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SUMMARY

Linear flow instabilities due to oscillatory disturbances of the liquid and‘mushy regions during
solidification of binary alloys are investigated under a rotational constraint where the rotation axis
is inclined to the gravity vector. Results of stability analyses and numerical computations for a
preferred centrifugal mode of general oscillatory disturbances at zero and non-zero rotation rates
are determined which provide information about the preference of oscrllatory flow and its role on
the sohdlflcatlon system as modified by the rotational effects The main results are due to a
preferred oscillatory mode of convection which is more signiﬁcant for non-zero rotation case and is
restricted mostly to the mushy region The preferred oscillatory mode of convection is a traveling
wave in the presence of rotation, but it is a standmg wave in the absence of rotation. The results
for dlfferent Prandtl numbers indicate that the freckles formation tendency for metalhc alloys is less
than that for aqueous solutlons Freckles are nnperfectlons that reduce the quality of the sohdlﬁed
‘materials.

1. Introduction 7 » 7
Recently Worster [1] investigated instabilities of the hquld and mushy regions dunng
un1d1rect10nal solidification of alloys and in the absence of any rotational effects. He studied only

- the onset of non-oscillatory instabilities. He stated in his paper [1] that oscillatory instabilities are
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not expected to occur in his solidification system since double-diffusive systems in which the
lower diffusing component is unstably stratified, such as his system, usually give wasi to direct
modes of instability that lead to the forimétion of double-diffusive fingers. Accordingly, he
superimposed non-oscillatory disturbances on the base flow and performed a linear stability
~ analysis of the problem. Most of his results are for the cases of aqueous solutions whose
representative Prandtl number Pr is Pr=10, while the rest of his results are for the cases of
metallic alloys whose appropriate Prandtl number is Pr=0.02. Worster [1] discovered two
modes of convection and called them appropriately the mushy layer mode and the boundary layer
mode. The mushy layer modé is driven by buoyant residual fluid within the mushy layer of
dendrite crystals, while the boundary layer mode is éssociated with a thin compositional boundary
layer in the melt just above the mush-liquid interface. Depending on the parameter values, due to
thermodynamic and physical properties of the alloy, either one of these modes can dominate.
Worster [1] determined various results including marginal stability curves for different parameter
values and found good agreement between his results of linear stability analysis for Pr=10 and
the experimental results of Tait and Jaupart [2] for the onset of the mushy layer mode of convection
in aqueous solutions of ammonium chloride.

More recentiy Sayre and Riahi [3] investigated non-oscillatory instabilities of the liquid and
mushy regions during solidification of binary alloys under a high gravity environment, where it
was assumed that the solidification systein was placed in a centrifuge basket [4] whose rotation
axis was inclined with respect to the high gravity vector. The high gravity vector was also
assumed to be anti-parallel to the direction of the solidification growth rate. They considered a
linear stability system due to two-dimensional non-oscillatory disturbances and developed a
numerical code which was used to determine the results for various flow features due to the
preferred stationary in;\stability modes of the stability system. Their results indicated two preferred 4
~ distinct modes of Stationary convection whose characteristics are no longer of the kind detected by
Worster [1] since rotational effects altered significantly the form of these modes. Théy' '

- appropriately called these two modes short wavelength and long wavelength modes since they had



distinct short and long wavelength characteristics which pers1sted even in the case of strong
rotation. They found that rotational effects made both of these stationary modes more dependent
on the internal structure of the mushy layer and resulted in the production of negative perturbations
of the solid fraction within the mashy layer that are indicative of freckle formation tendencies,
although the long wavelehgth mode was found to be more effective in such production processes.
The spatial locations in the mushy region which tended to form freckles were found to change as
the rotation rate decreased or increased. This led the authors to suggest a controlling procedure for
the possible elimination of freckles, namely application of a variable rotation rate.

In the present investigation, we consider the same marginal stability problem as the one studied
earlier [3], but for the oscillatory disturbances, and for the case where the solidification growth ;ate
direction is anti-parallel to the normal gravity veetor and is inciined to the rotation axxs This
system turns out to be mathematically the same as the high gravity system treated before by the
present authors [3], provided that the Rayleigh numbers are defined based on the acceleration due
to normal gravity g and not based on the magnitude of the high gravity \)ector. An interesting
result of the present study, in contrast to the ones due to Stationary »in_stability cases [1,3], s the .
persistence of a preferred oscillatory mode which is favored more by rotational constraint, by the
- metallic alloys and by the mushy region.

