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ABSTRACT

Material degradation and failure in rolling cbntact components is often associated with sur-
face crack initiation and propagation under repeated contact loading. In the presence of lubricat-
ing fluid, the pressure in the fluid film between the contacting surfaces may play an important role
in the crack growth process. This paper presents a method to model the effect of hydraulic pres-
sure loading on surface crack growth. The governing equations of the coupled viscous fluid/
cracked solid problem are obtained, which are non-linear integral and differential equations. The
fluid is assumed to be Newtonian and incompressible. The cracked solid is considered to be linear
elastic. Pressure loading history is prescribed at the crack mouth. Finite difference method is used
to solve the governing equations. For each time step, Newton-Raphson iteration method is used to
search the root of the non-linear equations. Both transient and steady state pressure distribution
under cyclic pressure loading can be obtained using this method. A few numerical examples are
given to demonstrate the reliability and effectiveness of the solution method. The solution shows
that there exists a characteristic time which determines whether pressure fluctuations at the crack
mouth can be transmitted deep into the crack. The steady state pressure distribution exhibits a
phase delay from the applied cyclic loading.



1. Introduction

Deterioration and failure of rolling contact components such as bearings and gears is usually
caused by surface pitting and spalling resulting from tiny surface crack propagation under repeat-
ed contact loading (Suh, 1986). Since most of these components are lubricated by liquid lubri-
cants, the growth of surface cracks involves interaction between the cracked solid and the
lubricating fluid. Therefore, a thorough understanding of crack growth behavior under the influ-

ence of lubricating fluid is essential to the understanding of failure of rolling contact components.

One interesting experimental observation of the surface crack growth process is that, in the ab-
sence of lubricating fluid, the surface crack grows very slowly; whereas with lubricating fluid, the
crack grows much faster (Way, 1935; Kaneta and Murakami, 1987). This phenomenon may be ex-
plained by the hydraulic pressure in the fluid during rolling contact loading. Since lubricating oil
is viscous fluid, the pressure build-up underneath the roller in the fluid thin film is extremely high,
often on the order of a few GPa (Clarke et al, 1985). Whether this high pressure will enhance the
surface crack growth depends on whether it can be transmitted deep into the crack. Thus the pres-
sure distribution within the crack for given pressure loading history plays a crucial role in the

pressure-induced crack growth process.

The physical process of hydraulic pressure-induced crack growth is schematically shown in
Figure 1. As the roller approaches the crack, in addition to the mode II stress intensity caused by
the contact loading, the pressure at the crack mouth increases. This increase will cause the crack
to open up. However, the opening up of the crack demands the fluid to flow into the crack to fill
the enlarged volume within the crack. To achieve this, the pressure gradient in the crack-filling
fluid increases. The absolute value of the pressure deep inside the crack may even decrease upon
applied loading. The pressure at the crack mouth reaches ihe peak when the center of the roller
passes the crack. As the roller rolls away from the surface crack, the pressure at the mouth de-
creases. The direction of the pressure gradient within the crack is then reversed. The lubricating
fluid is squeezed out gradually due to elastic response of the cracked body. This process is repeat-

ed as the roller rolls over the crack periodically such as in a bearing or a gear.

Two major factors affecting this process are: deformation of the cracked solid which is usually
elastic; and flow of the viscous fluid within the crack. Fatigue crack growth in the presence of flu-

id has been studied by many researchers (e.g., Tzou, et al, 1985a, 1985b) and reviewed by Srivat-



san and Sudarshan (1988). However, the effects of hydraulic pressure loading have not been
| considered in these studies. Hydraulic pressure effect under transient condition was considered by
. others (Bower, 1988; Kaneta & Murakami, 1987; Michau et al, 1974). But the fully coupled fluid-
solid interaction was not accounted for. On the other hand, the fluid-solid interaction problem in
rolling contact components has been extensively studied by researchers in the tribology communi-
ty. And time-dependent behavior of pressure distribution and fluid film thickness profile has re-
cently been studied by several people (Johnson, 1985; Houpert and Hamrock, 1986; Chang et al,
1989a, 1989b; Ai and Zhang, 1989; Osborn and Sadeghi, 1992; Venner and Lubrecht, 1994).
However, in the current problem, there exists an additional degree of complication due to stress
singularity at the crack tip.

