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Abstract

The steady state response induced by a harmonically driven, ultrasonic wave in a
structure comprised of two layers, the first a bubbly liquid, and the second a viscoelastic
solid with a rigid boundary, is studied in the linear approximation. This structure is intend-
ed to model a cavitating liquid in contact with tissue. The upper surface of the liquid is
driven harmonically and models the source. The lower surface of the solid is rigid and
models the bone. While cavitation is inherently nonlinear, the propagation process is ap-
proximated as linear. The transient response is not calculated. The model of the bubbly
liquid is a simple continuum one, su};plemented by allowing for a distribution of different
equilibrium bubble radii and for the damping of the oscillations of each bubble. The model
contains three functions, the probability distribution describing the distribution of bubble
radii, and two functions modeling the mechanical response of the individual bubble and
the tissue, respectively. Numerical examples are worked out by adapting data taken from
various published sources to deduce the parameters of these functions. These examples
permit an assessment of the overall attenuation of the structure, and of the magnitudes of
the pressure and particle velocity in the bubbly liquid and of the traction and the particle

displacement in the tissue.



1 Introduction

Our current understanding of ultrasonic cleaning is that collapsing bubbles with their
concurrent jet formation at a surface are largely responsible for cleaning at relatively low
frequencies. A single bubble has been shown (Plesset and Prosperetti 1977) to form a jet
during collapse near a rigid surface where the jet is directed towards the surface. In the
case of a compliant boundary, jet formation and its direction depend on the mechanical
properties of the boundary and the adjacent liquid (Gibson and Blake 1982, Shima et al
1989, Duncan and Zhang 1991, Lush et al. 1992). Furthermore, it has been shown that a
collection of gas bubbles may generate an order of magnitude larger pressure in a space
without boundaries than that of a single bubble (Chahine 1982), suggesting that such col-
lective behavior is important at surfaces as well. Because of the complicated nature of this
problem, the interaction of ultrasound with a compliant boundary in a bubbly liquid is not

well understood.

Wijngaarden (1968, 1972) developed a simple continuum model of the mechanical re-
sponse of a liquid filled with bubbles (a bubbly liquid) in which the bubbles, which behave
as oscillators, rather than the liquid itself, provide the compressibility. With this model he
calculated the dispersion caused by the bubbles. Using a more complete linear model, that
contains the effects of liquid compressibility and bubble-size distribution, Commander
and Prosperetti (1989) also studied linear propagation in a bubbly liquid finding satisfacto-
Iy agreement between their theory and experiments done by others. An approximate at-
tempt to study a driven acoustic wavefield in a bubbly liquid confined by a transducer and
a rigid plane was made by Hanson et al. ( 1982). We use a linearization of Wijngaarden’s
theory to model the liquid layer supplemented by a relation taken from Commander and
Prosperetti that permits the bubble radii to vary, and by a heuristic relation that takes ap-
proximate account of the bubble damping. We model the tissue using a linear viscoelastic

model suggested by Dinnar (1970), though we modify it slightly to make it regular for

large time.



Ultrasonic devices designed to clean the surface of the skin are being used (HY-
DROSOUND(R), Arjo, Inc., Morton Grove, IL) thought little is known about what hap-
pens at the interface, as we indicated previously. Our goal here is to study the propagation
of ultrasonic waves through a bubbly liquid into tissue. While we recognize that a linear
model does not give a complete description of the cleaning, we anticipate that it will help
us to understand the propagation processes, indicate, to an order of magnitude, the pres-
sure and particle velocity throughout the structure and form a first step towards more com-
plete modeling. Moreover, though this structure has a rich transient response we shall
confine our study to the steady state response, because it is the most relevant to the appli-

cation of interest.

2 Formulation

Governing Equations
INSERT Figure 1

In Fig. 1 we show the skin surface at x = 0, a driving transducer at x = h and the
bone at x = —d. The bubbly liquid is confined between the deformable tissue surface and
the transducér, while between the tissue surface and the bone lie the epidermis, dermis and
subcutaneous fat. The dﬁvin g frequency of the transducer s of the order of 30 kHz so

that the wavelength lgtinside the bubble is approximately 11.3 mm. If we assume that
the bubble radius R, is of the order of 0.5um to Sum, the wavelength kg is larger than
the bubble radius. Further, for air bubbles, the thermal penetration depth

l,= D g/ROwO) = 20um, where D 2 is the thermal diffusivity and @ is the driving fre-
quency, is a bit larger than the bubble radius. Accordingly, the inequalities Ry < ,, <A 2

are approximately satisfied, though the first may not always be true. Consequently (Wijn-
gaarden 1972) we shall assume that the isothermal condition inside the bubble is approxi-

mately satisfied.