2, Formulatlon
- We Keon»sylder a thin layer of a binaryn alloy meh of some constant ,comppsitiqn C, and
temperature 7, which is solidified at a constant ra“te‘ V;,, Awith the eutectie,, temperature T, at the
__position .z =0 held fixed in a ffame moving with the.solidiﬁcation speed in the vertical z-direction
_ (anti-parallel to the gravity vector) (figure 1). The physical model is based on the assumptions of
Pt»he type considered by Worster [1], and we refer the reader to this reference for details of :such
assumptions. We, assume that the solidification system is rotating at some. constant :a-_n;gu-lar, ‘
velocity Q 'abou~t the rotation axis which makes an angle y with respect'ti,o the z-axis. Within the

- layer of melt; there i is-a very thin:mushy layer adjacent to the sohdlfymg surface and of thlckness

h(x Y, t) where t is the time variable, and x and y are the honzontal vanables



Next, we consider the equations for momentum, continuity, heat and solute for both the liquid
region (z > k) and mushy region (0 < z < 4) in the moving frame Oxyz whose origin O is centered
on the solid-mush interface (z=0), which is assumed to be flat [1]. The governing system of
equations is non-dimensionalized using V,, K/V,, K/VZ, BACp,gK/V,, AC and AT as scales
for velocity, length, time, pressure, solute and temperature, respectively. Here K is the thermal
diffusivity, p, is a reference (constant) density, f=p"—-3«a", where &' and * are the
expansion coefficients for heat and solute respectively and S is the slope of the liquidus curve [1],
which is assumed tb be constant, AC=C,-C,, C, is the eutectic concentration of the alloy, |

AT =T,(C,)-T,, and T, is the local liquidus temperature. Due to the variations of density with

respect to solute concentration and temperature, the centrifugal acceleration terms in the momentum
equations for bqth the liquid and mushy layers cannot be converted into passive gradient terms and
become important at significant rotation rates. In this paper, we are particularly interested in the
:effects of thes¢ terms on the solidification system. Some recent results due to R1ah1 [5], based on
an evolution equation for the flow of melt in a solidification system, in the absence of mushy layer,
indicate that there can be unusual and unexpected effects due to the centrifugal acceleration term.
- Following [1,6], we treat the mushy 1ayer as a porous medium where Darcy’s law is adopted.

The noﬁ-dimensional form of the governing equations and the boundary conditions for the
liquid and mushy layers are based on the Worster [1] simplifying assumptions that § = f°, the
temperature contribution to the buoyancy in the liquid zone is negligible and K >> D, where D is _
the solute diffusivity. Full details of the governing system of equations and the boundary
conditions for_ the case Witlgqut rotational constr-aim‘s are given in [1], while those with rotational
constraints are given in [3). We shall present the governing stability system briefly here and refer
the reader to [1] for ‘dgtails on the é&lidiﬁcation system and to [3] for the rotating extension. Also,
details regggding conve%:ti_on in a rotating system are given in Chandra Sekhar [7]. We consider
two-dimensional ‘sblutioﬁs of the governing system of equations for momentum, continuity
: (incompreséible case), temperature and solute concentration for both the liquid and mushy layers

and the associated boundary conditions in the (x,z) plane, which simplified mathematically this



complicated governing system. The two-dimensional flow case will not include the Coriolis force
terms, but it will include the centrifugal force terms to represent the rotational constraint applied on
the system. It was found convenient to eliminate the pressure gradient terms in the momentum

equations by considering the curl of these equations. Next, we seek solutions of the form

6) (6,(2)) (6(2) 0,(x,2,1)

S| |1%@) ]| 8= . . 8,(x,2,8) | -
«|7| o v+ (2 exp[i(wr + ox)] + 41~42(x,z,t) i (1)
fi’ ¢0(Z) \ ¢ (Z) , 4 0, (x’ 2 t)

where u = (u,v,w) is the velocity vector, S is the solute concentration, @ is the temperature, ¢ is

the local solid fraction of the mushy layer, i is the pure imaginary number («/——1), o is the

frequency of the perturbation, & is the wave number of the perturbation, quantities with subscript
0’ denote base flow quanﬁtigs whose expressions are given in [1,3] and will not ber repeated here,
and perturbation quantities with subscripts ‘1” and ‘2’ are small in comparison with the base flow
quantities. ~ | | | | B

