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Abstract

We study the scattering of leaky Rayleigh wave from a flat fluid-solid interface.
~ The fluid half-space is taken to be ideal and homogeneous while the solid half-
space has randorrﬂy inhomogeneous anisotropic elastic constants due to the micro-
structure of the material. For plane waves incident from the fluid onto the interface
at the critical Rayleigh angle the singly scattered incoherent field is obtained by
utilizing a first Born approximation. When the solid is a crystal aggregate and
when the correlation function is of exponential form, the mean square scattered
signal level is found to be inversely proportional to the dimensionless frequency in
the geometrical (high frequency) limit but proportional to the third power of fre-
quency in the Rayleigh (low frequency) limit. Numerical results are given for wa-

ter-aluminum (cubic polycrystals) interface scattering.



Introduction

Elastic surface waves have been studied for a long time after Lord Rayleigh and are well doc-

umented ' ~*. Early interest came mainly from seismologists because, by nature, surface waves
propagate only in two-dimensions and their energy decays more slowly with increasing distance
than that of bulk waves. Therefore, at large distance from the epicenter of an earthquake, damage

at the surface of the earth is mainly caused by the surface waves'. Surface acoustic waves (SAW),

defined by Oliner’ as “ - elastic waves of very high frequency that can be guided along the in-
terface between two media, at least one of them being a solid,” have also been used in signal pro-
cessing. Possessing several advantages, surface wave delay lines and surface wave filters found
many very important applications in radar, communications, and electronic warfare.

Surface wave techniques also play a very important role in nondestructive testing (NDT) and
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- nondestructive evaluation (NDE) . Owing to their propagation characteristics, surface acoustic
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waves, especially when acoustic energy is incident onto the interface at some critical angles ', are

very sensitive to discontinuities and changes of material properties at or near the surface and have
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been widely used for stress and texture measurement ~ ~, surface flaw (microcracks or inclu-
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» and interface characterization . Surface wave techniques have many ad-

sions) detection'’
vantages compared to bulk wave measurements and can be used either to characterize structural
materials directly or as an adjunct to bulk wave measurements. In addition to the case where only
the surface features of the material are of interest, surface wave techniques can also be used for
other cases such as: 1) if one can assume that the characteristics of the material near the surface
adequately represent those of the bulk; 2) if the material geometry is too complex to use bulk
wave measurements; 3) if material attenuation or thickness is too large; and 4) if one is interested

in evaluating the differences between the bulk and surface layer properties.

Surface waves form an important part of the theory of wave propagation and scattering near
medium interfaces. While the direct propagation study provides the foundation of surface wave
devices, the inverse scattering investigation is the key to ultrasonic NDT / NDE. In the present pa-
per, we study the problem of incoherent scattering of plane ultrasonic waves from a flat fluid-solid
interface at the critical Rayleigh angle. The fluid is assumed to be homogeneous and ideal while
the solid material is, due to its microstructure, inhomogeneous and anisotropic, though isotropic
macroscopically. The ultrasonic field is expanded in powers of the material modulus heterogene-
ity and the relation between the mean square incoherently scattered signal level and the spectral
density of the material inhomogeneities is established within the confines of the first Born (single
scattering) approximation.



The single scattering approximation is expected to be accurate in the present case because of
the features of the leaky surface wave. Since most of the energy carried by the surface wave in the
solid will leak out into the fluid within a few wavelengths, it is reasonable to expect that most of

the singly scattered energy will leak out before scattering again.

Sections I and II present the zeroth and first order solutions for the fields. The mean square in-
coherently scattered signal level as a function of the spectral density function of the medium mod-
uli fluctuations is given in Section III. A special case of cubic crystal aggregates and exponential
form of correlation function of the moduli fluctuations is discussed in Section IV and numerical
results are presented in Section V.

I General Wave Equations and the Basic Zeroth Order Solution

Consider an inhomogeneous elastic half-space z>0, and a homogeneous ideal fluid half-space
z<0, connected at z = 0. The elastic constants of the solid consist of two parts: a homogeneous,
isotropic part plus a small randomly inhomogeneous, anisotropic variation part with zero mean.
The density p, of the solid is considered to be homogeneous. We consider only time harmonic

waves, and write the reduced governing equations by omitting the harmonic time factor ¢/, In the
solid half-space they are

T = Cijrbi >
2,
T, P,0%; = 0, )

Cijtr = MoB;; 8y + 1o (8,8, +8,,8,) +e0,,,
where 0<e<<1, A, and K, are constants, ® is the angular frequency of the harmonic wave, and

©,it1 = ©,;(%y, 2) are the components of a fourth order tensor which is a random function with
zero mean.

