there remains a smooth variation on the scale of 1 /h, comparable
to the spacing between the poles. As Fig. 3 illustrates, the rapid variations versus &, anticipated
to occur at the points where da,/dk diverges, are observed at k= 22 and =~ 45.

In order to estimate an optimal value for the imaginary frequency shift § we need to
determine the value of § for which a large Ak is tolerable because maximal Ak will correspond
to a minimal computation time. As described above, we expect Ak to be chiefly constrained
by 6/v. This reasoning would lead one to choose large values of §. Such large values will
lead, however, to severe constraints on integration accuracy, because errors will be multiplied by

10



0.10

-I L] T L] ’ Li ¥ T r' ¥ L] L] T ' L] T L] T ] T L] 1 T
- —6 = 0.50 : I

. [ —06 = 0.0625 : .

= 0.05F. ... e

x - .

N . .

_,L_: . .

O

2 0.00 Ay

o

o]

£

g

£ —0.05 . (\ ]
_0‘10llllillllillllillllillIl-

0 10 20 30 40 50

Non—dimensional Wavenumber, kh

Figure 2: The behavior of ${kUs} versus kh at w = 35.54,2 = —h for a

small and large values of the imaginary part of the frequency &. The units
are those described at the end of Sect. 4. "

Imaginary Part (kUj)

i
0 20 40 60 80
Non—dimensional Wavenumber, kh

Figure 3: The behavior of S{kUs} versus kh at w = 35.54,6 = 0.0025 and

for z = +h. Note the surface acoustic wave pole at k ~ 52 and the slow
convergence as k — oo.

11



exp{6T}. If we seek an absolute error in the computed displacements w which is less than €,
then the absolute error in the double integral appearing in Eq. (24) at time T must be less than
€(2m)? exp(—6T). This corresponds to an absolute error in each point w of the inverse Hankel
transform

v(w) = /Ooo Us (k,w, — 16,2 = +h) Jo(kr) kdk , (25)

which must be less than ¢ (27)2 exp(—6T") /wpmqs . If the integral appearing in Eq. (25) is evaluated
using Simpson’s rule (Press, etal., 1989), it has a discretization error which scales with the fourth
power of (Ak), A(Ak/[6/v])* where A is an unimportant scaling factor. Assuming that the
discretization error dominates the error in evaluations of Eq. (25), one concludes that Ak required
for the specified accuracy is determined from

4 { Ak }4 < e(2m)2exp(—6T)

[6/v]

(26)

Winaz

By solving Eq. (26) for Ak and differentiating with respect to &, the maximal value for. Ak is
then found at é = 4/T.

As this argument depends upon the assumption that § is small, the conclusion follows only
for sufficiently large T'. For moderate r and T, Ak is chiefly constrained by 1/h. Thus
the optimal value for § is merely whatever § makes the constraints equal, that is, 1/h ~ §/v.
Unfortunately this argument is not quantitatively precise and in practice we find the optimal value
of 6 operationally. We find optimal values of § of the order of 2/T. Complete theoretical
understanding of these issues awaits further work.

The integral appearing in Eq. (25) is evaluated by a succession of calls to a double precision
complex Simpson’s rule integrator adapted from the routine QSIMP in Numerical Recipes (Press,
etal., 1986) with an relative error bound of one part in 106. A more sophisticated Romberg
integration scheme was not found to increase efficiency.

Mal and co-workers (Xu and Mal, 1985; Lih and Mal, 1992) have developed an integration
method for integrals such as that appearing in Eq. (25) in which Ak varies with k& adaptively and
in which the need for the constraint Ak < 1/r is not present because the integrand without the
factor Jy is fit locally to a polynomial in k£ and the local integration of the oscillatory factor times
the polynomial can be done exactly. This procedure is well-suited for large distances r for which
the chief constraint on Ak would be 1/7, but it is less indicated in the present case in which r is
small. The adaptive variation method is not pursued here, but it is arguably more efficient than
the use of uniform spacings even at small 7. As Fig. (2) illustrates, the scale over which U varies
does vary with &, most notably in the vicinity of the points where Oa/0k diverges.