Next, using (1) in the governing system, multiply each equation and boundary condition by
exp[—i(ax + ax)], linearize the system with respect to the amplitude of the perturbations, and then
take the average of the resulting_system with respect to the x variable. We shall investigate
numerically the followihg resulting system of equations and boundary conditidns in the limit of

zero value of the quantities with subscript ‘2°. In the liquid region (z > h) , the equations are

[D2 D, -io)/P,-o*|Q, +a "RS, +wc4,smy |
(zcos '}1)3 +cosy +iozsin J/)Sl 0 o V)
(eD} + D, -iw- a’)s, = WD,S,, | | | 0

(- =, - @



(D + D, -iw-a’)8, = WDs6,, : : 5)

where D, = -‘-?-,,Q, represents the perturbation vorticity, Pr = /K is the Prandtl number, y is
4 _

the Kinematic viscosity, R =f'ACgK? /(Vou) is the liquid solutal Rayleigh number,
A = PACQ*K? / (Vo‘y) is the liquid centrifugal parameter and € = D/K is the inverse of the Lewis

number. These equations are subjecte;i to the following boundary conditions:
6, S, =[W]=D,W, = D,(S,-6)+(e-1)n,D,6,/e =0 at z = h, (©)
6,-0,5 -0, W =0, D,W, -0 as z— oo, | | Q)
where h, is the unperturbed mush-liquid interface at the fixed (constant) z level,

my(x,t)=(h—hy) exp [~i(ex+ax)] and the square brackets denote the jump in the enclosed

quantity across the interface. In the mushy region (0 < z < /), the equations are
o2+ s,y(c,v— 6)/(C.-6,)'(D, -iw)+25(c, -8)D,6,/(C. - 8,)' - 0}
6, - SED,6,/(C, - qo)’ +[1+5,/(C, - 6,)W.Ds6,, ®)
{p2-(m(m)e, ;oi)p, 6;/[M(x)C. -6,) | Dy - * | = 011 R 6
+iod1, sinjA,, (cos 12D, + cosy +iasin jz)Q,, ,_ .(9)

(D~ i)t = WD, ‘4 (10)



where 0, =€6_ /(e 1), 6, is the non-dimensional 7., §,=6,[1,3], & = 25+6C, x =1- ¢ |
is the liquid fraction, ¥, =(C,—6,)/(C, —6,) is the unperturbed porosity, IT" denotes derivative
of I1 iwith respect to ¥, Il, is a constant reference value for I1 which will be set equal to one later
in the numerical procedure, S, = L/ (CAT)"*is the Stefan number, C is the specific heat per unit
volume, L is the latent heat of solidification per unit volume, _‘ C =(C, —Co)/AC is a
concentration ratio, C, is the composition ‘of the solid phase forming the dendrites, IT is the
permeability of the mushy layer, R, = BACgII; /(V, ) is the mush solutal Rayleigh number, IT;
is a reference value of the permeablhty and A, = BACIIT; KQZ/ (VZ/,L) is the mush 'centrifugal

parameter These equations are subjected to the followmg boundary conditions:

[Q']4=[D391]+s'n‘D36?/(C'_?jv)=§1‘91—n1D390=0 at z=h, | ((11);
Rlewllmush = _Rmn(l-)[D3Q] + (Qi + azwr)/ I)r]liqqid' at z=h,, (12)"
6,=W =0 avtz'=o-, e - - w3

3 Numerical method
Due to the complexity of the system (2)4( 13), we use a rrumeric‘ail procedﬁre'of the type
developed and utilized by Worster [1] and based on the numencal code of Sayre and Riahi [3].