Now define density p;, and sound speed c; for the fluid half-space in the region z<0, and ex-

pand the acoustic pressure in the fluid and the displacement in the solid in a Neumann series (also
called the Born series)

P = P0+8P1+82P2+m, u;, = u?+gug+32ui2+....
The zeroth order fields, which include the incident wave, satisfy the reduced wave equations
V2P0 +k2P° = 0, z<0,
)
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(hg + Ro) Uy s+ Mol + P00 = 0, z>0,

where k; = ©/c;, The interface continuity conditions for the zeroth order fields are
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[u2]Iz=0—0’ Tzz z=0— P|z=09 TXZ;:O—T}’Z z=0—0’ (23)
The zeroth order stresses in the solid, as associated with the zeroth order displacements, are
% = Aoy kO Mo () j+ 1) (2b)

The first order scattered wave fields satisfy

VP + k2P = 0, z<0,
{ Mo+ 1) ”/lc, T “o“}, wtp0%u; = =S, z>0, ®
with a source term
S; = (aijklug,l) o or S=Ve[O: (V)] , (3a)

where © is for the fourth order tensor with components 0> and “:” represents a double dot

product.

The continuity conditions at the interface z = 0 are still
=1 =0, (3b)

1 _ 1 _ _pl 1
[uz]lz=0_Oj % - P|z=0’ Tz z=0 vilz=0 ~

2Zlz=0

but since now
T = Dot 8+ Moy + 1)1 + 10,07 1, (3c)
there will be an extra source at the interface z = 0 for the first order fields.

We now consider a plane wave incident onto the solid at an angle 6,, from the z-axis, close to
the Rayleigh angle 6, = arcsin (c,/cg) , where c; is the Rayleigh wave speed on a free surface. It
may be noted that the complex speed c.; of a leaky Rayleigh wave is determined by the appropri-

ate complex root of the Leaky Rayleigh Function F (k)
F(k) = 480 n.— 2= ) +i(p/p) ki (/M) @)
with k = @/c and Ny, 7 = k>~ ki, 7, N, = Jk; - K. Usually Re (cp) is close to ¢ and Im (c.z) very
small if the fluid density is small compared to that of the solid, i.e., p,«p,. It is well known that
cg<Re(cpp) <cp<cy.
Also in practice it is usually true that c¢;<cp<Re(cpg) .

The total zeroth order solution of (2), including the plane incident wave with a propagation

vector ko = ko &+ koyd + ko 2 = k;sin®; cosd, 2+ ksin®, sing, 9+ kscos8, 2 is, after using (2a),

&)

{ PO = ¢ IR L BT (o)) /F (g kg y) T €7 ot hr —hod) 2<0,

—i (ko x + kg, y)
Ww=[U (ko koy32) /WG F (ko koy)1e ot o)) 50,



where F (k,, k,) is defined similar to Eq. (4) as

F(kyky) =4 +k) N~ [2(K+8) - k71 +i(p/p) Kt (n,/m) ©
and “*” denote the complex conjugate. U (k, k,;2) is given by

U, (ky ky32) == 20k, [2 (K2 +K2) — kX e ™ +idknnpe

U, (ky ky32) = =20k [2(k2+K2) — K2 e ™ +idk e 7 )

Uy (ky kyz) ==, [205+K) —kple ¥ +4n, (2 + k) e ™™,

The factors M) ; = Wkg,+ ke~ k2 1= o/ [0/Re (cip) 12— (0/ ¢;,1)? are the z-decaying rates of the
disturbance in the solid and are real and positive if the incident wave is, like the case here with
8;,= 6, outside the critical angles for transmission of L and T waves into the solid.

The disturbance described here is not, strictly speaking, a leaky Rayleigh wave. Such waves
are usually defined as solutions to the case of no incident wave in the fluid and exponential decay
in the x-y plane. In the limit that the fluid loading is modest and the incident angle is close to 6,

the above solution is, however, closely related to the leaky Rayleigh wave.

This zeroth order solution represents the well understood case of a plane wave reflected from
the interface between the fluid and the isotropic elastic half-space. We now study the first correc-
tion, which consists of waves which scatter only once from the microstructure of the solid.

II'  Dynamic Reciprocity Identity and the First Order Solution
Using Eq. (7), one can write the volume source term § in Eq. (2a) as
S (ko koy) = [1/BoF (kyy ko) 1V8{© (3) 2 [V (U (koy koyiz) e Cot ) 1y (8)
The total first order solution of equations (3), (3a-c), and (8) can be obtained by inverting
those equations directly. But it is more difficult to solve the equations with sources in the solid
half-space than that with sources in the fluid half-space. In this section, we use the dynamic reci-

procity identity to construct the first order solution from the above solution. We first derive the dy-
namic reciprocity identity suitable for our purpose here. Consider two cases:

Case A: Source in fluid

VIPA+KZPA = —FA(}y), (:2) <0,
{ T+ p,0% =0, z>0. 2
Case B: Source in Solid



VPP + 2P = 0, <0,
(10)

i+ p,0%u] = —FP( ), : (z,24) >0.
For harmonic waves in an ideal fluid, we have
U, = (1/Pfﬂ)2) P
One can therefore write equations (9) and (10) as
PfV (Vo ut) +polut =—kVF4, (z,2,) <0,
L Qo +21) V(Vouh) —u VxVxut+p oyt =0, z>0, (I

and

pefV(Veul) +p o’ =0, z<0, 0
My +2u) V(Veoub) —n VxVxub+p ouf = -F5, z,25>0. (12)

