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Abstract

A single degree of freedom master oscillator attached to a simple undamped N degree of
freedom “fuzzy substructure” is studied numerically and theoretically. Results are found to be
in accord with the predictions of the Pierce-Sparrow-Russell theory at early times, in
particular the master oscillation manifests an apparent damping. At later times, however, the
damping ceases and the energy is returned from the fuzzy to the master. The precise manner in
which the energy is returned, and the time taken to do this, depend on the details of the mass and

frequency distribution within the fuzzy, and in particular on the distribution of spacings
between the fuzzy resonances.



The effect of an undamped finite degree of freedom
“fuzzy” substructure: numerical solutions and theoretical discussion

In recent years the Structural Acoustics community has considered a proposal by Soize
[1,2] that the effect of complex uncertain substructures, when attached to a simple master
structure, may be represented by means of the impedance presented to the master structure. In
the parlance of the field the substructure is termed a “fuzzy sub-structure.” The word fuzzy is
not used here in the sense of fuzzy sets and a better term might be uncertain or stochastic
substructures. The idea has been amplified by recent work by Pierce, Sparrow and
Russell[3,4]. In particular it has been emphasized that in the limit that the number of degrees
of freedom in the substructure becomes infinite, it provides an effective damping, and a less
interesting modification of the effective mass and stiffness. Ruckman(5), and Ruckman and
Feit[6] have provided reviews and tutorials recently in this area. '

The simplest model of such a system is shown in Figure 1. For such a system, in the
limit that the number of subsystem degrees of freedom N — o« (such that the fuzzy mass
remains finite and of order M: Ty, = O(M) ), the question arises as to whether the

substructure can be represented in a simple manner that is independent of the details of the
substructure. Pierce et al[3] have studied systems like this and emphasized that, in this limit,
the impedance Z(w) presented by the fuzzy to the Master has a dissipative real part that
corresponds to an effective damping, and an reactive imaginary part which is of somewhat less
interest. Inasmuch as the above system lacks any dissipative elements, the meaning of this
damping is less than obvious. Certain contentions have arisen[7].
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Figure 1. A master structure consisting of the mass M and stiffness K described by the
coordinate x(t) is attached to a many degree of freedom fuzzy substructure consisting of masses
Mo and stiffnesses ko, described by coordinates qq(t) and having isolated natural frequencies
= ‘Jka/ua .



The coupled Ordinary Differential Equations that describe the above system are

N N
Mx +Kx+(Yk,)x = Yk, q, + F@ :
« a 1)

m, 4, + k,q, = k,x

These equations are often studied in the frequency domain. The Fourier transform is
defined here by

() = [ x(@)exp{—iwt} dt (2)

Causality (the vanishing of F and x for negative values of t) assures that their Fourier
transforms are analytic in the lower half complex w plane. ®w — ® —-ie where ¢ is an
infinitesimal positive quantity. In the frequency domain the coupled equations become

K-Mo)i(®) + (Yk,)%(®) = Yk, g, (0) + Fw)

(3)
k, - 1,09 q,(®) = k, X(w)
The later equation can be solved for qq
qu(w) = —1—-_—"%3)7’)3 (4)
and the result substituted into the former equation to obtain
K - Mo?)X(0) - ioZ(w) (o) = Fw) (5)
where the impedance Z presented to the master by the fuzzy is given by ’
inZ(o) = -o* Y a” (6)

e [1- (0-ie)*/02]
The term in € allows one to resolve the singularity.

This impedance is composed of a discrete sum of resonances. The real, or dissipative,
part of the impedance is found by the invoking the usual identity from the theory of
distributions

1 .
,——— =indlz-z) +P
0 z—ig -z, -z

(4]

(7)

where P represents the Cauchy principle part. One obtains

N

= o p’u T N

Zw=iwoP ) —— + = o’ d(w- ) (8)
E,l—mzlmi 2.,2““ - *

Thus the dissipative part of the impedance is infinite, but only on a set of measure zero

consisting of the natural frequencies of the fuzzy substructure. It vanishes elsewhere.



