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1 Introduction

Recently, FRIED & GURTIN [1] developed an extension of nonlinear elasticity
theory in which an order parameter joins the deformation as an additional inde-
pendent kinematic variable. While the most natural application of that theory
is to coupled ordering and deformation in crystalline solids, in which case the
order parameter describes atomic arrangements within unit cells of a crystal
lattice and the deformation accounts for distortions of that lattice, an analysis
due to FRIED & GURTIN suggests that their theory may also pertain to other
types of solid-state phenomena, phenomena where atomic ordering is of negligi-
ble importance and, hence, for which the physical status of the order parameter
is, at best, obscure. T :
Specifically, FRIED & GURTIN showed that, granted certain constitutive as-
sumptions and an appropriate scaling, their governing equations are asymptotic
to governing equations that arise in a theory for displacive solid-solid transi-
tions advanced by GURTIN & STRUTHERS [2]. In that theory, bulk phases are
modeled as nonlinearly hyperelastic and phase interfaces are treated as sharp
nonmaterial surfaces across which, consistent with the requirement of coherency,
the deformation is continuous but the deformation gradient may jump. Further,
these surfaces are endowed with energy and are assumed capable of sustaining
force. Interfacial fields that are central to the theory include the energy density
w and the kinetic coefficient b.! The interfacial energy density is determined by
a constitutive response function 1 that, in appreciation of influences that coher-
ent lattice mismatch and interfacial orientation may exert on the morphology of

1 The kinetic coefficient corresponds to the reciprocal of the interfacial mobility.
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equilibrated microstructures,? depends on the tangential deformation-gradient
F and the interfacial unit normal 7. The kinetic coefficient, which governs tran-
sition kinetics, is determined by a constitutive response function b that may vary
with [, i, and also the interfacial scalar normal velocity V. The latter depen-
dence accounts for nonlinear transition kinetics,® while the former dependencies
allow coherent lattice mismatch and interfacial orientation to influence transi-
tion kinetics.# Within this theory, a complete constitutive description entails, in
addition to giving @ and b, provision of a response function we, depending on
the deformation gradient F', determining the strain-energy density W of each
bulk phase ¢ = a, b.

- The correspondence demonstrated by FRIED & GURTIN applies only to a
narrowing of the theory of GURTIN & STRUTHERS wherein @ and b are both
material constants, so that interfaces may support only surface tension and
transition kinetics must be linear. Here, our purpose is to extend the result of
FRrIED & GURTIN—showing that their theory embraces the full range of inter-
facial structure present in the sharp-interface theory of GURTIN & STRUTHERS.

We begin, in Section 2, with a synopsis of the theory of GURTIN & STRUTH-
ERS, which, hereafter, we will often refer to as the “sharp-interface theory.” This
is followed, in Section 3, by a summary of the theory of FRIED & GURTIN, which
we refer to as the “order-parameter based theory.” In that theory, a material
is characterized by response functions W and B that deliver the energy density
W and the damping modulus 3: in general, W may depend on the deformation
gradient F,5 the order parameter ¢, and the order-parameter gradient Ve,
while 3 may depend on F, ¢, Vi, and on the order-parameter rate ¢ as well.

In Section 4, we introduce a series of assumptions that restrict the manner
in which the response fiinctions W and ﬂ may depend on the independent
constitutive variables F, ¢, Vi, and ¢,° leading to a description that associates
the bulk phases a and b of the sharp-interface theory with the order-parameter
values ¢ = 0 and ¢ = 1 and models phase interfaces by narrow transition layers

2 BROOKS [3], MULLINS [4], LARCHE & CAHN [5, 6], and LEO & SEKERKA [7] treat applica-
tions where lattice mismatch impacts the morphology of equilibrated microstructures, while
HERRING [8], MULLINS [4], SHEWMON & ROBERTSON [9], CAHN & HOFFMAN [10], and CAHN &
LARCHE [11] consider applications where orientation dependence is significant.

3 HiLLERT [12] and OWEN, SCHOEN & SRINIVASAN [13] discuss applications where the de-
pendence of interfacial mobility on interfacial velocity is important.

4 The inclusion of orientation dependence in the kinetic coefficient is motivated by analogy
to theories of crystal growth, where the prominence of such dependence effect is well-recognized
(cf., e.g., TAYLOR, CAHN & HANDWERKER [14] and CAHN & CARTER [15]). Although it seems
to us entirely reasonable that the velocity of an evolving interface may, in general, vary with
the distribution of coherent mismatch along that interface, we are unaware of experiments
that test such a hypothesis.

5 We rely on italic and sans-serif characters to distinguish between various fields that appear
in both of the theories considered here. In particular, W and F denote the bulk energy density
and deformation gradient of the sharp-interface theory, whereas W and F denote the energy
density and deformation gradient of the order-parameter based theory.

6 In framing these assumptions, we follow closely considerations put forth by FRIED &
GURTIN [16] in their generalized phase-field theory for solidification.
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within which the order-parameter gradient is large in magnitude. Moreover,
these assumptions imply a decomposition of W in the form

W(F,, V) = WP(F,0) + W*(F, 0, V), (1.1)

where WP determines the energy density of the bulk phases and W>s deter-
mines the energy density of transition layers. In particular, W** admits the
representation

W*(F,p, V) = ¥(p) + 1|Ve2A(FP, n), (1.2)

where ¥ is a double-well potential with equal minima at ¢ = 0 and ¢ = 1,
P =1-n®n, and n = Vy/|Vyp|. A further consequence of the assumptions
put forth in Section 4 is that

B(F,,Ve,¢) = B(FP,n,V), (1.3)

with V = —¢/|Ve|.

Next, in Section 5, we perform a scaling of the independent and dependent
variables of order-parameter based theory. That scaling, upon which our asymp-
totic results hinges, involves a small dimensionless parameter €, with which the
dimensionless transition layer thickness h tends to zero.

The remainder of the paper focuses on demonstrating the consonance of the
two theories considered here, granted the constitutive restrictions of Section 4
and the scaling of Section 5. To simplify the presentation of our results, we
suppose, in Section 6, that W® and WP are related to Wb" through

We(F) = WP (F,0) and WP(F) = Wb(F, 1), (1.4)
and also that 1 and b are related to A and B through

oB(F,m, Vo)

O(F,m)=o/AFm)  and  b(Fm,Ve) = VAEF )

(1.5)

where o is the constant determined by

1
o= / V28(p) di; (1.6)

0

clearly, (1.4) and (1.5) do not restrict, in any manner, the breadth of constitutive
generality possible in the sharp-interface theory.