The integral appearing in Eq. (25) runs to infinite % . Evaluation of this improper integral is,
therefore, problematic. As seen from Fig. 2, however, the integrand for the case that the receiver is
on the side opposite from the source converges rapidly for & greater than some characteristic value
of the order of w, /¢4y , Where ¢,q, is the speed of the surface wave. A numerical evaluation of
this integral may then safely be truncated at a value of k& equal to k., somewhat larger than
Wy [Csqw - W

It is clear from Fig. 3, that on the top surface, when k is equal t0 w,/Csq4 , there is a
large peak, corresponding to the surface wave pole. For k larger than w,/csq, the integrand
asymptotes to a constant value. Therefore a truncation is not appropriate in this case. The
integration converges only by virtue of the gently diminishing oscillations in the Bessel function
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Jo. At 7 =0 the integral does not converge at all, corresponding to the 1/r singularity at a point
force on a half space. In order to compute this integral numerically we have chosen to evaluate the
integral from the point k.., to oo by means of an asymptotic expression.

Consider the integral I = [ A(k)Jo(kr)dk where A(k) = kUs(k) is close to its
asymptotic value for all k > k,,,, . We expand the Bessel function asymptotically to obtain '

(2/7r'r)1/2/A(k) (k)~Y2[cos(kr — m/4) + sin(kr — 7/4)/8kr — 9 cos(kr — 7 /4)/128%k*r?] dk (27)

By defining the quantities

w2 A
: (O_\/f’ b(¢) =

@a ()= a(¢) and 2 =kper>1 (28)

(= e

kma:t:

Eq. (24) can be rewritten to obtain

1/2 oo
kmax ( 2 ) /1 a(() cos((z—m/4)+b(¢) sin(Cz—m/4)/82—9 ¢(C) cos(Cx—m/4) /12827 d¢ (29)

21z

This integral can now be evaluated for asymptotically large values of z. We find
1/2 .
I ~ ke (E) [—a(1)sin(z — 7 /4)/z — /(1) cos(z — 7/4)/2* + a"(1) sin(z — 7 /4) /2>
+ (%) {b(1) cos(z — 7/4) /2 — (1) sin(z — 7/4)/2%}
+ (1—38_) c(1)sin(z — 7 /4)/2%] , (30)

where the primes indicate derivatives with respect to ¢ . This expression is added to the Simpson’s
rule evaluation of the integral from zero to kya,. Its accuracy is checked by investigating the
invariance of the final result under changes of k,,q; -

The response u(t) is given by an inverse Fourier transform on v. That is

+o0
u(t) = exéigft) v(w, — 18) exp{wt} dw
= 2% [gp(_gt) * v(w, — 16) exp{wt} dw} ) (31)
47 0 '

where ® indicates the real part of the expression. We evaluate the integral, however, by means of
a discrete sum on v, , where v, is defined by

vp, = v((n+1/2)Aw - 18) for n:0,1,2,...(zg—1> . (32)

The final determination of u is found in the form

2imnm

A
U(t)|t=mar = 2R exp{5t+zAwt/2}4—:;Zvn exp{ N }f(wr)

33
wr=(n+1/2)Aw ] ( )
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where f is a low—pass filter function that brings the summand smoothly to zero at w,,,, in order
to avoid Gibbs oscillations at the ray arrival times. The sum over n is from zero to vN/2 — 1.
By padding the array v with an additional vN/2 zeros, however, and extending the sum to
vN terms, the sum becomes identical in form to that of a discrete Fourier Transform. It may be
computed efficiently by an FFT algorithm.

The sum is a good approximation to the integral appearing Eq. (31) only if the points of the
integrand are sufficiently closely sampled in the sum. If we insist that there be at least v points
per cycle of the kernel exp{wwt} of the integrand, we conclude that Aw must be smaller than
2r /vt for all .t of interest, i.e. Aw = 2w/vT. This provides an alternative meaning for the
computation parameter v, as the number of points summed in the inverse Fourier Transform per
cycle of its kernel. Only the first N elements of the resulting ¥ N element array wu,, are reported,
corresponding to times from zero to T'.