If the number of degrees of freedom, N, of the fuzzy is large, but in such a fashion that
the individual masses p of the fuzzy are small, this sum, it is presumed]3,4], can be replaced
with an integral

5 .2 m(2)
Z(0) = im

: ({ 1 - (w—ie)?/ Qzl
where m(Q) is the smoothed speciral density of mass in the fuzzy substructure. Pierce[8] has
discussed how one might estimate the appropriate m(Q) for a real system.

dQ : (9)

Invoking the identity(7), one finds that Z becomes

. .9 . < m(Q)
Z(0) = — o +ioP [—2_dQ 10
(o) > @ m() + i {1—(02/92 (10)

which has a real part proportional to the spectral mass density in the fuzzy.

Cottontive (@) = g ©* m(w) (11)

This is one of the central results of the current activity in this field [3,4,6,7). The meaning of
the dissipation represented by this term is not obvious.

The imaginary, or reactive, part of Z depends on the fuzzy parameters in a more
complicated fashion than does the resistive part. It does, though, become simple in the low and
high frequency limits: '

ImZ(w) =~ iw °f»m(Q) dQ  (osmall)
. (12)
= (/) [ Q*m(Q)dQ (olarge)
0

The first of the above integrals can be recognized as the total mass in the fuzzy, the latter as the
total stiffness.

The replacement of the sum with an integral is the most problematic of the steps taken
here. Without that the impedance remains reactive almost everywhere. Indeed, for N < o, Z,
eqn(8), is a highly discontinuous function of @. Were it a smooth function of w, the
replacement of the sum with an integral would be less problematic. It may be that addition of a
small amount of true dissipation, so that Z would in fact be smooth, would suffice to assure the
legitimacy of the substitution. It is typically surmised that it is necessary to have a dissipation
sufficient to assure modal overlap.

These arguments have so far not led to a consensus as to the meaning of the effective
resistance Ceffective; OF 10 the possible errors incurred by applying the N — o limit to the case

of finite N. It is to clarify these points that this present paper is addressed.

It is the conviction of this author that transient responses, studied in the time domain,
will often illuminate issues that can remain obscure in the frequency domain. In the remainder
of this paper, therefore, we present and discuss numerical solutions to the system described by
(1). Theoretical arguments are advanced with which to understand them.



Numerical Method

Equations (1) are solved by central differences for the case of a unit impulsive force
F(t) = 8(1).

M {x(t+8) - 2x(®) + x¢t-8) } / 8 + K (x(t) } = Y k, {q, 0 — x(® }
| . (13)
Ho{q,6+8) - 2q,® +q,t-3)}/8*+k_ {q,®-x1®)} = 0

q,0 =q,0) = 0
x(0) = 0; x(0) = /M

where 3 is the chosen temporal step size. In the limit of vanishing step size, the difference
equations (13) become equivalent to the differential equations(1). The difference equations
allow calculation of x and q at time t+3 in terms of their values at two previous values of time, t
and t- 5. lteration of the formula allows calculation of x and q at all subsequent times t = n 3.

(14)

It is desirable to choose a value of step size that is sufficiently small that the computed
response has the required accuracy, but not so small that one wastes computational time or
incurs exira errors due to round-off. At finite, non infinitesimal, values of step size the
solution of (13) deviates from the solution of (1). Accuracy at long integration times requires
a correspondingly small step size. One of the virtues of the central difference method, however,
is that a kind of qualitative accuracy may be assured by a moderately large step size even for
long integration times. The requirement is that the step size & be less than 2/omay Where ®max
is the largest natural frequency of the N +1 degree of freedom system. This assures that the
numerical solution o (13) is stable. The effect of step size choice can be explored by
comparing the formal solutions to (1) and (13):

The exact equations(1) have a solution that can be written in the following form:
X N+1
q = Re ZAM{(bm}exp(immt) (15)
m=1

where the {¢m} are the N+1 component column vector normal modes of the N+1 degree of
freedom system, and the wp, are their natural frequencies. The A, are the complex modal

amplitudes, determined by the initial conditions.
The corresponding solution of the difference equations(13) is

X N+1
{ }=Re YA, {0 }exptw, ) (16)
q

m=1

The mode shapes { ¢} are identical to those of the exact system, but the modal amplitudes are
slightly different:

A'm = Am + O(3). (17)
The natural frequencies are different also:
Op' = 2 arcsin (o 8/2) /8. (18)

Clearly as 8 — 0 the results are identical. If, however, one wishes accuracy at late



times T, one would require (o' - o, )T << 1, or ,
<< (Tomp3)lr (19)

where m is a typical mode of interest.