Asymptotic expansions are introduced in Section 7 and attendant prelimi-
nary results concerning those expansions are derived in Section 8. Among the
latter is the estimate

¥ (¢) - $|VeIA(FP,n) = O(e), (L7)
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that holds within transition layers and shows that, therein, the double-well and
gradient terms that comprise the excess energy density W*® are equal to most
significant order in e.” Aside from its physical significance, this result serves an
important role in our analysis: in particular, it implies an estimate

1—e

h(€) = 2e7/A(FP,n) / \/_%_go(_?) + o(h(e)) (1.8)

for the thickness of transition layers, and also allows us to evaluate certain key
integrals across transition layers.

In Section 9, we show that the global integral laws of the order-parameter
based theory tend, as € and, hence, the thickness h of interfacial layers ap-
proaches zero, toward those of the sharp-interface theory. Furthermore, because
the limits involved in integration over a region containing a layer and decreasing
the thickness of that layer toward zero do not necessarily commute, we show,
in Section 10, that the local balance laws of the order-parameter based theory
tend, as e approaches zero, toward those of the sharp-interface theory. In Sec-
tion 11 we develop a power identity for the order-parameter based theory and -
demonstrate the asymptotic correspondence of this identity to a power identity
for the sharp-interface theory.

The results of Sections 9, 10, and 11 show that, given constitutive response
functions W“, WP, 1, and b determining a particular sharp-interface theory, the
class of order-parameter based theories determined by the constitutive relations®

WP (F, ) = (1 — 2(9))W(F) + 2(0) W (F),
W*(F,0,p) = €' U(p) + 55 lpI*0*(FP,m), (1.9)
ﬁ(F,(P’p’ (P) = %I;(F’n’v)w(-r’nx

provides a regularization of that theory. Here z is an arbitrary monotonic func-
tion taking R into [0,1] and consistent with 2(0) = 0 and 2(1) = 1. Since
that asymptotic correspondence holds regardless of the particular features of z
and ¥ (except for those that have been mentioned above), those features may
be selected to facilitate analysis and/or computation. This latitude is to be
viewed not as an undesirable lack of uniqueness, but, rather, as a strength of
the order-parameter based regularization of the sharp-interface theory.

The paper concludes, in Section 12, with a discussion of the recipe (1.9) and
related issues.

7 The factor of €2 in the second term on the left-hand-side of (1.7) reflects the scaling of
Section 5. In Section 8 we find that, within layers, €|V¢| = O(1), so that, granted that ¥ and
X are of O(1) in ¢, both terms on the left-hand-side of (1.7) are of O(1) in e. Further, away
from layers, the left-hand-side of (1.7) is of o(1) in e.

8 The factors of e~ ! and e appearing in the relations (1.9)2 3 reflect the scaling of Section 5.
All constitutive functions on the right-hand-side of (1.9) are of O(1) in e.
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2 Review of the sharp-interface theory

In this section we survey the theory of GURTIN & STRUTHERS.® In doing so,
we take advantage of recent results due to GURTIN [20, 21, 22] concerning the
role of configurational forces within that theory.1?

2.1 Kinematics

Consider a coherent motion y of a two-phase body that occupies a region B in
a fixed reference configuration with uniform mass density o. Suppose that, at
each instant of the motion, B is separated by a phase interface, represented by a
smoothly evolving orientable surface &, into regions B* and B® associated with
its phases a and b. Let m denote the unit normal field, directed outward from
B?, for &, so that the tensor field

P=1-n®n, (2.1)

is the projector onto &, and write Vs for the scalar normal velocity field of &
in the direction of .

Let Vsg and § denote the surface gradient and normal time-rate of a field
g defined on &.1! Then

L=-Ven and Ke=trL=-—divym (2.2)

determine the curvature tensor and total curvature (i.e., twice the mean curva-
ture) of G, and m and Vg are related by

= —VeVs. (2.3)

The coherence of the motion implies that y must be continuous across &,
so that, writing [g] for the jump (b-side minus a-side) across & of a bulk field
g, and

F=Vy (2.4)
for the deformation gradient, we have

[v] =o0, [F]P = o, and  [¢] + [Fn]Vs =0 (2.5)

9 Concurrent with GURTIN & STRUTHERS, LEO & SEKERKA [7] derived, from a variational
perspective, versions of the governing equations of GURTIN & STRUTHERS appropriate to equi-
librium (see also PrrTeRI [17]). PFENNING & WILLIAMS [18] derived, working within the
context of geometric measure theory, equations resembling those of GURTIN & STRUTHERS.
Following an approach taken ABEYARATNE & KNOWLES [28] in work that neglects interfa-
cial structure, Lusk [19] provided an independent derivation of the equations of GURTIN &
STRUTHERS.

10 GURTIN & STRUTHERS used the adjective accretive in place of configurational when re-
ferring to these forces.
1 See GURTIN & STRUTHERS and Appendix A.1 for a definition of the normal time-rate.
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on &. By virtue of (2.5)2 we can introduce the tangential deformation-gradient
F=(F)P, ' (2.6)

with {g) the average across & of a bulk field g. Further, on writing g for the
restriction to & of the deformation y, viz.

¥ =Yls, . (2.7)
we have the identities?
Vey=(FYP=F and g =(9)+(Fn)Ve. (2.8)

The basic laws of the sharp-interface theory will be written for a subregion
P of B, with outward unit normal v, chosen so that, at each instant during the
course of some time interval, portions of the regions B* and B® are contained
in P and & crosses 0P transversely to yield a nonempty intersection

Q=6n7P. (2.9)
Then, n and v must satisfy 0 < |n-v| <1,

m= Y (2.10)

V1-|n-v|?

determines a unit vector field tangent to & and directed outward from 89 (cf.
Fig. 1), and

UaQ = _——'.——'—— (2.11)

represents the rate at which interfacial area enters or leaves P through 0P as
G evolves.

2.2 Basic fields. Balance laws. Dissipation imbalance

On ignoring external forces, the basic variables of the sharp-interface theory
consist of the bulk fields

w strain energy density,

S deformational stress,

C configurational stress,

b internal configurational force density,
q configurational momentum density,

12 These identities are special cases of results discussed in Appendix A.1.
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Figure 1. Subregion P of B composed of evolving parts P and P° occupied by
phases a and b and the portion 9 of the phase interface .

and the interfacial fields!3

w interfacial energy density,

S deformational stress,

C configurational stress,

I internal configurational force density.

