FORCE THEORY FOR MULTIPHASE BODIES*

R. SEGEV, E. FRIED, AND G. DEBOTTON

ABSTRACT. We present a framework for the study of bodies wherein the defor-
mation gradient may suffer a jump across an evolving nonmaterial interface. To
formulate the kinematics relevant to such a situation, we use a global approach
in which the configuration space has the structure of an infinite dimensional
bundle. We show that a force, defined as an element of the cotangent bundle of
the configuration manifold, may be represented by bulk and interfacial stress
measures. The invariant decomposition of that force into bulk and interfa-
cial components is discussed and we show that, in the case where the stress
measures representing the force are given in terms of smooth densities, such a
decomposition is determined by the average stress on the interface.

1. INTRODUCTION

This paper presents a geometric framework for the mechanics of maultiphase
bodies—that is, deformable continua containing moving nonmaterial surfaces across
which the deformation, though continuous, suffers a discontinuity in its gradient.
In considering such bodies, we are motivated by recent theories for solid-solid phase
transitions developed by Gurtin & Struthers [1] and Gurtin [2, 3], theories that in-
volve a highly nonstandard treatment of forces.! Specifically, our goal is to provide
an alternate perspective in which certain hypotheses of Gurtin and Struthers arise
as consequences of the underlying geometric structure.

Given a multiphase body, we restrict attention to the case in which the dif-
ferential topological structure of the surface across which its deformation gradi-
ent jumps remains constant. In other words, we assume that there exists a two-
dimensional manifold, termed the interface, and that the various surfaces of dis-
continuity, termed configurations of the interface, are diffeomorphic to it. While
any embedding of the interface in the body induces a configuration of the interface,
any two embeddings that have the same image will induce the same configura-
tion of the interface. Thus, the collection of configurations of the interface in the
body is a manifold of borders or a manifold of shapes as considered by Kijowski
& Komorowski [8], Komorowski [9], Michor [10], and Binz & Fischer [11]. In the
terminology of continuum mechanics, the interface lacks material structure.

To overcome the difficulties associated with the lack of material structure we use a
general formulation of continuum mechanics suggested in [12] and [13]. Specifically,
we consider an infinite dimensional manifold structure for the configuration space
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of the body. Generalized velocities and forces are then defined, respectively, as
elements of the tangent and cotangent bundles of the configuration space. Being
linear functionals, the representation of forces therefore depends on the class of
admissible mappings. Natural choices of the admissible mappings and topology
allow a representation of forces by measures and an associated generalization of the
notion of stress. We note that this approach holds in the case where both the body
and the underlying physical space are general differentiable manifolds, and leads,
without any reliance on the notion of equilibrium, to proofs of the existence of
stress in the case where it may be as irregular as a measure and also an elucidation
of certain properties of stress.

Letting Q. denote the collection of configurations (of the body in space) that
suffer a discontinuity of the derivative at the configuration x of the interface, the
configuration space of the multiphase body is, in our setting, just

Q= U Qx,

KEQS

where Q7 is the configuration space of the interface. To apply the approach de-
scribed above, we take advantage of results due to Kijowski & Komorowski [8] and
Komorowski [9]--~who work in a context similar to ours—and show how Q may be
given the structure of a bundle. For the C™ case, @ is smooth. For the C¥ case,
with w finite, 7Q) possesses the structure of a topological Banach manifold (see [9]).

Ideally, a theory for multiphase bodies should lead to a natural decomposition
of generalized forces, and possibly velocities, into components associated with the
interface and the bulk. In fact, we are able to—on the basis of a physically well-
motivated constitutive assumption—construct a connection on the cotangent bun-
dle that allows a decomposition of forces into interfacial and bulk components.
Regarding generalized velocities as elements of the double dual, the decomposition
of forces then allows a generalized decomposition of the velocities in which the bulk
component is the velocity field of material points. Moreover, we show that, so long
as the stress measures representing a force are given in terms of smooth densities,
a natural decomposition of the force is available. In this case, the force f on a
multiphase body has the representation

f) = /(s-'v +S-Dv)dV + /(nn-{[SoDX(n,{)]]u + cu+ ¢-Du) dA.
B

K

Here, v is the velocity field of the material points, % is the scalar normal veloc-
ity of the interface, s is a vector field representing the ambient bulk-force (which
vanishes in equilibrium), S is a tensor field representing the bulk stress, x is the
configuration of the multiphase body, c is a real function on the interface repre-
senting the ambient interfacial-force, ¢ is a vector field that represents interfacial
shear, n, is the interfacial unit normal field, and double-brackets denote jumps of
the enclosed quantities across the interface. The representing stress measures are
not determined uniquely by the force; if, however, they are given, the force may be
restricted to any subbody P of B by restricting the integrals appropriately. Doing
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so, the restriction fp of f to P may be represented in the form

fo(X) = b-vdV+ t-vdA | (ta+t.-{v))dA+ tyudL,
[rre i) A

where t; = c-v is the interfacial boundary force, v is the unit normal to P Nk
on k, angled double-brackets denote the average of the enclosed object on the two
sides of the interface, b = s — divS is the bulk body force, t = S(n,p) is the
bulk boundary force, t, = [S(n.)] is the force exerted on the interface by the
adjoining bulk phases, and 7 = ¢ — div, ¢ + ¢, - {Dx(k)) is the component of the
force dual to the normal interfacial velocity field. While the contact forces for a
generic subbody P depend on the representing stress fields, the contact and body
forces for B depend only on f.

This representation together with the ensuing “balance equations” and “bound-
ary conditions” are analogous to those postulated by Gurtin & Struthers [1], with
the difference that our framework, which ignores energetics, precludes any discus-
sion of interfacial tension (or, more generally, interfacial energy).

For the sake of completeness, Section 2 of the paper reviews the mechanics of
nonmaterial interfaces (based on [14]). Section 3 discusses the mechanics of compos-
ite bodies—multiphase bodies for which the interface remains fixed. Nonmaterial
surfaces and composite bodies are basic elements in the development of the me-
chanics of multiphase bodies, whose kinematics and force theory are considered in
Sections 4 and 5, respectively. In Section 6 we consider the decomposition of forces
into interfacial and bulk components and Section 7 presents the important example
in which the stresses are given by smooth densities. Since we rely on the construc-
tions of Kijowski and Komorowski for the configuration spaces, some proofs are
omitted for the sake of conciseness.

Our adherence to the use of C* topologies, instituted by Kijowski & Komorowski
(8] and Komorowski [9] in their constructions of infinite dimensional manifolds of
mappings, is suitable to exhibit the geometrical structure and the framework for
force and stress theory. By no means do we expect that such topologies would be
adequate for the discussion of the partial differential equations governing multi-
phase bodies. Indeed, to arrive at those partial differential equations would require
constitutive equations determining the stresses as functionals of the underlying
kinematic variables. Analysis of the ensuing partial differential equations would
rest on an investigation of regularity issues and the introduction of appropriate
solution spaces (e.g., adequate Sobolev spaces).