Here we descrlbe the numerlcal approach bneﬂy and refer the reader to [1,3] for details of the

procedure. Define -
t=0,-6, (0s7<7) o as
as the new independent variable, where 7, =1+6_, and 7=0 and T, correspond, respecriyely,

to z=c0 and 0. Using (14) in (2)-(13) leads to a system of ordinary differenrial equations for
W, Q,, 6,, S, and ¢, as functions of the independent variable 7. Following [1,3], we find



R/R,=A/A,=H, ' (15)

where H is generally a large parameter [1]. The new form of the stability system has a regular

singular point at 7= 0 [1]. Following [1,3], we write

(6.5, W.Q,) =7"(6.5,.42) 0<7<7T, (16)

in the liquid region, where 7, =6, /(1-€) corresponds to value of z=h, and m is a root of the
indicial equation. We then use the numerical procedure to solve for the analytic functions

(é, S, W,fl). Using (16) in the governing equations in the liquid region leads to four linearly

independent solutions that satisfy the boundary conditions at 7=0 corresponding values of m
- [1,3] designated here by m,(i=12,3,4). When m=m, the corresponding values of
(’5, S$,Q, W) at 7 =0 are found from (7) and the governing equations for these variables. Also,

for each value of m = m,, a Taylor series expansion of the governing equations for these variables

about 7 = 0 was applied to determine the first three defivatives of these variables at 7=0. These
results allowed numerical evaluation of the governing equations for (é, 5,Q, W) in the liquid region

to be started from the asymptotic expressions for the dependent variables near 7=0. We applied

- an efficient fourth-order Runge-Kutta scheme for this purpose. For each value of m;, the
governing equations were integrated from 7=0 to 7= 't,.. Next, we used (6) and (11)-(12) to _
relate the dependent variables in the mushy layer at 7 =7, to the dependent variables in the liquid
region. These values are used to start the numerical integration of the equations for (6,,&,W,) in
the mushy layer at 7 = 7,, which continues until 7=7,. Note that S, =6, in the mushy layer [1,3]
and there is no need for separate equations for Q, since Q, is given in terms of W, and DfW, like
(4). However, the resulting-solution will not, in general, satisfy all the boundary conditions. The
remaining boundary conditions are used to compute the followjng residuals r; corresponding to

index m;:



~

~ aw 1. o
r =1”"‘(0——S), r, =T"”E+m,.r”" Woat T=1,. : (17

Fy=0, r,=w, at T=T, | | a8)
The determinant of the matrix [r;.j],
Det = Det. (R,,a,w;¢,H,P,S,,C,.0,,4,,7), e o (19)

_is then co;nputed,ﬂ and R, is varied until Det=0. The corresponding ‘solutions are eigen
functions‘ éf the stability system which represent the marginally stable states of the system.
4. Resui;s
| ‘ FolloWing [1,3], we set y=30", S,=C,=0,=1 and II(y)=1- The eigen value relation
Det =0 then provides a marginal stability curve R, (). or R, (@) for each choice of values of
other parameters. The parametef € is typically very small, while H is typically very large [1].
Two different values of Pr=10 and 0.02 will be considered which correspond to aqueous
solutions and metallic alloys, respectively. The centrifugal parameter A, will be ‘assigned the
values 0 and 0.1 which turns out td'provide adequately the absence and presence of the
centrifugal force effects, The values for € and H are similar toAthose chosenin [1]. ,
The  results for neutral Stability curves, R, versus a, in the absence of rotation
(4,=0) forPr=10 (0=0,H=10,=0.025) and Pr=0.02 ' (w=1.6,H =10%,& = 0.01)
are shown in figure 2. The system is ﬁn’s;table"in the région above ‘each curve and is stable below
the curve. Just.as in the case treatéd in [1] for Pr =10, the marginal curve for Pr=10 has two
minima,-corresponding to‘two distinct médes:of convection which are ‘both non-oscillatory.
‘However, for Pr = 0.02, t-he‘ marginal stability curve has a minimum which’ c0rresp6hdé' to an
oscillatory mode:of convection. This oscillatory mode is preferfed over the non-oscillatory modes

(w=0) and corresponds to @=1.6 or ®=-1.6 since the stability system was found



10

numerically to be insensitive with respect to the sign of @ as long as rotational effects are absent