These fields are required, for each suitable subregion P of B and each time, to
obey the integral laws

/Suda+/§mdl=/gydv,
P

)] P

/nyi/da+/nymdl=/yxgydv, \ (2.12)

8P a0 P
/Cuda+/fdv+/Cmdl+/jfda=/qdv,
ap P 89 2 P

enforcing linear momentum balance, angular momentum balance, and configu-
rational force balance, as well as the dissipation imbalance

/ Sv-yda + /(Sm@ + Cm-(Vem)) dl
&P ETo)

7/

> /(W+ 10l9)?) d'u+/'wda - /anQ dl, (2.13)
P o] a9

13 The fields S and C obey Sn = 0 and Cn = 0 on & and therefore are superficial in the
sense of GURTIN [20].
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asserting the second law.!*
The foregoing global balances have the local forms
div S = g1,
FS™ =SF", (2.14)
divC+ f=4q,
valid in bulk, and

[Sn] + e[y]Vs + divg S =0,
FST = SFT, (2.15)
[Cn] + [g]Vs + divg C + f =0,

valid on &. Further, the dissipation imbalance requires that
SF>W (2.16)
in bulk, and that
n-L((W — Selgl)1 — F™S — C)nllVe  [(F™ + a) ]V
+ (WP — FTS = C)-L)Ve + S-F' — (CTn)-f — (fm)Ve 21 (2.17)

on G.
A slight extension of an invariance argument originated recently by GURTIN
[21, 22] yields the representations’®

C=W-109*)1-F"S and q=—oF"y (2.18)

for the bulk configurational stress C and the configurational momentum density
q, and also the representation

Cian = WP — F7S (2.19)

for the tangential component C'a, = PC of the interfacial configurational stress.
An immediate consequence of these representations is that the interfacial dissi-
pation imbalance (2.17) reduces to

S-F—cf— (fn)Vs >, (2.20)

14 In writing (2.13), we have imposed the requirement (cf. GURTIN & STRUTHERS and GURTIN
[20, 22]) that the power generated by the net effects of the deformational and configurational
forces be invariant under reparametrization of 6. As the configurational forces f and f act
internally to the bulk and interface, respectively, they do not contribute to the power.

"15 The expressions for C and q in (2.18) coincide, respectively, with the dynamic energy-
momentum tensor introduced by ESHELBY [24, equation (53)] in his study of material inhomo-
geneities, defects, and interfaces and the pseudomomentum of MAUGIN, EPSTEIN & TRIMARCO
[25, equation (16)]. Derivations of (2.18) and (2.19) are given by CERMELLI, FRIED & GRACH
[23].
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with ¢ = C'"n the normal component of C.!® Further, in combination with the
local bulk and interfacial balances (2.14) and (2.15), the representations (2.18)
and (2.19) imply the power identity!”

/Su-yda+/(§m~i7+<c-(Vsm)) dl—/%glylzdv
P a0 P

= /S-de - /(([[W]] + Fn)Ve + wKeVe — S-FF + c-1i) da. (2.21)
P\Q 0

2.3 Constitutive equations

In bulk, the material of each phase ¢ = a, b is taken to be nonlinearly hyperelastic
and homogeneous, so that

d

W=W<F) and §=5F) =%

WE(F), (2.22)
and the inequality (2.16) reduces to an equality.

For the interfacial constitutive theory, it is assumed that w, S, ¢, and f-n
are given by response functions depending on F, m, and V. Compatibility with
the interfacial dissipation imbalance (2.20) then requires that

w=0(Fmn), §=8F n)= 5‘1@(1&1 m),
D F (2.23)
c=¢(F,n) = ——’Tmu“;(lﬁ‘, ), Fn=—b(F,n,Vs)Vs,

where (D/Dn)w([F,n) represents the value at (F,n) of the derivative of
with respect to 7 following &,'® and the kinetic coefficient b = b(FF,n, Vs) is
nonnegative. ' '

On inserting the relations (2.23) in the inequality (2.20) and using the iden-
tity (A.15) to evaluate the normal time-rate of w through the response function
W, we obtain an interfacial dissipation balance

S — et — (Fn)Ve — 1 =bV2 >0, (2.24)

that identifies propagating phase interfaces as the sole source of dissipation in the
theory at hand.!® For future reference, we introduce the interfacial dissipation
density

8 =—(fn)Vs = bVZ2, (2.25)

16 By virtue of the requirement that C be superficial (cf. Footnote 13), ¢ obeys c-n = 0 on
S and therefore is tangential on &.

17 A brief derivation of (2.21) appears in Appendix A.2.

18 See GURTIN & STRUTHERS and Appendix A.1 for definitions of this derivative.

19 Shock waves, which are generally dissipative, are excluded from our discussion.
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Both the bulk and interfacial response functions are required to be invariant
with respect to superposed rigid motions. Hence, the bulk response functions
may depend on F' through at most the right stretch-tensor U = vV F'F , while
the interfacial response functions may depend on F' through at most the in-
terfacial right stretch-tensor Il = VFIF'. Together with the relations (2.22),
and (2.23)2 defining the deformational stresses S and 5, these requirements en-
sure that the local balances (2.14)2 and (2.15)2 for bulk and interfacial angular
momentum are satisfied.

Associated with each bulk phase ¢, we assume that there exists a natural
stretch U, whereby S¢(U.) = 0 for each phase ¢ = a,b. Further, we assume
that, for each 7 in some open connected subset K of the set of unit vectors,
there exists a natural interfacial stretch Us (1) such that S(Us(n),n) =

2.4 Internal configurational forces
Together with the constitutive equations (2.22), the representations (2.18) for
C and g imply that

divC — ¢ = —F7(div S — @), (2.26)
so that, granted the equations (2.14); and (2.14)3 enforcing the linear momen-

tum balance and configurational momentum balance in bulk, the bulk internal
configurational force must vanish, viz.

f=o0. (2.27)

Further, the expression (2.19) for Cian, the constitutive equations (2.23)1,

(2.23)2, and (2.23)3 for w, S, and ¢, and the identity (A.16) of Appendix A.1
imply that

P([Cn] + [g]Vs +divs C) =0, (2.28)

so that, like the bulk internal configurational force, the tangential component
Fian = PF of the interfacial internal configurational force must vanish, viz.

JFtan = 0. (2.29)
Hence, the relation (2.23)4 determining f-n yields
f=—bVem, (2.30)

and satisfaction of the interfacial configurational momentum balance (2. 15)3 is
equivalent to satisfaction of its normal component

n-[Cn] + [g-n]Vs + C-L +divg c+ f-n=0, (2.31)

which, for brevity, we refer to as the normal configurational balance.?®

20 The normal configurational balance (2.31) of GURTIN & STRUTHERS reduces, on ignoring
interfacial energy, to a relation proposed by HEIDUG & LEHNER [26], TRUSKINOVSKY [27],
and ABEYARATNE & KNOWLES [28] to determine the kinetics of coherent solid-solid phase
transitions.
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3 Review of the order-parameter based theory

Here we outline the theory of FRIED & GURTIN, focusing on the special case
where the order parameter is unconstrained and scalar-valued.?! Consistent
with our aim, which is to show how this theory has the capacity to serve as a
regularization of the sharp-interface theory, we do not provide a specific physical
interpretation of the order parameter.