The parameter v > 1 permits trading accuracy and computational burden. Large values
for v corresponding to a fine resolution in w imply a better approximation between the sum
appearing in Eq. (30) and the integral appearing in Eq. (28). The total computational effort very
nearly scales with v, however, and computations at large v can therefore be prohibitively slow.
In the results we present below, v has been taken to equal 4. Larger values lead only to slight
changes which are indistinguishable on the plots presented here. On the other hand, v = 1 leads
to obvious errors, of the order of a couple of percent.

The evaluation of U and the integration of U with respect to k was conducted with
16-byte complex arithmetic. The FFT was summed with 8-byte complex arithmetic. A unit step
force (i.e. F'=1) was used and units such that h = p = cg333 = 1 were used. Thus the resulting
displacements are in units of F/cszssh and are given as a function of time in normalized time
units of h/c;, where ¢y, is defined as the speed \/ca3z33/p of a longitudinal wave along the axis
of symmetry through the plate thickness. Computational times varied with the desired accuracy
and desired time resolution; typical calculations required a few minutes on a workstation.

V. Results and comparison with experiment

To investigate the accuracy of the present method we have calculated the response of an isotropic
slab and numerically compared it to the response obtained by generalized ray theory. We have
considered the case ¢z = A8;;0k+p(8ik61+616% ) with X = 2u corresponding to a Poisson’s ratio
of 1/3 and a ratio of longitudinal to shear wave speeds of 2. Fig. 4 shows the response at epicenter
(2= —h, r = 0) calculated by the present scheme using parameters T = 8(h/cr), 6 =2/T,
and v = 4. The results of a generalized ray calculation at epicenter (c.f. Knopoff (1958)) in
which the response is given by an explicit algebraic expression are superposed. As in our previous
work (Weaver and Sachse, 1988; Weaver, et al., 1989), the slight differences cannot be descerned
on the scale of the plot. The difference between the calculations is shown in the inset in which it
can be seen that, except near the ray arrival times at which the very high frequency limitations
of the present technique are most evident, typical errors are less than 10~5. As anticipated, they
increase at later times.

Results from the present calculation for a receiver on the same side (z = +h) as the source
and at a distance of 7 = 2h = H are shown in Fig. 5, superposed upon the results of a generalized
ray calculation calculated using the code developed by Hsu (1985). The maximum descrepancy is
less than 10™° except in the vicinity of the arrival times. Much of the error has a characteristic
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Figure 4: The displacement response at epicenter in an isotropic plate
as calculated by the present method is indistinguishable from the explicit
formula given by Knopoff (1958). The insert shows the difference between
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Figure 5: The response at a distance r = 2h from the source on the
same side as the detector in an isotropic slab is calculated by the present
method and by generalized rays. The difference is shown in the insert.
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Note in particular the significant Rayleigh wave arrival.
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Figure 6: Responses at sevefal positions on the side of the plate oppo-
site from the source. (a) Calculated responses. (b) Measured results.
(Note: 6.5 mm ~ 2H ;13 mm ~ 1H)

time scale and appears non stochastic, indicating that the descrepancies are not the result of round-
off error or finite precision in the integrations, but rather the result of some small systematic error
in the code. They are not removed by increasing the parameter v, nor by demanding that the
k-integrations be carried out to an accuracy of one part in 107, nor do they change upon adjusting
the nominally arbitrary parameter k., .

We also apply the present algorithm to the case of a zinc single crystal plate whose elastic
symmetry axis is aligned normal to the surface. We choose the following values for the ratios of the
elastic moduli: 01111/03333 = 2.6021, 61313/63333 = 0.6147, and 61133/63333 =0.8339. In Flg 6 we
show a set of responses at z = —h, calculated for a series of different source/receiver separations.
Results from measurements in zinc, reported elsewhere (Kim and Sachse, 1993), are also shown.
The agreement is good, the differences at late times being ascribable to side wall reflections in the
experiment and to low frequency rolloff in the ultrasonic receiver electronics. In particular one
should note the strong (ideally infinite) response at the arrival of the focused conical point rays.
The behaviour of these curves has been discussed at length elsewhere (Kim and Sachse, 1993).