This can, in some cases, be a prohibitive constraint on the step size. The easier
condition 8 < 2 /omax (which, according to (18), assures that none of the o' are complex and
that therefore the solution (16) does not grow exponentially in time) suffices to assure the
qualitative accuracy that is usually all that we need. The error incurred by choice of a finite §
is therefore only a matter of some minor phase distortions that may be termed numerical
dispersion. For a band limited process the error is only a matter of a slight rescaling of time.
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FiQU(e 2a] The numerically determined response x(t) to a unit impulse. The substructure
gonsust.)ted of 100 equal masses p = 0.003 with natural frequencies chosen from an exponential
istribution.



Solutions

Without loss of generality we choose the mass and stifiness of the master structure 1o be
unity:

M=K =1 (20)
There remains a great deal of latitude in our choice for N, for the small masses L and for their
associated stiffnesses k.

The first case studied, shown in figures 2, corresponds to the choice N=100 and the
choice py = p = 0.003 for all o. Thus the total mass in the fuzzy is 0.3 times the mass of the

master. The natural frequencies w, were taken randomly from an exponential probability

density function p(o1, @2,....oN) = exp(-01 - 02 - ...-oN). The mean natural frequency
in the substructure is therefore < o > = 1, the same as the natural frequency of the isolated
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Figure 2b] A different set of randomly chosen frequencies in the fuzzy substructure, but with
all other parameters unchanged. The response still shows the early time decay, but the random
oscillations at late times are different.



master oscillator. Two realizations from the random ensemble were studied. For the case
shown in figure 2a the largest natural frequency wg in the random collection was 4.93; for case

b it was 3.34. These numbers provide estimates for ®max - The step size § was chosen equal to
0.1. The constraint Somax < 2 was well satisfied. One may calculate the effective resistance
(11) for this system, Ceffective = (1/2) ®2 (0.3) e» . Naive application of the Pierce-
Sparrow-Russell theory [3,4] would predict a free vibration of the form

X(® ~ exp{i 0t = C e t/2M} (21)

natural

where ®natyra) IS approximately VK/M = 1, with any difference being ascribable to the reactive
part of Z. Ceffective is evaluated at wnagyral-
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Figure 3] The response x(t) to a unit impulse for the case of a substructure consisting of 100
equal masses p = 0.0015 with natural frequencies chosen from an exponential distribution.
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In each figure the response at early times decays and oscillates at a frequency very
nearly equal to that of the master oscillator in isolation. Based on the average period over the
first few cycles one estimates that x(t) in figures 2 has a frequency f,a = 0.138+0.005 and
0.148+0.005 respectively. These numbers may be compared to the frequency of the master
oscillator in isolation, fhat = 1/2r = 0.159. The difference is slight but apparentiy
significant; it may be ascribed to the reactive part of the impedance contributed by the fuzzy.
The figures also show, at early times, that the response decays at the rate predicted by the
simple (N— o) theory. The observed log decrements, based on the first three maxima of
figures 2 are 0.55 and 0.49 respectively. The predicted log decrement is, evaluated at w =2 %
fnat, Cfo / 2 M fnat = 0.54-

At late times, however, x(t) exhibits an apparent randomness, with a spectral content
centered near fhat, and a spectral peak width and autocorrelation time consistent with the
Quality factor Q = Mw/cegs. The late time amplitude is not insignificant. Even though N=100
might be considered large, it appears that the prediction (21) can be misleading.

