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Abstract

Finite amplitude thermal convection in a fluid layer between two horizontal walls with
different fixed mean temperatures is considered when spatially modulated temperatures with
amplitudes L, and L,, are prescribed at the lower and upper walls, respectively. The nonlinear
steady problem is solved by a perturbation technique, and the preferred mode of convection is
determined by a stability analysis. For resonant wavelength excitation case, regular or
non-regular multi-modal pattern convection can become preferred in some ranges of L, and L,,,
provided the wave vectors of such patterns are contained in certain subset of the wave vectors
representing a linear combination of modulated lower and upper boundary temperatures. For
non-resonant wavelength excitation case, three (two) dimensional solution in the form of
multi-modal (rolls) pattern convection can be preferred, even if the boundary modulations are
one (two) or two (one) dimensional, provided the wave lengths of the modulations are not too
small. Heat transported by convection can be enhanced by boundary modulations in some

ranges of L, and L.

1. Introduction

The classical problem of Rayleigh-Bénard convection in a horizontal and symmetric layer
with prescribed temperatures at the boundaries has been the subject of numerous investigations
in the past. The linear theory was given in details by Chandrasekhar (1961). The notable

subsequent nonlinear investigations of the problem were due to Malkus and Veronis (1958) and



Schliiter, Lortz and Busse (1965). Busse (1978) providesp numerous references and excellent
review on the subject. These and other investigations of such so-called perfect problem, which
refers to the classical Rayleigh-Bénard convection with perfect isothermal boundaries,
established, in particular, the following results: The linear problem is self-adjoint. The
conduction state is unique for R below R, = 1707.8 (for rigid boundaries). Here

R =PBgATd’/(kv) is the Rayleigh number, B is the coefficient of thermal expansion, g is the
acceleration due to gravity, AT is the mean temperature difference across the layer, 4 is the depth
of the layer, £ is the thermal diffusivity, v is the kinematic viscosity and R, is the critical value of
R below which there is no convection. The first bifurcation, which takes place at R =R, is thus
supercritical, and the two-dimensional rolls with the critical wave number o, = 3.12 are the
preferred mode of convection.

This paper studies the problem of weakly nonlinear thermal convection in a horizontal and
symmetric layer with spatially modulated temperatures prescribed at both boundaries. This
problem is an example of an imperfect bifurcation driven by imperfect heating and/or cooling
(Tavantzis et al. 1978). There have been investigations of problems which are all relevant to the
present investigation. Kelly and Pal (1976, 1978) and Pal and Kelly (1978) investigated
two-dimensional thermal convection with one-dimensional spatially periodic boundary
conditions. Tavantzis, Reiss and Matkowsky (1978) applied their theory of singula;'
perturbations in a mathematical and systematic manner to the case of a bounded layer with a
rather arbitrary one-dimensional variable temperature imposed on one boundary. Walton (1982,
1983) investigated the onset of thermal convection in a fluid layer of either slowly increasing
depth or when the temperature difference between the horizontal boundaries is a monotonic
function of a single horizontal variable. Krettenauer and Schumann (1989, 1992) carried out
direct numerical simulation of thermal convection for the case where the lower surface height
varied sinusoidally in one direction and for both laminar and turbulent flow regimes. More

recently, Riahi (1993, henceforth referred to as R93) investigated the problem of preferred



pattern of convection in a porous layer when a spatially modulated temperature with amplitude
L, was prescribed at the lower boundary. He found, in particular, that, for the resonant
wavelength excitation case, multi-modal pattern convection can be preferred in sorﬁe range of
L;, provided the wave vectors bf such pattern are contained in the set of wave vectors
representing the spatially modulated lower wall temperature. The same method of analysis is
applied in the present study to investigate nonlinear thermal convection in ordinary medium and
its stability in the case of arbitrary Prandtl number p and when spatially modulated temperatures
with amplitudes L, and L,, were prescribed at the loWer and upper boundaries, respectively. An
important result of the present study is that the results based on the modulation on one boundary )
dnly can be quite misleading for the present problem since the results may be due to some
unexpected linear combinations of the modulation modes on both boundaries. For example, in
the case of one-dimensional modulation on only one boundary and for non-resonant wavelength:
excitation case, the preferred flow pattern is due to particular rectangular cells where the angle

®, between two adjacent wave vectors of each cell is either
®, = 2cos’[0®Y0,)] or 180°-a, | (1.1)

and o® denotes the magnitude of the lower boundary modulation wave vectors.

(R93), while in the case of one-dimensional modulétions on both boundaries and for |
non-resonant wavelength excitation case, a multi-modal pattern convection (N = 4) can be
preferred for some particular ranges of L, and L, where 2N is the total number of wave vectors
representing the flow pattern. A multi-modal pattern is defined as the one due to superposition
of N rolls with distinct orientations. For even N a multi-modal pattern can also be defined as the
one due to superposition of N/2 sets of rectangular patterns with distinct wave vectors. The

result stated above for N = 4 is turned out to be due to superposition of two sets of particular



rectangular patterns. The angle between two adjacent wave vectors of one set of rectangular
patternis given by (1.1), while the angle ®, between two adjacent wave vectors of another set of

rectangular pattern is either

o, = 2cos [aQa)] or 180°-w, (1.2)
and o denotes the magnitude of the upper boundary modulation wave vectors.

Hence the results of the present investigation can be unexpected and are important for

cases where spatially modulated temperatures exist on both boundaries.
The present study assumes that convection is steady. This assumption is justified. For R

just beyond R,, steady solution prevails, since, to the leading order terms, the resulting linear
system is identical to the corresponding classical one where steady solution is preferred
(Chandrasekhar 1961). Yoo and Kim (1991)’s numerical investigation of two-dimensional
convection with boundary modulation also indicates that steady convection is preferred for R up
to values of order 10°. The possibility for existence of non-stationary pattern due to vertical
vorticity (Pismen 1987) is also ruled out here since the vertical vorticity for the present problem
is found to be insignificant.

The general problem under consideration can have practical values in that one might want
to modulate the temperature at the boundaries if the transport processes are enhanced or if the
flow structure could be controlled. These aspects of the problem are the main motivation for the
present study which is mostly concerned with the preferred convection pattern(s) and the heat

transported by convection.