In the present communication, we consider the effects of hydraulic pressure loading alone.
The mathematical framework of surface crack propagation under hydraulic pressure loading was
laid out by Hsia and Xu (1996). In their paper, by imposing a strong assumption, an approximate
analytic solution was obtained by separation of variables. An estimate of a characteristic penetra-
tion time was also obtained, which determines whether the pressure fluctuation at the crack mouth
can be transmitted deep into the crack. Here a numerical solution of the governing equations is
sought. This paper focuses on the numerical techniques to deal with the complicated non-linear
governing equations. A few numerical examples will be given to demonstrate the reliability of the
solution method.

2. Governing Equations

Although the real problem is very complicated, involving perhaps compressible fluid, non-
Newtonian viscous flow in a confined geometry, and curved crack shapes, a much simplified, ideal
case is considered in the present study. The fluid is considered to be incompressible and Newto-
nian. Only a straight crack normal to the specimen surface as shown in Fig. 2 is studied. It is also
assumed that there is no leakage of fluid in the crack.

The governing equations of the simplified problem consist of two parts: one for the viscous
fluid inside the crack; and one for the cracked solid. The governing equation for the fluid inside

the crack, considering the incompressibility condition, can be derived as (Hsia and Xu, 1996)
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where H(x, 1) and p(x, £) are the crack opening displacement and the pressure distribution at loca-

tion x and time ?, respectively (see Fig. 2), and p is the viscosity of the fluid.

The governing equation for an elastic solid body under a distributed crack face pressure,

p(x, 1), can be obtained as (Bueckner, 1970),
a

H(x,t) = jG (s, x)p(s,t)ds, ¥))
0

where G (s, x) is the Green’s function for the contribution of the pressure at § to the crack open-

ing displacement at location x, and a is the crack length as shown in Fig. 2.
For normalization purpose, we introduce a reference time, T, as

T = 120W/E’, 3)

where E’ = E/ (1-Vv?) for plane strain and E” = E for plane stress deformation, respectively,

with E being the Young’s modulus and Vv the Poisson’s ratio of the solid. The governing equa-

tions can then be simplified to non-dimensional forms by introducing the following normaliza-

tion,
x=x/a
t=t/1
H=H/a , @)
p=p/E

G(5,x) =G(s,x)E’

Equations (1) and (2) then become,
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. The detailed derivation of the dimensionless Green’s function, G (5, X) , is given in Appendix A
(Tada, et al, 1985). For a surface crack in an infinite elastic body as that shown in Fig. 2, the

- Green’s function is given by

1
| F(E/E)F()?/m%ﬂ, G)
max(s, x)
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where  is a dimensionless integration variable, and F (¥) is an expression proportional to the
stress intensity factor for a cracked body under a point load at normalized location, y. An approxi-
mate expression of F (y) has been obtained by fitting a numerical solution, as (Murakami, 1986)
2 < 2
F@y) = [1+ (1-y) Y a,y "}/ 1-y?

n=0

= [1+ (1-)") (02945 - 03912)" + 0.7685y" — 0.9942)° + 05094y 1 1./1 =2, (6)

where 0, 0L, 0., Otg, and Og are the coefficients in the approximate expression of stress intensity

factor.

Through tedious derivations and by integrating by parts (see Appendix B), Equation (2a) can
be re-arranged as
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where p'(5,7) = 9p(5, 7)/95 is the dimensionless pressure gradient in the crack, and the two

integrals, I, (¥) and I, (¥), are given as,

y
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The two equations, Equations (1a) and (7), can then be used to solve for two unknown functions,
H(x,?) and p(x, 7).

The boundary conditions are such that the pressure history at the crack mouth is prescribed,
the crack opening displacement at the crack tip is zero, and the pressure gradient at the crack tip is

zero since there is no net flow into or out of the crack tip, i.e.,

PG D) =Py (D
B(L,)=0 |, ©)
p/dxl,_, =0

where, for a realistic rolling contact problem, p, (?) is determined by the pressure profile under-

neath the roller and the speed of the roller.