2. REVIEW OF THE MECHANICS OF NONMATERIAL INTERFACES

The kinematics and force theory for nonmaterial surfaces, discussed in Segev
& Fried [14], are basic ingredients in the formulation of the kinematics and force
theory for multiphase bodies. Thus, for the sake of completeness we present in
this section the relevant definitions, methods, and results of [14] and the references
cited therein.

Definition 2.1. A body, B, is a compact three-dimensional C¥, w = 1,..., 00,
manifold, with boundary B, that can be embedded in R®.

Definition 2.2. An interface, I, is a compact orientable C* surface in R>.
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Definition 2.3. A configuration, k, of an interface I in a body B is a submanifold
& of the interior, Int(B), of B that is C* diffeomorphic to I. We use Q; to denote
the collection of all configurations of I in B.

Definition 2.4. For X € Kk € Qg, the space of layers at X is the quotient space
Axk = Tx B/Tx«. The one-dimensional vector bundle

Ak = U AxK,,

Xex

with projection A, : Ak — k, will be referred to as the bundle of layers.

Proposition 2.1. (Komorowski [9], Kijowski & Komorowski [8], Michor [10], Binz
& Fischer [11]) The interfacial configuration space Q; can be endowed with the
structure of a manifold modeled on the topological vector space C*(I) of real func-
tions on the interface. For any x € Q;, we have an isomorphism T,Q; = C¥(\,),
where C¥()) is the space of C* sections of \.

Remark 2.1. The construction of the manifold structure uses a deformation of x €
Q7 in a tubular neighborhood containing it. A real valued function u defined on x
(or I) can, by displacing the point X € & to the point in the body whose tubular-
neighborhood-coordinates are (X, u(X)), represent a neighboring configuration of
the interface.

Remark 2.2. Given a metric (induced, for example, by a reference configuration of
B in R3) on B, we will often identify % with its component relative to the unit
normal vector to x so that C¥(\.) may be identified with C¥ (&), the collection of
real functions. In this case, the section of A, representing an element % € T,Qy is
called the normal velocity field associated with .

Consistent with the general framework described in the introduction, forces on
& are elements of the cotangent space (T.Q)* = (C¥ (/\,.z))*. As such, forces are
section distributions (see de Rham [15], Schwarz [16], and Choquet-Bruhat et al.
[17]) and, since & is compact, forces are of finite order.

Definition 2.5. Given k finite, a force of order k on an evolving interface, i.e. an
accretive force of order k, at the configuration & of I is an element of (C* (/\,c))*.

Remark 2.3. We use the term accretive in the sense of Gurtin & Struthers [1], who
employ that term to distinguish forces associated with the motion of a nonmaterial
interface—whereby material of one phase grows at the expense of another—from the
more standard Newtonian forces associated with the motion of material particles.

For simplicity, we restrict attention, in the remainder of this Section, to forces
of order 1.

Proposition 2.2. Any accretive force f € (C*(Ax))" admits the representation

£ = [ sta)-dz,
where j : C(\;) — C°(J(A)) is the jet extension mapping and = is a measure
over k valued in J(\.)*, the dual of the jet bundle of the vector bundle A.. For
sections e of a vector bundle and f of its dual, e- f denotes the real function
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F(X)(e(X)). Further, if f is a measure valued in the dual bundle, e- f is the
analogous real measure. The measure = is referred to as the interfacial stress.

Remark 2.4. In analogy to the usual situation in continuum mechanics, a force
on I does not determine a unique stress on I. If a force system—i.e., a force on
every submanifold of k—is given and certain consistency conditions hold, a method
due to Segev & de Botton [18] can be used to show that a unique stress may be
determined.

If a stress = representing the accretive force f € C*(\,)* is given, a force fg of
order 1 is induced on any two-dimensional submanifold S of k by

1@ = [ 3(a)-ds.
S

Proposition 2.3. Given a Riemannian metric on B, any accretive force f €
C'(\x)* may be represented in the form

Fla) = /adg + /Du-ds

for all & € C1(\,), where D denotes the differentiation operator, £ is a real valued
measure over k, and = is a measure over & valued in Tk. We will refer to the
measure £ as the ambient (self) accretive force measure and to = as the accretive
stress measure.

Proposition 2.4. Assume a Riemannian metric is given on k. Then, every ac-
cretive force f € C'(\,)* at the configuration x of I can be approximated with
arbitrary accuracy by the smooth real function c over &, the ambient accretive force
field, and the smooth vector field ¢ tangent to x, the accretive shear field, via

fla) = / (ctt + c-Di) dA,

where A is the area measure on k. If ¢ and ¢ are given, then, the force fg for a
two-dimensional submanifold with boundary S of x is provided by

fo(w) =/b1ﬂdA+/t1ﬂdL,
s a8
where dive +b; = con S and ¢c-v = ¢; on 8S. Here, v is the unit normal on &

to 0S. The field by is the accretive body force field and the field t; is the accretive
boundary force.

3. KINEMATICS AND FORCE THEORY FOR COMPOSITE BODIES

Before considering the case of an interface that is an evolving nonmaterial surface
of discontinuity in the deformation gradient, we discuss the theory of forces for
composite bodies—that is, bodies that contain a material interface across which
the deformation gradient may jump.2

2Here, our approach is based on an example discussed by Segev & de Botton I19].
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Definition 3.1. A composition of a simple body B is a collection of m connected
subbodies {Bp}, p=1,...,m, called phases, whose union is B and whose interiors
are mutually disjoint. A composite body is a body B together with a decomposition
of B.

Remark 3.1. Our usage here of the noun “phase” deviates somewhat from what
is standard. Using that term in its traditional physical sense, two disconnected
regions in a body may be composed of the same “material phase.” As we do not
consider material properties here, any indication that two disconnected subbodies
are composed of the same “material phase” is irrelevant. Hence, to yield a unique
decomposition of the body into phases, we require that the phases be connected.
Our “phases” may be thought of as “phase connected components.”

Remark 3.2. Clearly, the common boundaries in a decomposition of a body B con-
stitute a configuration of an interface in B. In addition, a configuration of an
interface in the body generates a decomposition of B.

Definition 3.2. A composite configuration of a composite body B with decom-
position {B,} is a continuous mapping y : B — R® that satisfies the following
conditions:

(¢) For each p, the restriction y|; is a C* embedding of B, in R®.