2. Formulation

We consider an infinite horizontal layer of fluid of average depth d and heated from

below. The layer is bounded above and below by two rigid plane surfaces whose mean

@



temperatures are T and T, respectively. We choose to scale the temperature T+ on the basis of
AT =T,-T,. ltis convenient to introduce a cartesian system of coordinates, with the Qrigin on
the centerplane of the layer and with the z-coordinate in the vertical direction (opposite to the
direction of the gravity force). We shall examine the effects of lower and upper boundary
modulations at a fixed value of AT and represent the magnitudes of such variations relative to
AT by §, and 3, respectively. It is assumed that §, < 0(1) and §, < 0(1). We define a temperafure

relative to the conduction state by

T*(x,y,z,t)=(%—z)—A(—lz+T(x,y,z,t), (2.1)

where x and y are the horizontal variables and 7 is the time yan'able. It is convenient to use
non-dimensional variables in which lengths, velocitiés, time and temperature are scaled |
respectively by d,k/d,d’/k, and AT/R. Under the Boussinesq approximation, which ta;l{es into
account the significant buoyancy due to contribution of perturbation density to the gravity térm
in the momentum equation, the non-dimensional forms of the equations for momentum, heat and
conservation of mass can be simplified by using the representation (Riahi 1985) |

U =Q60=VxVx(z0), | (2.2)
for the divergent free velocity vector 4. Here z represents a unit vector in the vertical direction.

Taking the vertical component of the double curl of the momentum equation and using (2.2) in

the heat equation yields the following governing equations:

AZ(V“¢—9—§V2¢)=1)"Q- [Q¢-VQd)], (23a)
(V’—%)e-m,(p =Q6- Vo, (2.3b)

where @ is the dimensionless T, p = v/k is the Prandtl number, and A, is the horizontal Laplacian.

The boundary conditions for ¢ and 0 are



a0 1

= — = —_t—

¢ az 0 a z —2’ (2.4(1)

0=0Rh(x,y) at z= —%, (2.4b)
1

0=9,Rh,(x,y) at z= > (2.4¢)

where h,(x,y) and h,(x,y) are given spatially non-uniform function of x and y.

Alternative boundary conditions can be those of constant temperature corrugated rigid
boundaries, where the conditions at the lower and upper boundaries for both ¢ and 6 are
prescribed at z =—1/2+ 3,k and z = 1/2+8,h,, respectively. Following appendix A in R93, it
can be shown easily that the qualitative results of the present formulation, based on such lower
and upper boundary conditions, do not differ from the corresponding results based on the

boundary conditions given by (2.4).

3. Th f resonant wavelen xcitation

Consider, first, the case of resonant wavelength excitation, where the wavelengths ¥’ and

¥ of any n-th mode of the bottom and top boundary modulation, respectively, are equal to the
critical wavelength vy, = 2r/ct, for the onset of classical convection. This case corresponds to the
critical regime where R = R,,L; = 0(¢®) and L, = 0(¢®) (Kelly and Pal 1978, R93), where € is the
amplitude of convection. We have designated the amplitudes of the non-uniform lower and
upper boundary temperatures by L, =38, and L, =3 L,, respectively, where it is assumed that
£« 1,8,=8, =€, and L, and L, are order one quantities. Kelly and Pal (1976, 1978)
demonstrated that this case corresponds to the critical range where L, and L, are of order €’. See
Kelly and Pal (1976, 1978) for further details. We consider the following expansions for ¢,6 and

R in powers of €



(0,0,R) = (0,0,R,) + (0,0, R,) + (0,0, R, + .. (3.1)

Upon inserting (3.1) into (2.3)-(2.4) and disregarding the quadratic terms, we find the classical
linear problem whose system is given by Schluter et al. (1965) and by Riahi (1985). The general

solution of this system can be written as
(4,0 =[f(2), s DWW (x,y), (32)

where the function W has the representation

N N
Wx,y)= ¥ CW,= X C,exp(ik, ) (3.3)
n=-N n=-N

and satisifes the relation
AW =—W,<W?>=1, (3.4)
Here an angle bracket bracket indicates an éverage over the fluid layer, r is the horizontal
position vector, i = V-1 , 0 is the horizontal wave number of the flow structure, N is a positive
integer, and the horizontal wave vectors &, of the flow structure satisfy the properties
koz=0, |k1=0, k,==k,. (35)
The coefficients C, satisfy the conditions

N

> CccC. =1, C.=C_, (3.6)

n=-N
where the asterisk indicates the complex conjugate.
The complete solutions for the functions f(z) and g(z) introduced in (3.2) are given by -
Schliiter et al. (1965).

In the order €, (2.3)-(2.4) lead to a system which is of the classical type (Schliiter et al.

1965, Riahi 1985), and the solution of this system is given in these references. Because of

symmetric layer, R, = 0 (Riahi 1985).



Since the classical problem is self-adjoint, the solvability conditions for the equations of

higher order in € require us to define the following special solutions ¢,, and 6,, of the linear

system: : Vo L , ‘
(q)ln’ eln) = [f(Z), 8 (Z)]Wm ‘ i (37) .

In the order € system, the governing equations and the boundary conditions for ¢, are the
same as the corresponding ones for the classical problem (Schliiter et al., 1965, Riahi. 1985),

while the temperature boundary conditions become
. .
0,=R, at z= ~> (3.8a)

0,=R., at z =% ' (3.8b)

The fractions A, and h, given‘in (3.8) are actually assumed to have the following arbitrary

representation
N(b ‘ A &(b) -
hx,y)= X LCOWP= T LCYexpk® - r), (3.9a)
n=-N® n= -N‘”) '
N® N©® : PONES R .
LCWP= ¥  LCYexplik? r), (3.9b)

hu(x:y)= Z u~'n n =
(0] n=N®

n=-NC¢

where L, and L, are constants, N®) and N are positive integers which may tend to infinity, and
the horizontal wave vectors £’ and k¥ satisfy the properties
B b ®) _ B L6 L6
©.2=0, k1= =2m, £O=—4,

®__1®
,Is—n - —!En ’

(3.10a)

©.2=0, kY= (‘)—2n/¢ (3.10)

The coefficients C® and C¥ satisfy the conditions



®)
Nz C,(,b)C*f,b)= 1, C*(b) Cg”), (3.11a)
n=-N®
N(’) .
s ) C’Et)c*)(:)= 1, C*(‘) C’f;)’ (3.11b)
n=-N¢