(4, =0). Itis seen from figure 2 that the system for Pr=0.02 can be more unstable than the one
for Pr=10 in a certain range of the wavelengths of the convection modes. More extensive
computations carried out in the present study to determine R, versus @ confirm the results stated
above for the A, =0 case. The corresponding results for the non-zero rotation case (4, =0.1) are
also determined. We found that there are two preferred oscillatory modes of convection with
distinct different wavelengths and periods. Comparing these results with those due to A, =0
case, we find that rotation is destabilizing since the preferred oscillatory modes for A, =0.1
correspond to smaller R, than the ones for the A, =0 case. Itis also found that R, values for the
marginal curve are no longer symmetric with respect to the @ = 0 axis when rotational effects are
non-zero. The plot of R, versus @ for marginal curve given by figure 3 indicates that the
| preferred oscillatory mode has a small wavelength and that & increases with A, . This latter resuit
as well as results about marginal stability curves for fixed values of H=10° and &=0.01 were

~provided by additional computations. These results indicate that the case with Pr=0.02

corresponds to smaller R, without rotation, while the case with Pr =10 corresponds to smaller
R, with rotation.

Streamlines for the preferred convection modes corresponding to the local minima of some
neutral stability curves are presented in figures 4 and 5 for A, =0, 0.1 and Pr=0.02, 10. It is
seen from these figures that rotation tends to niake the convection cells slightly inclined with
respect to the z-axis. The preferred oscillatory modes tend to be more concentrated close to the
solid-mush interface, while the preferred stationary modes tend to be more concentrated close to
the liquid-mush interface. Other results, not shown in any figures, indicate that for the preferred
stationary modes, fluid flows deeply in the liquid and mushy zones for the long wavelength mode,
while flow is restrictéd toa ihin regioq about thé mush-liquid interface for the short wavelength
mode. For the preferred oscillatory modes, fluid flows in both the liquid and mushy zones for the

long wavelength mode, while flow is restricted to the mushy zone for the short wavelength modes.
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We also determined information about the vertical velocity and horizontal velocity in both the
liquid and mushy layers and for both zero and non-zero rotation cases. it is found that the
magnitude of velocity in the liquid region is generally larger than the corresponding one in the
mushy region for the stationary modes, while the opposite is generally true for the oscillatory
modes unless the wa‘velength‘ of the mode is long. | -

Density plots of the perturbation to the solid fraction in the mushy region for the preferred
convection modes and A, =0, 0.1 and Pr=0.02, 10 are shown in ﬁgures 6 and 7. Dark and
light regions correspond, respectively, to regions of local melting and enhanced solidification. It is
seen from these figures, as well as from further computations, that the rotational constraint, low
Prandt]l number fluid, and short wavelength modes all lead to some decrease in the amount of
negative perturbation to the solid fraction; which means less tendency for channel formation in the |
mushy region. The information provided by these figures for both zero and non-zero values of A,
indicate that the spatial lecatiens in the mushy layer which tend to form chimneys, that is dark
regions in the figures corresponding to negative perturbatlon to the solid fractmn that represent
local melting of the dendrites, change as the rotation rate changes. |

Some of the results discussed so far for Pr=10 are for fixed values of either
€=0.025 and H=10° or €= 0 01 and H=10°. It turns out that the relative stability of the
preferred convection modes varles cons1derably with the values of H and &. A particular
interpretation of H is as a measure of the relative mobility of the fluid in the melt region to that in

- the mushy layer [1]. Thus, increasing H causes the melt region to become more unstable relative
to the mushy layer. The results from the marginal stability curves for various values of H with
fixed £=0.025 and Pr=10 were also determined and confirm such interpretation of the
parameter H. For non-zero rotation, it was found that the preferred oscillatory mode reinains
‘almost unchanged for H>6.4x10*. This range of values for H may be called the asymptotlc
range where the preferred convection mode is insensitive with respect to H. Hence, a rotational

constraint reduces the destabilizing effectof H.
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In regard to the variation of €, it should be noted that the main effect of such variation is to
change the thickness of the compositional boundary layer ahead of the mush-liquid interface
relative to the depth of the mushy layer. The thickness of the compositional boundary layer
decreases with decreasing € [1]. Marginal stability curves for several values of &£ with fixed

H=10° and Pr=10 andfor A, =0, 0.1 were also determined from the present computation.

‘ It was found that the preferred convection mode becomes more stabilized as £ decreases, and this
is more stfongly true for the zero rotation (A,,, = O) case. Also, rotation is clearly destabilizing.
5. Discussion .