Thus the fluid can be considered here as a solid in the limit of vanishing shear modulus. We now

use the dynamic reciprocity identity for linear elasticitym’21

t t
[J VP =) o (0 ~F (=) sut (M} avar = [ [ (u (1-7) «TP() — 4 (1=1) # T (1) } dSat,
oV 0dv

(13)
where V is the volume of the medium (fluid and solid), oV is the surface of the volume, and T is
the surface traction vector. Note that the interface (z = 0) is an inner surface of the system, the to-
tal virtual work done by the internal forces at this interface is zero, so oV of the surface integration
on the RHS of (13) does not include this interface. We also use the relation

(VFY) oy = Vo (FAuP) —F*4 (Ve ub),

and the divergence theorem to write (13) as

[[1F4t-0) Vo s @ +E3(t=7) o4 (1)} aVar
ov (14)

=-[[ A -0 o T°@ - (1= « TA-KPF (- 1) * (1) ) dSe .
0oV

In the presence of infinitesimal damping one can always find a surface oV which is large
enough that the disturbances from both sources A and B are negligible there. The RHS of (14)
will be zero for this surface. Since the waves are harmonic, one can calculate the integration for =
and eliminate the common time factor, and then Eq. (14) becomes

j {k2FA(F) Ve uf (1) +FB(3) e (1)} d*r = 0. : (5)

—s0



We now let F4(?) = & (7~+4) and F %(¥) = $(?). Thus case B corresponds to equation (3) and
case A is related to equation (2). We denote the corresponding displacement fields as #* (%, 74) and

u? () = ' (») . Equation (15) becomes

WG = [SG) es (hr0 . (16)

—c0

Using the relation

U = (1/p?) Py = ~(kz/p?) P!,

and changing 7 to 7, 74 to 7, we obtain

=3

P'() = pfw2jdxsdys dz,S (7)) « uh (b 3, <0, ‘ (17)
—00 0 :

where #*(%7,) is the displacement vector in the solid (2>0) due to a point source in the fluid

(24<0), i.e., the solution of (9) when F “= 8 (x~x) 8 (7~ y,) 8 (z—z,) .

Case A of a point source in the fluid at a position 74 (z,<0) creates a field incident upon the

solid representable as a superposition of plane waves

1.2 U —i(hxtby+hz) i(kp,+hy, +kz,)
(____) Idk dk — £ Y- z e A y/A %A
2n’ )%k,

b

where k, = Jkf —k;—k;>0 and the integral is over only those (k, £,) such that &+ k; <k} because
we have assumed that k{z,| » 1 (far-field solution).

The response in the solid is therefore also representable as a similar superposition of plane
wave responses (see Eq.(5))

=i (kx+k.y)

- . P(kxy+ky, +kz) .
2ipok,F (k,, k,) Uk, kyiz)e ’ ; z2>0,z,<0. (18)

. 1.2¢
(R = (o) [ dkd,

Note that the solution of case A, i.e. Eq. (18) does not apply when the source is at the inter-
face. This is because we have used the stress continuity conditions at the interface in obtaining the
solution. In fact, stresses are continuous at the interface only when the source is not at the inter-
face. One has to make careful analysis to obtain an uniformly valid solution to include the inter-

face source case and this is not a simple task (see, for example, Maradudin and Mills*, and

Kaganova and Maradudin® ). So instead of trying to find such an uniformly valid solution, we re-
consider the problem from physical point of view.



Suppose we carefully coat a very thin homogeneous layer on the surface of the solid. Because
the layer is homogeneous, © =0 inside this thin layer and is unaltered on the interior of the solid
half-space. If the layer is very thin, with thickness much smaller than either the average grain size
or the shortest wavelength, then the physics of the problem will not be changed but the mathemat-
ics will be greatly simplified.

Now we can use Eq. (18) to formulate our solution because, by our assumption made above,
©=0 at the interface anyway. Also because of this same assumption, the extra interface source

term mentioned before in Eq. (3¢) will vanish.
Therefore, using Egs. (17) and (18), one may write
l(k X +kyy_')

P ( f“) de dysjdz [J dk dkymy (kx’ ky;zs) ei (kxx+ky)’+k,z):| ‘5(;S) . . (]9)

Using expression (8) for the volume source term, one has

t(kxx+kyy+kzz) Uk, kyz,) o k)
j dz, J' dk dk,—— !
J 2ik, W F (ky, k)

Pl(¥ =

[ Voo (O (3) [ Vs (U (kgyo koy37,) € o 070y }]

KoF (ko ko) (20)
pr02 oo 1(k x+kyy+k z) - )e-i(kxx,+/<yy,) '
= dkdk . ——— [ axdy [dz kyz,
(21 _J; £y .[ Y J [ o (&, &) }
[ V,e {@(rs) (V. (U (kop k()y;zs) e—a (kopxs+ kg yys))l }]
[ ]
W F (kgy,» koy)

where “V;” indicates that the differentiation is on (x, y, z,).