(#) If 0B, N 0By # @,p > q, the jump of the gradient [[Dy]] defined on

0B, N aB by
[Dyl; = D(yls,) — D(yl,,),
is nonzero at each point on the common boundary.
(445) The mapping y is injective.

Remark 3.3. We recall that the requirement that y is continuous implies that
ﬂDy(K)]]f; = 0 for every vector £ tangent to the common boundary.

Proposition 3.1. The configuration space Q. of the composite body, i.e., the
collection of all composite configurations, is a Banach manifold for a finite w and
otherwise is a Frechet manifold. The tangent space T;,Q, to the configuration space
at any configuration y may be identified with

T. ={v € C°(B,R%) : v|, €C“(B,R%},

with the topology on T defined using the standard C¥ semmorms on the various
phases.

Proof. Let T,, = Hp C“’(B,,,R3) be equipped with the product of the topologies
on C""(B,,,]R ) for p = 1,...,m and consider the mapping ¢ : T, — T given by
Yv) = {v|,,}. Since the conﬁguratlon space @, = Emb”(B,, R®) of each phase p
is open in C¥(B,,R%) (see Golubitsky & Guillemin [20] and Michor [10}), it follows
that H Qp is open in T.. Further, since the mapping ¢ is continuous, the inverse

image ¢ I(Hp Qp), which is the collection of mappings of the body into space that
satisfy condition (i) of Definition 3.2, is open in T,,. We omit the proof that the
collection of mappings consistent with (i7) and (44) is open in T,,. O

Remark 3.4. Appealing to Proposition 3.1, we may, for the various y € Q,, identify
(TyQ)* with (T)*.
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Definition 3.3. A composite-body force f of order w on a composite body at the
configuration y is an element of (7,Q,)*, the dual to the tangent space.

Proposition 3.2. Every force f € T} can be represented by a collection {fphhr=
1,...,m, with f, € C“’(B,,,]R3)*, in the form f = *(f1,..., fm), or alternatively,
F(@) =22, fo(¥lp,), for all § € T,.

Proof. The proof follows directly from the fact that ¢ is a linear, continuous injec-
tion. [J :

Remark 3.5. Since (Ty) Qp)* = C“(B,,R®)*, we refer to the various fp as phase
: P
forces.

Remark 3.6. Since the mapping
LT =TyQ - T = [[C¥(B,,R?) = HTy,Bpr
P P

of Proposition 3.1 is not surjective (due to the compatibility (i.e., continuity) con-
straint), its dual mapping,

o [Ty, @0 =[] 6B, R — (1,Q,)"
p P

is not injective. Thus, while any force on the composite body may be represented
by a collection of simple body forces for the various phases, this representation is
not unique. In particular, at the interface, a regular force system will not provide
the ambient forces for the distinct phases, but only their sum. (The situation here
is similar to that considered in Remark 2.4.)

Remark 3.7. Since each B, is compact, any element fr € C’“’(B,,,]Ra)*, being a
distribution with compact support, is of finite order even for the case w = oo.
Thus, there is a finite & such that f, € C*(B,,R®)* for all p = 1,...,m. For
simplicity, we restrict ourselves to the case ¥ = 1. The next two propositions
consider representations of such forces by measures.

Proposition 3.3. Every force f € (T.)* can be represented by a collection of

measures {(op, Xp)}, p=1,...,m, in the form
m m
$6) =3 [#ls,doy + Y [ DGil,,) a5,
p=pr P=13p

for all g € T,. Here, the measures o, are valued in R® and will be termed the
ambient (self) force measures, and the measures X, are valued in L(R3,R3) and
will be termed the stress tensor measures.

Proof. The proof follows immediately from the representation of the various ele-
ments f, € C*(B,,R%)* by measures (see Segev & de Botton (18])). O

Remark 3.8. The representation of a phase force by an ambient force and a stress

measure is, as discussed in [18], not unique. This nonuniqueness compounds that
discussed in Remark 3.6.
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Proposition 3.4. Assume that a reference configuration of the composite body in
space is given and identify the body with this reference configuration. Assume, also,
that the self forces o, and stress tensor measures 2/, that represent a composite
force f of order 1 are given, respectively, in terms of densities s, and S, smooth
with respect to the volume measure on B. Then, for each y € Ty, f admits a
unique representation

f(;l))=/b-de+/t-ydA+/tn‘ydA
B OB K

in terms of (piecewise) smooth fields b, t, and ¢, defined by

b =s8,—-divS, on B,
t =8,(nsg) on O0BN B,
t. = [S(n,)] on k&,

where [S] is computed using a particular orientation of the interfacial normal.
Proof. The proof follows directly from Proposition 3.3 and Gauss’s Theorem. O

Remark 3.9. The forces t, are those that act on an interface separating the com-
ponents of a composite body. We may compare these with those derived by Gurtin
& Murdoch [21] in their investigation of the mechanics of material surfaces. We
note that we are missing a term corresponding to deformational surface stress.
Within our framework, such terms will arise if we either consider the interface as a
two-dimensional body embedded in B or, alternatively, consider forces of order 2.

In light of Remark 3.6, we now discuss the resolution of the nonunique represen-
tation of composite body forces by phase forces.

Definition 3.4. A system of phase forces is a right inverse

T (TyQp)" — H(TyIBPQp)* = HCW(BP’Ra)*

P

of .*, providing the set {f, =7(f),|p=1,...,m}, fp € (TyQp)* for any composite
body force f € (T,Qp)*, so that

F(r)@) =D r(Hplils,) = (@)

P

Remark 3.10. The specification of a system of phase forces allows the restriction
of a force on a composite body to some of its subbodies, i.e., the phases. This
situation is similar to that encountered when the specification of a stress field
allows the restriction of a force on a simple body to all its subbodies. Hence, as
the specification of a stress field corresponding to a given force is achieved using
constitutive assumptions, we regard the specification of a system of phase forces as
a constitutive assumption. In Section 7 we show that in the standard case when
the stress measures are represented by smooth densities with respect to the volume
measure on the composite body—so that a force f is specified uniquely in terms
of b, ¢, and t,, the additional information required to specify r(f) is the average
value of the stress accross the interface.
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4. KINEMATICS OF MULTIPHASE BODIES

We now combine the situations described in the previous two sections and con-
sider a body containing an evolving surface of discontinuity in the deformation
gradient. Thus, a configuration of the body is a composite body configuration
where the surface of discontinuity is no longer material.

Definition 4.1. Let I be an interface and B a body. A (coherent) multiphase con-
figuration of B consists of a configuration x € Q; of the interface and a composite
body configuration x € Q.

Since a configuration of I in B induces a decomposition {Bp} of B, whenever
we mention a decomposition in the sequel, we mean the decomposition induced by
the configuration of the interface at hand.