We shall assume that o’ = o’ = ar, = 3.12. In general, o and o) are not all the same as

o, for different n. Major portions of these later cases will be considered later in section 4, while
the rest will be discussed in section 5. Multiplying (2.3a) in the order € by ¢*,,, (2.3b) in the
order € by R;'9*,,, adding and averaging over the whole layer and using (2.4a) in the order e
and (3.8) yields a system onN + 1 equations forR, and C, (n =-N,...,—1,1,...,N). Using the
procedure discussed in Riahi (1985) and in R93, this system can be simplified into the following
form:

N®

FRYM-RYy.C, ——F[L, z c"”<ww<"’>+

(l)
L, z CO<wWw9>),

m=-N®

n=(N,....-1,1,...,N) 61

where Fy =0} < fg >, F; =0g/0z |,_,,; and R and R denotes the present and the classical

expressions for R, (Riahi 1985) in the case where the associated flow pattern contains a total of
2N wave vectors (see (3.3)). In deriving (3.12), we use the result that F; equals —‘;—g le=12
(Schliiter et al. 1965). Both F, and F, as well as R are positive (Schliiter et al. 1965, Riahi

1985). Using the approximate relationship
H=<0(z - u) >~ o’ < fg >= F,(R -R)RY", (3.13)
For the heat transported by convection, we can determine from (3.12)-(3.13) the functional

relationship between H and the parameters P, L, and L, for various flow and boundary

modulation patterns.
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To distinguish the physically realizable solution(s) among all possible steady solutions, the
stability of ¢, 0 with respect to arbitrary three dimensional disturbances &, gare investigated. The
equations and the boundary conditions for the time dependent disturbances with addition of a
time dependence of the form exp(ot) are of the same classical forms given by Schliiter et al.
(1965) and Riahi (1985) and will not be repeated here. When (3.1) is used in this system it
becomes evident that the stability system can be solved by an expansion of the form

6,6,0) = (3,0,,00) +£(®,,6,,5,) + .. (3.14)
The solutions to the stability problem can be obtained in direct analogy to that discussed by Riahi
(1985) for the classical problem (§, =8, =0 case). The solvability conditions in the orders

€'(n =0,1,2) lead to the following results for the growth rate of the most critical disturbances:
0,=0,=0, (0,—0,.)<g’>=RY -RF, (3.15)
where G,¢ denotes the classical expression for G, given by Riahi (1985).

Using (3.12)-(3.13), (3.15) and the results given by Riahi (1985) for RY and G,., we

obtain the following non-trivial results: for sufficiently large and positive values of L, and
L,, R{ <0 and, thus, the corresponding solution is subcritical (R <R,). For sufficiently large
and positive values of L, and L,, there may be more than one stable solution. However, the
preferred solution corresponds to the one for which R is minimum. The effects of the surface
modulation on the flow structures and on the heat flux are independent of the location of the
surface. For some ranges of L, and L,, the heat flux is enhanced, while for some other ranges of
L, and L,, the heat flow is reduced.

The averaged product terms in the right hand side of (3.12) can be non-zero only if, at
least, one of the wave vectors £, is in the direction of ch,ff’ )or jg,ff) If none of the wave vectors k,

are along any of the boundary modulation wave vectors k%’ and kY, or if L, = —L, and k%’ = k¥,
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then the right hand side terms in (3.12) and (3.15) are zero, g™ = M 5, = ¢, and the preferred
flow pattern is the same as in the classical unmodulated problem (Riahi 1985), where
two-dimensional rolls are preferred and orientational degeneracy of the rolls solutions persists.

In order to derive some relatively general results based on some special examples and for
effective boundary modulations, we shall assume that at least some wave vectors &, are along the

boundary modulation wave vectors and restrict our analysis to the cases where

-1/2

c® = @O O = Ny (3.16a,b)
L,>0, L,>0. (3.16¢,qd)
The assumptions given by (3.16a,b), which reduce the complexity of the problem considerably,
satisfy (3.11) and correspond to the so-called regular or semi-regular modulation patterns (R93).
The conditions (3.16c,d) then imply that only the most significant effects of the boundary
modulations are considered here (R93). The assumptions (3.16) are also supported by our
present finding that only cases with L,c®’ < 0 or L,fc,f') < 0 correspond to values of R smaller than
the corresponding values for cases with L,c® > 0 or L,c? > 0, respectively.
Let us now consider the following few specific examples in order to illustrate the

interesting and often surprising inter-relations between the boundary modulation pattern and the

subsequence preferred flow pattern:

Example 1. N®=N®=1,
For L, # L, and % inclined with respect to k9, we find from (3.12) and (3.15) that

two-dimensional rolls are preferred and that

~ for L, > L

- L
@ _ R(l = 1 v
R =R (F/F,) {_ L for L o> L (3.17a)

0, — Gy < 0. (3.17b)
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The expression for 6,¢ is negative only for two-dimensional rolls convection (Riahi 1985). Any

other solutions (three-dimensional solutions) are not allowed by the nonlinear system in the case
Li#L,.

The results discussed above indicate that all the fwo-dimensional rolls solutions parallel to any
direction are stable. However, rolls parallel to jg:. or é: have smallerRif L,>L,orL,>L,,
respectively, as evidenced from (3.17), and are, therefore, preferred. For L, =L, =L and k%’
mélmed with respect to &%, two-dimensional rolls parallel to either kY or £ are stable,
correspond to the same R, and they satisfy (3.17). For three dimensional convection in the form
of rectangular cells whose wave vectors coincide with £’ and k&(m =-1,1), we find (3.17b) and

the following expression for R{®
RY -RP) (FyF,)=-\2L,. (3.18)

No other three dimensional solutions are possible. The expression (3.17a) for R{" is less than

(greater than) the expression (3.18) for RPif L is less than (greater than) ,, where

b= R2~RD) Fl(V2-1)- F,].
Hence the preferred flow pattem, which corresponds to the minimum R, is that due to
two-dimensional rolls along either £’ or k{* for L < I,, while rectangular pattern convection is
preferred for L > [,. The wave vectors for these rectangular cells coincide with those due to

boundary modulations. For £#’ along %, no such three-dimensional pattern is possible. Two

dimensional rolls along £&’ are then preferred and (3.12) becomes

RO-RYFJFY=-2L. (3.19)
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In this example we encountered a situation where two different sets of rolls correspond to
the same minimum R for particular ranges of the modulation amplitudes. The realizable flow
pattern is then the one due to one of these two sets which is under a favorable initial condition

such as an initial disturbance roll along such set of rolls.