The results of the present investigation indicate that centrifugal force effects can significantly
. affect the critical conditions and the flow structure in both the liquid and mushy layers. Centrifugal
force is destabilizing in the sense that the critical values of R, for the marginal stability curves are
‘reduced. But, the centrifugal force seems to have beneficial effects in the sense that it appears to

" reduce the tendency of the flow to form freckles. Our stability analysis detected an oscillatory

- mode of convection which is preferred for A, # 0 and for low Pr, zero-rotation (A, =0) cases.
4This»resultv is in sharp contrast to the large Pr, zero-rotation (Am = O)}, cases as well as to the
_ results due to Sayre and Riahi [3] for stationary instabilities. In both of these latter cases, two
_ preferred stationéry modes of convection occurred and were called [3] short wavelength and long
wavelength modes, since they had distinct short and long wavelength characteristics.

- One of the present results that the oscillatory mode of convection can be preferred at Pr = 0.02
even for zero-rotation cases is an unexpected result. One does not expect for oscillatory instability
to take place in zero-rotation cases of double-diffusive, one-layer systems in which the slower
diffusing component is unstably stratified, such as in the liquid layer or mushy layer we have here.
- Such system usually gives way to a direct mode instability that leads to the formation of double-

diffusive fingers [1]. .quever, the present systém is a two-layer system which is subjected to
j more instabilities, particularly for low Prandtl number cases, that seems to be dominated leading to

the preference of the oscillatory mode of convection for metallic alloys.
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In this paper, we did a lengthy and tedious search to find the preferred convection modes at

mostly non-zero frequencies,®. We had to determine R, as function of all tile other xparam‘eters
including o and o and to investigate to see which cases lead to the smallest R,. Of course, there
is an infinite number of possibilities for @, but we stopped searching for each case, after arriving
at some kind of trend where we did not expect to detect a more critical mode of instability. Hence,
although we do not have any rigorous proof that there are no more critical modes of instability
beyond these which we already found, we can state here that it will be unlikely to have more
critical modes of instability other than those which are already présehted in this paper.

An interesting result of the present rotational studies due to the centrifugal force is that the
spatial locations in the mushy’layer which tend to form freckles change as the rotation rate changes.
This result suggests an important industrial operational procedure for the possible elimination of
freckle formation: the application, a variable rotational rate constraint imposed on the solidifying
system. , - :

It is of interest to note from the stability system (2)-(13) that rotational effects disappear for
¥ =0. That is, the rotational constraint is effective here only if the totation axis is ini:linéd to the
vertical z-axis which is anti-parallel to the gravity vector. This result emphasizes the significance
of the non-vertical component of the rotation axis which carries an effective component of the
centrifugal force.

Finally a note regarding the type of the preferred oscillatory mode predictéd in the present
study: As was presented in the previous section, we found that the preferred oscillatory solution
remains unchanged with respect to a change in the sign of the frequency in the absence of rotation,
although it changes, generally, in the presence of rotation. This result implies that the preferred
oscillatory solution is a mode of conveqtion in the form of a standing wave in the absence of
rotation, while the preferred oscillatory solution is a mode of convection in the form of a traveling

wave in the presence of rotation [8].
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Fig.

1

A diagram representing the directional solidification of an alloy at speed V,. A
mushy layer between a solid region, where temperature T < T,, and a liquid
region. The profiles for dimensional temperature and the local liquidus temperature
T, are also shown. L, M and S denote, respectively, liquid, mush and solid

regions.



Fig. 2  Marginal stability curves, R, versus & with A, =0 and for Pr=10
(0=0, H=10%, £=0.025) and Pr=0.02(0=1.6, H=10°, £=0.01).

Fig. 3  Marginal stability curve, R, versus @, with A =0.1 and for
Pr=0.02, H=10° £=0.01, a=2.5.
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Fig. 4 Streamlines for A, =0 and for
Pr=10, H=10°, £=.025, ® =0, @ =2.19, R, =7.64.
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Fig. 5  Streamlines for A, =0.1 and for ' 7
Pr=0.02, H=10% £=0.01, ®=0.1, =25, R =144.
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Fig. 6 Density plot of the perturbation to the solid fraction in the mushy region for
A,=0. Pr=10,H= 10°, £=0.025, =0, x=2.19, R =7.64.
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" Fig. 7 Density plot of the perturbation to the solid fraction in the mushy region for
A, =0.1. Pr=0.02 H=10°, £¢=001, ©=0.1, =25, R =144.
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