3.1 Kinematics

Setting aside the sharp-interface theory, consider a body the kinematical de-
scription of which involves a smooth motion y and a scalar order parameter
®. Suppose that the body possesses a reference state in which it occupies the
region B with uniform density p,22 and let

F=Vy and p=Vp (3.1)

denote the deformation and order-parameter gradients.

3.2 Basic fields. Balance laws. Dissipation imbalance

The order-parameter based theory involves only bulk fields, that, ignoring ex-
ternal forces, are?3

energy density,
deformational stress,
microstress,

internal microforce density.

3mn S

21 FRIED & GURTIN treat the more general case where the order parameter is vector-valued
and is constrained to lie on an affine manifold.

22 While the region B and density o considered here are intended to be identical to those
considered in connection with the sharp-interface theory, the motion y, energy density W, and
deformational stress S are distinct from the fields Yy, W, and S of the sharp-interface theory.

23 The microstructural fields € and 7 act in response to changes in the order parameter,
and are introduced under the precept that with each kinematic process there should exist a
corresponding force system that accounts for power expenditures associated with the evolu-
tion of the variable underlying that process. FRIED & GURTIN referred to £ and 7 as the
configurational stress and internal configurational force, respectively. The inappropriateness
of such a choice of terms will become clear in Section 3.4, where we will discuss the actual
configurational fields of the order-parameter based theory.
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For each P in B and each time, these fields are required to obey the integral

laws?4
/Suda=/g__\'/dv,
8P P
/nyvda=/yxg_\'/dv,
P P

/g-uda+/7rdv=0,

oP P )

)

-~

(3.2)

imposing linear momentum balance, angular momentum balance, and micro-
force balance, and also the dissipation imbalance

[(svy+em)daz [w+iaypyde, (3.3)
apP P .

bringing to bear the second law.25
The foregoing global laws have the local forms

divS = gy,

SFT =FS",

divE+ 7 =0,
SF+&p—mp=W.

(3.4)

3.3 Constitutive equations

In the order-parameter based theory, W, S, &, and 7 are given by response
functions depending on the deformation gradient F, order parameter ¢, order-
parameter gradient p, and order-parameter rate ¢. Consistency with the local
dissipation inequality (3.4)4 then requires that

R 8 .- 0 .-
W= W(F,(p9p)’ S= _W(F’(p,p)v € = —"W(F,‘p’p)a
oF dp (3.5)

g .. 5 s
7"=—5‘(;W(F,(P,P)—ﬁ(FHP,p,‘P)SO’

where the damping modulus 8 = ,é(F , ¥, D, ¢) must be non-negative.

24 The idea of a microforce balance was, to our knowledge, first introduced by CAPRIz [29] in
a framework that accounts also for microstructural inertia, an effect that is ignored in (3.2)3.
25 Because it acts internally to P, 7 does not contribute to the working in (3.3).
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On inserting the relations (3.5) into the inequality (3.4)4, we deduce a dis-
sipation balance

SF+¢p—mp—W=pp>>0, - (36)

which isolates the microforce —(¢ as the sole source of dissipation in the theory
and, hence, motivates our choice to refer to 3 as the damping modulus.26 For
future reference, we introduce the dissipation density

A= py? (3.7)

for the order-parameter based theory.

As in the sharp-interface theory, the constitutive response functions are re-
quired to be properly invariant under superposed rigid motions. Hence, those
functions may depend on F only through the right stretch tensor U = vVFTF
and, by virtue of the relation (3.5); determining S, the local angular momentum
balance (3.4); is satisfied automatically.

3.4 Configurational momentum balance

On introducing the fields

C=(W-1oly)1 - F'S - pgt, } 38)
q=_QFT.9 f = B¢p,
a simple calculation shows that, granted the constitutive equations (3.5),
divC+f—g=—-F"(divS - gy) — (divé + )p, (3.9)

so that, drawing on the linear momentum balance (3.4); and the microforce
balance (3.4)3, we have

divC+f=aq. © (3.10)

Thus, taking note of the formal similarity between the definitions (3.8)1,2 and
those in (2.18) for the bulk configurational stress C' and configurational mo-
mentum density g of the sharp-interface theory, we recognize C and q as the
configurational stress and configurational momentum density relevant to the
order-parameter based theory. Moreover, bearing in mind these identifications
and the balance (3.10), we recognize f as the internal configurational force of the
order-parameter based theory.?” Further, equation (3.10) is the local statement
of configurational momentum balance for that theory.

26 FRIED & GURTIN refer to 8 as the kinetic modulus. If the theory incorporated an in-
elastic functional dependence on the deformation and, thus, a dissipative contribution to the
deformational stress, it might be more suitable to refer to 8 the microdamping modulus:

27 The representations (3.8) for the fields C, g, and f can be derived from the perspective
of GURTIN [21, 22] (see also CERMELLI, FRIED & GRACH [23]).
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Considerith the identity
divC+f—-qg=—-(divE+7)p (3.11)

that results from (3.9) under the assumption that the linear momentum balance
(3.4)1 holds, we see that the microforce balance (3.4)3 implies the configurational
momentum balance (3.10);28 conversely, granted that p does not vanish, (3.11)
shows that the configurational momentum balance (3.10) implies the micro-
force balance (3.4)3. Hence, on any subregion R of B where p is nonvanishing,
we may impose—in place of the microforce balance (3.4)s—the configurational
momentum balance (3.10) or the equivalent requirement that

/Cl/da-!-/fdv:/t]dv (3.12)
aP P P

holds for all P in R.

4 Constitutive specialization

Here our goal is to identify a subclass of the constitutive equations (3.5) for
which the order-parameter based theory presented in Section 3 becomes a reg-
ularization of the sharp-interface theory introduced in Section 2. In particular,
this regularization should account for

i. the ability of the bulk phases of the sharp-interface theory to coexist in
equilibrium,

#1. orientation and deformation-gradient dependence in the response function
w for the interfacial energy density w of the sharp-interface theory, and

i#4. orientation, deformation-gradient, and interfacial velocity dependence in
the response function b for the kinetic coefficient b of the sharp-interface
theory, :

and, in so doing, encompass properly the ranges of bulk and interfacial structure
present in the sharp-interface theory.