The initial condition can be chosen rather arbitrarily, such as that the initial pressure is zero
everywhere in the crack. The choice of initial condition will slightly affect the transient solution

and will have no effect on the steady state solution.
3. Numerical Method

It is clear that the governing equations of this problem are highly nonlinear, and involve com-
plicated differential and integral calculations. An accurate solution inevitably requires numerical
techniques. Here a numerical solution is attempted using finite difference method. A special inter-

polation technique and the solution method in the current study are described in this section.
3.1 Interpolation of the Unknown Quantities

A number of interpolation techniques for the pressure distribution within the crack have been
tested. Some techniques would result in an oscillatory behavior or even unboundedness of the so-
lutions. It was found that using a quadratic interpolation of the pressure distribution similar to that
used by Houpert and Hamrock (1986), convergent solutions were readily obtained. Therefore a
quad}“atic interpolation of the pressure distribution is used in the following. The crack opening
displacement distribution is then expressed in terms of numerical values of the pressure distribu-

tion using Equation (7). The details of the interpolation scheme are given below.



Uniform division of the domain of interest, x € [0, 1], is used in the computation with an

even number of intervals N, the nodal coordinates J?j (G=0,1,2...N-1,N), and the corre-

* sponding nodal pressure values P i =D (J?j, t) (although this approach can be easily extended to
variable interval size formuiation (Houpert and Hamrock, 1986) or multilevel interval size method
by Venner et al (1990,1991)). The length of each interval is thus 1/N. The N intervals are further
grouped into N/2 sub-intervals, [X,,_1, X, .11, (m=1, 3, 5... N-3, N-1). The interpolation of the

pressure distribution within each sub-interval is then given by,

Pn®D =PED|; ;5 1 =AF +B,E+C,, (10)
where A, B, C,, are determined from the nodal pressure values, P, _ 1, P, P, 1. Clearly,

such interpolated pressure distribution is continuous throughout the domain of interest. And the
pressure gradient, which needs to be evaluated to solve the governing equations, is piecewise con-

tinuous within each sub-interval, but discontinuous at the border nodes between sub-intervals.

Using the interpolation function, Eqn (10), the nodal values of the pressure gradient within the

i-th sub-interval, p’, (x,,_1,0),p’ (X,,?),and p’ (X, ., 7, can be evaluated as,
m\"m-1 m\"'m m\m+1

P'm(Zy_1 1) = (~15P,_,+2P,~05P, )N
P'mGpp®) ==05(P,_1—P, . )N
P'mZpsip D) = (0.5P,_-2P,+15P, )N

, an

Although these nodal values are unique at the mid-point of each sub-interval, the values at the
border points, p’,, (X,,_1, ) and p’,, (X, 1, ), are not necessarily equal to the pressure gradient
values of the same point evaluated from the neighboring sub-intervals. In the present computation,
a simple average of the border nodal values from the two neighboring sub-intervals was taken to

be the nodal value of the border point. Therefore, the nodal values of the pressure gradient for in-
terior points of the domain can be given by, 4

ﬁ'j = Evj(i.j, i) J is odd

{_ - -
P'j = [p'j__ l(xj, t) +p'j+ ](xj’ t)] 12
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The values of the pressure gradient at the end nodes, X, = 0 and Xy = 1, require special
treatment. In this study, they are evaluated by
Po=p'1( D) = (- 1.5Py+2P, -0.5P,) N

(o ST oo a3
PN=pN_1(xN,i) = (O.SPN_2"2PN_1+ I.SPN)N

From the no-flow boundary condition at the crack tip, Eqn (9), the nodal value of the pressure

at the crack tip can be given in terms of the pressure values near the crack tip, as
PN= (41—)N_l—ﬁN_2)/3, (14)

With the above interpolation of the pressure distribution, the nodal values of the crack opening
displacement, H;, can be given by integrating the elastic response of the cracked body, Eqn (7),
analytically. The result takes the form,

N
{E‘: Zﬁijl_’j i=012..N-2,N-1
j=0

Hy=0 (15)

b

where the components of the coefficient matrix, A;;, are given in Appendix C.

Since the nodal values of both pressure gradient and crack opening displacement can be ex-
pressed in terms of the nodal values of the pressure, the problem then becomes to determine pres-
sure distribution for given initial and boundary conditions.

3.2 Solution Method

The time integration of the partial differential equation, Eqn (1a), is achieved using the finite
difference method. For a given time increment, A, the computational scheme is given by
%P g %Py 1"P 2 ge+n_gm
(A G, ~HGh | = g @V -E"), 16)

here a fully implicit Euler time integration is used, H ,-(") denotes the opening displacement of

node i at time step (7). All other quantities in the equation are evaluated at time step (n+ 1) .