Example 2. N¥=2 and N®=1. ForL;=\2L,and¥=k® say (m=-1,1),the

only possible stable solutions are due to rolls, and two-dimensional rolls along k& are preferred.
For L, #\2 L, and % inclined with respect to £, we find from (3.12) and (3.15) that
two-dimensional rolls can be stable and that

—L,/\/EZ_ for L,>\/§Lu,
- L for L,<\/5Lu

u

RP-RPD) (FYF,) = (3.20)

‘ I
As evidenced from (3.20), rolls along 1;,&:’ ) are preferred over rolls along [g,,? for L,/\E >L,

' &
while rolls along k,,  are preferred over rolls along ,{,c,(,f’ Yfor L, > L,/\E. Rectangular pattern

with wave vectors along 4 can also be stable whose expression for R{? is in the form
R =R (FyF)) =L, 62y
Of course, the flow pattern, which is actually preferred, has the smallest value of R,. Using

(3.20)-(3.21), we find that rolls along g,‘: ) are preferred for L, < V2 I, Gf L,/\/f > L), while rolls
along k% are preferred for (L,—L,)<(\N2-1l, " (GfL/N2<L,). On the other hand,
rectangular cells along ]g,ﬁ’ ) are preferred for either L, > V2. l,GfL, > \EL“) or

L~ L, > (\2=1)lyifL, < V2L,). For L, =2L, and for the case where ; are inclined with
respect to Lcc':). , rolls parallel to either k& or é:)\ are stable, and they satisfy (3.20). For
rectangular cells, whose wave vectors coincide either with £’ or with £ and k%, we find the

expression (3.21) for R{?. The expression (3.20) for R{" is less than (greater than) the expression
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(3.21) for g@if L, is less than (greater than) /,, where j =+[2 . For 6-sided polygonal
(superposition of three sets of inclined rolls) cells, whose wave vectors coincide with k% and k%,

we find

R -RY) (FJF) =—\3LN2. (3.22)
The expression (3.21) for R is less than (greater than) the expression (3.22) for R{” if L, is less

than (greater than) /,, where
L =RQ-RAF, N2/[F,(\3-2)].
Hence, two-dimensional rolls (3 sets) are preferred for L, < [, rectangular patterns (3 sets) are

preferred for /; < L, < I, and 6-sided polygonal pattern convection (1 set) is preferred for /, < L,.
®
For L, = 2L, and for the case where kX(m = 1or2) is along ky, , no such three-dimensional
©
patterns is possible. Two-dimensional rolls along ky. are then preferred and (3.19) follows.

In this example we also have multiple solutions corresponding to the same minimum R

which occur in some particular ranges of L, and L,. As was discussed in the previous example,

the preferred solution is then due to initial condition.

Example 3. N® =N® =2, Following the procedure discussed in the above two examples,

we find the following results. For L, # L, and for the case where k&’ are inclined with respect to
) then two-dimensional rolls along £ (or k%) or along £’ (or k%)) are preferred for

ly> L, > L,, while two-dimensional rolls along & (or £%)) or along k;” (or £9) are preferred for

ly> L, > L,. Rectangular pattern with wave vectors along k%’ are preferred for L, > L, and L, > [,

while such pattern with wave vectors along k< are preferred for L, <L, and L, > l,. For L, =L,

and for the case where £,,” are all inclined with respect to kY, we find that for L, in the ranges

O<L <l <L <bhlLh<L<lLand <L, two—difnensional rolls, rectangular pattern, 6-sided

polygonal pattern and multi-modal pattern (N = 4) are preferred, respectively. Here
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L= R - ROFN2/IF,2 - \3)].
We have assumed that RS0 > RE and REY? - 2REHD+RP >0 fori,j=1,2,.... These

assumptions appear to be valid, at least for i = 1,2 and j = 1, in the cases of regular patterns due
to rolls, squares and he‘xagons (Schliiter et al. 1965, Riahi 1985). However, we have not been
able to find a rigorous proof foi‘ arbitrary i and j. We also assumed that C, = 12N which
satisfies the condition (3.6) and reduces the complexity of the problem particularly for N > 2.
For the case where one of the wave vectors k9, say k), is along one of the wave vectors k&,
then two-dimensional rolls along ) are preferred and (3.18) follows. For the case where £ are
along jg,‘,?(m =-2,...,2), we find that for L, + L, in the ranges of 0< L, +L, </, and , < L, +L,,

two-dimensional rolls and rectangular pattern are preferred, respectively.
The three examples presented above indicate a general theory for arbitrary N® and N and

for the case where the wave vectors of the flow coincide with a subset of wave vectors of the
upper and lower boundary modulations. Such theory, to be discussed below in the following 3
parts, is consistent with the results for N4, N = 1,2. However, we have not been able to find a -
rigorous proof for arbitrary N® and N©. Consider the case where C, = 1/\2N. This case
satisfies the condition (3.6) and reduces the complexity of the problem considerably. I) For
(L/L,)* = N®/N® and for the case where none of k&’ are along any of k., then the lower (upper)
boundary modulation dominates over the upper (lower) boﬁndary modulation for

(L/L)* > NOINOUL,/L,)* < N®O/N®), at least for the same flow structures under these conditions.
There exist positive constants /; and u; (i = 1,...,N® - 1;j = 1,...,N¥ - 1) such that }; < };,, and
u;<u;,, foralliand j. Forl;_, <L, <I;, multi-modal (N = j) pattern convection is preferred
only if the wave vectors of such pattern are participating in the expression (3.9a) for 4,(x,y). For
L,>1,m=N®—1, multi-modal N = N®) pattern convection is preferred only if the wave

vectors of such pattern are participating in the expression for h,. The following expression for /;
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is obtained by equating the expressions for () and Ry +1 derived from (3.12)
L =FRE " - RZ N “IF,(Nj+ 1]l
Similarly, for u;_; <L, < u;, multi-modal (N = j) pattern convection is preferred only if the wave

vectors of such pattern are participating in the expression (3.9b) for k,(x,y). For