4.1 Exchange energy
To model the bulk phases of the sharp-interface theory we assume that:

Al. there exist connected sets U, and Uy, of positive-definite symmetric tensors
whose intersection U, NUy is a single tensor U, such that:

28 Hence, just as the bulk configurational momentum balance of the sharp-interface theory
is redundant within that theory (cf. the discussion at the outset of Section 2.4), the configu-
rational momentum balance (3.10) is redundant within the order-parameter based theory.
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a. the natural stretches U, and Uy, associated with the bulk phases a
and b of the sharp-interface theory are contained in U, \ {U.} and
Uy \ {U.}, respectively;

b. for each U in the union U, UU of the sets U, and Uy, W(U,-,0)
Dossesses exactly two minima, which are attained at ¢ = p,(U) and
¢ = @p(U), where, without loss of generality, p,(U) < pp(U);

c. the minima of W(U,-,0) obey
W(U,04(V),0) < W(U,05(U), 0)
when U is an element of U, \ {U.,}, and
W(U,¢a(U),0) > W(U, (), 0)
when U is an element of Up \ {Ux}.

An immediate consequence of A1 is that the values W(U,, p.(U,), 0) and
W(U., p6(Us),0) of the energy density must be equal; hence, without loss of
generality, we require that

W(Us, 9a(Us), 0) = W(U., p5(U.),0) = 0. (4.1)
Now, by virtue of A1 and (4.1), the energy density ¥ determined by
(p) = W(Us,9,0) (42)

is a double-well potential whose minima coincide. We refer to ¥ as the exchange
energy density and assume, again without loss in generality, that

Pa(Us) =0 and  @p(Us) =1, (4.3)
so that, by (4.1), the exchange energy density obeys (cf. Fig. 2)
0)=w(1)=0 and P(p)>0 for @+#0,1. (4.4)

The set {¢ : ¥'(p) < 0} is the spinodal of ¥; roughly speaking, the order-
parameter values  ~ 0 and ¢ = 1 characterize the bulk material of phases a and
b, respectively, while an interval (¢a, gs), with {¢ : ¥'(¢) < 0} € (¢a, gs) < (0, 1),
defines layers that serve as phase interfaces. Anticipating a result established
in Section 8.2, we assume that |p| does not vanish within such transition layers,
whereby the level sets {x : p(x,-) = ¢,90 < ¢ < g} will actually be surfaces
that propagate with scalar normal velocity field

@®

i (4.5)
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i i T > P
0 qa g 1

Figure 2. Graph depicting the qualitative properties of ¥.

in the direction of the unit vector field
p
n=-—. 4.6
] (4.6)

Following FRIED & GURTIN [16], we refer these sets as uniformity surfaces.?®

4.2 Gradient energy

While the exchange energy establishes a preference for equilibrium states in
which ¢ is homogeneously equal to either 0 or 1, it is constitutive dependence
on p through the gradient energy density v determined by

v(F,0,p) = W(F,p,p) — W(F,,0) (4.7)

that allows for these preferred order-parameter values to coexist and be con-
nected by smooth layers. To account for orientation dependence in the response
function w delivering the interfacial energy density w of the sharp-interface
theory, we express dependence on p = |p|n in terms of separate dependencies
on the variables |p| and m, and, in particular, take the gradient energy to be
quadratic in |p| but an arbitrary function of n.30 Letting

P=1-n®n (4.8)

denote the projector onto uniformity surfaces, we will incorporate deformational .
contributions to the interfacial energy density by allowing the gradient energy
density to depend on the component

r=FP (4.9)

29 Various facts concerning uniformity surfaces, that will be useful in the sequel, are collected
in Appendix A.3.
30 A basis for our assumption that v be a quadratic function of |p| is discussed in Section 6.
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of the deformation gradient tangential to uniformity surfaces, so that the gradi-
ent energy density accounts for deformation induced stretching of a uniformity
surface in directions tangent to itself. Further, we require that the gradient
energy density be independent of ¢. Precisely, we assume that:

A2. the gradient energy density v satisfies the functional equation

Y(F1,¢1,ap) = o?y(Fa, 92, p)

for all F; and F; such that F{P = F,P (with P = 1 —n®n and
n = p/|pl), for all 1 and s, for all p, and for all c.

As a straightforward consequence of A2, we find that y admits a represen-
tation of the form

’Y(F, <P’p) = %Iplz’\(r’ n)7 (410)
with A an even function of n, viz.
AC -n)= A(an) (4'11)

for all unit vectors n.

4.3 Damping modulus

Our assumptions concerning the response function ,3 determining the damping
modulus are guided by those imposed on the gradient energy density v. To ac-
count for orientation and interfacial normal velocity dependence in the response
function b delivering the kinetic coefficient b of the sharp-interface theory, ,3
should depend on (p, %) = |p|(n,—V) through (n,—V); we do not, however,
allow for a dependence of {3 on |p|.3! Further, we require that B, like v, depend
on the deformation gradient F through at most FP = I' and be independent
of ¢. Precisely, we assume that:

AS. ;@ satisfies the functional equation

B(Fl,‘Pl,ap,a'U) = B(Fl,<P2,P,”)
for all Fy, and F; such that FiP = F,P (with P = 1 —n®n and
n = p/|p|), for all ¢, and s, for all p, for all v, and for all o.

Employing A3, we find readily that 3 admits a representation in the form
B(F,0,p,¢) = B(I',n,V). (4.12)

31 Together with the constitutive equation B = B(F,p,p,®), the definition (3.7) of the
dissipation density determines a constitutive relation A = A(F, o, p, @), with A(F, o, p, Q)=
B(F, v, p, $)¢2?, for that density. The assumption that 3 be independent of |pl is equivalent to
requiring that A, like the gradient energy <, be quadratic in |p|. An analogous remark holds
concerning the internal configurational force f = ,é(f-‘, ©, D, P)PP.
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4.4 Decomposition of fields into bulk and excess compo-
nents

Since ¥(0) = ¥(1) = 0, the exchange energy density does not contribute sensibly
to the energy of the bulk phases. It does, however, contribute to the energy of
transition layers, wherein ¢ varies between g, and gs. Thus, in light of the
expressions (4.2) and (4.7) defining ¥ and v, we are motivated to decompose
the energy density as a sum

W =W + w (4.13)
of bulk (bu) and ezcess (xs) terms, defined by

Wbu — Wbu(,:, (P)
= W(Fv(/’a 0) - W(U*,(,0,0)

= W(F,p,0) —¥(y) (4.14)
and
W = i (F )
— W(F,p,p) - WP(F, )
= ¥(p) + 3lpI*N(T,n), (4.15)
respectively.