Dimensionless Linear Governing Equations

We shall work with linear approximations to the equations of motion written in terms

of dimensionless variables. This is achieved by using the following,

R=Ry(1+eRy),  p=py(1-By) (1+ep,),
v = evyhy, p =py(1+epy), U= emglvoal,
, , 1
G = pyed,, t=1/w, X = Xh,

Jp(®) =1 (07 and Jy(t) =J5(0)Ip,
where € <1 is a small parameter characterizing the amplitude of the excitation, £, is the

particle velocity at the transducer’s surface, and ®,, is the driving frequency of the source.

The dimensionless space and time variables are %, and ;. The remaining symbols will be
defined as they appear. We shall usually drop the A when there is no possibility of confu-

sion, but retain the subscript 1.

The following are the dimensionless linear governing equations for the bubbly liquid

between 1 2x,20.

op 1 - voi ’Vavl

—+ =—=0, 3
9ty po(1-By) vow,hox, ?
and
4 o 3 | '
Py = _T—_ﬁajRO Ri (Rosty, x1) f(Rg, x1) dR,,. @
ro

Equation (2) is the linearized mass conservation, Eq. (3) is the momentum conservation,
and Eq.’(4), suggested by Commander and Prosperetti (1989), is obtained from a relation

between density and volume fraction. The terms P> v, and p, are the dimensionless per-

turbations in density, particle velocity and pressure. The terms P, and p are the corre-



sponding equilibrium density and pressure. The function f(R,, x;) is a distribution
function for the bubble radii whose unpe;rturbed radii are R,. The term R, is the dimen-
sionless perturbation to the bubble radius. The number of bubbles per unit volume with
equilibrium radius between R, and R+ dR, is given by dN = f (Ro,xlj dR and the
equilibrium volume fraction iS given by,
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By = 3 Rof (Ryix;) dRy. 6)

O by 8

In general, R, depends on the corresponding equilibrium radius R, as well as on x; and
t;. Note that, while some bubbles may be forming or collapsing, we are assuming that

there is, on average, a large collection of bubbles already existing in the liquid. In part, this

is why we shall not consider the transient motion.

For the tissue between 0 > x; >—d/h the governing equations are

0%, py 90, ’
32 p.hvym,0x,’ ©
ar;  PsMo®eoX
e jJTl(tl—T)éz dt|. )
-

The terms u; and o, are the dimensionless perturbations in particle displacement and nor-
mal traction. The term p_ is the average unperturbed tissue density. The function Jp; is
the creep compliance and J;- (0) is its initial value. Equation (6) is the momentum conser-

vation and Eq. (7) is the constitutive relation for the tissue. A dimensionless form of J, is

given in the discussion section.

It remains to complete the model for the bubbly liquid. By analogy with the model for

- the tissue we include damping in the linearized Rayleigh-Plesset équation as follows.
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R 7, (0) IR
_2]4-§.22R1 pg 5Py + < 5 zijl (1, —1)—dt (®
ot pRo® p,Ry0 o1

1 0t 0%Yo 0 0% 0

The function J; describes the damping of the bubble oscillations and J 5 (0) is its initial

value. It enters the linearized Rayleigh-Plesset equation in a way analogous to that in

which the creep compliance enters the equations describing the tissue. We shall approxi-
mate Jp, in the frequency domain in ways that emulate damping mechanisms determined
from experiments or more accurate models. Note that by taking J g1 to be a delta function

the usual viscous damping is recovered. When deriving Eq. (8) the static relation

Pgo = Po+2I'/ Ry has been used. The dimensionless natural frequency Q is given by

1 2T
Q2 — —:——_—5[3p30-—7€~}’ (9)
Po (Ro®y) 0

where I" denotes the surface tension cbefﬁcient and Pygo is the equilibrium pressure in the

bubble. For completeness, the original nonlinear governing equations for the bubbly lig-
uid, from which Egs. (2)-(5) and Eq. (8) a;fe- derived, are summarized in Appendix A. The
creep compliance for the nonlinear goverhing equations for the tissue is not known, so

that, in that case, we started from the linear equations.