Eq. (20) constitutes an expression for the first order, singly scattered field in the fluid in terms
of the modulus fluctuations ©,;;, of the solid. The expression may be simplified by using Green’s

integral theorem to write the integral as

x +k

[aVelt (hy ky32) €7 B 520) 0 [ V,0 [0 () 11 Ve (U (ko knyiz) e o )1y |
=§ [U (ky ky3zg) e B 591 0 [ @ () 1 { Vo (U (hoy kopszg) € o 57) 1 o 4 @21
AVl VAU Chy kyiz,) €7 E5F) 120 (1) 1 TV U (ko hgyizy) € oo iy

The integral over V, is confined to the solid half-space, z 2 0. The surface integral is over the inter-

face, dA = —zdxdy, and is zero from the assumption ©,,,(x,y,z=0) = 0 made above.

The volume integral in Eq. (21) is symmetric with respect to the incoming kin = ko and the



outgoing k directions. This symmetry reflects acoustic reciprocity.

Now one can write (20) as
2 i (kxx+kyy+kzz)

F (ky k) F (ko ko) K,

ps®

PPy =—F
® (2m) 22ip2

| dkdk,
- 22)

c ¢ - —i (ko x +koy)
x desdys j dz, [U; (ky kysz) € E0] 0, (5 3, 2) (U (ko koyiz) e 0 0]
o 0

By changing (k,k,) to (-k,—k) (notice that the sign of k, is unchanged and that
F(~k,—k) = F (k,k)), Eq. (22) reads

pfmz o ik,z e—i(kxx+kyy)
P () = ——L—— | dkdk
" (2m) 221'”(2):’; ¥ yF(kx’ ky)F(kOx’ kOy)kz
' (23)
i —i (ko x,+ koY,
x j dxsdst.dzs[Ui (e Hy52) 50T @ (530 2) (U, (b Ky € o ho)
et o
We now define the Fourier transform pairs as
p N i(kx+k 1.2 ¢ i (kx+ky) T

LA = flp ko) = [dudye ™ pyn,  fenn = (o) [dkake” S F ki)

in two-dimensions, and

L (f) =f (ko ky k) = [ drdydze' 57 595y, 2),

1.3¢ | —"k.x ky+ko)
fen) = (5 Jdkxdkydkze SR E (ko k),

in three-dimensions.

Through the above definition of inverse Fourier transform, one may recognize that
2 ik z
e Z

- P
P (k,k;z) =
o ki?) = 202 Fl i F (g B F,

o w 24)
ik x —i (ko X, + ko,
x [ drdy, [dz, LU, (~ky ~hyz,) € 5501 0, (7, 2,) LU, (ko kyyizy) € Coc o 1,
0

—o00

One also notices that the integrals in (24) are of Fourier transform form. For example,

i =i k xS k 5
[y Uiy k2 € 541990, (13, 2) WU gy iz €7 oo

—c0

s Xg

= —ikoU; (=ky —ky32,) Uy (Ko koy32,) O34y (k= ko ky = koy325)»



where éi,-k, (ky ky32) is the two-dimensional Fourier transform of O, (% y.2).

After some manipulation, one can rewrite Eq. (24) as

2 ik z
~ p 'z
Pl (ko ko) = o ¢

21‘“% F (kx’ ky) F (kOX’ k()y) kz

X { ~koky [ 2,730 (koo ki ky32,) Oy (ky — Koo by = ki)
0
"ikaJdZsJ?jI (ko kOy;kx’ ky; z5) (')ijfll3 (k. ~ Koz ky - ko}’;zs) (25)
0

sV ij

+ikgg j dz 010 (Koo Koyiky Ky32,) Oy (ky— Koy Ky — K 32,)
0

- j dzJ i} (ko oyikp Ky32,) 0,5 (k= ko ky = ko 52) ).
0

with summation of (o, B) over 1 and 2 (or x and y), summation of (;,j) 1 through 3, and with
Jib]{N (k0x9 k()y;kx’ k}';zs) = Ui(M) (_kx’ —ky;zs) Uj(N) (kox’ ko)’;zs) (M’ N) = 0’ 1 (253)
where U™ = 9¥U/9:" | In writing Eq. (25), we have also utilized the fact that ©,;, is symmetric

between i and j, or k£ and !.

III Mean Square Incoherently Singly Scattered Signal Level

Now consider the averaged signal intensity of the singly scattered waves in any direction
i =nX+n3+n.2 other than the specular direction at which the signal is contaminated by the less
interesting coherent reflections. We assume that a receiver with a narrow beam pattern is placed in
the far field at z <0, with its beam oriented towards the scatterer in the “listening direction” 7. We
denote by T the receiver’s sensitivity which is a function of the angle between the direction
k = k/kq of the plane wave component P (k) and the receiver beam axis 7, i.e., a function of A ek.