L, > t,,m =N®—1, multi-modal (N = N“) pattern convection is preferred only if the wave
vectors of such pattern are participating in the expression for /,. The expression for ; is the
same as that for /;, provided N® is replaced by N®. To determine the actual preferred flow

pattern, we need to examine the condition
R9(forL, = 0) < R¥)(forL, = 0). (3.23)

Using (3.12) and (3.23), we find that for L, and L, in the range

/s - o
L, N—(,)-Lr\/ ﬁ<(R§8-R§’c’)(Fo/F1), (3.24)

then the multi-modal (N = j) pattern convection whose wave vectors participating in the

expression for A, is preferred over the multi-modal (V = §) pattern convection whose wave
vectors participating in the expression for 4,. If the left hand side of (3.24) is bigger than the
right hand side of (3.24), then the opposite is true. In practice, one has to check (3.24) for each S
(S=1,...,N9~1)andeachj (j =1,...,N® - 1) given the ranges ;_, <L, <, and u,_, <L, < u,.
IT) For (L,/L,)* = N®/N® and for the case where none of k’ are along any of k), then a simple
re-arrangement can convert the two separate expressibn in the right hand side of (3.12) into one
single expression with the range of the subscript m from -V +N®) to W® +N¥). The result
is then equivalent to the case of modulation on oﬁe boundary only. There exists positive
constants ;(j = 1,...,N®+N® - 1) (defined in part I before) such that multi-modal (N = j)
pattern convection is preferred in the range /;_, < L, <I; only if the wave vectors of such pattern

are participating in the expression A+ h,. For L, > I,,m =N®+N® -1, multi-modal
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(N = N® 4+ N©) pattern convection is preferredkonly if the wave vectors of such pattern are the
same as those for A, + hu. III) For the case where M number of wave vectors lc,(,f’ ) coincide with M
nufnber of wavé vectors £ (0 < M < min(N®,N®)), then the total modes representing the
boundary modulations can be divided into the following 3 sets: Set 1 of M modes, with
coefficients L NN®+L,AN®, which are contained in both A, and &, set 2 of (N® — M) modes,
with coefficients L,/W, which are contained in /, only and set 3 of (N — M) modes, with
coefficients L,/\/IW, which are contained in A, only. Hence, this case is then a generalization of
part I described before. There exist positive constants J,u; and v,(i =1,..,.N® =M - 1;
j=1,..,N9-M-1Ln=1,...M -1)such that; < [, ,,4; <u;,, and v, < Vasi foralli,j and n.
For [;_, <L, < l;, multi-modal (N = j) pattern convection is preferréd only if all k, are contained
in the set 2. For L, > l,,, m =N® —M -1, multi-modal (N = N®’— M) pattern convection is
preferred only if all £, coincide with those in set 2. The expression for J; is already given in part
I of the general theory. Similarly, for u;_; <L, <u;, multi-modal (N = j) pattern convection is
preferred only if all £, are contained in the set 3. For L, > u,,,m =N® —M — 1, multi-modal

(N =N"“—M) pattern convection is preferred only if all , coincide with those in ‘set 3. The
expression for u; is already described in part I Likewise, for v;_, < LANN®+L ANO < v,
multi-modal (N = j) pattern convection is preferred only if all k, are contained in the set 1. For
LAN®+LANNO > v,.m =M -1, multi-modal (N = M) pattern convection is preferred only if
all k, coincide with those in set 1. Similar to the procedure used to determine /;, v; can be found.
It is of the same form to that of J;, provided lj/\/W is replaced by v;. To determine the actual
preferred flow pattern, we need to apply a procedure similar to that described in part L. Bﬁeﬂy,
one needs to compare RY’ for the three sets of modes which lead to certain range(s) for L, and L,
under which RY?, for particular set of the modes, is smallest. The flow pattern corresponding to

such R is then the preferred one in such ranges for L, and L, as was discussed in part L.
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In cases where more than one flow pattern corresponds to the same minimum R, the

realizable pattern is the one of these patterns which is due to some initial conditions. Diagram 1
provides types of the flow patterns that are preferred under certain ranges of the modulation

amplitudes and under certain orientations of the modulation wave vectors.

4, Th f non- nant wavelen XCi

This case corresponds to the critical regime where R = R, and it turns out, as was shown in

R93, that non-trivial results are due to cases where 0(€%) < §, < 0(g) and/or 0(€?) < §, < 0(€).

We shall assume that L, = 0(L,) since we are interested in cases where modulations on

both boundaries can be significant. Hence, we set §, = §, =8. Following Pal and Kelly (1978),

we consider the following double expansions for ¢,0 and R in powers of € and &:
@O.R)= = 3 "8 (m O Rra)
B0 =00 =0, (4.1)
Upon inserting (4.1) into (2.3)-(2.4) and disregarding the quadratic terms, we find the linear
problem whose order €'8° system is the classical linear system with solution of the form (3.2),
provided that ¢, and 6, are replaced, respectively, by ¢,, and 8,,. The order £°8' system of the

linear problem is of the form given by (A.1) in appendix.

The general solutions of the system (A.1) can be written as

N®
@0 80)= X - LiF,@), Gu(@IC W, +
N®
2, LF.G, G @ICIW?, 4.2)

where F,,, Gy, F., and G, are the solution of the system (A.2) given in the appendix. The

solution to (A.2) is given by (A.3) in the appendix.
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Similar to the result found by Pal and Kelly (1978) and in R93, the results (A.2)-(A.3) in
the appendix indicate that the double series expansions procedure of this section breaks down for
cither o® = o, or a¥) = a,, since F,, and Gy, or F,, and G,,, become unbounded. Hence, our
method of solution here is strictly valid for o # o, and o = ..

Some preliminary investigations indicated that the trivial result that the boundary
modulation(s) controls the flow patterns will be followed if 6 = 0(€). Hence significant results
are due to cases where d < 0(€). However, consideration of the series ekpansion for R given in

(4.1) indicates that the present weak imperfection can lead to significant results only if
Ry » Rye’,
where R,, = R,, is the classical expression for R, introduced in (3.12). Hence
0(e?) < 8 < 0(g). (4.3)
This result implies the need for the expression for Ry, which is found by applying the solvability

conditions for the order €3 system of the nonlinear problem. It is
Roy02 < 010,010 > = < 0,0, (0,0 - V8, +Qbyy - VO,0) > +
PR, < $,0,2+ (0,0 VQ0b, + Qb - VQb,p) >, - (4.4)
where (0,9,, §10,) have the same expressions as (0,,,9,,) introduced in (3.7). Using tﬁe classical

solution for f and g introduced in (3.2) (Riahi. 1985), (4.2) and (A.1)-(A.3) in the appendix, (4.4)

can be simplified into the following form
Ry C, z Ls¥c,c? < W,W,W >+
LsYc,cO<ww,wo ], (4.5)
where the expressions for the coefficients S,ff} and S,ﬁ},, which are functions of (P, aﬁf?, ¢fﬁ,’,) and

(P,o, %), respectively, are given in the appendix and
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0% = (b KM@ 0), 00, = (- K IO, 08).

