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ABSTRACT

The problem of a plane wave obliquely incident from a homogeneous idesl
fluid upon a random fluid layer is considered. Expressions for the diffusely back-
scattered intensity is derived. The thin layer is taken to have properties which vary
only in the two in-plane directions. A first Born approximation is used and the av-
erage intensity of the incoherent part of the backscattered wave is found to be pro-
portional to the two-dimensional spatial Fourier transform of the auto- and cross-
covariance functions of the layer. Within the confines of the validity of the first
Born approximation, therefore, the inverse scattering problem may be straightfor-
ward, provided the necessary experimental data of the incoherent wave can be ob-
tained. Also given in this study is a sufficient condition to estimate the range in

which the second order term in the Born series can be neglected.



Introduction

Wave propagation in randomly inhomogeneous media has been investigated extensively and
continuously for over three decades. The involved problems include electromagnetic, acoustic and

elastic waves in such random media as fog, clouds, rain, biological tissues, slurries, composites
and polycrystalline materials. Notable references include work by Bergmann,' Waterman and

Truell,” Twersky.’ Ishimaru,* Frisch,’ Varadan, et al,® Sobczyk.” etc., in which the major inter-
est has been the prediction of the effective propagation constants for the coherent, or ensemble av-
erage, waves. This literature has concluded that the effective propagation constants are, in the
dilute limit, dependeﬁt upon the underlying microstructure predominantly through the forward
scat-teriﬂng amplitude of the individual scatterers. In the non-dilute case, the effective propagation
constants have been found to depend upon the microstructure in a very complicated way. In nei-

ther case are general microstructural features simply manifested; the inverse problem is not easy.

A notable exception to the general complexity of the inverse scattering problems is provided
by the case in which the first Born approximation is valid. If the scattering is weak enough that

most rays scatter no more than once (single scattering approximation), the scattered field may be

found ’ to be proportional to the spatial Fourier transforms of the scatterer’s properties.

The scalar wave equation for a thick random one-dimensional slab, with its refraction index

changing only in the thickness direction, has been studied extensively by many authors.®™' In
these investigations, the plane incident wave is usually assumed to be normally incident onto the
slab, and a stationary Markov process is also commonly used to describe the weak random varia-
tion of the refraction index of the slab, whose mean value is the same as that of the background

fluid. Analytical and/or numerical results are given for the mean (coherent) reflection and trans-

9,11,13,15,16

mission coefficients, and for the mean power (or equivalently, intensity) reflection and

. . . ,10-13, 15,16
transmission coefficients.® 15,1



Problems of scattering from a two-dimensional or three-dimensional random medium are
quite different from those of 1-D. Solutions for scattering from a 3-D random medium occupying

a small finite volume (with properties having mean values equal to those of the background homo-
geneous medium) or a whole space can be found in the literature (see, for example, Frisch,’ and

Sobczyk7). But no solutions are available in the literature, to the best knowledge of the authors,
for the case of a semi-infinite random medium, a half-space or an infinite layer with transverse

heterogeneity.

In this paper we seek the field scattered from a thin ideal fluid layer whose material density
and modulus vary randomly in the in-plane directions. This problem is conceived as a simpler ver-
sion of problems entailing thin solid layers and solid half-spaces, which are usually of greater
practical interest in such field as materials characterization. We study this simpler problem first

before attempting the generally more complicated solid media cases. Coherent reflections and
transmissions through layers have been discussed before, by Achenbach and Li,"” for the case of

an array of cracks, and by Twersky,'® for screens of discrete scatterers. Here we focus on the in-
coherent part of the scattered field from a continuously varying layer of inhomogeneous refraction
index. We find in section I and II that, within the confines of the validity of the first Born approxi-
mation, the scattered field is indeed proportional to the Fourier transforms of the layer properties.
The proportionality is, furthermore, found to vary only slowly with such parameters as the inci-
dent and listening (detecting) diréctions, leading one to hypothesize the existence of a relatively
simple inverse scattering algorithm for laboratory data. We also give a sufficient condition, in sec-
tion III, for the estimation of the parameter range in which the first Born approximation may be
valid. The last section of this paper is concerned with the more general case in which both the re-

fraction index and the density of the layer are varying randomly in the in-plane directions.



I. Fluid Layer With Spatially Varying Refraction Index

Consider an ideal, homogeneous fluid of density p, and propagation constant k, = ©/¢,,
where ¢, is the sound speed in the fluid full space and  is the angular frequency of the acoustic
wave. A thin ideal fluid layer of thickness &, density p, (1+&v) and propagation parameter
kyJ1+en, where k;, = ©/c;, and e« 1, lies between z = 0 and z = A (see Fig.1). p, and &; are the
ensemble average values of the density and the square of the propagation parameter. v = v (x, y, z)

and p = p(x,y z) are Gaussian random variations with zero mean. We assume in this section that

v = 0, i.e. that the density in the layer is homogeneous.

Fig.1: Graphic illustration of the scattering problem from a thin fluid layer

The correlation distance in the random layer is assumed to be of the same order as the acous-
tic wavelengths. It will be seen in section III that the Born approximation may be valid for layers
whose thickness to wavelength ratios are small. We are therefore led, upon speculating that the
correlations are approximately isotropic, to neglect variations in layer properties in the direction

perpendicular to the plane of the layer: v = v(x,y) and u = pu(x,y) are independent of z.
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The time harmonic wave field (acoustic pressure P in the fluids) satisfies the reduced wave -

equations (we suppress the factor ¢’ in all the following)

{ V2P + k2P = 0,

V2P + kP = —ekiu (x, y) P,

z<0 or h<z,

O<z<h.