Eqn (16) represents a system of non-linear algebraic equations of the unknown vector,

P = [P}, P), P5...Py_5 Py_11". In our calculation, constant time steps were taken.

Iteration method was used to solve the non-linear algebraic equations. Iteration was consid-
ered to be convergent when the incremental correction of the nodal pressure values is within a pre-

scribed error. The residuals of the equation, f;, for a given step of iteration can be evaluated by

taking the difference between the two sides of Eqn (16) as, for interior points,

, B _ _ _ (n+1)
fi = [H;-,(=05P;_3+2P;_,~-2P;+0.5P;, )] +

—=(n+1) —(n) ..
(n+1) 4 H -H; dd
[ +1( 05P1+3+2Pl+2—2P +05P; 1)] " ( LI : ) HEe ,(17a)
N°At
N 0 A - 1))
fi=Hi_y(Pi_,—P) +H;,{ (P;,,—P)] 3 i is even;(17b)
. N°At
and for boundary points,
— - +
fi = [y (-3Po+4P,~P»1"
4 —(+1) —(n) (17¢)
— - - - — . (n+1) 4 H -H;
[H3 (- 0.5P,+ 2P, — 2P, +0.5P))] (- )’
N’Af
—(n+1) (,.)
_3 _ _ _ N L (; MY : ()
fu-1= [Hy_,(=0.5Py_,+2Py_,-2Py_,+0.5Py)] N-1 L , (17d)

N’Af

here again the superscript (n+1) represents the quantities evaluated at time step (n+1). The residu-
al vector can be denoted as F = [f}, fy, f3, -.-fy_2 fy_ ] 7 which is a function of the pressure

vector P .

So the problem becomes to determine, for each time step, the N— 1 unknowns, P , which

satisfy the N — 1 equations F (P) = 0 and the boundary condition, Py = Do ().

A modified Newton-Raphson iteration method was used to search the roots of the nonlinear
algebraic equations,



where the subscript & is the iteration number and o is a relaxation factor which is equal to or

smaller than unity, dF (P ;) is the Jacobian evaluated at iteration step (k), as

— —

af1 afl afl afl
9P, 9P, oP; 9Py,
o o, o, o
OF(P ) = | 0P, 0P, 0P, oPy_, |- (19)

Fy-1 -1 Fn-1 Py_i

Gaussian elimination method was used to solve the algebraic equations. Convergent solution was

considered to be found when the following criterion was satisfied,

N-1 N-1
—=(n+1) =(n+1) —(n+1)
S P - Pigo [ 3 [P <e. (20)
j =1 ] =1

where € = 0.001 is the error limit for the incremental correction of nodal pressure values. This
criterion means that when an additional iteration from (k) to (k+1) does not result in any signifi-

cant correction of the pressure distribution, we considered the iteration converged.

To avoid unreasonable results, an additional constraint on the solution — cavitation condition
was introduced (Elrod, 1981). This condition requires that the pressure values can never go below

-zero, i.e.,
FJ-ZO, (=012, ..N-1,N), 21

When the pressure values have a tendency to drop below zero, nucleation of air cavities in the flu-
id would maintain the pressure level at zero. In our calculation, the nodal pressure values were

manually set to zero during each iteration step whenever a negative pressure value appeared.
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4. Examples and Discussion

A few typical numerical examples are given here to demonstrate the solution method in solv-
ing the complicated governing equations. The initial condition for all examples is that the pressure
is zero everywhere within the crack. Both the transient and the steady state solutions will be

sought. Some features of the solution will be discussed.

Fig. 3 shows a typical transient solution of the pressure distribution at several different
instants under a crack-mouth cyclic loading of sinusoidal wave. The insert above the plot repre-
sents the applied loading history with the time instants at which the pressure distributions are
given labeled. The time is measured in terms of the number of time steps n = t/At. 1t is clear
from Fig. 3 that, upon applied cyclic loading at the crack mouth, the pressure is gradually trans-
mitted into the crack. Eventually, the pressure at the crack tip may reach the same magnitude as
the applied pressure at the crack mouth. This whole process represents the transient response of
the fluid-solid system to external loading. The length of the transient stage depends on the viscos-
ity of the fluid, the elastic property of the solid, the loading frequency, and perhaps the loading
amplitude. For the particular loading frequency and material properties used in this simulation, a
steady state is gradually reached after 5-6 cycles of loading. It is also noteworthy that, since cavi-

tation condition was used in the computation, the calculated pressure level in the crack is never

below zero.