Together with the constitutive equations (3.5)2 and (3.5)3, the decompo-
sition (4.13)—(4.15) of W leads immediately to natural decompositions of the
deformational stress S and the microstress £ into bulk and excess components.
Specifically, we find that32

S=8"4+8° and &=¢5, (4.16)
where, by virtue of the relations (A.30) and (A.31)2 of Appendix A.3,
s = D Wr(Fy), S = LpPaENT)
oF S 2P oer

5 ) D (4.17)
& = |p|(MI",n)n — %(6—11)\(1",11.)) Fn + %EA(F’ n)),

Further, the decompositions (4.13), (4.16)1, and (4.16)2 of W, S, and £ yield,
bearing in mind the definition (3.8); of C, a decomposition

c=c™+cC® (4.18)

32 Although it would cause no confusion to drop “xs” superscripts from the symbols denoting
the excess components of fields, such as the microstress, that do not possess bulk components,
we retain these for emphasis.
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of the configurational stress C into bulk and excess components, with
bu bu 1 112 Tebu
= -3 1-F'S™,
C = (W ~ 4ol @)
CXS — WXSI _ FTSXS _ p®£xs.

A useful alternative to the expression (4.19) for the excess configurational
stress C*° is
C® = WP - TI'"S* + n®c® + 7*n®n, (4.20)
with ¢ and 7** defined by |
¢ = P(C*)"n = —((S*)" Fn + |p| PE™), }
7 =n-(C*n) = ¥(p) - 3p’A(T, n).

Further, using the expressions (4.17); and (4.17)3 for S* and £*° in the first of
(4.21), we determine a more convenient representation,

(4.21)

D
= —%Iplzm)\(f', n), (4.22)

for c*s.

Next, guided by the foregoing decompositions, wherein the gradient energy
7y contributes only to excess terms, we designate the damping modulus 3 as an
excess quantity, and hence, arrive at decompositions

=L, F=Ff, A= A%, (4.23)
with
0 . ~
b= _—Wbu(Fa ()O)a ¢ = —W’((,O) + |p’ﬁ(ran’ V)‘/:
¢ ' (4.24)
F = —|p|’B(I',n,V)Vn, A =|p]*4(I,n, V)V
Finally, using the expressions (4.15), (4.17)s, (4.21)2, (4.22), and (4.24)3 for
W, S§*°, 7%, ¢*°, and F** in the relations (4.17)3 and (4.24)5 for the excess
components of the microstress and internal microforce, we find that
P& = (W - 7%)n — (S°)"Fn — =, wzs)
Ip],n.xs — _%(V(Wxs +st)).n — .. ‘ .

5 Scaling

In this section we scale the dependent and independent variables of the order-
parameter based theory. In doing so, we assume, without loss of generality,
that the balance laws and constitutive equations of the sharp-interface theory,
as presented in Section 2, are in dimensionless form.
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5.1 Preliminaries

We let 4 and k denote scale factors associated with the constitutive functions
delivering the bulk and excess energy densities, respectively; for example,

o? .
p = max {| = W (F, o (Un)l ey, b
t=a, (5.1)

s = max (\(Us (m), n)},

with U, the natural stretch in phase ¢ and Ug(n) the natural interfacial stretch
for n € K.33 Then, letting L denote a characteristic length and 7" a character-
istic time, we assume that u and « yield a small dimensionless modulus

O<e= <1, (5.2)

K
plL?
and, labeling the dimensional (unscaled) fields with asterisks, introduce the

dimensionless independent and dependent variables

t 1 * ’fok gk
t=—, y(m,t)=zy*(m*,t ), ‘p(z7t)=(»0(w ,t )’ (53)

mass density

L2

e= WQ*7 (5.4)

and constitutive functions
\

WP (F, ) = %v‘vb“*(F*,qa*),

K rxs x
T(p) = uszsp (¥%),

] > (5.5)
)‘(P’ n) = ;’\*(I‘*,n*)?

2 L2 2% ¥ ok Y%
ﬁ(I’,n,V) - ﬁﬁ (F y ’V )v}

where the quantities without asterisks in (5.3), (5.4), and (5.5) are assumed to
be of O(1) in e.
This scaling yields

whur — b, gbux — gbu cbux _  cbu gbur — ypbul(5.6)

33 Cf. the discussion concluding Section 2.3.
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with WP, SPY € and 7% of O(1) in € and given by

Wbu — Wbu(F’ (P), )
bu 9 . bu
S = '—W (Fa (p)’
oF > (5.7)
C™ = (W™ — Loly?)1 — F"S™,
abu — _i Wb“(F (P)
atp yFP)
as well as _
W>s* — G[I,Wxs, SXs* 6]LSXS, C* = GNCXS, gxs* — E;LLﬁxs,
5.8
XS — e'u’,".xs’ 5% — e%fxs1 Axs*» - E%Axs’ ( )
with
W*s = Ipl2’\([’, ,n) +st,
XS 1 2 0
st — Wst _ FTSXS +n®cxs +stn®n,
Exs — Ip'—-l((Wxs _st)n _ (SXS)'an _ st)’ \ (59)

Xs

™ = — W' () + p|B(T, m, V)V,
f* = —|p|*6(',n,V)Vn,

A = |p*B(I',n, V)V?,

where ¢** and 7*° are determined through

e = 4IplP S AI,m) and 7 = 2B(p) - YplPA(T,m) (5.10)

(whereby ¢*** = euc™ and j*5* = euy™s). A
Finally, we denote the region associated with the dimensional coordinate z*

by B*, so that B is the region associated with the dimensionless coordinate x,
and we write

dv = %dﬂ* and da = L—lz-da* (5.11)

for the volume and area measures associated with a subregion P of B and its
boundary oP.
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5.2 Scaled integral laws expressing linear momentum bal-
ance, angular momentum balance, configurational mo-
mentum balance, and dissipation imbalance

The integral statements (3.2)1, (3.2)2, (3.12), and (3.3) expressing linear mo-
mentum balance, angular momentum balance, configurational momentum bal-
ance, and dissipation imbalance were written for the unscaled fields. Hence,
we think of the terms appearing in these as carrying asterisks. If we use the
scaling relations (5.3), (5.4), (5.6), (5.8), and (5.11) to convert these statements
to nondimensional form, we find that they remain valid as is (i.e., without as-
terisks), but with the underlying fields given by (5.7), (5.9), and (5.10), so that
the balances for linear, angular, and configurational momentum for P read

\

/(Sb" +eS®)wda = /g_\'/d'u,
P P
[yxis™+eswda= [yxoyav, | (5.12)
P P
/(Cb“ +eC"s)uda+/efxsdv = /qdv,
P P P J

and the dissipation imbalance for P becomes

/((Sb“ + €S )y + £ (pv)) da > /(Wbu + 1oly|? + eW*®) dv. (5.13)
P P

5.3 Scaled local laws expressing linear momentum bal-
ance, angular momentum balance, configurational mo-
mentum balance, and dissipation balance

Proceeding as above, we may use the scaling relations (5.3), (5.4), (5.6), and
(5.8) to obtain dimensionless versions,

div(S®" + €S*) = oy,
F(S™ +eS™)T = (S™ +¢S)F7, (5.14)
div(CP + eC*®) + f* = q,

of the local balances (3.4)1, (3.4)2, and (3.10) for linear momentum, angular
momentum, and configurational momentum as well as a dimensionless version

(SPY 4 €57%). F + £5-p — (1™ + en™®)p — WP — eW™® = eA™  (5.15)
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of the local dissipation balance (3.6).