The computed and measured responses on the same side as the source (at z = +h) at a
distance 7 = 2h are shown in Fig. 7. Note in particular, the strong surface wave arrival in the
computed waveform, at ¢ = r/csq = 2.91 in units of /¢y, or 12.54 pus and also the conical point
wave reflected off the bottom of the plate specimen, arriving at ¢ = 30.5 us. The first signal is at
t = 1.24 in units of h/cr, or 5.45 us, corresponding to the propagation of the very fast longitudinal
wave in the direction normal to the symmetry axis. The arrival of the surface wave in the measured
normal displacement waveform is in excellent agreement with that computed. The surface wave
amplitude is significantly smaller than that of the computed signal and there is noticeable spreading
of the trailing edge of this signal. The measured signal exhibits other differences from the ideal
computed case after ~ 20 us. The differences are likely the result of material damping, the arrivals
of reflected signals from the boundaries of the specimen, and the low—frequency roll-off in the
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Figure 7: Computed and measured responses in zinc at 7 = H = 2h on the same side of
the plate as the source. The measured waveform has been shifted horiZontally by a constant
(corresponding to the pre-trigger time) to bring the first arrival signals into coincidence and
scaled vertically by a constant (corresponding to the source strength and charge amplifier gain)
to bring the amplitude after the surface wave arrival into agreement.

receiver electronics.

In previous work we have shown that by stacking a large number of signals measured or
calculated at adjacent source/receiver configurations, one obtains a scan image which represents
the detailed spatial and temporal characteristics of the elastic wave field in a material that can be
directly related to the material’s anisotropy and macrostructure (Every and Sachse, 1991). Fig. 8
shows a synthetic scan image consisting of a stack of 101 waveforms similar to those of Fig. 6,
corresponding to a range of receiver positions between epicenter and 20 mm off-epicenter in a
25.8 mm thick single crystal plate of zinc whose c-axis was aligned with the normal to the plate.
This image clearly shows the wave arrivals of the various bulk wave modes and, in particular, their
amplitude evolution. Of particular recent interest has been the extraordinarily high amplitude of
the epicentral conical ray, which is the result of the focusing of the quasi-transverse wave modes
toward the symmetry direction. This is related to the phenomenon of ezternal conical refraction
(Kim, etal., 1993D). ’

V1. Discussion and Cenclusions

We have shown the applicability of a conceptually simple, albeit computationally demanding, pro-
cedure for the calculation for wave responses in a transversely isotropic thick plate by means of
double numerical inverse transforms. This method is particularly well suited for calculations of re-
sponses in the near field of layered structures, and is easily generalized for calculation of responses
in viscoelastic media, and to include the effects of finite aperture sources and receivers. The singu-
larities of the integrand are eliminated by the introduction of a small, but non—zero, imaginary part
to the frequency. Except for issues of numerical accuracy, the procedure is, in principle, exact. By
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Zinc (0001): Synthetic Scan Image

Figure 8: Synthetic scan image of a single crystal plate specimen
of zinc. The receiver position ranges from epicenter to 20 mm
off-epicenter on the opposite side of the plate as the source.

including another numerical transform, the method can be generalized to calculate the responses
in materials of more general symmetry. -

Generalization to materials of more arbitrary anisotropy is of particular importance for fu-
ture work. The consequent additional numerical inverse transform can be expected to significantly
increase the computational burden. If the accuracies and time resolution achieved here were to
be retained in the non-axisymmetric case, one estimates the computational burden in the gener-
alization to be greater by a factor of about 10%. For such applications, it may therefore prove
worthwhile to seek additional methods for the k—-integration which are more efficient than the
simple Simpson’s rule used here.

As an illustration, we have used this approach to calculate synthetic plate responses which
could be compared to those measured in a single crystal specimen of zinc. Expected application
of these calculations include point-source/point-receiver ultrasonics, quantitative acoustic emission
measurements and seismology.
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