The continuity conditions at the interfaces, z = 0 and z = #, are

J (Pl,_o=1[Pl,., =0,
1

Lo [La
Upw?dz |,_, Lpw?oz

The solution to Egs. (1) and (2) may be expanded in a Neumann, or Born, series:

P = Py+eP +€%P,+0 (%),

P:I =0,
z=h

where the square bracket notation signifies a discontinuity: [f], P | My | M

where Py, P, and P, are solutions of the differential equations

0,

{ V2P, +kiP,

V2P, + kP, = 0,

{V2Pl +k2P, = 0,

V2P, + k2P, = —kIuP,,

[ V2P, + k2P, = 0,

V2P, +kiPy = —kIuP,,

z<0 or h<z,

O0<z<h,

z<0 or h<z

O<z<h,

z<0 or h<z,

O<z<h.

)

@

©)

@
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The continuity conditions of Eq. (2) are imposed at each order, and appropriate radiation

boundary conditions are also imposed at z — +e. A unit plane wave is incident from the homoge-

neous fluid half-space z<0 onto the layer. Without loss of generality, the incident wave may be

assumed to be propagating in the x-z plane with an angle of incidence 6 between its propagation

direction ki, = %kosin® + 2kocos8 and z-axis (Fig.1). Py, which includes the incident plane wave, is

given by



( e—i (kyxsin® +k zcos8) ~i (koxsin @ — kyzcos 0)

+Aye , z<0,
ik . ik xsi
Po(x,3,2) = 4 [Bye %04 0 ™1™ 0) g Hhirn0 0<z<h, (6)
—i (koxsin8 + kyzcos0)

Dye , h<z,

where k,sin® = £, sin¢ follows from Snell’s Law. The coefficients can be determined from the con-

tinuity conditions at z = 0 and z = & (Eq. (2) with P replaced by P,) and found to be

[ (1 _ CC%) (e—ikLhcosq; _ eikLhcos¢)
AO ik, hcos ¢
By | 1 “2(1+o)e™ -
Cy A, 2(1-0y) ¢ hateos? ’ M
D ik hcos
° ~de o
where we have defined o, = (pok,cos9) / (p kocos8) and A = (1- o) 2 M= (14 ) 2™ "¢
This concludes the analysis of the zeroth order solution 2,.
Upon defining the two-dimensional spatial Fourier transform pair as
= ¢ i(kx+k 1.2 - —i (kx :
FT() = Flko k) = [dxdy oy e ™5, fy) = (57) [ dkadk, f e, k) e B0 (@)

and taking the Fourier transform of Eq. (4), we obtain The ordinary differential equations in z for

the first order Born approximation term P, :

d2

;—2i’1+ngi’l=0, z<0 or z>h,
Z

2= . ©)
d—-2-P1+‘q%P1 = —k} FT(UP,), 0<z<h,

z

where N = kg~ k: -k and n? = k- k2— k2. We now define

(}L (kX’ ky;xl’ yl) = (1/2inL) ei (k,x1+ky)’:)—iﬂ1,|2—zll , (10)
which is the spatially Fourier transformed Green’s function for the equation

VEG, +k[G, = 8 (x~x)8(y—-y)8(z—2z,), 0< (z,2) <h. (11)

Note that the function G, so chosen is only a particular solution of Eq. (11) inside the layer.

It has not been made to satisfy continuity or boundary conditions at the two interfaces. It is not
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necessary to use a Green’s function which satisfies the continuity Eq. (2). It suffices to use a
Green’s function which satisfies the PDE, and to impose boundary and continuity conditions on

the total pressure field P,. A particular solution of Eq. (4) (for 0<z < /) may then be written as:

h

I, (69, 2) = k%jdz,[GL® (HP) 1, (12)
0

where “ ® ” represents a spatial convolution defined by

f(y) ®g(xy) = f dxdy, f(xpy) 8 (x—X,y-y) = 8(x,5) Of(x,y).

—c0

The full solution is then of the form

inyz

Ae 7, z<0,
i’l(kx,ky;z) = Blg*mLZ+ClemLz+Jm(kx,ky;z)ﬁ(kx—kosine,ky), O<z<h, (13)
—ifyz

D °, h<z,

where J, is defined by J,, (k,, ky;2) i (k,~kosin®, k,) = FT1J, (x,2)] (see Appendix A).

The terms with factors A}, B;, C; and D, form the homogeneous part of the total solution. The
constants are determined by invocation of the continuity conditions at z = 0 and z = # (the Fouri-

er transform of Eq. (2) with P replaced by P,). The coefficient A, determines the field scattered

back into the half-space z<0 from which the incident wave comes and is therefore of particular

interest here. Appendix A gives the details of the solution for A,. The result is
{A;,B;,Cp, D1} = {Ay, By, Cip Dy} B (k—kosinG, k), - (14)
where

Ay Uk ks, k30, 1) == [20/A1 { (1+ ) ™' T = (1- ) T, 3,
By (ko ki ks, 1) = [(1— ) /A1 { (1+0) ™' T~ (1- 0T}, (14a)
Cuy Uk ks ks, 1) = ~[(1—0) /A1 { (1-a) e ™I, (1+ @) T},

and



2

L
= ———{B e —1 +C e —-1 R
= Ty (B ) +Co ( )

2
{Boy, (e

1k  hcosd ik, hcos® (14b)
+Coy, (e H =g ,
I, ) +Cov, € )}

—in, h in,k
o= (ponL)/(ang), A= (l_a)ze - (1+a)26 e ’ 71,2=T|Li-kLCOS¢'

D, may be obtained similarly and the first order field beyond the layer constructed from it.