Definition 4.2. The multiphase configuration space of a body B with an interface
Iis
Q = U Qrc’
KEQ[
The natural mapping 7 : Q@ — Q;, which we refer to as the configuration space
projection, assigns k = w(x) to every x € Q.

Proposition 4.1. The multiphase configuration space of a body B and an interface
I possesses the structure of a fiber bundle.

Definition 4.3. Let N : kg x R » W C B be a tubular neighborhood of «¢ in B.
A dragging of the domain B along N is a differentiable mapping 6 : U — Diff“(B),
with U C C*¥(ko) a domain of a chart ¢ : U — Qy, 9 (u) = {N(X,u(X))| X € ro}
containing kg, that satisfies
(4) 8(u)(X) = N(X,u(X)) for all X € ro,
(%) 6(0) =1g, ‘
(#) 8(u)(X) # X only in a neighborhood of ko contained in W.

Overview of the proof of Proposition 4.1. Roughly, by artificially “deforming” the
body in the configuration g of the interface so that xq is taken to K, a dragging
of the domain allows the identification of Q,, xk = 8({ko}), with Q,, so long as
is in a neighborhood of k. Such an artificial deformation allows identification of
composite body configurations possessing singularities on x with composite body
configurations possessing singularities on xq. Kijowski & Komorowski [8] and Ko-
morowski [9] show that for any configuration o and any tubular neighborhood NV
there is a dragging 6 of the domain. We will outline the construction of the fiber
bundle charts on Q. Let ko be a configuration of the interface, N be a tubular
neighborhood of kg, (U, ) be the induced chart in Qr1, and 6 be a dragging of
the domain. For xo € Q,, and v € U, we consider the mapping x : B — R®
given by x(X) = xo(6(u)"1(X )). Obviously, x is a multiphase configuration of
B whose gradient is not continuous on k = ¥(u); hence, x € Q.. We define
VU X Qe — 7 (3(U)) by (u,x0) = X0 0 6(u)~. Since for any u, 6(u)
is a diffeomorphism of B, the mapping ¥(u,-) is a diffeomorphism of Qx, with
Qr, £ = P(u). Thus, the mapping ¥ : U x Q,, — 7! (¥(U)) generates a local
trivialization of the neighborhood =1 (y(U ))inQ. 0O
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Remark 4.1. Additional geometric insight into the local representation of multi-
phase configurations using a dragging of the domain results from regarding the
configuration x : B — R? as a section (1,x) : B — B x R® of the trivial fiber bun-
dle pr; : Bx R® — B. We note that if Y € Q, represents the configuration x € Q,,
the fact that y = x o 6(u), with u being the representative of x and §(u) : B — B,
implies that in general the mapping (6(u),y) = (1,x) 0 6(u) : B — B x R® is no
longer a section. The advantages of using (6(u),y) are that it represents both x
and u, its two components are independent, and it has fixed singularities.

BxR)® —— BxR?
(6<u>,y)T Iu,x)
B ", p

Just as elements of T,Q; can be represented invariantly by sections of the bundle
of layers, it is possible to represent elements of 7, Q via sections of a vector bundle.

Definition 4.4. Given x € Q, define an equivalance relation g on C*(B,TB) x T,
& = m(x), such that (d;, e;)o(dz, e2), d; € C¥(B,TB), e; € T, when the difference
(d2(X) —di(X), e2(X) —e1(X)) is tangent to (1, x)(B) for any X € B and tangent
to (1,x)(k) at any X € k. We set C¥ = (C*(rg) x T)/o, where 75 : TB — B is
the tangent bundle projection and C¥(73) is the space of C¥ tangent vector fields
on B.

Proposition 4.2. The tangent space T, Q is isomorphic to C‘;’ .
Proof. See Komorowski [9]. O

Definition 4.5. Let m : R — @Q be a motion of a multiphase body B and for
t € Rlet {B,} be the decomposition of B at the configuration m(t). The material
velocity v(X)(t) of X € B, at t € R is given by

am(s)(X)

v(X)(0) = T2

s=t

Below we discuss whether the material velocity is well-defined. for a given X € B.

Proposition 4.3. Let m : R — Q be a motion such that m(0) = xo € Q.,. Let
the tangent to this motion at xo be represented by (i,%) € C™®(ko) x Ty, in a

chart constructed using a dragging 6 of the domain. Then, the material velocity at
X € B, is given by

v(X)(0) = 9(X) — D(xol, )(X)(D(6)(w)(X))-

Proof. The proof follows immediately upon differentiation of the expression for the
representation in a chart of Proposition 4.1 with respect to the parameter t. [J

The local representation obtained in Proposition 4.3 leads to the following result,
the proof of which is omited for brevity.
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Proposition 4.4. Let Q contain piecewise C* configurations of the mutliphase
body. Then, there is a continuous linear mapping

¢: 1@ — [ C* (B, RY),
Y4

with {B,..., By} the decomposition of the body B induced by kg = m(x0), such
that if X € B,, then ¢(x)(X) = v(X)(0). Here v is the material velocity field
corresponding to any motion m, such that m(0) = x, € Q«,, that represents the
tangent vector x € Ty,Q. The mapping ¢ is injective and its image is closed.

Definition 4.6. Given x € T}, Q, we will refer to v = s(x) as the material velocity
field corresponding to x. We will denote the p-th component of ¢(x) by x,. Al-
though at each point on the interface 0B, N 0By there are, in general, two distinct
values of material velocity (depending on whether the limit is taken from the inte-
rior of B,, or that of B,), we will, when no confusion can arise, commit a notational
transgression and treat v = ¢(x) as a field on B.

Proposition 4.5. Let x € T,,Q be represented under a chart constructed using
about the configuration o = m(xo) by (0, xo, @, ) (as xo is represented by (0, xo)
in the chart about k). Then, the jump, I} = [s(X)I%, of the material velocity
field across a boundary between phases is given, for each X € kg, by

[915(X) = —[Dxo (X5 (D) (@)(X)) = ~[Dxo(X)}? (N2(X))a(X),

where, N, is the vector field ko — TB|,, tangent to the “tubular neighborhood
lines” at kg, i.e.,

0
Bs
Proof. The proof follows directly from Proposition 4.3 and the properties of §. [J

Na(X) = -N(X,s)]|,_,-

We note that a metric is naturally induced on the body B by its embedding Xo
in R®. Hence, we use the normal bundle to generate a tubular neighborhood in a
neighborhood of rp. It follows that No(X) = m,.(X ), with m,; the unit normal to
o, and that 4 is the component of the normal velocity field along the unit normal.
Thus, the following familiar corollary holds. '

Corollary 4.1. Let m,; denote the normal to xy = 7(X,)- Then, the kinematic
relation [v]; = —[Dx, (n«)]84 must hold. ,

In addition to the tangent bundle projection 79 : TQ — @Q, we consider the
tangent T'r : TQ — TQ; to the bundle projection 7. This mapping gives the
generalized velocity of the interface associated with a generalized velocity of the
multiphase body. In the language of geometry, generalized velocities for which
the associated velocity of the interface vanishes—i.e., elements ¥ € T'Q such that
Tr(x) =0 € Tr(rq(x))@r—are the vertical tangent vectors. We will use V@ to
denote the vertical subbundle of T'Q, ie.,

ve={J 7@Qx) = | QuxT,,
KEQ] KEQ[

while i : VQ — TQ will denote the inclusion of the vertical subbundle in the
tangent of the bundle Q.
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When @ is a general bundle, we observe that an invariant decomposition into
the third and fourth factors of an element w € TQ is impossible. While the third
factor is defined invariantly by means of T'w, there is generally no invariant method
‘of extracting a vertical vector from x.