Finally, the corresponding dimensionless boundary and continuity conditions are

v, = H(1) e, X =1, (10)
ou, |
and
u = 0, X = _2'. (12)



3 Solutions

Though we have formulated the problem in the time domain we shall be concerned
only with the steady state response. We could, of course, have begun by working in the

frequency domain, but, because the creep compliance J; is known in the time domain we

began there. To map to the frequency domain we use the following Fourier transform pair.

- 1 P —iot, 1 . iot,
f(w) =W_£ Fly)ye dn,  F(ty) =W_£ Fl@)e®do.  (13)

Note that for f(z;) to be 0 for ¢, <0, f(w) must be analytic throughout the Im (®) <0

plane. The transformed terms are given by the previously defined symbols but have an

overbar. The argument ® may also be indicated. Equations (2) to (4) and (8) become

ho

das = —i—25
dxlvl(w’xl) o v p,(®,x), 14)
1-B,) vym,h
d - . Po(1=Bg)vowyh _
£ p(wx,) = —-i® v, (W, x), (15)
dxlpl( Ny P 1 ( 1)
— 4r '=°>3 —
Py (@,3) = 15 [Rg Ry (Rg;,x1) f(Ro, x,) dRy, (16)
09
and
2 2 : 12 7
_ P Ro® im(2n) "Jg(0)J, (@) |_
5y (0,x) = 220 o - Q2+ 2 R R, xp) . (A7)
Po PoRo®y
Moreover, Egs. (6) and (7) become
_ PV, ,_
3%01((9’3"1) = -~ 20%, (0,x,)., (18)
and
(2m) pohly (0) ® _
4 (o,x,) = O 05, (w,x,) 0iTpy (), (19)

dx; Vo



The transformed creep compliance is described in the discussion section. Finally, the

transformed boundary and continuity conditions, Egs. (10) to (12), become

1
, 1) = ) 20
7 (0,0) = ioil; (@,0), 5, (0,0) = 5, (,0) 1)
and
171 (0,-d/h) = 0. (22)

Note that the contour for the inverse transform will pass below the pole at @ = 1.

Equations (14) to (17) may be combined to give

d P10 QP _ 23)
dxy|v,|  la, O Vv

where

a , 24
1 o (24)
oo 3
BN Y, Rof (Ry, x1) Ry 25)
2= (3= z N
Bo” Povo 2 3B,co — O OIRE — i (21) V2w R2T, (0) T /p
and
, Dy 2T (Rywg)”
2= L = Q°. (26)

PoBy  3BoPoR, 3B,
The term ¢, is the sound speed in a bubbly liquid having a uniform equilibrium bubble ra-

dius R, (Hsieh 1988). The solution to Eq. (23) is

F{‘ _ [—,/al/az{iAOsin?\—.xl+BocosXxl} @7

4! AOcosXx1 + iBOsinX)c1
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where A = Ja,a,0, and A, and By, are constants of integration. Similarly, Eqgs. (18) and’

(19) may be combined to give
o, 0 1]
S N bt o1l o, 28)

hvym,
A po

where

(29)

b, =-p

and

2r) ho poJr(0)
by = — VO"p" T Ty (). (30)

As with Eq. (23) the solution to Eq. (28) is
[61} _ |- /b1 7B, {iCysindx, + Dycosh; } an
h {Cycoshx, +iDgsinAx; }
where A = /b, and C; and D, are constants of integration.