The first order backscattered field in real space is given by an inverse transform of P, as

P (x%,y,2) = (-_) jdkdkyAl( k) ek, (15)

where £ = kx+kJ5+ (-0 2. Clearly, A, determines the amplitude of the first order backscattered

(propagating towards negative z-direction) acoustic pressure field in direction k. The total first or-

der incoherently scattered acoustic pressure P, (x, y, z<0) is thus a superposition of plane waves P,

in all possible directions k.

II. Properties of the 1st Order Solution and Application to Inverse Problem

Consider a receiver with a narrow beam pattern placed in the far field at z <0, with its beam

oriented towards the scatterer in a “listening direction” #. We denote by T the receiver’s sensitivi-
ty which is a function of the angle between the direction & = k/k, of the plane wave component

Py (k) and the receiver beam axis 7, i.e., a function of # ¢ k. The received signal is then
= Jdk' dk, P(k,, k) T(he k). - (16)
The ensemble averaged “intensity” in the signal is then given by

oo oo B ~* . .
<|v@y|* =_[ dk, dk, J' di; diy <P (K, k' )P (K" ,k" )>T (e k)T (R e k") . (17)



Because <p> = 0, all terms of order & vanish. Also because the ensemble average of any
. . ~12 ~ 12 ~ 12
odd order moments of a centered Gaussian process is zero, we have <|pl*> = |P|* +e2(<|P\|*>

+Po<P,>+<Py>Pg) +0 (¢%) . We show later in the next section that the two terms containing <Py>

vanish unless # is in the specular reflection direction (the coherent direction). Thus the leading or-

~ o~k

der part of the incoherent intensity is due to the <P P> term.

Next, we define R, as the autocovariance function of the random variation i, and use the fact

that the spectral variations are delta correlated as'’

(<u(xpy1)u(x2, ¥2)> = Ry (X, =Xy, = ¥2)>

- - ~ 1
<u(ky k)W (K, &, )> = (2m) 2Ry (k,, ky)S(kx—k'x)ﬁ(ky—k'y), (18)

2

where “ * 7 represents the complex conjugate. This allows us to express the ensemble average

incoherent signal intensity as

-2 (Imn,) z

<V = (2ne)2j dk, k) A, (K, k) ) |2IT (o B Ry Gk, —kosin®, k) ) e (19)

—00

T(iek') is related to the directivity of the transducer (usually approximately analyzed as a

vibrating piston), and is sharply peaked in the direction /. Thus one may approximate

PR 2~ 28 (5 o B ’
0 s
lT(hel)| =128 (e k' - 1)

and then substitute this into Eq. (19) to obtain (see Appendix B for details)

<[V () [*> = (2m)® (ko Toe)? | Ay, (koo kon) | 2Ry (kon,—kysin®, kon) n, (20)
or simply
<[V@> o< [|Ay, (koo kon,)|?n,] [€2R,, (kon,—k,sin®, kon)) 1. 21

Equation (21) is the chief result of this section. It shows the relationship between the Fourier

transform of the autocovariance function R, (usually called the spatial spectral density of p,

which characterizes the second order statistics of the material property of the layer) and the re-



ceived signal intensity. The simple proportionality is not unanticipated. Similar relations have
been observed, and the first Born approximations responsible for this validated, by numerous au-
thors. Here we have derived, for the first time, this relationship for the case of a thin layer. Owing

to the simple algebraic relation, the inverse scattering problem for the characterization of the het-
erogeneity of the materiai properties is relatively simple, if the experimental data on <|V (%)|? >
can be measured in the laboratory. We also notice that, in order to use expression (20) or 21) to
determine the spectral density kp, one would want the coefficient of proportion, [A1y, to be a
smooth function of incident and listening directions, so that when those parameters change, the

changes in the signal intensity will chiefly reflect the changes in the spectral density ﬁp. It is with

this issue that the remainder of this section is concerned.

It is difficult to analyze |A; u directly from Egs. (14a,b). We therefore plot it in Figures 2-5
and enumerate the properties below. In the plots, we use 8;, = 0 as the incident angle to z-axis,

and 6,,, = 6, as the angle between the listening direction # and z-axis.

1) We first note that, T, T, and A, are functions of 2+ ] = k3sin®6,,, and do not depend on
k. or k, separately. This means that any variation in the incoherent acoustic intensity in directions

along the generators of a conic, whose axis is in z direction, will be directly related to the spatial

Fourier transform of the autocovariance function, Ry.

2) The quantity [A1,| Jcos®,,;, which is proportional to |V ()| (see Eq. (21)), is almost inde-
pendent of the incident angle 8;, (see Fig.2 and 3), except for some cases where k;/ky = ¢,/c,>1

and pyc;/pyco < 1.0 (see Fig.4).