The received signal is then

V(h) = j dk,dk,P (k,, k) T (fio R). (26)

The ensemble averaged “intensity” of the signal, the so called “mean square signal level”, is

then given by
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=3

< - ~* “ A
<lvm|*>= j dkydk, | dky,dky <P (ky ki) P (kyp ky))>T (R0 k) T (R0 k)

—o0 —c0

From (25), one has

2oty (Ko koyskyp ky1y3kae ky)) ,
F (ki kry) B (hypo kpy) | koo koy) [Py ko,
” denotes the complex conjugate and

1 (ks Koyski kly;kl\t’ kay)

~1 ~ 1% Pf‘ﬂ2
<P (kypkiyz) P (ko kyy32)> = ( 2)
2

where « *

= kOakOYklﬁkzsjdzlJ.dZZ‘]gp (koy kOy;klx’ kly;zl) J‘,Z?* (ko kOy;k2x’ kyy325) <9ijaﬁ (z) kaya (z5)>
0 0

oo oo

+ kzakmjdzljd%f%l (ko Koy k0 kly;zl)‘,gll* (Ko koyskoe kyy325) <Oijg3 (2)) Opips (25) >
0 0

oo oo

+ kOukOBJdZIJdZ2J}jp (ko koy3 k5 kly;zl)‘lllc?* (Ko Koyskaw kpy325) <Ojq3(2)) Oy (2) >
0o 0

+ szl“‘dzljiljl (ko koyiky kyy3z) Ty (Kop koyskap Kay322) <©jis3 (21) Oz (2,) >
o 0

oo oo

0 0

oo oo

oo o0

oo

+2Re ikla.“dzl“'dzzfg'l (ko Koy k1y320) Ty ™ (ko Koyikan Kay375) < O3 (2)) Oz (25) >
o 0

oo oo

i * .
+2Re ikOaJ‘dzl_.‘dZZ‘]iljp (ko koyikyo k1ysz) Ty (Ko Koyikap Kay322) < O3 (2)) O3 (2) >
o 0

where

<Ojjap (z1) Oppys (20) > = <Ojyjop (ks kiy32)) Oppys (ko k3 2,) >

@7

(28)

(28a)

+2Re| ~ikookypkay dzljdzzjgjjo (ko Koyiky o kiyiz)) Top~ (Koy koyikas Kyy32) <@g (2,) Oy (22) >jl
+2Re ikOakonmjdzljdzzf.gp (Ko koyiki k1y320) T (koo Koyskas Kyi2) <6yjap (21) Opy3 (2) >]
o 0
i ,, L
+2Re kOaklﬁjdzljdzzjgp (ko koysky kyy32)) J/tzl (Ko koysky Kpy3 25) <©igp (21) © a3 (25) >
o 0

+2Re "koﬂklajdzljdzzj?jl (kow koysky s kyy3zy) Tl (ko kOy;ka’ k2y323) <©jjg3 (1) Opps (z5) >]
0 0

-

(28b)

Summation of (o, B,7v,8) in the above equations is over 1 and 2 (or x and y) and summation of

(i, j, k, 1) is over 1 through 3 (or x,y and z).
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Consider the case where the solid is a crystal aggregate. We make use of two common as-

sumptionsM: 1) there is no orientation correlation between different crystallites, and 2) the poly-
crystal’s second order statistics are homogeneous and isotropic. The first one is equivalent to the
assumption that the tensorial character of the covariance functions decouples from the spatial de-

pendence. The second assumption states that the covariance functions are functions of |7 - 7| rath-
er than * and r' separately. Under these two standard assumptions, one has

<O g 1 Y15 21) O (0, V2, 29) > = EJIPT R (71— o)) (29)
where E7;77 is an eighth rank constant tensor depending on the microstructure of the crystal. The

statistical homogeneity implies

emnpq (klx’ kl)” klz) eijkl (k2x’ k2y’ k22) >

(29a)
= (2m) 38 (ky,—k,,) 0 (kly - k2y) O (k;,— ky,) :"‘ffq R@ (ki kly, ki),
for the three-dimension Fourier transforms, and
< émnpq (kyp Ky y32)) éijkl (ko kpy325) >
= (2m) %8 (ky, —ky,) 8 (ky, —ky) :;";fi Re (ky,, kiyiz) = 2,) (295)
= @8 (k= k) B (kyy—kyy) E707 [ dEe™ TP Ro (ky 0k B,
for the two-dimension transforms. We substitute (29b) into Egs. (28) and (28a) to obtain
<P (ko biy32) P (hyp byyiz)> = PP 8 (k= kyy) 8 (kyy—ky)
j dE Re (ky,~ ko, ki, — ko, €)1° (hoy B, ) (30)

npio?
e e
2"‘lO klszz F (klx’ kly) F (k2x’ k2y) l F(kOx’ kOy)I

with
]9 (120’ I;, g)

=ijaB ikl =ijo3 ikl =03 ikl mij33 gkl
kookoykpks -';cjzysﬂ Fogo + ko kg —';3153 T8io1 *+ kookop Elps 711’010‘*'-'2133 it
=ijoB - jkl =ijoB  jkl =ijoB  jkl
+2Re [ ikyokpk, "‘Zl’yg 53001+’k0ak07kﬁ -';flyg 53010‘*'1‘00/‘[3 “Zzag o] (302)

_ =ija3 =ijal3  djkl =ijo3 ikl
+2Re [ kykop B3 "’:)110+’ka Em T+ ikog B Joul

where o, = 1,2 or x,y, i,j,k I = 1,2,3 or x,, z, and f{}ﬁpg is defined as
Ao = j dz I (k, k32, e ‘gzl‘[d TP (k, kjsz) €™ (30b)

with M,N,P,Q = 0, 1,

If one considers only the singly scattered waves and substitutes (30) into (27), one has

12



<V = azjdkxdky IT(fz-/})lzm;Q:;l:; . G1)
As in reference 25, we assume that the receiver beam pattern is highly directional, i.e.