Applying the boundary and continuity conditions, we find,

. ad . x aby sd =
a sm?&zsmlxl+ ’-a—l—g;cosl—ﬁcos?»xl )

5= | _, (32)
1 “ siniéco A— a2by ié nA (@=1) J2—7t_
h ab, "k

t\)

A - a A _
sinl% cosAx, — |—— slg sinAx,
(33)

vy =

sini%co A—
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2 d
b, cosl(xl+z) 1
C, = | : , (34)
YoNby g fap, .4 - (0-1)2x
SinA—cosA — |—=—cosA=sinA
h a,b, h
and
sind (x; + %) |
.= h 1
oy, = ' = (35)
.o d -— azbl A d . - ((D—l)l 27t
sinA—cosA— [=—cosA=sinA .
h a,b, h

4  Discussion

Bubble size distribution

Before calculating the steady state response arising from the pole at ® = 1, two sim-
ple cases of equilibrium bubble size distributions are noted. For a uniform distribution of

equilibrium bubble radii R, we have,

f(Ryx;) = N8(Ry—Ry), (36)

where N is the number of bubbles per unit volume. Correspondingly, we find that

0 = 3By powyh 1.
27 1B, povo [3Bych— 0’ wgRy — ie (27) Y275 (0) T /p,]

37

-3 _
where BO = 4nRy N/3. For a discrete distribution of equilibrium radii Ry j =1,2,...,

f(Ro,x1) = N8 (Ry—Ry)) | (38)
J

and

=3

a, = (39

= — ‘ 2 T ’
1=By povo 4 [3Byct; — 0’ wgRy; - i (2m) 27500 T31i/po )
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where c; is given by Eq. (26) with R, replaced by ﬁoj and 3, is a sum over j. There may

be a dependence of J; on R, hence we have placed a subscript j on J;(0) and Jp, i

More complicated distributions can also be handled with Eq. (25) once the appropriate

distribution function is specified.
Attenuation in the tissue

The dimensionless form of J;, is given by

A
B Jr (o) —Z);t‘ Jr (o) h
T () = {W“ {I‘JT(O) +JT(0>mOQ1]}H(’1)’ @0

where A = Q,/0Q, and J;:(0) = P,/Qy,and Jy () = (P,Q - 0,) /Q%. The Q; and
P; are obtained from measurements. The function H (z;) is the Heaviside function. Typi-

cal values of Q; and P, for tissue are (Dinnar 1970 and Nyborg 1975)

0,=10"| 0,=18x10*| P, = 68x107|P, =072x107

(Ns/m?) (Ns*/m?) (s) (s%)

In contrast to Dinnar we modify J; slightly to make it regular at large time. Note that its

small time behavior is not changed. The transformed creep compliance is given by (Light-

hill 1970)

],(m%-h(w) 1 +(1—h%*))1 !
n ~ J7(0) [[ﬁiw} Jr(0) ) prio+)/w,

1 1
S210,0,77(0) (0—ik/oy)?

(41)

Note that the inversion contour will pass below the pole at ® = 0. Moreover, we can

show that [iwJp; ()] 12 has two unequal branch points located on the imaginary axis

and a simple pole at iL/®,.
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Attenuation in the bubbly liquid

In Eq. (8) we heuristically added damping into the equation for the bubble oscillations.

While J (1) = J5(0) Jp1 (¢) is arbitrary, it must be real and Jp(r) = 0 for 1<0. This
implies that /5" (-o) = J; (o), where Jg is the complex conjugate, and J 5 (@) must
be analytic in the Im (@) <0 plane. In what follows we shall approximate J5 () for @

real and positive, with the understanding that the function would have to be continued in

such a way as to satisfy these general criteria if we wished to recover an appropriate

Jp(D).

An approximate expression for J p1 can be obtained by comparing with results givcn

in Commander and Prosperetti (1989). That comparison gives,

Jpi==2 +
B1 JB (0)

p Ro, 2
0t0%g i Pg0~21m¢
PoRo  2Py0R ,

@)

where W is the viscosity of the fluid. The two real terms represent attenuation due to vis-

cosity and heat transfer. Furthermore, we have

_ 3y
¢ = 1-2 R . 12 . 12 ’
=2(y-1)ix[ @/y) ““coth (i/x) "“-1]

43)

-2
where 7 is the ratio of the specific heat in the bubble, X =D,/ (wy,Rp),and D ¢ 1s the gas
thermal diffusivity. It has been indicated (Wijngaarden 1972), however, that the attenua-
tion of a bubble oscillation with an equilibrium radius Ry of the order of 0.5-5um is pri-

- marily thermal. Moreover, it is suggested (Wijngaarden 1972) that the following simple

expression can be used for this range of bubble radii,
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) 52 172 2
_ P R0, _4PoRowy @
Tpp= ——2 0P 5 = 44sx 107 0 P (44)
(2m) 21,4 (0) 215 (0)

A numerical comparison shows that the value of Jp; estimated by Eq. (42) is of the same
order of magnitude as that predicted by Eq. (44). Therefore, we shall use Eq. (44) for our

numerical examples. Note that Jpy; is given by Eq. (44) with Ry, replaced by Ry;.