5. FORCES AND STRESSES FOR MULTIPHASE BODIES

In the previous section a typical tangent space T, Q was identified with the space
C, containing equivalence classes of vector fields defined on B and taking values
in TB x TR3. Thus, we can make the following definition.

Definition 5.1. A multiphase force f of order w on a multiphase body at the
multiphase configuration x is an element of (7},Q)* = (Ce)>.

Remark 5.1. As before, explicit mention of the value of w will be avoided whenever
that value does not influence the discussion. Again, if w is infinite, the fact that B
and I are compact implies that f is a distribution of finite order; only that order
is not known a-priori.

Remark 5.2. For a given trivialization ¥, by the local representation of elements
of T @ in the form (%,9) € C¥(x) x Ty, a force f € (T} Q)* can be represented
in the form (0,g) € C*¥(k)* x T?. The virtual power, therefore, admits the local
representation

f(X) = e(u) + g(y)v X € TXQ,

where 6 is the accretive local component of the force under the given trivialization
¥, and g is the bulk local component of the force under ¥.

To obtain the transformation rule for the accretive and bulk local components
of the force we consider two charts ;, %;, i = 1,2, so that we have representations
(ui,y;, Ui, ;) of a generalized velocity and representations (us,y;, 05, 9;) for the
associated force. Hence, setting h = 15 Loy ity > g and H = prz oV, low, :
(@1,91) — s, we have

f(X) = 01(%1) + g1(31)
= O2(t2) + g2(¥5) _
= 03(Dh(u1)) + g2(H (1) + H2(9,))
= (020 Dh+ g2 0 H1) (i) + g2 0 H2(9;),

where, H; and H ; are the respective partial derivatives of H. The transformation
rules for the accretive and bulk local components of the force are therefore

01 =00Dh+gy0H,), g1=gpo0Ho,.

While the bulk local component of a force is an invariant quantity, the accretive
local component of the force mixes with the bulk local component under a change
of chart and, hence, is not an invariant quantity. Intuitively, this results from the
power that the bulk local component of the force performs on the extension, via
the dragging of the domain, of the interfacial velocity to the bulk.
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Remark 5.3. The bundle structure = : Q@ — @y, implies that we have two special
types of forces: forces on the multiphase body induced by accretive forces and
forces on composite bodies induced by forces on multiphase bodies. The map
Tym : TyQ — Tr(x) @1 has a dual mapping (Ty7)* : (Tr(,)Q1)* — (TQ)* so that
if g is an accretive force for the configuation  of the interface, (Tx7)*(g) is a force
on the multiphase body at any x with m(x) = s. By definition (T, 7)*(g)(x) =
9(Tm(x)). Thus, (T,7)*(g) is a force that expends power only for the velocity of
the interface. On the other hand, the mapping i : V,Q — T,Q, induces the dual
mapping i* : (1,Q)* — (V4 Q)*. Since V,Q is isomorphic with Ty, k = mg(x), the
image of a force f on the multiphase body is a force on a composite body whose
surface of singularity is x and i*(f)(%) = f(i(¥)) is the restriction of the force
to velocities of the multiphase body for which the surface of singularity vanishes
momentarily. Locally, i* has the representation (u,y, 0, g) — (u,¥, g), with g € Tr.

Proposition 5.1. Let f be a multiphase force of order 1 at the multiphase con-
figuration x. Then, if a bundle chart is given in a neighborhood of X, [ admits the
representation

f3) = B/ y-da—r—g B/ D(gl,,)-d5, + / ade + / V.i-d=,

with x € T,Q, (4, y) the representatives of x in the given chart, £ and = measures
over k valued in R and T, respectively, o a measure over B and valued in R3, and
2’p a measure defined on B, (for p=1,2,...m) and valued in L(R? R®).

Proof. We simply combine the representation procedures for accretive forces (Propo-
sition 2.3) and composite body forces (Proposition 3.3) together with the represen-
tation by accretive and bulk local components of Remark 5.2. Thus, there exist
measures § and = over & valued in R and 7, respectively, such that, 8, the accretive
local component of the force is represented by

o(aj =fud§+/vna.ds.

Similarly, there are measures 25, p = 1,2,...,m defined on B, and valued in
L(R3, R3) and a measure o over B valued in R® such that, g, the bulk local com-
ponent of the force is

o0 = [irdo+3 [ Dy, ) a3,
B p=lg,
which establishes the proposition. [

Remark 5.4. The representation of forces of order 1 by measures makes it possible
to restrict the force to measurable subsets whenever the representing measures are
given. Thus for the given representing measures we define

fp(>‘<)=/y'da+i / D(g,,)-dZp + /ud§+/vnu.d:~:.

P P=lg.np KNP xOP
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Proposition 5.2. Assume that the body is identified with a given reference con-
figuration and that the measures &, E, o, and X, are given respectively in terms
of densities ¢, ¢, s, and S, smooth with respect to the area measure on x and the
volume measure in B. Then, a force f of order 1 admits the representation

f(>'<)=/b'1§ldV+/t-i/dA+/(y-t,9+bm)dA,
B éB K

where b; = c—div ¢ denotes the accretive local component body force, b = s—div S,
on By, t = Sy(nsp,) on dBNB,, and t,, = [S(n,)] on & (with the jump computed
using a particular orientation of n,).

Proof. The Proposition follows immediately from the corresponding situations for
evolving interfaces and composite bodies. []

Corollary 5.1. If the representing measures are given in terms of smooth densities,
the restriction of the force f (of order 1) to the subbody P is represented by

fp(>‘<)=/b~de+/t'ydA+/tn-ydA+ / brudA + / t;udL,
P

oP K &kNP 9kNP

with ¢; = c-v the accretive surface force, b = s — div Spin BN P t=S,(nyp) on
0PN By, and t,, = [S(n,)] on PN k.