It can be seen from (4.5) that R;, can be non-zero only if

byt ko +k=0 (4.6a)
or
ky+k, +£9=0 (4.6b)

For at least some m and p. Using (3.5) and (3.10), we find that the conditions (4.6a) or (4.6b)
can not be satisfied if

o> 20, @.7a)
or

o> 2a,. (4.7b)
If the conditions (4.7a) and (4.7b) are satisfied for all possible p, then Ry =0 and the dominant
effects can be isolated by considering the terms

R, +R €0+ Ry’

in the series expansion (4.1) for R. It is seen from the above expression that if 0(e?) < 8° « 0(1),

the,0() < 8 « 1 and the trivial result that the boundary modulation removes the pattern
degeneracy at the linear level follows. On the other hand, if & « 0(€”), then the R,, term
dominates over the other terms in the above expression implying negligible imperfection effect.
Hence, significant results due to significant boundary modulations exist only if

o® <20, 0r o <20, (4.8a,b)

for at least some p.
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-We shall assume that the conditions (4.8a,b) are valid. Note that the expressions for R,

given by (4.5) can always be negative for the boundary modulations represented either by the
functions 4, and A, or by the functions (—A;) and (—h,), respectively. For the cases where (4.8)
hold, we actually evaluated the expression (4.5) for Ry; and found that Ry, < 0 for L,C’ > 0 and
L,C® >0, respectively, while Ry, >0 for LY < 0 and L,CY < 0, respectively. Hence subcritical
instability (R <R,) is possible and is preferred over supercritical case (R > R,).

In order to derive some relatively general results based on some special examples and for
effective boundary modulations, we shall assume that at least some wave vectors &, are along the

boundary modulation wave vectors and restrict our analysis here to the cases where (3.16) and

oP=0®, a¥=a’ (4.9a,b)
hold, where o® and o have fixed values satisfying (4.8). The assumptions (3.16) and (4.9)

reduce the complexity of the problem considerably and chable to obtain some relatively general
results for cases where the boundary modulation effects can be significant.

Let us now consider the following few specific examples in order to illustrate the
non-trivial and often surprising inter-relation between the boundary modulations patterns and the

subsequent preferred flow pattern:

€
Example 1. N® =N = Land "% o= 250

The expression in the right hand side of (4.5) can be non-zero only if
¢(b) =-lor ¢() —

This result implies that the possible preferred solution can correspond to rectangular cells along
k& and k%, or two-dimensional rolls parallel to either k&’ or k3. For L, | S$) |>L, | S%, |,
two-dimensional rolls parallel to £’ are preferred, while rolls parallel to k% are preferred for
L|SE <L, |SY |. ForL, | S |=L,|SE, | and for the case where kY is inclined with respect to

kY, two-dimensional rolls along either &’ or k% and rectangular pattern convection, whose wave
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vectors are along ¢®) and ®, can be preferred since they all correspond to the same minimum R.
The actual preferred solution can then due to initial conditions. This later rectangular pattern is

converted to that for the preferred rolls along £’ for k© = k.

It should be noted that the magnitudéof either | S,Efp) | or | S,ﬁg | is the same for all possible

values of the subscripts m and p under consideration. It turns out that this result also holds for

the general case of arbitrary N and N

Example 2. N ®) = NO=1,0® = 20, and o < 20, - The expression in the right hand side

of (4.5) can be non-zero only if

O =-1or ¢, =a"2a,).

mp mp —
This result implies that the possible preferred solution can correspond to two-dimensional rolls,
rectangular pattern and 6-sided polygonal pattern. For L, | S [> L, | S |, two-dimensional rolls
along j,c,ﬁf ) are preferred, while rectangular pattern convection, whose wave vectors are inclined at
an angle @,/2 to k¥, is preferred for L, | S |> L, | S¢, |. The angle , between two adjacent wave

vectors of such rectangular pattern convection is given by (1.2).

For o = V2 at,, these rectangular cells become square cells. For L, | S&) | =L, | S | and for the

case where the angle between % and k% is different from ®,, 2-dimensional rolls along £,
rectangular cells inclined at angle ®,/2 to ;& and 6-sided polygonal cells along £’ inclined at
angle /2 to k% are all possible patterns. The realizable preferred pattern is then one of these
patterns, which is due to initial conditions, since these patterns lead to the same minimum value
of R. However, for L, | S3) |=L, | S, | and for the case where the angle between £’ and k% is
equal to ®,, then two-dimensional rolls along k% are the only possible preferred pattern.

Example 3. N® =N =1,a® < 20, and o < 20, The expression in the right hand side of

(4.5) can be non-zero only if
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O =0®20,) or ¢, =aQa,).

This result implies that the possible preferred solution can correspond to rectangular pattern
convection and multi-modal (N = 4) pattern convection. For L, | S&) |>L, | S%) |, rectangular
cells inclined at an angle ®,/2 to j‘c,ff ) are preferred, while rectangular cells inclined at angle ®,/2
to k% are preferred for L, | S¥) I< L, | S,f;‘}, |. The angle w, between two adjacent wave vectors of

the former rectangular cells is given by (1.1).

While that for the later rectangular cells is given by (1.2). ForL, | S&) |=L, | S, | and for the

case where £ is along k% and o, = @, then rectangular cells inclined at angle w,/2 to k3’ are

preferred. For L, | S&) |=L, | S, | and for the case where k% is inclined at angle (®, — @, )/2 with
respect to £, then 6-sided polygonal cells inclined at angles ®,/2 and ,/2 with respect to £’
and k%, respectively, are preferred. For L, | S¥) | =L, | S%) | and for the case where % is inclined

to Lc,‘f at angle different from (w, — ®,)/2, then multi-modal (N =4) cells inclined at angles w,/2

and /2 with respect to k% and k¥, respectively, are preferred.