Although we have used the isothermal assumption and neglected heat transfer and the

compressibility of the liquid at the outset, their contribution to overall attenuation can be

heuristically included by choosing the appropriate form of J;. Such an approach is con-

sistent with the available model for the tissue’s constitutive relation.

By analogy with a propagating plane wave, the following expression is found for the

attenuation coefficient per unit length D is found to be

3/2
2 x 4.45x 1074 0
3 (2m) 3

D= 8.69{ (ﬁomb)z} (dB/m)

where c is the sound speed in the liquid without bubbles. For @, = 600007 (r/s) , we
find
D = (0.02,0.68,0.74) (dB/cm) for Ry = (0.5,5,50) (uwm) respectively.

These results compare favorably with the experiments by O’Brien and Smith (1994) in

which it was found that
D ~0.43 (dB/cm).

One might infer from the comparison that the equilibrium radii probably fall within the

rangeof 0.5~5 (um).

INSERT Figure 2
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Steady state solutions

Because ¢, > 0, the inversion contour must be closed in the Im (w) >0 half plane. Re-

calling the expressions for 7», X, ay, a,, by and b,, we see that possible branch points and

poles come from a, — oo and b, = 0, or, using Eq. (39),

3Bycy; — @ oRg;— i (21) Y21, (0) Ty (@) /py = O (45)

and

ioJr (@) = 0. (46)
These points and any poles that arise froh'n the common factor in the denominator of Egs.
(32) to (35) are in the Im (®) > 0 half plane.,,correspond tor the transient solutions and will
be damped out leaving the steady state re‘sponse from the pole at @ = 1. The structure of
the complex ® plane is sketched in Fig. 2.’Note that though J p1 appears to have a branch
point at @ = 0, a more accurate es‘timate of Jg; would move the branch point into
Im () > 0 half plane. We have indicatcd the branch cuts associated with J,. Moreover,
note that if there were no layering, the branch cuts would still be present indicating that the

bubbly liquid and the solid are dispersive. The additional poles indicate the resonances

caused by the layering.

The steady state solutions are,

. _ a,b
sinlc—isinlx1+ 2 1cos?tdcos?»x1
a; h b2 h it
pl = %[ 114 17 (47)
V%2 o sd o faby g
sinAZcosh — |—=—cosAZ sink
~ h ab, "h o

sinAx,

A — a,b,
sinkgcos?uxlf- /—%coskd
e’ e, (48)

A a, b‘ A
sinA - cos\ — OSA
h alb2 o1

E"IQ. |

sinA
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b, cosA (x, + %) X
o, = Ji e, (49)
by sa = faby 4 -
sinA—- cosA — |———cosA--sinA
h ab, h _
o=1
and
sinA (x, + %) .
iu, = e, (50)

o _ ab A _

sin?»‘—icos?»— —z—lcoskgsink
h a,b, h _
o=1

where because #; 2 0 the step function proceeding each solution has been dropped.
Bubble resonance: a, —

From Eq. (39) the bubble resonance occurs for

2 2 <
W 0, _ 21 5 (0) J51; (@)
2 0 2'_ . Bj B1j — ;o
COj ‘_3[30 RO_[ 1@ 3BOPO O, ] 1, 2, eee (51)

where subscript j is kept to denote a possible discrete distribution of equilibrium bubble

sizes. Therefore, when Jg; j = 0 this limit is equivalent to

3 2T
oot (L0 21\ L _ 2=l j=1,2... (52)
0 P R |52 0% bj
0 p() 0j RO]

From Plesset and Prosperetti (1977), @y, is the natural frequency for the oscillation of a

single bubble with equilibrium radius ﬁoj. Consequently, for this case ® = 1 corresponds

to driving the bubbly liquid at one of the bubble resonant frequencies.