6. THE DECOMPOSITION OF FORCES INTO BULK AND ACCRETIVE
COMPONENTS

The discussion of Remark 5.2 makes it clear that, at this level of generality,
there is no invariant way to decompose a force on a multiphase body into accretive
and bulk components. Granted an invariant decomposition of the velocity x into
u, a generalized interfacial velocity, and ¥, a generalized composite body velocity,
a decomposition of force can, however, be obtained. Such a decomposition is a
connection on the bundle Q.

For a given x € Q with 7(x) = &, we have, recalling that ¢ is an injection and
T, 7 is a surjection, the diagram

i Tyw
VxQ - TxQ = T.Qr,

in which im7 = kerTyw. A connection is specified by means of an injection I' :
T.Qr — T,Q satisfying Tymo I' = 1. The mapping I" will be referred to as the
connection mapping. Using charts, the connection mapping can be represented in
the form % + (u, v, (%)), where 7, is a mapping defined on T.Q1. The connection
mapping induces a mapping A : T,Q — V,Qgivenby A=1-To T, w. We refer
to A as the vertical projection induced by I'. In terms of local representatives A(x)
is given by (0,9 — 7, (%)), where (1, %) are the representatives of X, so that A(y) is
indeed in the vertical bundle. We note that Ao = 1,im " = ker A and that A is
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surjective. The situation is illustrated in the diagram:

VQ — T,Q 25 T.Q,

ViQ —2— T,Q —— T.Q;

It follows that (Tym, A) : T),Q — T Q1 x V,Q, whose inverse is I'+1, is the required
decomposion of the tangent space. The decomposition of the tangent space in
terms of the connection mapping induces a decomposition of the cotangent space—
the space of forces—using the duals of the corresponding mappings. Thus, if a
connection mapping is available we have the diagram:

V@) —— (1@ &2 (1,Q))

A* L. (D" .
Q) = (1@ 2 (T.Q))
Here, (Tym)* and A* are injections, I'* and i* are surjections, im(T)7)* = ker*,
oA =1, I"o(Tym)* =1, (1 - A*0i*)(f) € im(Tyr)* for all f € (T}, Q)* and
(Tym)* o I'™ = (1 — A* 0i*). It follows that (I™*,1*) : (TxQ)* — (TxQr)* x (V4Q)*
is an isomorphism with inverse (T)7)* + A* so that

FGO = & (NAR) + T () (T (x))-

Note that the situation is completely analogous to that involving T'Q, except
that the various mappings have reversed their directions. Therefore, to decompose
forces, it suffices to give an injection A* : (V5@Q)* — (TyQ)* such that i* o A* =1
and set I'™* = (Tym)*~' o (1 — A* 04*). The definition of I'™* is sensible because
(1 — A* 0 *)(f) is an element of im(Ty7)*. In the case where the topological
vector spaces under consideration are reflexive (e.g., finite dimensional spaces) it is
possible to obtain I" by taking the dual of I'*, and thus to obtain a decomposition
of the virtual velocities. If the relevant spaces are not reflexive, it is possible, by
taking the dual again, to decompose the generalized velocities only in a generalized
sense —the vertical component will be a member of (T)Q)** rather than of T}Q
(see the following commutative diagram).

V@ - (1@ B0 (1.0

H ll |

Q™ L2 (1) L (Ton*

Definition 6.1. A local dual connection mapping at x € Q is a mapping A* :
(Vx@)* — (T)Q)* such that i* o A* = 1. Given a force f € (T,Q)*, we will
refer to i*(f) as the vertical component of the force and to I'*(f) as the horizontal
component of the force.

Remark 6.1. The foregoing discussion clearly holds for any mechanical system for
which the configuration space has the structure of a fiber bundle 7 : @ — Q7 and
thus pertains to more than the mechanics of multiphase bodies.
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Corollary 6.1. In the decomposition of a force induced by a local dual connection
the bulk (vertical) component fg of the force f is fz(y) = i*(f)(¥) = f(i(¥)) and
the accretive (horizontal) component fr in (T,,Qr)* of the force is given by

f1(@) = I"(f)(@) = (Tm)* "t o (1 = A% 03%)(f)) (&).

Note that, in contrast with the local representatives (8, 9), we do not describe
fr and fp as “local” components of the force.

Proposition 6.1. For the C* case, a system of phase forces (see Definition 3.4)
r (1) - [[C=(B,, ROy,
P
with 7(g)(¢(#)) = g(¥), generates a decompositon of forces in (T Q)* , with k =
m(x), into accretive and bulk components.
Proof. Given r we define a local dual connection mapping by setting

A(9X) =r(9)(s(x), x € TxQ,

where ¢(x) is the restriction of x into the smooth material velocity fields on the
various phases defined in Proposition 4.4. We have

(1" 0 A%)(9)(F) = A*(9) (i(%)) = 9(&). ¥ € 4Q,
so that A* is indeed a right inverse of i*. [

Remark 6.2. Since any force of a finite order is also a force of order 00, the above
decomposition holds for the action of a (multiphase body) force of any order on
piecewise C* velocities.

Proposition 6.2. If a force f is given in a chart by the components (6, g), then
the bulk component of the force, fg, is represented by (0,g) and the accretive
component of the force, f;, is represented by

0(@) + Y _r(£)p(Dxls,) (D8().

Proposition 6.3. Let a dual connection mapping be given by a system of phase
forces r as in Proposition 6.1 and denote by v** the image of an element v of the
Banachable space V under the natural inclusion V — V**. Then,

@) (f) =fi(a) forall ueT.Qy,
U0 A () = ¢(x)** forall x e T,Q,

where the second equality holds in a generalized sense, meaning that
o AT (X)(@) = 4(s(X) = ) dp(s(X)y)
p=1

for all § € [T}, (Tl @B,)*



FORCE THEORY FOR MULTIPHASE BODIES 17

Hence, the generalized interfacial component of the velocity is indeed the inter-
facial normal velocity and the generalized bulk component of the velocity is the
material velocity represented as an element of (T3 Q)**. One therefore obtains the
expressions

FX) = A" () (FB) + To™ () (f1)
=r(@*())(s(X)) + f1(Ter(X)-

Propositions 6.2 and 6.3 follow from the definitions of r and the bulk and accre-
tive components of the force.

7. THE CASE OF STRESSES GIVEN BY SMOOTH FIELDS

We now present an example of the foregoing proceedure for the decomposition
of forces. The procedure is applied to the class of composite body forces of order
1 whose representing measures are given in terms of smooth stress densities. (In
other words, the mapping r is defined only on a subspace of T*Q.) We emphasize
that most continuum-level work on multiphase bodies is concerned with solely this
situation (cf. [2]-[6]).