[TGe b= 138 (e k-1),

and write, after some calculations®, the mean square signal level of the singly scattered waves as

&,
‘TokeH,

V(R)|* =2
<[V nsk Fo=hi=k

with & = k.
After substituting (30) into the above equation one has

j d€ Ro (k,~ ko ky~ ko &) 1% (kyy K,y E)

<|v|*> ( we’p 2kf’kT)

32
Tg ps”O ( )

kz !F (kx’ ky)|2 IF(kOx’ kOy) |_2
This is the chief result of this section. The incoherently scattered intensity is seen to be propor-
tional to the spatial spectral density function, Rg, (the Fourier transform of the auto-correlation

function) of the material heterogeneity. This intensity is, furthermore, seen to peak whenever the
incident or listening directions are close to the Rayleigh angle where F = 0,

We now use (8,,,9,,) and (8,,9,,) to express the listening and incident directions as
ko = k;sin®, cos¢,

in’

ky=kmn,=ksin®  cos¢, ,

{ ky =k, = k;sin®,, sing,_, ko, = k;sin®, sing, , (33)
k,=m,=kn, = kcos,, ko, =] = kcosO,, _

and notice, from Eq. (6), that F (k, k,) is a function of 8 only, to rewrite the mean square signal

level of the single incoherently scattered waves in Eq. (32).

The leaky Rayleigh function F (8) has a complex root at 6 = 8,x. The real part of 0, is quite
close to the (regular) Rayleigh angle 8, for solid half-space and vacuum, and the imaginary part
of 6, is very small compared with the real part. So if one is interested only in the cases where
both the incident and the listening directions are near the Rayleigh angle 6,, one can write an ap-

proximate form of (32) as

[ 2 Ro (900,08 198 0,08

<lv@®|>> (ﬂzﬁzpf»k?'

= ; (32a)
T3 T JCOSGR [F" (8)|* [8,,,~ 04| 0;,— 6.

13



Note that since 8, is complex, there will be no singularity in (32) and (32a) for real 6,,, and 9,,,
although the main contribution to the intensity comes from those 6,,, and 6,, whose values are
close to the real part of 6,;. Fig. 1 shows the magnitude of the Rayleigh function F (8) given in

Eq.(9) varying with incident or out going angle. One can see that  (8) quickly reduces to a (non-
zero) minimum at the leaky Rayleigh angle 6,, which is almost the same as regular Rayleigh an-

gle 6; as p/p,— 0. This is why the scattered signal level has a peak when incident and listening

angles are near this critical angle.

0.20
0.18 A
0.16 4
J Leaky Rayleigh Function
014 | ----------- Regular aylglgh Function

0.12 4

|F(e)|/kj,‘
o
3

] — T T T T T T T
20222426283032343'6384042444643505254565860
6

Fig. 1: Magnitude of the Rayleigh function as a function of angle
for the case of an aluminum / water interface

IV A Special Case of Cubic Crystal Aggregates
In order to further simplify our result in (32), we rewrite Eq. (7) as
Uilky kyi2) = Ub (ko k) e+ U (kyk)e ™ = Y UT(kok)e (34)
o=LT
where summation for o is over L and T. We also rewrite (25a) as
~(Mg +7g )z, '
N (ko kyiz) = GDMN NN )M MVUT (ky k) Uy kg ko e (35)

o,=LT o0,=LT
for (M,N) = 0,1 and no summation convention for repeated M and N. Notice that n? >0 for in-
cident direction near the critical Rayleigh angle, then Eq. (30b) becomes

Tipg= (FDMN+PrO H N W 2 (M) MMV () P ()2

o, =LT o0,=LT o6,=LT o,=L

U?‘ (_kx’ _ky) Uj (kOx’ kOy) Uk (_kx’ _ky) Ul o> (k()x’ kOy) (36)

(Mg, + Mg, +i8) (NG, +1g, - i€)
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We now consider a special case by assuming the autocovariance function Re (},~ ;) = Rg ()

to be of exponential form

E}

{ Ro () = Re(x,7,2) = Roe™ = g o8V +? -
Ro (K) = Ro (k, k,, k) = RoB/m? B2+ [H) " = RyB/m2 (B2 + 12+ K+ k.