Figure 3 shows the case of a smaller fuzzy structure mass, p = 0.0015, and a new
realization of the set of random frequencies. This time wmax was 5.81. The apparent natural
frequency of free oscillation is now 0.151 +0.005. The early time decay rate is now slower,
with a log decrement of 0.25 + .02. This is in accord with the prediction (21) of 0.27. The
late time behavior has a longer autocorrelation time which may be associated with the lower
decay rate. The amplitude at late times appears to be greater also.

Figure 4 shows the case N=1000, m = 0.0003, again with an exponentlal frequency
distribution having < ® > = 1. The prediction (11) for the effective damping is unmodified from
the case studied in Figures 2. The predicted log decrement is again 0.54; the measured log
decrement is 0.50. The late time random oscillation has substantially lower amplitude.

DI i

These numerical studies have demonstrated that the substitution of the integral (9) for
the sum(8) has correctly predicted the short time behavior, even for finite values of N. In
particular it has correctly predicted the apparent dissipation. In view of the highly
discontinuous nature of the function Z(w) this might be viewed as surprising. The substitution
has failed, however, to predict the cessation of damping at late times and the subsequent random
oscillations. The failure at late times can be understood by simple arguments that appeal to the
absence of any true dissipation and to the concept of equipartition. The short time accuracy of
the prediction can be understood by appeal to another argument.

- That the late time behavior is not quiescent, that the decay predicted by (21) does not
continue indefinitely, could have been anticipated. The absence of any dissipative elements in
the system implies that the total system energy (equal 0 Eiota) = 12/2M where I is the applied
impulse, I = 1) must be a constant. That the master structure shares in this total energy is to
be expected. If the master structure has a mean energy, < E > at late times, then its rms
amplitude should be VE/K. Simple equipartition arguments (e.g. SEA[9]) suggest that the
single degree of freedom master structure should have a mean energy < E > equal to 1/n+1 of the
total energy 12/2M. Here n should be the number of oscillators in the fuzzy substructure
within the relevant frequency band. A rough guess for this number is the modal density in the
substructure times the bandwidth of the deposited energy. The appropriate quantitative
definition of that bandwidth is not obvious here. A good guess is the usual one of w/Q, where Q is
the quality factor; Q = © M/ Ceffeciive- The modal density can be expressed as m(o)/ <u >
where < p > is the average mass of an oscillator at the frequency of interest. The prediction for
n, therefore, is n = rw2 Mm(w)2/2M<u>.



These ideas imply a late time root mean square amplitude given by the expression:

<p> 1
=1 —  (22)
1+ m(@)’0*r /2 <p>M K 2M <p>+ m(w)’o’n

E /K
B —

which may be compared with the amplitudes observed in the figures. In the cases studied in
Figures 2 the formula (22) predicts an rms level of 0.26; in the case studied in Figure 3, it
predicts an rms level of 0.35; in the case studied in Figure 4 it predicts an rms level of 0.085.
These quantities are in approximate agreement with the late times amplitudes in the figures.
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Figure 4] The case N=1000, u = 0.0003. The early time decay rate is unchanged from the case
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The predicted levels are arguably slightly greater than the observed levels. The
differences are not significant for the purposes of this paper, but they might tentatively be
ascribed to an incorrect guess for the appropriate definition of bandwidth.

These arguments suggest that, as N — o, the late time level falls to zero (albeit slowly,
like N-1/2), and that the prediction (21) that simple decay continues indefinitely ultimately
becomes correct. On the other hand one also sees that expressions like (11) for the effective
damping can be very misleading if N is not very large.