3) |A1y] Jcos®,,, changes very little and very smoothly with listening directions # for the cas-

es where the average acoustic impedance ratio p,c./p,c, > 1, except near 0, = 90°, i.e., listening

10
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Fig.2: |A},|J/c0s8,,, as a function of the listening angle. k,h = 0.1, k;/k, = 0.5. Normal incidence
(8;, = 0°, circle) and oblique incidence (8;, = 20°, square; 8,, = 30°, triangle).
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Fig.3: |A;,|J/c0s8,,, as a function of the listening angle. k.2 = 0.1, k,/k, = 1.0, Normal incidence
(8;, = 0°, circle) and oblique incidence (9;, = 50°, square; 0,, = 89°, triangle).form of) the

autocovariance function Ry
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Fig4: |4, Jcos8_, as a function of the listening angle. k.2 = 0.1, k;/ky = 5.0, Normal incidence
(8;, = 0°, circle) and oblique incidence (8;, = 50°, square; ©,, = 89°, triangle).

in a direction parallel to the interface. Even for the cases where p,c;/p,co<1, |41,] Jcos®, , chang-

es fairly smoothly.

4) In figure 5, we can see that although the magnitude of 4,, as a function of the acoustic im-
pedance ratio p;c;/pyco, is very complicated, we can approximate it as [Ary = alper/pocy)
where a>0 depends on k.4, 9,,,8,,, k;/k, = ¢;/c; and b>0 depends on k.4, 8,, only. All the slopes

b are about b=0.05 for k. = 0.1, 8, = 20° and different 6, ,.

The above properties of A, guarantee that, by changing the incident and/or listening direc-
tions within a certain proper range, the changes in the received signal intensity will reflect mainly

the corresponding changes in the spectral density ﬁp of the layer medium.
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In the above calculations, we only considered the range of k> = k2+k.<k;. Outside this

range, M, is purely imaginary and P, evanesces for z<0 or z > k. There is thus no contribution in

the far field.

5.000

[A1y]

0.500

0.050

0.005 ' R — e
0.1 0.3 1.0 3.2 10.0

Fig.5: |A1 ul as a function of the acoustic impedance ratio with the sound speed ratio fixed (log-log plot).
kph =01, 6, =20°. And for co/c, =k /ky = 05 (circle); ¢o/cp = 1.0 (square);
¢o/ ¢y, = 5.0 (triangle).

II1. Higher Order Consideration

The utility of Eq. (21) depends upon the validity of the first Born (single scattering) approxi-
mation. Here we ask under what conditions the higher order terms in the Neumann series may be

neglected. To do this, we analyze the averaged acoustic intensity to higher order in &

13



<IPI*> = |P|>+ €2 (Py<P}> +<P,>P; +<|P||>>)

+8* (Py<Py> +<P,>Pg+ <P Py> +<P;P> + <|Py|2>) + 0 (&5), (22)

and compare the O (¢*) order terms with the O (¢?) order terms. Since, for a centered Gaussian
random process K, the odd order statistics such as <p>, <pup> etc. are zero, all the terms of odd
order ¢ vanish in the above equation. The averaged field <P> vanishes at all orders if the listening

direction 7 is other than the directions for coherent transmission and specular reflection. Thus,
<IPI*> = €2<|P %> + &4 (<P\Py> + <PyP}> + <|P,|%>) + 0 (29, (23)
if we restrict our attention to the incoherent directions. Furthermore, if our attention is confined to

the limiting case where k.4« 1, then the P,P; terms are found to be negligible compared to |P,|?

(see Appendix E). Thus one needs to evaluate only P,.

The solution of Eq. (5) for the second order scattered acoustic pressure is similar to that for

P, and given by

Ase ", z<0,
Py(kykyz) = { Bye ™+ Cye™ 4 T, 0<z<h, 24)
Dze_in"z, v h<z,
where
h
Ty = k[dzFT(GL® (WP} (25)
0

As in section I, we find that (see Appendix C)

" Ay, (ky k3K, K ) _
B, 127 ~ . ~ Boy (ks kysky Ky )
_ 1 o i 0,k Kk -k p A By fgs By ,
c (21E) _J;dkx dky M (k) —k,ysin y Ik, — k&, k, ky ) Cy, (ky ky;k; R k;, ) (26)
D, Dy, (ky kysky s k)
with
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1 1 2a i h
Ay (hy ki, K)) =="Z (14 ) “r-1-0r,,

1-o i
Boy (ko kyiky ) = —— [ (1+0) €™ T, ~ (1-e))T

o (26a)
t ' l_a —i'l']Lh
Czu(kx,kkax,ky)=-—A-[(l—a)e I,- (1+a)T,],
and
kZ [e-i(nﬁn'L)h_1 [ —im-my )k 1 o o
Iy= 1 ; (ByY, +CoY,) + ; (BoYye '+ Covi e P}
oA, n,+n, oty T CoYy n,-1n, Y2 oY1
BB, 1= R o N
_—ﬁrl‘i'— - n + ; ,
Y172 2n, [ N+Mg —-Mg J (26b)
< 4 —-in', h —in, h iny h —in, k
~ky [e " —e ] [e " —e * —i h ~i7, h
F'-: N 1 (B +C')+‘——."—B'€l+C'eZ)
‘ 4“L"1L7172{ n,—"Mg oty + oY N, +Mg (BoYy oY) !
A LY Gt DR M Gt
— st s— ’
Y172 2, |

1 + 1
TIL—ﬂL nL+T\L

where the prime “ * 7 signifies evaluation of (k,, &,) at (k,, k,) . The &* term from Eq. (23) is then

il ~* 1 4 R L T ¢ 1} 1 H ;' * H ;l
<Pa (ki kiy) Pa iy k) > = (5) jdklx dk', jdkh dk'y, Ay, (ki k1 ) A3, (o, k)