Note that the right hand sides of Egs. (47) to (50) at ® = 1 are indeterminate in this
case. These indeterminate solutions may be explained as a consequence of an increase in
the scattering cross section (Commander and Prosperetti 1989) in the neighborhood of the

bubble resonant frequency. Most of the input energy is being scattered by resonant bubbles
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at the surface of the transducer and little is left to penetrate the bubbly liquid and be deliv-

ered to the tissue surface.

As a normal operational procedure, the liquid used with HYDROSOUND®) (Arjo,
Inc. Morton Grove, IL) is usually treated so that large bubbles are eliminated allowing the
ultrasonic waves to penetrate the liquid. Furthermore, this partial degassing also helps to
suppress rectified diffusion preventing the growth of small bubbles to resonant size. In the
numerical vexamples to be worked out, one of the equilibrium bubble radii is taken to be
Sum. Such a size seems appropriate for a bubbly liquid in which the initial cavitation

events have died away and a steady state has been established.

 Numerical examples

Using the values for the P; and the Q; glven below Eq. (40), we obtain,

Jr(0) =Py/Q, = 4x 107 (m*/N)

e 3 (53)
Jr(ee) =5x10 7 (m"/N)
and :
A=0,/0,=556x10 (1/s). BN %)
From these we find that
2ridpy (1) =1-2.07 x 107%. | | (55)

The intensity of the acoustic wavefield is taken to be J = 1200 (W/ m2) (characteristic

of a skin cleaning operation) so that Vo =4 (m/s) and € = 0.01. Furthermore, we as-
sume that d = 1(mm), h = 10 (cm), p, = 1100 (kg/m) Po = 1000 (kg/m),

and [30 = 107*, The ambient pressure is assumed to be atmospheric, i.e. Py = 10° (Pa)

and the surface tension coefficient is taken to be T = 0.073 (Pa/ m) . We choose the -
driving frequency and the equilibrium bubble radius as variable parameters. However, we

shall assume that there is only a single bubble radius for each case.
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INSERT Figure 3

Figure 3 gives the magnitudes of (a) the acoustic pressure |p,| and (b) the particle ve-

locity |vy] in the bubbly liquid for a driving frequency f, = 30kHz and three different

equilibrium bubble radii Ry = 0.5, 5 and 50pum. The amplitude of the spatial oscillation
decreases with the increase of equilibrium bubble radii and the spatial periodicity is also
affected by the variation of Ry.The pressure and velocity amplitudes associated with

Ry = 50um are negligible. (
INSERT Figure 4

Figure 4 gives the magnitude of (a) the normal component of traction [(Sl] and (b) the
displacement in the tissue |u,| for the same driving frequency f; = 30kHz and equilibri-
um bubble radii Ry = 0.5 and 5um. In contrast to case of the bubbly liquid, the spatial

periodicity is not affected by the variation of R;. The amplitude of the spatial oscillation

decreases with the increase of equilibrium bubble radii. There is no appreciable spatial at-

tenuation in the tissue because of its low attenuation.
INSERT Figure 5

Figure 5 gives the magnitudes of (a) the acoustic pressure |p;| and (b) the particle ve-
locity |vy| in the bubbly liquid for an equilibrium bubble radii Ry = 5um and three dif-
ferent driving frequencies f; = 19,30 and 41kHz. Higher driving frequencies lead to

more significant spatial attenuation. While velocity at the tissue surface decreases with in-
creasing driving frequency, the pressure at the tissue surface remains more or less con-

stant.

INSERT Figure 6.
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A non-monotonic amplitude variation of both normal component of traction ’01! and
displacement |u)| in the tissue can be observed from Fig. 6. Here, fo = 30kHz is seen to
excite the largest response in the tissue and fo = 41kHz leads to the smallest. This hap-
pens because the finite thicknesses of the bubbly liquid and tissue layers introduce a set of
natural frequencies. In fact, the denominator in Egs. (47) to (50) can be shown to have a
zero near f = 30kHz = /27 if the attenuation in both the bubbly liquid and the tissue

layer are small. This zero corresponds to one of the poles denoting the natural frequencies

of the structure and is indicated in Fig. 2.