There are two convergency issues involved in the solution: one concerns the spatial resolution
for which sufficiently fine spatial grid must be chosen; the other concerns the errors caused by
time integration of differential equations. Since fully implicit Newton-Raphson iteration scheme
is employed, the integration error should not be accumulative as long as convergent solution can
be obtained. To ensure sufficiently fine finite difference mesh for the solution, solutions using a
few different grids were compared. Figures 4a-b show the solutions of pressure distribution using
the mesh size of N=8, 64, and 128 at different instants during cyclic loading. Figure 4a shows the
pressure distributions at different moments for N=8 and N=128, whereas Fig. 4b shows the distri-
butions at one particular moment for several grid sizes. During transient stage, there is clear dif-
ference between the fine mesh and the coarse mesh. But the difference diminishes once the steady
state is reached. Figures 4a-b also show that a mesh size of N=128 is adequate to reach a conver-
gent solution for the given loading condition. Therefore, a mesh size of N=128 was used through-

out the rest of the calculations.

i1



To study the effect of the magnitude of time step on the convergence of the solution, three
time increment sizes, A (=At/1), were used and the results were compared. Figure 5 shows the
pressure distribution at three different instants during cyclic loading using three time step magni-
tudes. The figure indicates that the result using Af = 136000 (Curve A in Fig. 5) has noticeable
difference from the ones using Af = 13600 (B in Fig. 5) and A7 = 6800 (C in Fig. 5). However,

when the magnitude of time increment is smaller than 13600, convergent solutions are obtained.

Fig. 6 shows the pressure distribution upon application of a step function loading at the crack
mouth. This example is used to demonstrate two points. First, the result clearly shows that our
computation algorithm is very stable. Even for a rapid changing loading such as a step function
loading, a well behaved solution can be obtained readily with the present numerical technique.
Second, the result indicates that, as predicted by the approximate solution by Hsia and Xu (1996),
there exists a characteristic penetration time for the fluid-solid system. When the length of the
loading period is shorter than the characteristic time, the pressure change at the crack mouth can
not be transmitted deep into the crack. On the other hand, if the length of the loading period is
longer than the characteristic time, a steady state pressure distribution is reached within the crack.
It is also noted that near the crack tip, the solution exhibits small oscillation. The mechanism for
developing oscillatory behavior in numerical solutions was discussed by Okamura (1982). In our

solution, the oscillation is too small to cause concern.

The steady state pressure distribution within the crack upon cyclic pressure loading of sinuso-
idal wave is shown in Figure 7. The pressure distribution in the crack repeats itself completely
upon each cycle of loading. However, the pressure build-up in the crack exhibits a phase shift
from the applied pressure loading. When the applied pressure loading reaches the peak at

'n = t/Af = 550, e.g., the pressure level deep in the crack is near its lowest level; whereas when
the applied loading reaches its valley, the pressure deep in the crack is near its maximum level
which is close to the peak level of the applied loading. This phase shift will result in a delay in the
stress intensity experienced at the crack tip, which may affect the fracture behavior. The effect of

pressure loading on the crack tip stress intensity will be discussed in a separate paper.

The crack opening displacement profiles at several different loading stages are plotted in Fig-
ure 8. Generally, these profiles are similar in shape. All of them have the asymptotic shape of

J'1 =X near the crack tip. However, during the rising phase of the applied loading (n= 530~550),

12



the slope of the crack opening profile seems to be steeper than that during the falling phase (n=
| 570~600). The crack opening profile almost flattens out when the minimum applied loading level
- isreached at = 600. This can be easily explained by the pressure distribution patterns in Figure
7. During the rising phase of the applied loading, although the pressure is high near the crack
mouth, the pressure near the crack tip is rather low, resulting in a steeper slope of the crack open-
ing profile. But during the falling phase, a high pressure level near the crack tip and the minimum
pressure at the crack mouth result in a flattened out crack opening profile. This result is very sim-

ilar in nature to the crack opening profiles obtained by our approximate solution (see Hsia and Xu,
1996).