—o0 —o0

27
X <L (k' —kosin®, £ ) L (k;, ~ k), kyy =Ky )W (K, —kosing, Koy Y (kgy =K, kyy =Ky, ) >.

As shown in Appendix D, the right hand side of Eq. (27) vanishes in any incoherent direc-

Y
tion unless &; =

Y

k>. For this case, with k&, = k, = , one obtains (see Appendix D)

~ ~ %
<e*Pe’Py>

~ —~
<ePeP;>

2% 'Ry (K, —kosin®, k) YRy (k,— k', ,k,— k.. )
(Zi) Jdk;dk'y ‘H( 1x ™0 . 1y P~( 1 y ly
T €”Ry (k~k,sin®, k)
(28)
Ao ko ks KD Agy (ko RysK s ) + Aoy (e ks by ) Agy (K Ky iy = K+ sing, k7))
Ay (ky k)AL, (ky k)

The term |4,,/4,,| is plotted in figure 6 as a function of acoustic impedance ratio PLCL/ Pyt

We can see that |4,,/4,,| is of order unity for different values of (K, k), when p e /p,c, is of
order 1. For order analysis, it is useful to assume that, for any (%, k}) in the interesting region,

Agp (ks ky3k' s k) = Ay, (K, k 3k, k) . One can then take A,y out of the integral over &' in Eq. (28).

15



If A), and 4,, are expanded in powers of the small parameter ./, we find an approximate

expression, valid for small layer thickness,

Ay|  (@=2)kh
Ayl T2k

ki h pP,coMn,/k
+O ((kh)?) = izt ["“L

-2+ 0 ((kh)?).
2(n,/ky) | pLeL My ko ]”f (kL) ®) (29)

Fig.7 shows that the ratio |4,,/A,| is approximately linear to the nondimensional layer
thickness k., for small 4, /, as predicted by the expression (29). Fig.8 shows that the expression
(29) matches the exact form for the ratio if the acoustic impedance ratios are of order 1. Figures

(6-8) therefore indicate that the approximation (29) may be used for order analysis if the imped-

ance mismatch is not large. If this approximation is substituted into (28) and notice is taken that

Mo’k ~ O (1) andn,/k,~O (1) unless k*=k2, one obtains

)z poC 2| 4 T(R ikoxsinQR 0 ~
2 [ o | o 0
<gP sP1> PreL e T(Ruel ) Puce
2.0
B 0,, = 30°
=
=5

£

i " . R I /

\\\ )},"’ = X 7

OO 1 1 Illllll 1 1 el i 1 Illllll \? 1 LI )

0.01 0.10 1.00 10.00 100.00
PLCL/PyCo

Fig.6: |A;,/A | as afunction of the acoustic impedance ratio. For k/ko = 0.3: k'/ky = 0.1 (dot); 0.3
(circle); 0.6 (square) and 0.9 (diamond). For k/ky = 0.6: k'/k, = 0.1 (triangle); 0.3 (plus);
0.6 (star) and 0.9 (cross).
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1.0
- 8, = 30°
o8| k/ky = k' /ko=03
N
< o5 L (kL/koip/Pg) = (1.0;10.0) (1.0;0.1)
0.4
0.2
0.0
0.00 0.05 010  kh 0.15

Fig.7: |A,,/A, | as a function of the (nondimensional) layer thickness.

0.20

3.0
B R 0, =30°
< kph=0.1 ky/ky = 5.0
& k/ky=k'/ky= 03
< 20
1.0
. Ll SOER—06-05-6=¢ D
0-0 1 11 LLL
0.01 0.10 1.00 10.00

Fig.8: Comparispn of the exact and the approximate (lines with circles) expressions of !A2u/ Ayl
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Equation (30) provides an estimate of the relative importance of the higher order terms in the
Neumann series. As expected, the first Born approximation is good in the limit of a very thin lay-

er. Physically, one might have expected that high impedance mismatch would enhance the impor-

tance of the multiply scattered fields, due to strong internal reverberation. Our calculation — the

exact numerical results of |4,,/4, | as in figures 6 and 8, conforms to this expectation. It is also of

interest to notice that, although Eq. (30) is valid only for moderate values of the impedance mis-

match, it does qualitatively show more severe constraints on € and k.4 for very small values of the

layer to background impedance ratios.

I'V. General Inhomogeneous Fluid Layer

Now we consider a more general case of Fig.1 in which both the sound speed and the ambi-
ent density of the fluid layer are inhomogeneous. Let
(0/¢)? = ki (1+epw), p=p,(1+ev), (31)
where 4 = p(x,3),v = v(x,y) and e<<1. The linear acoustic equation is now "
V2P+klP = —ekluP +eVve VP, O<z<h. (32)

The 2-D spatial Fourier transform of Eq. (32) is

2~ ~
d—‘iip +N;P = — ekl FT(UP) — & (k2 - ) FT(VP). : (33)

The zero order solution P, is given, as before, in section I, Eq. (6), and, the first Born ap-

proximation term P, now satisfies

2. ~
d;jzpl.;.ngpl =0, z<0Q or h<z

2. . (34)
&d—2P1+ﬂzP1 = —KFT(WP) — (K2 —n2) FT(VP,), 0<z<h.

y4

The solution of this equation can be expressed as
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inyz

Alel , z<0,
P = Ble_ian+C1einLZ+VI’, O<z<h, (35)
—im 2

D 7, . h<z,

where W = J 1l (k—kosin®, k) + 7,V (k,~k,sin6, k,) is the Fourier transform of
h h

W = k2 [dz,G, ® (uPy) + (K2-1?) j dz,G,® (VPy), - (36)
0 0

and Ji, is given by Eq. (AS5) in Appendix A, and T is just Jiu when & is replaced by (k7 -n?)
and p replaced by v. The continuity conditions which couple P\ and Py are
1 g4z 1

d ~
dp| o =—dp| ___ dpy
lz=0 N 0)2pLdZ llz:O Jh m2pLdz |

@37

z=0"1"

so that P, has sources within the layer and at the interfaces.