Finally, the resonant bubble frequencies are found to be fp = 9x 102, 5.24 x 10 and

54.8 kHz for Ry = 0.5, 5 and S0um, respectively. Clearly, all are above the driving fre-
quencies used in the numerical calculations. Also, corresponding to a driving frequency of

30kHz, the resonant bubble radius is fouhd to be 92.2um.

5 Concluding remarks

A linear model for propagation in a layered structure comprising a bubbly liquid adja-
cent to a viscoelastic solid, that models tissue, has been proposed and explored. It depends

upon three functions f (Rg, x1) , Jy(2;) and J 5 (2;) whose form can be estimated either

from theory or measurement. It is clear that propagation will not take place efficiently un-
less the spectrum of resonant frequencies for the bubbles is avoided. The numerical results
indicate the spatial distributions of pressure and velocity in the bubbly liquid, and traction
and displacement in the tissue. Specifically, spatial attenuation is observed in the bubbly
liquid and is more significant for higher driving frequencies. In contrast, little spatial at-
tenuation is observed in the tissue. The layering introduces resonances, one or more of

which can be excited.
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8  Appendix A: The nonlinear equations for the bubbly liquid

The fully nonlinear one-dimensional theory leads to the following governing equations

for the liquid and gas bubble mixture (Wijngaarden 1968 and 1972).

P 3 _
5} +§}(pV) =0, (A*l)
P +pv 1 2 o, (A2)
p=pyl1-B], | (A3)
R 3 RZ 2T _ |
PO[RZ)‘Z@“"i(g;) +g§] = Pg—PD; (A4)
and
Ry’
Pg = P () (A.5)

where Eq. (A.1) is the mass conservation for the bubbly liquid, Eq. (A.2) is the momentum
conservation, Eq. (A.3) is a relation that expresses the density variation of the bubbly lig-
uid in terms of varying bubble radii, and Eq. (A.4) is the Rayleigh-Plesset equation (Wijn-
gaarden 1972 and Hsieh 1988). Note that the motion of the bubble is assumed to be
spherically symmetric. The isothermal assumption Eq. (A.5) gives the pressure inside the

bubble p ¢ in terms of its equilibrium value p g, and the bubble radius R whose initial val-

ue is R,. The possibility of having different sized bubbles may be taken into account by

setting (Commander and Prosperetti 1989)

B = 57 [R® (Ryix, £ (R x) dR,, (A6)
0

where f (R, x) isa probability density function denoting the number of bubbles for a giv-

en equilibrium radius R located at x.
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In these equations, p, v and p are respectively the density, particle velocity and pres-
sure of the mixture of liquid and gas bubbles. The gas density is considered negligible
compared with that of the fluid Pos BO is the initial gas volume fraction, and I’ is the sur-
face tension. Following Wijngaarden (1972) and Hsieh (1988), the compressibility of the
liquid is neglected. The inertia of the bubbly liquid is that of the liquid and the compress-
ibility is provided by the gas bubbles. The concentration of gas is assumed small so that

interactions and translational motion of the bubbles can be neglected.

<
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Figure captions for “The propagation of ultrasonic waves through a bubbly
liquid into tissue: a linear analysis” by Qi, O’Brien and Harris

Figure 1. The geometry of the problem. The origin is at the tissue surface.

Figure 2. A sketch of the complex plane.

Figure 3. The magnitude of (a) the acoustic pressure |p,| and (b) the particle velocity V]

are plotted against x, for ]70 equals 0.5um, Sum and 50um, respectively. The frequency

f, = 30kH:.

Figure 4. The magnitude of (a) the normal component of traction |0,| and (b) the particle

displacement |uy| are plotted against x, for Ry equals 0.5um, 5um and 50um, respec-

tively. The frequency fo = 30kH:z.

Figure 5. The magnitude of (a) the acoustic pressure |p;| and (b) the particle velocity |v1|
are plotted against x, for fo equals 19kHz, 30kHz and 41kHz, respectively. The equilib-

rium bubble radii Ry = 5pum.

Figure 6. The magnitude of (a) the normal component of traction Ioll and (b) the particle
displacement |u,| are plotted against x, for fy equals 19kHz, 30kHz and 41kHz, Tespec-

tively. The equilibrium bubble radii Ry = Sum.
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