Physically, P is a measure of (inversely proportional to) the average grain size*>. We substitute
(37) into (32) to obtain

<vay> (4azp}k,k‘}) R,pI® a8
T(% P?ug kz IF (kx’ ky)|2 lF(kOx’ kOy)|2 ’

with 11° defined as
< 3

1n°= o , 38
_'[(B2+K§+1c§+§2)2 (38a)

where «, =k, ,~ ko, o,. I° is still defined as in (30a) but with iivpo Teplaced by 37, as given in

the following expression

° ijkl
fMNPQ

2 2 2 2y2
LB+ +ED)

ko _
ITNpo =

dg

T M+N+P+Q
5 (1) 2 XY XY MmN ()P (s )e
6,=LT 0,=L,T 0,=LT o,=LT
0-1 2 0-3* 4*
Ui =) U™ Gk o) U (e =k ) US (ki ) (38b)
B*+x2+xy)*? [n,, +n?,2+n(,3+n241
§ { 2 /B2+1<§+K§+ ("01 +n062) . 2 /B2+ K2 + 1c§+ (n03+n004) }
2 - 2 :
[ B2+ 12+ k2 + Mg, +ng2):| [,/BZ+ K2+ K2+ Mg, +n?,4)]
One can further non-dimensionalize the received signal intensity in (38) by noticing that
F (ky k) /K is a function of 8, Ps/ Py, and ¢/, ¢ but independent of frequency ® and ¢. So if one

is interested only for the case of incident and listening on the Rayleigh conic, that is 6, = 6,

= Re(8,z) =0, one can define the non-dimensionalized signal intensity |V(#)[* as

<vm|>> u

a2 _ o '
I{V(n)l - 4T(2) 82R0 M (39)

From (38), one has
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5 0] i
,‘V(?l) |2 = p_‘?i; (E kf 1 (GR’ q)out’ ﬁ/kf’ Cf/CL’ Cf/LT)
p2cy K cosO|F (8,) |*

: . (40)

which is a function of k/B, p/p,, ¢;/c, and c/cp only (8 is a function of the last three dimen-

sionless parameters).
Now we consider two limiting cases.

In the Rayleigh (low frequency) limit where £/B « 1, one finds from (38b) and (40) that the

mean square incoherently scattered signal level |7(#)|* is proportional to a sum of terms of order

(k/B)*. On the other hand, in the geometrical optics (high frequency) limit where /B »1,

|v(#)|? is inversely proportional to the dimensionless frequency k/B.

These behaviors can be better understood by recognizing that the diffusely scattered intensity
should be proportional to the ratio of the attenuation of a Rayleigh wave due to scattering to the
attenuation due to leaking. That is, the diffusely scattered intensity should be proportional to the
probability that the wave scatters before it leaks. Attenuation due to leaking scales with the 1st
power of frequency. Attenuation due to scattering scales, in the Rayleigh limit, with the 4th power
of frequency23, and in the geometrical optics limit, independent of ® (or the dimensionless &/ B).
The ratios of these attenuations to leaking are then of the 3rd and inverse power of frequency re-

spectively.

V  Numerical Results for Cubic Crystal Aggregates
For equiaxed cubic crystal aggregates, R, = {* where { is the anisotropic factor. The eighth
rank isotropic tensor Ef}f}’a is invariant under any permutation of greek and/or latin indices. It can

be constructed totally from Kronecker deltas in the form”*

— S _
EE0T® = b (8yp8y5+ 80y Bp5 + BosBpy) (8,8,+8,,8,+8,8,)
+d{8ai83j8758k,+ all the permutations consisting of exactly two pairings
between greek and latin indices, one pairing between greek and @1
greek indices, and one pairing between latin and latin indices}
+h{6ai6‘3j87k851+all the permutations consisting of exactly four pairings

between greek and latin indices}.

The numerical coefficients b, d and h can be determined by eValuaﬁng three independent com-

ponents of Z, and are found to be”

b = 2/1575, d = -1/630, h = 1/180. (42)
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Using (41) and (42), one can calculate that the non-zero components of tensor EE0T° are

Ell = EZ2 = BN = 9h+72d+ 24h = 16/525,

=i = E3 = S0 = 9p = 2/175,

Bl =Bl =Bl =22 23 - 53 = 34 120 = —8/525,
Epm = Ef% = By = 3b=12/525,

21122 _ =23 _ =113 _
J Sy = By = B3 = b+4d+4h=3/175, “3)
=122 _ =122 _ =0233 _ =023 _

S33 T Spp T BNy = By = b+2d = -3/525,

FIH2 2 3 51222 _ 22223 _ =1333 _ =2333 _ —
ST ST T1222 T Y2223 T U333 T <2333 T 9d+6h=2/ 105,

=123 _ m=1223 _ =1233 _ _
Sy = By = Eg3 = d+2h = 1/105,

=12 _ g3 _ =2223 _ gy _
S0 = Siags = By = 94 =-3/210,

=2 _ 21222 _ =1113 _ 51333 _ <2223 _ =2333 _ —
1233 T Y1233 T :"1223 - ‘:'1223 B B < e TPk B 3d=-1/210.