In terms of V defined by V = (d/dz) (W-VP), and in terms of o, A defined in section I, one

can solve Egs. (36) and (37) to obtain
A =—(a/A) {A,ﬁ/lzzo—f\szlz:o/ (iny) -2 [le=h+ ot‘7lz=h/ (imp)1}, (38)

inh —in h . .
where A, , = (1-0)e '+ (1+0)e . From the expression (6) for P,, we may write

21% FI(VP,) = ik, cosd (Boe "+ = Coe™* ™) ¥ (k,kysin®, k),
so that
Ay = A (—kosin®, k) + A,V (k~k,sin®, k) , (39)

where A,, is given by Eq. (15), and

{ A= (1-N{/kD Ay, +T/A,
akLCOS¢ —ikyhcos
Ty = —— [(By=Co Ay + 20:(Bpe ™ -

ikyhcos (40)
koh ¢)] )

Coe

The ensemble average intensity will be written in terms of the auto- and cross-covariances
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<V (xl, yl)v(x29 )’2) > = Rv (xl _x2’ yl _yZ) >
“1)

<u(xl’ }’I)V(xz’ y2) > = Ru_v (xj «x23 yl _y2) .
The result of the received signal intensity is, for any incoherent direction 7,

<V () [*> o= {JA1|2Ru (k—koSin®, k) +|A,,| Ry (k,~kosin, k,) +2Re [A, A} Ry (k,~k,sin6, k)1 } n,.
(42)

Equation (42) may, like Eq. (21), also be useful in solving inverse scattering problems.

V. Summary and Conclusions

A first Born (or single scattering) approximation has been used to obtain the incoherent in-
tensity in the pressure field backscattered from a randomly heterogeneous thin layer. The intensity
is found to be proportional to the two-dimensional spatial Fourier transform of the auto- and
cross-covariance functions Ry, R, and R, of the heterogeneities. These quantities, R, characterize
the statistics of the mechanical properties of the layer. The coefficient of proportion, |A |?n,, is

generally found to vary smoothly as a function of angle. These features make the results potential-
ly useful for inverse scattering problems in which material heterogeneities are to be characterized,

provided the scattered incoherent intensity field can be measured.

An order estimation of the parameters region, in which the higher order Born terms can be
ignored, is also given. The criterion states that, for larger mismatch of the average impedances for
the layer and background fluid, a thinner layer is needed to assure that the single scattering solu-

tion is a good approximation.

These results will inform the work, now in progress, on the problem of scattering from thin
solid layers immersed in fluids and deposited on half-spaces. We anticipate, in restricted parame-
ters regions, to obtain similar simple proportionality between the incoherently backscattered in-

tensity and the auto- and cross-covariance functions of material heterogeneities.
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Appendix A

We have, from the zero order solution (6) and the definition of the spatial convolution,

. 1,27 °° 1 —ingj 2=z +illy (5=) +k, (-]
GL® (WPy) = (52) j dx,dy, j bl e ) (Al
X (xl’ yl) [BOE—lkLZICOS(p + CoetkLz,ms¢] ev—tk,_x,smib.
By changing the order of integration, one obtains

. 1.2¢ ~ . = =i (kx+k,y)

GL® (WPg) = (5-) j dk,dk i (k~k,sing, k)1 (k,, k)7, z)) e ) (A2)
where 11 is given by

~ —in IZ—ZII - cos ik, z,cos

T (k, ky32, 2) = ﬁe 4 [Bye 0 4 ¢ oty (A3)

L

Combine Egs. (12), (13) and (A2), and use the definition of the Fourier transform pair (8),
one has

h
Tip Gk ki2) = £ j dz Tl (k,y k 3z, 7)) (A4)
0

After carrying out the integration over z,, one can obtain

2

.;lu(kx, ky;z) = ;k‘L_{[Bo'Yﬁ’CO'b] e—ian
27,7, ) ) . . . (AS)
+ [BO'YZe—l'Y]h_'_ CO’YI e—l’Yzh] eleLZ_ZnL (Boe—zk,_zcos<]>+ Coeszzcos!l)) 1
If we denote
:}lulzz() = Fl = (l/inL) (a}Ip/aZ)Iz=O’ }1plz=h = FZ = —(l/in[) (a}lp/aZ) Iz=h,

as given by Eq. (14b), then from the continuity conditions similar to Eq. (6) and use Snell’s law,

one can arrive at the result as given by Eq. (14a).
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Appendix B

We first note that Eq. (19) will be cut off for all /mn; >0, i.e., all the components with

13}2 + /3;2 >1 have no contribution to the far field. Thus Eq. (19) becomes

~ 2~ .
<V@IP> = @re)? [ ak dky A K k)T e k)] R K, —kosing, k). (B1)