Thus, identifying B with a reference configuration and fixing our attention on
a fixed configuration x of the interface in the body, we assume that the composite
body force g may be represented by piecewise smooth (not necessarily unique) fields
s € [1,C=(By, R®) and S € [[, C=(B,, L(R®,R®)) through

9@) = [oytils,)av + JER Y
p=13p

P=pr

Clearly, if the stress measures o and X representing the bulk local component g
of the force f on the multiphase body in a chart on @ may be given in terms of
smooth densities s and S (cf. Proposition 5.2), then 7*(f) may, as assumed, be
represented by smooth densities. While the foregoing representation depends on
what chart we use on @, we note that whenever a stress representing the bulk local
component of a force in one particular chart is given in terms of a smooth density,
any other stress representing the bulk local component of the force with respect to
any other chart on @ must also given in terms of a smooth density.
We can now define r by

r(g)P(yp) = /(sp'gp + SP'Dyp) dv, Yy € Coo(BpaR3)-
By

It follows that the action of the interfacial component of the force is given by

fr(w)=0(a) +) / {8p- (DxpoD6(w)) + Sp-D(DxpoDé(w))} dV.

P=1Bp

We observe that the sum on the right is the local expression for the connection
mapping. It depends on the dragging of the domain in such a way that when
combined with 6 the resulting power f1(w) is invariant. Recalling (cf. Definition
4.3) that the dragging of the domain is supported in a tubular neighborhood of the
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interface and that it is possible to construct a dragging of the domain whose support
is, in any neighborhood of the interface, contained in a tubular neighborhood, we
may choose a sequence of draggings of the domain &;, i = 1,..., such that the
support of §; is contained in the neighborhood E; = N({x,[—%, ]}). The left hand
side of the last equation does not change with ¢ while the last two sums approach
a limit as will be shown below. Hence, if 8; is the local accretive component of the
force f in the chart induced by the dlaggmg 6; of the domain, then 6;(u) approaches
a limit that we will denote by 6. Clearly, 6 is invariant. :

We now compute the limit of the two sums using a normal tubular neighborhood.
By the properties of the dragging of the domain, the support of D&;(%) is also
contained in the neighborhood E; and Dé;(%)(X) = 4(X)n,(X) for every X € k.
Hence, since D, (D5(w)) is bounded and the measure of its support tends to zero:

lim [ sp-(DxpoD6;())dV = 0.

Bp

From the assumption that the densities S, are differentiable it follows that

1—0C

lim Xm: / Sp-D(DxpoDé;(i)) dV = / - [SoDx(n,)]i dA,
1

K

where, here and in the sequel, a particular orientation for m, is chosen (so that
Tyg, and n, coincide) and the jump is defined accordingly.
We conclude therefore that

fr(a) = 6(w) + / ny-[SoDx(n,)]udA,

which, in light of the relation [v;ve] = (vi)[v2] + [v1]{v2), that holds for any two
mappings v; and v, in Hp C%(B,,R?), can be rewritten as

£1(@) = 8() + [ (ISaa)]-(DX) () + (S(r))- [Dx(m)] )i dA

K

The representation of the power expended in bulk is

A () =r( ()G = 3 [ 200+ 8, D) av

P—IB

where v = ¢() denotes the material velocity field. On appealing to the smoothness
of s, and S, and Corollary 4.1, this expression leads to

A" (0)(f5) = / bodv+ [toda+ [(ISme)l(o) - (S(ra)-IDx(no)}i) da.

oB K

Here, b=} (s; —div S}), with s; and S}, the zero extensions of s, and S, to B,
and t = Zp t;, where t; is the zero extension to 9B of S,(nsp,). Combining this
expression with the expressmn for the interfacial power expenditure and assuming

that the interfacial forces can be represented by measures given in terms of the
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smooth densities ¢ and ¢ (allowing us to use the expressions obtained in Proposition
2.4), we obtain the following proposition.

Proposition 7.1. If a force on a multiphase body can be represented by smooth
stress measures, then that force admits the unique representation

)= /b-vdV + /t-vdA —|-/(Tzl+ t.-(v))dA
B OB K
in terms of the body force b, the surface force ¢, and the fields 7 and t,. defined

on « and valued, respectively, in R and R3. Further, for f to be represented by
piecewise smooth stress measures s, S, ¢, and ¢, we must have

b =s—-divS on B,
t =8S(nss) on 0B,
t, = [S(ny)] on K,

T =c—divgc+1t.-(Dx(ng)) on k.

Given a subbody P C B whose intersection with x is a submanifold of K, the
force f, obtained by the restriction of the various measures to P admits the repre-
sentation

fo(X)= [ bvdV + [ t-vdA [ (ti+t. (v))dA+ trudL,
[rre o] A

where we now have the additional boundary condition t; = ¢-v on &P N k and the
remaining fields satisfy the equations and boundary conditions determined above.

Remark 7.1. From the expressions for the representations of the interfacial and
bulk components of the force, we conclude that if a force is given by the fields T,
b, ¢, and t,, the additional information needed to decompose that force into these
components is the average stress on the interface.
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processing

Transient elastic waves in a transversely isotropic plate—Journal of ~ Dec. 1993
Applied Mechanics, in press (1995)

Scattering from a thin random fluid layer—Journal of the Acoustical  Dec. 1993
Society of America 96, 1899-1909 (1994)

Diffusion of ultrasound in a glass bead slurry— Journal of the Dec. 1993
Acoustical Society of America 97, 2094-2102 (1995)

On crack identification and characterization in a beam by nonlinear Dec. 1993
vibration analysis—Journal of Sound and Vibration 183, 857-872
(1995)

Predictions of static displacements in 1-3 piezocomposites—Journal Dec. 1993
of Intelligent Materials Systems and Structures 6, 169-180 (1995)

Chaotic advection and dispersion Jan. 1994
Critical detonation shock curvature and failure dynamics: Feb. 1994
Developments in the theory of detonation shock dynamics—

Developments in Theoretical and Applied Mechanics 17 (1994)
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R.]J. Adrian, and
T.]. Hanratty
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Piomelli, U.