One also has the relation E1° = £ and all permutations within upper or lower indexes keep

the value unchanged. All other components that contain at least one index (upper or lower) being
repeated of odd number of times are zero.

For water-aluminum case, one has P/ P, = 03696, ¢/, = 0.23726, and ¢/ cp = 0.47106. From

(6), one find that 6,,~6, ~30.36° Plotted in Fig. 1 are the magnitude of the dimensionless leaky
Rayleigh function given in (6) and that of the regular Rayleigh function (Eq. (6) with PP, = 0)
as functions of (the incident or outgoing) angle 6. One can see that both critical angles (corre-
sponding the minimum) have approximately the same value.

Plotted in Fig.2 is the numerical results given by Eq. (40) for the backscattered signal

(9,,, = 180”). One can see from this plot, as discussed in last section, at high frequency (geometri-

cal) limit, the mean square scattered signal level is inversely proportional to the non-dimensional
frequency. In the low frequency (Rayleigh) limit, the mean square scattered signal level is propor-
tional to the third power of frequency.

Similar frequency dependence relationships are also found for the out of plane scattered sig-
nals, but the turning point between the frequency regimes alters with ¢,,, as can be seen from Fig.

3. The turning point decreases with the increase of the out of plane listening angle from ¢, = 0°

out

(forward scattering) to ¢,,,=90° (completely out of plane scattering) and then remains about the

same at /B~ 1.0 for all ¢,,, from 90° to 180° (backward scattering).

Fig.4 is a plot of the mean square scattered signal level as a function of the listening direction

(angles 9,,, and ¢,,,) at low frequency (/B = 0.1). One can see that a peak near 6, =30.3° exists

17
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Fig. 2: Backscattered mean square signal level as a function of frequency
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Fig. 3: Mean square _scéttered signal level as a function of frequency and for
different off plane listening angle

for every ¢,,, but the backscattered signal (¢,,, = 180°) is about twice as strong as the forward

scattered signal (¢,,, = 0°).

out

In the high frequency situation, the picture is different. Because of the turning point from cu-
bic frequency dependence to inverse proportionality comes late at higher frequencies for small
,. the difference between the forward scattered mean square signal level and the backward scat-
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tered mean square signal level is very big. The reason can be seen from Eq. (38b). For high fre-
quencies, /P is large, one can approximate that  — 0 in (38b) and find (k/B)~" dependence as

described in last section. But if near the forward direction (8,,, = 6,, and ¢,,, = 0°) one find that

k,~0 and x,~0, then p*+«}+x2=B? so that cubic frequency dependence relationship still holds
in or near this forward direction, as can be seen from Fig.3.

1
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e

-

8,, = 0, ~30.3°
o ] k;/B = 100

Fig. 5: Mean square scattered signal level as a function of the listening direc-
tion at high frequency
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Fig.5 shows that for high frequency, the mean square scattered signal level remains about the
same for different ¢,,, between 90°~180°. Also for fixed ¢,,,, the scattered signal is strongest

when 6, is near 6.

out

Plotted in Fig.6 is the mean square scattered signal level as a function of ¢,,, at high frequency

and when 6, = 6,. It covers the full range of ¢,, from ¢,, = 0° (forward direction) to

$,,, = 180° (backward direction) at the Rayleigh angle while in Fig. 5, 60°<¢_ < 180°,
104
103 - 0
8,,=96, =0,~303
|97 k;/B =10.0
102 -
10 -
100 T T T T T ]
0 30 60 0 4 120 150 180
out

Fig. 6: Mean square scattered signal level as a function of the off plane listen-
ing angle at high frequency

VI Summary and Conclusions

A first order Born approximation is utilized to obtain the incoherent scattering from a flat flu-
id-solid interface. The fluid is assumed to be ideal and homogeneous, but the solid has randomly
inhomogeneous anisotropic elastic constants due to the microstructure of the material. A harmon-
ic plane wave is incident from the fluid on to the interface and the mean square scattered signal
level is given in terms of an integration of the spatial spectral density (the spatial Fourier trans-
form of the auto-covariance function of the fluctuating elastic moduli). The principle of reciproci-
ty is also utilized to make the calculations simplér.

For the case of exponential type auto-covariance function, the integration can be calculated
easily and the final analytic result is given. The results for the high and low frequency limits can
be readily seen from the analytical formula. For high frequency (geometrical) limit, the mean
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square scattered signal level is found to be inversely proportional to frequency, while for the low
frequency (Rayleigh) limit, a cubic power frequency dependence is found. Physical explanations
are given for these frequency dependences.

Numerical results are given for the case of a cubic polycrystalline aggregate (Aluminum) at a
water interface. These numerical results show, in addition to the verification of the analytical pre-
dictions of the frequency dependences mentioned above, that at low frequencies, the mean square
scattered signal level in the backward direction is as twice as that of the forward direction while
the weakest scattering is in the out of (the incident) plane directions. At high frequencies, the
mean square scattered signal level remains about the same for all the out of (the incident) plane

angles which are greater than 90° (backward like).
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