Bk <1
for signals in the far field and since Imn; = 0 for B+ fc'yz < 1. Assume that
IT(he k)|’ =128 (o k —1), (B2)
and substitute into (B1), one has

<|v(@®)|*> = @2m) 12’ - j dk;, dky |A,, (K, , k) )|28 (R e k' — 1) Ry (K, —kysin®, ) . (B3)

l‘c;2+12;231
In spherical coordinates, k' = sin®'cos¢'z+ sin®'sing'$ + cosd'z, the integration in (B3) in now
over all the solid angles of the upper semi-sphere and
21 n/2
<|vm|* = (2n)3Tge2k§Jd¢' j d6'sin®'cos®'S (e k' — 1) F (0", ¢'), (B4)
0 0
with F = |A, ] 215;1. Now we rotate the coordinates in such a way that the new z" -axis is coincide
with . Then (6',¢") = (8",¢") and Aiek' = cos®" . Also notice that sin6'd¢'de’' = sin8" do" d8" is
the area element on the sphere, then
<[vm|*> = 2n) 2T§?ﬁk§jd¢" Ide" sin@" cos6'3 (cos®" — 1) F (8", ¢"). (BS)
Since F is a smooth function, the main contribution to the integral can then be evaluated at
F(8",90") 1, _, which is independent of (8",9¢") since &' — 7 as " — 0. Thus (B5) becomes

<|V(m)|*> = @m) T2 12F () j do" J' d8" sin®" cos8'S (cos®" — 1)

in0" cos9'
~ 21 *T2212F () Lim oo C9%

= (2m) *ToE k5| Ay, (kony kon,) |?Ry (kon —kosin®, kon,) n,,
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since cos®’ — cos®, = n, as " — 0. Eq. (B6) is the result given in Eqg. (20).

Appendix C

From (10) and the solution for P, in (13), one can carry out the calculation of (25) and write
- 127 - . - . -
T (kykyiz) = (52) jdk; dk, I (K, ~kosin®, k) ) i (k, — K, k= k) Ty, (kyp Ky K L K 53, (C1)
with

"2;1 (kx, ky; k;; ’ k;; ;Z) = (I)() (kx5 ky; k; ’ k; ;Z) + (I)l (kxa ky; kx' ’ k;, ;2) >
®. = ~k {Bo'Y'l +Co,
0 SUPIVERA ﬂi“'ﬂf

. vk —ivyh
N By, e +CoY, €

—in; z ' —in, z ' gz —i(n +ny )k
(20" = (n +ny)e - my—n) ) e e (Y

inz —i(n,-ny)k
Le L L ]

[2n,e™ — (,-ny) e - (4] )e

< n-ng (C2)
_%% [B, ( 2nLe—ikchos¢ 1, o 7261'11 L%e—iylh) +Cy( aneikchos¢ B Yze—ian —, o Lze—i72h) 11,
klz.Bl'p » Vo mingz ~in} z , ingz —i(n +n))h
D, =—m{(m+m)e -2n,e +My-Nny)(e ‘e )}
kC, inyz = (n, =M}k

{-ny)e ™ —2m,e ™ 4w m,+my ) (¢ )3,

20, (;-n) .
where the prime “ * ” means to evaluate at (k,, k,) = (k;,k;,).Similar as in section I, one can use

the boundary conditions at z = 0 and z = & for (25), and also use (C2), to obtain Egs. (26a,b).

Appendix D
If only the two-point correlation functions are non-zero,’> we have
T 1 2 v T ' v > (] : ' ¥ ' ]
7 ' . ' T ' 0 ~k ' : ' ~k ' '
= <R (K kosin®, ki ) b (ky,— ki s Kyy = K7y ) ><I (k,kosin®, £y, ) I8 (ky, = Ky, s kpy— Ky, ) >

T ' z ' >k ] - ' 7 ' ' ~k ' ]
H<R(KkoSinG, ki, )L (kykosing, Ky, ) ><HL (k= K, o kyy = ki )i (k= K,y — K ) >

T 1 . v ~k ' ' T ' 1 ~k v : '
+<U( k), —kosin, ky, ) U (ky, — k), , kyy—kyy ) ><u(ky,—ki,, kiy—kiy )1 ( ky,—kqysin®, kyy ) >.

(DI)

Using (18), ohe can obtain from (D1) and (27) that
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<Py (kyy k1)) P (kg by ) > = Intl 4102+ Ini3, (D2)

where

It 1= § (ky,—k,Sin8) & (k) & (ky,—k,Sin6) & (k) j dky, dki, J' dky, dky, Ay, ki, k1) Ay, (o, 3 )

—co

X Ry ( ky,—kosin®, ki, ) Ry ( ky,—kysin®, k) ,

N2 = 8 (ky,—ky,) 8 (ky, — kyy) j dky,, dky, Ay, ki, k1 ) A Gk, 1) 3

X Ry ( ki ,—kosin®, ki, ) Ry (ky,— ki, =k,

nt3 = § (ky, ~ky,) 8 (ky, ~ ky)) j dky, dkyy Ay (ki ki) Az (Kyp ey iy = K, + kosin®, k&), )

—oc0

X Ry ( K}~k sin, ky, ) Ry (ky,— ki, kyy— ki ) -
Here we have used the property that the auto-covariance function is real and symmetric and
then its Fourier transform is also real. We can see from (D3) that /ns1 = 0 for incoherent waves.
Substitute (D2) into (D3) and use
<Py Ky k) P (R iy ) > = (21028 (kyy = iy 8 (k= gy Ay (ko Ky ) AT, (Ko Ky Ry ( K~k sin, hy ).

one can obtain Eq. (28).