Example 4. N® =2, N9 =1 and o® = 0¥ = 2a,. For | L,N2S% 5| LS,
two-dimensional rolls along % are preferred. For | L,S®) [>| L,N2S%, |and for the case where k&
are inclined with respect to k&, then rectangular pattern along £%’ is preferred, while
two-dimensional rolls along k% are preferred if k¥ are along either £’ (or k%) or & (or k5.
For | L,S®) |=| L,N2SY, | and for the case where £ are inclined with respect to k&, then 6-sided
polygonal pattern along £ and k¥ is preferred, while two-dimensional rolls along £ are
preferred if k% is along k& .

Example 5. N9 =2,N9=1,0® =20, and o®’ < 20,,-Let us designate the angle between

K and k" by 1. For | L,SS) I>| L2589 | and for the case where ¥ = 90° and o® =2 ax,,
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square pattern convection is preferred,while multi-modal (N = 4) pattern convection is

preferred for ¥ # 90° or for ¥ = 90° and o® # V2 .. These results are valid, provided that £¢
is not along any wave vector of the resulting flow pattern, otherwise two-dimensional rolls along
kY are preferred. Rolls along k% are also preferred for | L2859 1> LS |. For

|V2L,SY, 1= L,S®) |, 6-sided polygonal (for ¥4 = 90° and o® = V2 .,) and multi-modal (N = 5)
(for a® =2 ) pattens are preferred. This result is valid only if k% is not along any k%,
otherwise rectangular pattern along &, and inclined at angle cos™ (a2, to £ is the preferred

one.

The five examples presented above can be extended to arbitrary N® and N and for the
case where the boundary patterns are regular. We assume that o®’ < 201, and, o < 20,,. For

(LIL) > SDISE | NN =3, (4.10)

and for the éase where none of pﬁ) are along any of jgf,” for all possible m and p, then

multi-modal convection pattern (N = 2,... 2S) are all possible for the case where ‘)/,,’2 =90° for §
number of times. Here ¥4, denotes the angle between % and k. For values of ¥%) other than
90° for all m and p, then multi-modal convection patterns (with N =2, ...,2N®) are all possible
preferred patterns for a® < 2a,, while multi-modal convection patterns with (N = 1,...,N®) are
all possible preferred patterns for o®’ =2a,. These later patterns are along subsets of £2). If M
number of &% are along M number of k%", then the above results are applicable for the boundary
modulations consisting of these M vectors, provided N® is replaced by M. If the inequality in
(4.10) is reversed, then the above results are applicable, provided (3, £%) and V*,N®) are
replaced, respectively (k= kv) and (N, N®). Consider now the case where the inequality in
(4.10) is replaced by equality symbol. For o = o/ =2, and for the case where none of k% are
along any of £ for all possible m and p, then multi-modal (V = 1,...,N® + N®) patterns along

&S and k% are all possible preferred patterns since all lead to the same minimum R. The
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preferred one is then due to initial condition. If M number of ,[,C,ff) are along M number of ,k,(,b)’ then
the above results are valid for these M vectors, provided that N+ N ® is replaced by M. For

a® = o® < 201, the above results are applicable for multi-modal (N =2,...,2N® +2N k‘)))
patterns, provided Y%, # 90° (for all m and p ). If {5 = 90° for S number of times, then
multi-modal (V = 2,..., 2 S) patterns are all possible. For o® < 20, o = 2at,,,¥%) # 90° (for all m
and p) and for the case where none of ]g,f? are along any of jlcf,") for all possible m and p, then
multi-modal (N = 1, ..., @N® + NY)) patterns are all possible preferred patterns since all lead to
the same minimum R. The initial condition can then select the preferred pattern from these
patterns. If Y‘,ﬁg =90° for S number of times, then mulﬁ—nhodal N =2,...,25) pattern are all
possible. For o® # o) < 201, a® < 20t,, ¥5)  90°,%%), # 90° (for all m and p) and for the case
where none of k. are along any of k" for all possible m and p, then multi-modal (N =2,..., (2
N® + 2 N®)) patterns are all possible preferred patterns since all lead to the same minimum R,
and the preferred one is due to initial condition. If :f),= 90° (or Y%, = 90° or Yoy = 90°) for S
number of times, then multi-modal (N = 2,..., 2 S) patterns are all
possible. In the above, ¢, denotes the angle between k<’ and %, while Y5, denotes the angle
between k%’ and kY. Diagram 2 provides types of the flow patterns that are preferred under

certain ranges of the modulation amplitudes and under certain orientations and magnitudes of the

modulation wave vectors.

5.  Discussion

As we pointed out in section two and was also shown in R93 for a porous layer with
boundary modulation on the lower wall only, the present problem does not lead to different
qualitative results from those for the problem where the lower and upper boundaries’ locations
are at z =-1/2+ §;hy(x,y) and z = 1/2+3,h,(x, y), respectively. Walton (1982) has shown
sirnilaf results for the case of a horizontal fluid layer with slowly increasing depth. The

boundaries corrugated problem can incorporate the effects of roughness elements of arbitrary
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shapes 4, and 4, on the lower and upper boundaries, respectively, and the expressions (3.9a,b) for
h, and h, are still valid, provided that N®’ and N® may tend to infinity and that ¢y’ and o may
not all have the same value. This extension of the problem can be easily analyzed by dividing
the boundary modulations modes into two groups of the two different types considered in
sections 3 and 4. Hence, the results presented in these two sections are applicable for each of
these two groups of modes. Since the preferred flow pattern corresponds to the smallest value of
R and (4.3) holds for the results presented in section 4, then the preferred flow pattern is due to
the results presented in section 4 for Ry, <0, while the preferred flow pattern is due to the results
presented in section 3 for Ry, > 0. |

Kelly and Pal (1976, 1978) and Pal and Kelly (1978) investigated onset of
two-dimensional Rayleigh-Bénard convection with one-dimensional boundary modulations in
the form of sine wave in one direction. They found that heat transported by convection can be
enhanced, Ry, = 0 for o®’ # 201, while Ry, < 0 for o’ = 20,. Their case corresponds to
two-dimensional flow with one-dimensional boundary modulation version of the present study
with ,C® >0 and L,C¥ > 0. As we discussed in sections 3 and 4, we found that heat transported
by convection can be enhanced by boundary modulations in some ranges of L, and L, Ry, # 0
only for o® <20, and that Ry, < 0 for L,C® >0 and L,C® > 0. Hence, our results cover those
due to these authors.