5. Concluding Remarks

The present work presents a model of the surface crack propagation under hydraulic pressure
loading at the crack mouth, a mechanism believed to be responsible for material degradation in
rolling contact components. A simplified case has been considered here, in which the fluid filling
the crack was assumed to be Newtonian and incompressible, and the solid was considered to be
linear elastic with a surface crack perpendicular to the contacting surface. The governing equa-
tions were found to be two coupled, non-linear integral/differential equations.

Finite difference method has been employed to solve the complicated governing equations.
Within each time step, Newton-Raphson iteration was used to search for the roots of the non-lin-
ear algebraic equations. It was found that the interpolation of the unknown pressure distribution
had significant effect on the cohvergence of the solution. Using a quadratic interpolation of the
pressure distribution, a satisfactory, convergent solution was obtained. A few numerical examples
were given which showed that the complete solution consisted of a transient stage followed by a
steady state stage. During the transient stage, the pressure at the crack mouth is gradually trans-
mitted into the crack until approximately the characteristic penetration time is reached. Once the
steady state is reached, the pressure distribution in the crack either completely repeats itself when

the applied pressure loading is cyclic, or uniform if a constant pressure is applied.

The present method can be used to study the crack propagation behavior under hydraulic pres-
sure loading. For this the crack tip stress intensity factor must be evaluated for different types of
loading. This is currently being pursued by the authors. Moreover, many assumptions in the

13



present model may not true in real rolling contact problems. More realistic cases may also be

dealt with using the present framework with proper modifications.
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Appendix A: Green’s Function

From Castigliano’s theorem, the displacement A, caused by a load Q (in the loading direc-
tion) at location x may be computed by
=35 (A1)

where Ur is the total strain energy. Ur maybe regarded as that due to applying forces on a config-

uration without crack plus that due to introducing the crack a while holding forces constant (Tada,
et al, 1985), '

a
UT = UNoCrack + dea - (AZ)
0

where G is the energy release rate. If only opening mode (Mode I) displacement is considered, é,
can be written as

EG = (Kjp+Kpp)? (A3)

where K;p and K, are the Mode I stress intensity factors due to forces P and virtual forces 0,

respectively. Following the same steps as in Tada, et al (1985), the opening displacement of the
crack surface under a pair of concentrated forces, Q, at x = a, can be given as

a
9 oK :
A=% J Klpmlgda- (Ad)
)

The Mode I stress intensity factor K;p can be written as

2P F(x/a) x<a '
Kpp = | Jna (A5)
0 x2a
where a is the length of the crack. Substituting (A5) into (A4), we obtain the opening displace-

ment A,(s, 1) at location ¥ due to a pair of concentrated forces P at location § ,
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8P(s, 1)

Ax(s, N = =

a

I F(s/ u)F(x/ u) % ) (A6)
max{x,s}
Based on linear elastic fracture mechanics, the opening displacement H(x, f) at location *

due to the pressure distribution P(S; ) can then be written as

8ps,n ¢ d

s U

IF J‘ F(s/u)F(xlu)—ds. (A7)
0 max{x,s}

Hex, 9) = [A (s, Dds =
0

With proper normalization, we obtain the expression for the Green’s function in Equation (5).
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Appendix B: Derivation of Equation (7)

Substitute Equation (5) into Equation (2a), we have

1 1 . -
AED = [1 | FEDFGEDY G as

0 max(s, x)
81 i &
- - —_— - as —
== IF(x/E) jF(s/a)p(s, H=di . (B1)
x 0
Ihtegrating the inner integration by part, we obtain,

1 : u
H(E D) = % | F(f/ﬁ)[l,(&/ D5, D2 - 16 D56, i)ds] di
X 0

]

1 u
% | F(i/a)[-@(())ﬁ(o, ) - [1GIp'G, i)dEJdE . (B2)
x 0

Re-arranging the last expression and the integration limits in (B2), we can then obtain Equa-
tion (7).
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Appendix C: Detailed Derivation of Elasticity Coefficient, /2 ij’ in Equation (15)

From Equation (7), the opening displacement at location X;, H;=H (%, 1), can be evaluated
as,
| g 8 11
H; = HE, ) = —_LOXL,@5Ge D -~ [ FG/DLG/Dp'G, dids

Omax(s, x)

(C1)
g 3 N=1 Zme 1
= - Iy(O)inn(xi)p(xO, - p z J I Fx,/ l?)ly(s/ w)p' (s, Hduds
. m= 1’395 ---fm_,max(f, i‘)