Appendix E

Similar as before, Ps is given by

A3ein°z, : z<0, ,
P3y(kykyiz) = Bye ™ 4 Cye™ 47y, 0<z<h, (E1)
Dy ™ h<z,
where
PR
Ji(x,y,2) = k%jdzlj dx,dy,Gp (%, y, 23X, ¥, 2) W (X ) Py(xpyp2) . (E2)
0 -

After using the expressions for G and P,, one has
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~inlz—z|
IR = (o ) k2jdz, j dk, dk jdk' d, Jdk" dk? e ‘("»”"yy)fW_
—e o e L
] T 4] " " " . ” (EB)
Xk, =Ky ey =k YR (K, = Ky, Ky =K Y L( K—kosing, K7)
X {Byy (K Ky 5 Ky Ve 20y (K, By 5 K, K Ye "y, (K, K5 KL K 5z) Y.

Then one can write

T3 (kyky32) = (—) J' dk, dk, j di’, i Ty, (K, K K, KD 52)

—co

(E4)
XR (k=K k=~ k) (K = K ky =k Y ( K'—kysin®, k),
and
Top (ks ks b Ky 52) = Wy (K by s kY K 52) 2 (K Ky RS, K 52) + W0 (K, K5 K2, KD 52), (ES)
with
ki
2, (mZ-n}2

] ' " " inyz " ) " in,z —i " E6
X Boy (K, k3 K2, Ky ) 12m,e " ™ — (e ) e W o () M wrmny (BO)
iane—i(nL+n'i )h] },

W, (K, k5 KL K 52) =

+ Cyp (K ks Ky, kY ) [2mpet F - (M,-n) e V- Mm,+n} e

K
Yk, K ) = '
e g 4n,n;, (n'2—n'L2)
wope ML TN Ly iz Vo iz () h
X{Blu(k,w ky)[‘W(an —(’ﬂL+"ﬂL)€ *(ﬂL“ﬂL)e e )
L
n;, -z Wy —im,z wy Mz =i(n+ny )k
———5 (2ne —(M+np)e “—(ny-mp)e te Tt
ﬂL n,
n, -ng 20,6 (=1 ) e ™ (4 ) @M (A T ey )
2-np . n.-ng n+My)e “e Je ] (E7)
n" —-in,z in,z —i '
+Chy (), k) (e 0L = n.ﬁ @™ - () e - -y ) T LT
an nY z —in,z —i
s (@M T () e ey ) e (T
ﬂL TIL
ny +M; iz -in,z inz ~i(m, -0, —i(m, -q"
gy ™ - () o () T T O T

nZ-n;?

and
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K
SNy YL,

¥y (K, k5 K Ky 52) =

ByY| + CyY, 27 - in gz i Y
| O = (e V= () Y
L L L L
n +n" —in,z . —-in,z . in,z —i ) h
.nL ,nan (ZnLe R (nL'H]L)e e (T]L—TIL)enL e () )
L L
n; i i, z inz —i(m,-n, —i(n +n"
nL 11"2 L™~ (g mmy) e - () e e (TR )h.J
L L .
1t ’Y‘;h t 2 h 1
Byy +Co¥ie 2n in' w oo i W oy Mz =i (-7
r— 'ﬂ'2—ﬂ"2 - [nz_;..z(anenL - (M, -m7 e e (n,+m} ye e )h)
L L L L
n'L —nl;‘ N2 ' —inz ' gz —i(m +n; )k
_W{ (ane - (TIL+11L)€ - (ﬂL"TIL)e € )
L L
Ny +1M; i, - in,z —i(n, -1 —i(n -7
L
2n Tl tk zcos —in, z in,z —iv,h
¥ - Vi N P TC Y
"nz'*_—ln-z@me o mprm)e - () e e T
L L .
: —in,z Vo imgz ==y By iy h
n n,z( ﬂL —(ﬂL"’ﬂ'L)e i "(ﬂL+'ﬂL)3an€ (=) )e K :l
L L
20 n ik zcos ~i in,z —i
_J_YL'CO[Y_';;(ane R e T
172 192
i) L Ly iz —i(n ) )k
,n n.z( 1]L —(1‘|L+1]L)e E —(ﬂL—nL)enLe R )
L

i

Y i
-— ! '2(2,%611
"\L—ﬂL

Yo mymmy)e - ey ) €M T 7'2”] h

Now if we expand (E6-8) as Tayler series of the small layer thickness ./, and substitute into

(ES), we can find that J5,~ 0 ((k;1)%) . So PPy -0 (k h)%) is a higher order term compared with

PyPy~0 (k)%
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" Notice that, although for any spatially stationary process, M (X, ¥) varies in the whole x-y plane in such a manner
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[ dxdy |u(x )] <

is not satisfied, its autocovariance function R, does have Fourier transform even in the classical sense - » Further-
more, we usually do not need to consider, in practical sense, the properties of the medium at any far away posi-
tion, we can simply assume that | (x,y) = O outside a large circle x*+y* = R? with R very large. Under this
assumption, we can take (spatial) Fourier transforms of 1 (x,y) without any problem. Still remember that what
we really need and use is the (spatial) Fourier transform of the autocovariance function or the (spatial) spectral
density function.
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