Krettenauer and Schumann (1989) investigated by direct numerical simulations the
problem of Rayleigh-Benard convection for the case where the lower boundary height varies
sinusoidally in one direction only. For the subcritical flow case, they found that rolls along the
wavy surface are the form of convection for o’ = o, while rectangular pattern evolved for the
supercritical flow with one surface wave allowed in the computational box. Similar to these
results were covered by the present results for N = 1(Z, > L,) derived from example 1 given in
section 3 and example 3 given in section 4. Krettenauer and Schumann (1992) extended their

model to turbulent regime. They found, in particular, that the motion structure persists longer
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over wavy terrain than over flat surface, three-dimensional motions are enforced by terrain and
the boundary modulation is more effective for longer wavelength of the surface wave. These
results are consistent with the present results.

Although there have been studies on the problem of convection in a horizontal layer with
one-dimensional spatially periodic temperature (Kelly and Pal, 1978; Pal and Kelly, 1978;
Krettenauer and Schumann, 1989; Yoo and Kim, 1991), these studies were either for
two-dimensional flow case or for N’ = N® = 1 only and thus could not investigate the problem
of preferred flow pattern for N> 1 and N® > 1 which is essentially a collection of infinite
number of three-dimensional flow problems. It turns out from the present results that the mo st
surprising results presented in section 3 correspond to the cases where N> 1 or N > 1, while

the surprising results presented in section 4 correspond to the cases where N> 1 and N> 1-

6.  Conclusion

The main results of the present study lead to the following conclusion which is described
briefly here. I) For the case of resonant wavelength excitation and for arbitrary number of the
modes representing the boundary modulations, multi-modal (N = J) pattern convection is
preferred, where J is the number of modes representing the preferred flow pattern and is
functions of the modulation amplitudes. Depending on the particular range of the modulation
amplitudes, the wave vectors of the preferred flow pattern are along some of the modulation
wave vectors. for j <3, the preferred flow pattern is periodic, while for j > 3, it is generally
quasi-periodic. II) For the case of non-resonant wavelength excitation and for arbitrary number
of the modes representing the boundary modulations, several multi-modal (N = S) flow patterns
correspond to the minimum value of R, where S is the number of modes representing the flow
pattern and takes several different values one corresponding to each of these flow patterns. Also,
S is functions of modulation amplitudes and of magnitudes and orientations of modulation wave

vectors. For particular range of modulation amplitudes and for the case where the magnitudes of
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Flow f‘dturhs‘
the modulation wave vectors are equal to 2a)§re along the modulation wave vectors. For other

range of modulation amplitudes and for cases where the magnitudes of the modulation wave
vectors are not equal to 20, the resulting multi-modal flow patterns are inclined to the
modulation wave vectors. The angles between the wave vectors of the resulting flow patterns
and the modulation wave vectors are generally functions of the magnitudes and orientations of

the modulation wave vectors.
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Appendix

The order €°8' system is of the form

Az(V4¢01 —0y) =0, Vzem =R, A0 =0,

e L0 1
¢01=3211'=901“Rch1=0 atz:_i’
a0, 1
¢Ol=—éfl=601_Rchu=0 atz =75 @A.1)

The functions F,, G, F,, and G,, are the solutions of the following system:
[~ @) TFu=Gu=[D*- @) TFu-Gu=0,
[D*- (aﬁ"’f]Gm +R.(OP)F, =0
[D? = (0)]G s+ R(ANF,, =0 | (A.2)
F,=DF, =G,-R,=F,=DF,=G,=0atz =—%,
F,=DF, =G,=F,=DF,=G,—-R =0atz =—%,
where D =d/dz. The solution to (A.2) is given below
6
Fule) Cu@ = . di{ 1[12 - @[} exp(rio), A3
where
n=-T= { (0‘55’))2 - [Rc(a(:))z]m} N
ri=r={o R @] e 3in |

ry=—rs { o®) +[R,@®y]” exp(lm)}m’
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and the coefficients d;(i =1, ..., 6) satisfy the following algebraic system for constants v, = 0 and

Y, =1:

6 6
2 d,exp(r/2)= ¥ d exp(-r,/2) =0,
i=1 =1

6 6
2 driexp(ri/2)= X dr,exp(-rJ/2)=0,
1 i=1

Ma

1

d [r —(a‘b))] exp( ) -YR,. =0,

? dlr2- )] exp(—-) -T.R, =0

The functions F,,(z) and G,,(z) have the same forrh as Fy,(z) and G(z), respectively, provided

d,,r, and o® are replaced by d,,7; and o), respectively. The expressions for 7 and d, are the
same as those for r; and d;, respectively, provided o), y, and v, are replaced respectively by o®, 1

and 0.

The expression for S$) introduced in (4.5) is given below:

5o ={<gfG’, >t -<gf G, >0 +<gg'F, >
00+ 20,00) + R, Ip) [< F(FF”,, +fF)) > .
o, o ’q;"”(af + (@ + 2acoc§’)¢f,’:;) ~<f(fF",+fF",)>.
ocf((af’))? + acaf)q;f:},) +<ffF,, >0, (0%
(o, + 0 9%)) (aﬁ +(@®)’ + 20,00 )

2 @ b b b
-<fF', > o0 + 0, 68)) (o +(oc”) +

20,00°0%)) = < fFF 7 +F',f ) > (@) - o (o, + 0D0E)YF,, (A.4)
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where prime denotes differentiation with respect to z. The expression for S ,(,:)p introduced in (4.5)

has the same form as (A.4) for S&), provided of’, ¢3), F,, and Gy, are replaced, respectively,

o, 0%, F,, and G,,.

mp>
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Diagram Captions

Diagram 1.

Diagram 2.

Case of resonant wavelength excitation. It provides types of the flow patterns that
are preferred under certain ranges of the modulation amplitudes and under certain
orientations of the modulation wave vectors.

Case of non-resonant wavelength excitation. It provides types of the flow patterns
that are preferred as functions of the modulation amplitudes and of the

orientations and magnitudes of the modulation wave vectors.
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