For later use, we observe that, in regions where p does not vanish the vecto-
rial configurational momentum balance (5.14)3 is, bearing in mind the expres-
sion (5.9)¢ for f*°, equivalent to a scalar equation

(div(C™ 4+ eC*) + F°).n = g-n (5.16)

that enforces the balance of configurational momentum normal to uniformity
surfaces.
Now, upon introducing the tensor field

L=—(Vn)P, (5.17)

which determines the curvature of uniformity surfaces, and using once again
(5.7)3 and (5.9)3, the normal configurational balance (5.16) can be written as

(divC™ — §)-n + eCL + edive™ + ef*.n + ediv(7*n) = 0. (5.18)

Further, a direct but lengthy calculation using the expression (5.9)4 for £*°,
the identities

StuF 4 (div(FTSb“)) {(Vn) = SPuf 4 (div S®*)-(VFmn),
§°(F+V(VFn) = S*F —(I'"$*)-(VL), (5.19)
CXS'L — WxsK _ (PTSXS)‘L,

and the relation (A.28) determining VV shows that, wherever p does not vanish,
the dimensionless local dissipation balance (5.15) can be written as34

(S*“F — W) + (S F — i — (Fm)V)
— (W — (W — o) Ip]) = A, (5.20)

where § denotes the rate at which g changes following uniformity surfaces (cf.
(A.27) of Appendix A.3).

5.4 Scaled local microforce balance

While we have omitted the microforce balance from the lists of scaled integral
and local laws given, respectively, in Section 5.2 and Section 5.3, we do not
intend to ignore that balance. Indeed, as we have noted in Section 3.4, granted
linear momentum balance, configurational momentum balance and microforce

34 Version (5.20) of the dimensionless dissipation balance is most easily obtained by appeal
to the identity ediv(p€*®) = e£*%p — (aP" + en**)¢ (which follows on using the dimensionless
local microforce balance (5.21) to simplify (5.15)).
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balance are equivalent only in regions where p does not vanish. Thus, in re-
gions, such as those far from any transition layers, where p might be expected
to vanish, it is necessary to impose microforce balance in addition to configu-
rational momentum balance.3® For our purposes, it will be sufficient to impose
microforce balance in the scaled local form

e(div £ + %) + 7% = 0 (5.21)

that results upon using (5.3), (5.6), and (5.8) to render (3.4)3 dimensionless.

6 A constitutive connection

To simplify the presentation of results that we will obtain in the sequel, we
now posit that the bulk response functions W¢, W?, S¢, and S® of the sharp-
interface theory are related to the response function WP" through

We(F) = WPY(F,0), WE(F) = WP(F, 1),
6.1)
Qa — _Q_ Asbu ob _ i A/bu (
SUF) = apW™(F,0),  S°(F) = g W>(F,1),

and that the interfacial response functions w, S, ¢, and b of the sharp-interface
theory are related the response functions A and g through

B(F, 1) = or/MF.m), 3(F,m) = aa% T,

v [ &2

VAF,m)

with the conversion modulus3® o a constant determined by

~ D A
C(F7m) = _O.D—W; MF,m), b(F7m, V;B) =

= / V20(9) do. (6.3)
/ |

We emphasize that the connections (6.1) and (6.2) allow for the full level
of constitutive generality encompassed by the sharp-interface theory. The bulk

35 Strictly speaking, one may (as per discussion of Section 3.4) replace configurational mo-
mentum balance with microforce balance in regions where p vanishes. However, we will find
that imposing both balances in such regions allows us to recover, without recourse to the
linear momentum balance, the redundant bulk configurational momentum balance (2.14)3 of
the sharp-interface theory.

36 We borrow the term conversion modulus from FRIED & GURTIN [16]—who introduce
such a modulus in their study of the asymptotic limit of a generalized phase-field theory for
solidification. However, the right-hand-side of (6.3) would require a factor of 1/4/A(F, n) for

o to be completely analogous to the conversion modulus of FRIED & GURTIN [16].
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relations (6.1) are motivated by our previous discussion and are consistent with
the relation (2.22); determining S. While not at all obvious, the choices (6.2); 4
of interfacial free-energy @ and kinetic coefficient b will be justified from the
ensuing asymptotic analysis; given w, the choices (6.2)2,3 are predicated upon
the relations (2.23), 3 determining S and c.

Examining the first of (6.2) and suppressing dependence of 1 on F', we arrive
at support for that part of assumption A2 which requires that the gradient
energy density v be homogeneous of degree two in its dependence on p. Indeed,
in considering the dependence on orientation of the response function delivering
the surface-energy density of a crystalline solid, it is standard to require that
the extension of that function to all nonzero vectors be homogeneous of degree
one.3” Appealing to the representation (4.10) for « through X and the relation
(6.2); between w and ), we see that postulating that v be homogeneous of degree
two in its dependence on p ensures that the extension of @ to all nonvanishing
vectors possesses appropriate homogeneity. Similarly, the assumption that +
depend on F through only I is consistent with the requirement that 1 depend
on F' through only the . Analogous remarks commending those aspects of
assumption A8 which require 3 to be homogeneous of degree zero in p and to
depend on F through only I follow from the last of (6.2).

7 Decomposition of the reference region. Ex-
pansions

Hereafter, we focus on a process wherein B is.the union of three evolving sub-

regions: R®, £, and R®. At each time ¢, L(t,€) is a transition layer comprised

by those points @ in B for which g, < p(z,,€) < gy, while R%(t,€) and Rb(t,¢€)

consist of those points  in B where ¢(z,t,¢) ~ 0 and @(z,t, €) ~ 1, respec-

tively. We assume that the thickness h(e) of L(-,€) tends to zero with ¢, but at
slightly slower rate, viz.

. — . -1 -
el_]g:_ h(e)=0  and eEI(IJI+€ h(e) = +oo, (7.1)
and that the limit
6= egr&_ L(-¢€) .(7.2)
exists, with & a smoothly evolving surface surface contained in £(-, €) for each
€ > 0. Granted that B = R®(¢,€)UL(t, )UR® (¢, €) for all ¢, a direct consequence
of (7.2) is that

B =Bt)UuS(t)UB(t), (7.3)

87 See, for example, the discussion of TAYLOR, CAHN & HANDWERKER [14].
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where
¢ —_— s [
Bf(t) = 6£m0+R (t,€) (7.4)

for ¢ = q, b.