Utilizing the interpolation functions for pressure gradient, Equation (12), the integrand can be
given in terms of the nodal values of the pressure distribution, as

8 N-1 1 min (ﬁ! im+l)
H; = 481, G)Po-~ 3, [ Fem | o
m=135 ...max(ii’ im- l) ‘;m-

‘ (C2)
— — — _ N = = R
N[N(Pm+l—2Pm+Pm_l) (5-%,) + (P,,,H—P,,,_l)]dsdu

Upon integration and re-arrangement, Equation (C2) can be expressed in terms of nodal pressure
values as,

N-1
ﬁi = 470ii1ﬂ(ii)p0_ 2 KimN2 (Fm+1_2Pm+ﬁm—l) -
m=135...
N-1 (C3)
N - — N - _ _
m=135...

‘where K;,, and M,,, are integrals given by,

1 1
8 - h 8 _ L
Km= | gFG/DIG, /D@~ [ CFE/DLE,. ) Did

im
max{x,Xx,,} max {x,x,_,}
1 1

M, = | %F(ii/mlc(imﬂlmﬂdﬁ— | %F(i,-/ﬁ)lg(i,,,_llmﬁdﬂ

mm

(o2))

max {x;, %, ,} max{x,x,_,}

where the integrations can be carried out for the stress intensity factor function in Equation (6).
The functions (), Ir(), 1,(), and I;,(¥) are integrals given by,
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y 5

( Y ) T

L) = fly(z)zdz = (70)12 +&) (asiny - 3+ J1—y? pIR-S. lyz""'1
1 n=0

y 5
. Tt ‘

I0) = [z = Yoy (asiny - ) +.1-3* T &, 3"
1 n=0

y 4 (€5

. u

1(0) = [F@)dz = v, (asiny - 5) +1-2 3y, , !

1 n=0

y 4
d . T -
L) = —jF(z)z—f =My (asiny - 5) +41-32 3 m,,, ;!
1 n=0

where &, , 1, 82,4 15 Yan4 1> and My, , ;| are linear combinations of the coefficients in the expres-
sion of the stress intensity factor, o, , in Equation (6),

3. 5.3. 7-5-3. 9.7-5.3.
E"°=-?+4’Y-l2+6-4y-32+8~6°4'Y-52+10-8~6-Z‘~12+12-10~8-6*Zg-2
& ==&
g.;yl Y 5.% 7-5-%, 9.7.5ub
374 76-4 864 10864 12.10-8-6-4

4 é _75 ¥s 7'Y7 9'7”5

5" 6 8.6 10-8-6 12-10-8-6 (C5a)

| § _'E Y7 9'75

78 10-8 12-10-8
§_77 Yo
9710 12-10
£y = o

. 11~ 12
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From the above derivations, the elasticity coefficients, Eij, in Equation (15) are given by,

Eij = 2N (K —x;M;)) ji=13,..,N-1 (Cé6a)

=

ij = _N2Ki,j—1_ (O.SN_ij_lNz)Mi,j-l—NzKi,j+l+ (O'5N+ij+1N2)M

ij+1

J = 29 49 )N_2 (C6b)
For boundary nodes, %; ;j are specially treated such that,
hio =~ NK;, + (05N +3%,N) M, + Yo% 1 (%)

-— N2 - 2 * (C7)
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Figure 1
Figure 2

Figure 3

Figure 4

Figure 5

Figure 6

Figure 7

Figure 8

Figure Captions
Schematic of hydraulic pressure loading on a cracked body caused by a roller.
An idealized configuration considered in the model.

Pressure distribution within the crack during transient stage, the insert above the

plot is the applied loading history at the crack mouth.

Convergency study for different spatial mesh size: (a) comparison of pressure dis-
tributions at several different times for two meshes (N=8, 128); (b) comparison of
pressure distribution at a particular time for three meshes (N=8, 64, and 128).

Convergency study for different time increment: pressure distributions at several
times using three different Af: Af = 136000 (curve A), Af = 13600 (curve B),

and Az = 6800 (curve C).

Pressure distributions within the crack upon a step function loading at the crack

mouth.

Steady state pressure distributions at different times within a loading cycle under

cyclic pressure loading at the crack mouth.

Crack opening displacement profile during loading and unloading stages.
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