List of Recent TAM Reports (cont’d)

Title
Effect of Reynolds-number-dependent turbulence structure on the

dispersion of fluid and particles— Journal of Fluids Engineering, in
press (1995)

Reynolds-number similarity of orthogonal decomposition of the
outer layer of turbulent wall flow— Physics of Fluids 6, 2815-2819
(1994)

Phase-conjugate holographic system for high-resolution particle
image velocimetry—Applied Optics 33, 7159-7170 (1994)

The propagation of ultrasonic waves through a bubbly liquid into
tissue: A linear analysis—IEEE Transactions on Ultrasonics,
Ferroelectrics and Frequency Control 42, 28-36 (1995)

Direct numerical simulation of flow past elliptic cylinders

Thirty-first student symposium on engineering mechanics,

J. W. Phillips, coordinator: Selected senior projects by

D. N. Anderson, J. R. Dahlen, M. ]J. Danyluk, A. M. Dreyer,
K. M. Durkin, J. J. Kriegsmann, J. T. McGonigle, and V. Tyagi

The failure of the Kolmogorov refined similarity hypothesis in
fluid turbulence—Physics of Fluids 7, 691-693 (1995)

Time dependence of multiply scattered diffuse ultrasound in
polycrystalline media— Journal of the Acoustical Society of America 97,
2639-2644 (1995)

Finite-amplitude thermal convection with spatially modulated
boundary temperatures— Proceedings of the Royal Society of London A
449, 459478 (1995)

Renormalization group analysis for stratified turbulence—
International Journal of Mathematics and Mathematical Sciences, in
press (1995)

Wave-packet convection in a porous layer with boundary
imperfections

Stability of finite element models for distributed-parameter
optimization and topology design

Mechanisms of removal of micron-sized particles by high-
frequency ultrasonic waves—IEEE Transactions on Ultrasonics,
Ferroelectrics and Frequency Control 42, 619-629 (1995)

On shear flow localization with traction-controlled boundaries—
International Journal of Solids and Structures 32, 2751-2778 (1995)

High Rayleigh number convection at infinite Prandtl number with
temperature-dependent viscosity

Arthur Newell Talbot—Proceedings of a conference to honor
TAM's first department head and his family

On the traction problem of dead loading in linear elasticity with
initial stress— Archive for Rational Mechanics and Analysis 128, 223~
247 (1994)

Leaky Rayleigh wave scattering from elastic media with random
microstructures

High-performance spectral simulation of turbulent flows in
massively parallel machines with distributed memory—
International Journal of Supercomputer Applications 9, 185-202 (1995)

Signature of the transition zone in the tomographic results
extracted through the eigenfunctions of the two-point correlation—
Geophysical Research Letters 22, 1941-1944 (1995)

Large-eddy simulation of turbulent flows
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Aref, H.,and S. W.
Jones
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List of Recent TAM Reports (cont’d)

Title : Date
An integrated model of scattering from an imperfect interface— Sept. 1994
Journal of the Acoustical Society of America, in press (1995)

The mathematical framework and an approximate solution of Sept. 1994
surface crack propagation under hydraulic pressure loading

Two-point correlation and its eigen-decomposition for optimal Oct. 1994
characterization of mantle convection

Numerical analysis of the interaction of solute hydrogen atoms Oct. 1994
with the stress field of a crack—International Journal of Solids and

Structures, in press (1995)

Motion of a solid body through ideal fluid Oct. 1994
Level-set techniques applied to unsteady detonation propagation—  Oct. 1994
In “Modeling in Combusion Science,” Lecture Notes in Physics

(1995)

Effect of three-dimensionality on the lift and drag of circular and Oct. 1994
elliptic cylinders—Physics of Fluids 7, 18411865 (1995)

The evolution of detonation cells Nov. 1994
On the equilibrium and stability of a row of point vortices— Journal Nov. 1994
of Fluid Mechanics 290, 167-181 (1995)

An accurate finite-difference scheme for elastic wave propagation ~ Nov. 1994
in a circular disk

Improving hydrostatic performance of 1-3 piezocomposites— Dec. 1994
Journal of Applied Physics 77, 4595-4603 (1995) '

Strength of silicone breast implants— Plastic and Reconstructive Jan. 1995
Surgery, in press (1995)

Quantitative characterization of the fracture surface of silicon Jan. 1995
single crystals by confocal microscopy :

On the dynamics of multi-dimensional detonation— Journal of Fluid ~ Jan. 1995
Mechanics, in press (1995)

Effect of rotation on the structure of a convecting mushy layer— Feb. 1995
Acta Mechanica, in press (1995)

A conversation with Professor George K. Batchelor Feb. 1995
Effect of rotation on flow instabilities during solidification of a Feb. 1995
binary alloy

A technique to generate straight surface cracks for studying the Mar. 1995
dislocation nucleation condition in brittle materials

Finite bandwidth, long wavelength convection with boundary Mar. 1995
imperfections: Near-resonant wavelength excitation

Average response of an infinite plate on a random foundation Mar. 1995
The range of spectral correlations in pseudointegrable systems: April 1995
GOE statistics in a rectangular membrane with a point scatterer—

Physical Review E, in press (1995)

Thirty-second student symposium on engineering mechanics, April 1995

J. W. Phillips, coordinator: Selected senior projects by
K.F. Anderson, M. B. Bishop, B. C. Case, S. R. McFarlin,
J. M. Nowakowski, D. W. Peterson, C. V. Robertson, and
C. E. Tsoukatos
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List of Recent TAM Reports (cont’d)

Title
Linear stability analysis of a gravity-driven Newtonian coating
flow on a planar incline

Linear stability analysis of a gravity-driven viscosity-stratified
Newtonian coating flow on a planar incline

On shear band nucleation and the finite propagation speed of
thermal disturbances

Modeling scanned acoustic imaging of defects at solid interfaces

Thermoelastic properties of plain weave composites for multilayer
circuit board applications

On the motion of three point vortices in a periodic strip

Does fully-developed turbulence exist? Reynolds number
independence versus asymptotic covariance—Physics of Fluids 7,
3078-3082 (1995)

Level set methods applied to modeling detonation shock dynamics

The effect of interface slip and diffusion on the creep strength of
fiber and particulate composite materials

Effect of crack surface morphology on the fracture behavior under
mixed mode loading

Stochastic estimation of the structure of turbulent fields
Perturbation analysis and modeling for stratified turbulence
Conditional sampling of dissipation in high Reynolds number
turbulence

On the structure of an unsteady convecting mushy layer
Equilibrium of an elastic rectangle: The Mathieu-Inglis—Pickett
solution revisited

Local displacements and load transfer in shape memory alloy
composites

On the calculation of the matrix—reinforcement interface diffusion
coefficient in composite materials at high temperatures—Acta
Metallurgica et Materiglia, in press (1996)

On hyperelasticity with internal constraints—journal of Elasticity, in
press (1996)

Oscillatory instabilities of the liquid and mushy layers during
solidification of alloys under rotational constraint

Simulation of the brittle-ductile transition in silicon single crystals
using dislocation mechanics

A plane-strain upper-bound analysis of unsymmetrical single-hole
and multi-hole extrusion processes

Continua described by a microstructural fleld—Zeztschrzft fiir
angewandte Mathematik und Physik, in press (1996)

Autogeneration of three-dimensional vortical structures in the near
wake of a circular cylinder

Force theory for multiphase bodies—Journal of Geometry and
Physics, in press (1996)
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