The prediction (11),(21) for the late time behavior was found to be incorrect at finite
N. At short times, however, the prediction was accurate, even though N was finite and the actual
impedances Z were highly discontinuous functions of frequency; the substitution of an integral
for the sum is not well justified. The accuracy at short times may be understood by considering
the effect of the introduction of damping. Consider the device of replacing ® — @ - m, where
is a non-infinitesimal quantity. This changes transient impulse responses by x(t)— x(t)
exp(-n t) At times t much less than 1/ the change in x(t) is negligible. The substitution © —
@ - in has also made Z much smoother. If n is much greater than typical spacings between
resonances in the fuzzy, then Z will lose its highly discontinuous nature and become smooth.
The replacement of the sum with an integral would then be straightforward. For sufficiently
early times one therefore expects the replacement of the sum with smooth integral to be
accurate. The maximum value of time over which the simple theory should be accurate, "T,” is
therefore the inverse of the frequency bandwidth over which one must smooth the impedance
Z(w). If the resonances in the fuzzy are spaced by Aw, one would require only T < 2n/Aw. The
mean modal spacing (at a value of ® = 1) in the cases studied in Figures 2 and 4 was e/N, or <
Aw > = 0.027 and 0.0027 respectively, for an estimate T < 2r/Aw = 231 and 2310
respectively. It is very clear that the estimate T < 231 grossly overestimates the domain over
which the prediction (21) is accurate in Figures 2 and that the estimate T < 2310 does so even
more severely in Figure 4. Thus this prediction for the range of accuracy of (21) is incorrect,
and the speculation that a moderate value of mean modal overlap suffices to assure its accuracy
is also incorrect. In the above examples, however, while there is an average spacing < A >,
there are fluctuations also. For these cases the constraint on T must be more severe: damping
must be sufficient to assure that even the more widely spaced resonances have significant
overlap.

Uniforml | in_t bsiruct
The above argument suggests that the case of uniform resonance spacing could be of

particular interest. Consider a fuzzy substructure consisting of N equally spaced (Aw << 1)
natural frequencies wy = o Aw, each associated with a different mass p, fora =1,2,3....N.

The impedance presented by this substructure is

Zw=ioY p, /[1-e*/e?] (23)
In the time domain this is
() = %[exp(—nt) Y m, mi H(t) sino,t / 0, ] (24)

where H is the unit step function and the factor exp(-nt) represents the effect of the optional
device ® —» ® - in.

10



The governing equation for the master now reads, in the time domain,
MX +Kx -Z=+*x =

- (25)
MxX@w + ka ® - [ Zt—-7)x(r) dt = F@)

where * denotes a convolution.
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Figure 5] The case of N=300 equally spaced substructure resonances with an exponential
distribution of mass. In accord with the simple theory, the substructure acts to damp the
master structure at early times. But at time Tz =314 the substructure returns the energy it
had originally absorbed.
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if n is sufficiently greater than the spacing Aw, then the sum in (24) may be replaced
by an integral in the usual fashion and the usual result obtained. Thus one expects, at early
times, to see an effective damping Ceffective- If, however, one is interested in the response at
later times one must take n = 0. In this case the above expression for Z may be recognized to be
a Fourier series (times a unit step function). Therefore Z(t) is periodic. Its period is T,
=2n/A@. Thus the term in Z above acts at early times as if the system has damping, but at late
times provides a force on the master structure proportional to the master structure velocity at
earlier times, t-n T for all integer n. One comes to the remarkable conclusion that the master
structure should exhibit damping at early times, but be re-excited by the substructure at a
much later time. The moment of the first such re-excitation should be at t= T,.

Figure 5 shows the computed response x(t) of the master structure for the case outlined
above, with the choice Aw = 0.02 and p, = p exp(-wg), With p = 0.01. Thus the total mass
within the substructure is Z4 p, ~ 0.48. The temporal step size was chosen equal to 0.2. The
sum over o was truncated at N=300 terms so that the highest frequency in the fuzzy
substructure was 6.0. The early time damping is clear; it continues for a long time, unlike the
cases (Figures 2-4) of randomly chosen values of fuzzy substructure natural frequencies. At
late times, however, the substructure returns the energy it had originally absorbed from the
master. The return time is, as predicted, T; = 2n/A® =314.[10]

Conclusions

Numerical demonstrations, and theoretical arguments, have been presented which show
that the action of a finite degree of freedom undamped "fuzzy " substructure is, at early times,
in accord with the predictions of the Pierce-Sparrow-Russell theory. At later times, however,
the description in terms of a simple damping becomes incorrect; the energy is returned from
the fuzzy to the master. The precise manner in which the energy is returned, and the time taken
to do this, depend on the details of the mass and frequency distribution within the fuzzy, and in
particular on the distribution of spacings between the fuzzy resonances.
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