Consistent with the foregoing, we insist that the motion y has a limit as
€ — 0+, and that this limit coincides with a coherent motion y in which B is
divided by a sharp phase interface G into regions B* and B°:

ekgl_l_ Y(,€e)=y. (7.5)

For each field g of interest, in particular for g = y and g = ¢, we consider
an outer expansion
g(z,t,€) = gi"(x, t) + €9 (z, 1) + O(€?), (7.6)
assumed valid within R*(¢,¢€), ¢ = a,b, and an inner expansion
a(z,t,€) = g (r(x, 1), (z, 1), t) + egP (r(z,t), #(z, 1), t) + O(e?), (7.7)

assumed valid within £(¢,¢€), with (¢, =) a coordinate system corresponding to
the surface 6,38 and

r(x,t) = e f(x,t). (7.8)

In letting the inner expansion depend on 7 rather than on ¢, we, effectively,
stretch the layer so that the coordinate normal to & varies from —oo to +oc0 as
€ — 0+.

A definitive boundary between the layer and bulk regions is precluded by the
manner by which phase interfaces are described—as layers of finite thickness—
within the order-parameter based theory. Hence, L(t,€) is not presumed to be
disjoint from R* (%, €). Further, the regions L(t, €)N(R(t,€)UR® (¢, €)) of overlap
represent sets in which the outer and inner expansions agree. In particular, we
have the matching condition

li out(g,t) = li in(p ot 7.9
im0 (,t) = lim gg'(r, 1) (7.9)

relating the expansions within the overlap region.

8 Basic estimates

8.1 Estimates in bulk

Using the outer expansions of ¥ and ¢ in the scaled local microforce balance
(5.21) and neglecting terms of O(1) and smaller in ¢, we find that ©§"* must

38 We assume that, within the region £(,€), the mapping @ — (£, =) is one-to-one. Further
details concerning the coordinate system (£, =) can be found in Appendix A.3.
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satisfy
(5" =0, (8.1)

and hence, be constant in R* and R®. By hypothesis, the constant values of
3" on either side of £ are required to lie outside of the spinodal. Drawing on
the properties (4.4) of ¥, we therefore conclude that

_JO(e) on R4,
Q0_{1+O(<-:) on RO, (82)

that

7'(p) =0(1) on R°URSE, (8.3)
that

T(p) =o0(e) on RURY, (8.4)
and, further, that

&,p,p=0() on R°UR®E. (8.5)

Next, the limit (7.5) relating the motions y and y implies that yg't = y.
We therefore have the estimate

Yy =9+0() on RURS, (8.6)
from which we obtain
Y=9+0( on R°URD, F=F+0() on R°URS, ®7)
V=9+0() on R°URE, F=F+0() on R°URE. ’

Together with the relations (6.1) connecting W*¢ and 8¢ to WP and Sbv
and the expressions (5.7)1, (5.7)2, and (5.7)s for W%, S and C®, the bulk
estimates (8.2) and (8.7)3 for ¢ and F yield

WP =W 4+0() on REURS,
S =8 +0() on REURS, (8.8)
C™=C+0( on TREUR".

Similarly, the expression (5.7)4 for 7®", (8.2) and (8.7); imply that

™ =0(€) on REURE. B (8.9)
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Further, on recalling the definition (3.8)y for the dimensional configurational
momentum density @, the scaling (5.3) for the dependent and independent vari-
ables, and the expression (5.4) for the scaled mass density g, the bulk estimates
(8.7)1,2 imply that

g=q+0() on TRUR". (8.10)

Finally, drawing on the estimates (8.3), (8.4), (8.5)2, and (8.7) and the
expressions (5.9) and (5.10) for the excess fields, we conclude that

WS, 8%, C*°, &5, 1, F°, A, ¢, 7* = 0(1) on R°UR®, (8.11)

whereby each of those fields is negligible in bulk.

8.2 Estimates within the transition layer

The estimates obtained in this section rest on a decomposition of the gradient
operator, valid within the transition layer, into components associated with the
stretched coordinate r normal to & and the coordinate = on &. Specifically,
given a scalar field g, the identity (A.22) and the relation (7.8) between £ and
r imply that

Vg =e¢'lgn+ Vsg, (8.12)

where the value at (’I', 2, t) of _(:7 is determined by
'(’l Z t) = = (T z t) (8 13)
a(r, =, ) a(r, z,t). .

8.2.1 Preliminary results

Bearing in mind the bulk estimate (8.6) for y, the requirement that y obey the
matching condition implies that y§' = y, and we, therefore, obtain

y=y+0( on L. (8.14)

Hence, applying the expression (8.12) for the gradient of a vector field within
the layer to the inner expansion of y, we find that F admits the estimate

F=F+y"®n+0() on L, (8:15)

so that, from the expressions for (5.7)1, (5.7)2, (5.7)s, and (5.7)4 for whbe, sbu,
C", and 7,

whe gbu cPabi —0(1)  on L, (8.16)

and all bulk fields are of O(1) within the layer.
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Further, the gradient decomposition (8.12), the definition (A.1) of the nor-
mal time-rate following &, and the identity # = —e~1Vj, which follows from
the expression (A.25), for £ and the relation (7 .8) between £ and r, imply the
estimate

V=9-Vey"+0() on L. (8.17)

Next, applying (8.12) to the inner expansion of ¢, we obtain

=€+ Vel + $Pn+0() on L, (8.18)
whereby

Ipl* = |65 P +2e ' gh e +O(1)  on £ (8.19)
and

Il = €] + (sen(@) g +0(9)  on L. (8.20)

Together, (8.18) and (8.20) yield

n= I% = (sen(gM))m+0() on L, (8.21)
so that
P=1-n®n=P+0() on L, (8.22)

and, bearing in mind (8.15),
'=FP=F+0() on L. (8.23)
Further, from (8.18) and (A.26), we deduce that
VVp = e 2¢0nen + e ((Vedi) @n + nd (Ve dil)
— e P L+ e PPnen+0(1) on L, (8.24)
which, granted the identity Vn = |p|~1P(Vp) and (8.22), implies that
L=—(Vn)P = (sgn(¢y"))L+O0() on L. (8.25)
Finally, appealing once again to the identity # = —e~1V;, we also find that
p=—e Ve +0(1) on L, (8.26)

which, in combination with (8.18), leads to

V= _l%l = (sen(@))Ve +O(€) on L. (8.27)
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8.2.2 [Partition of energy

Using the estimates (8.15), (8.17), (8.18), (8.21), (8.24), and (8.26) in the scaled
local microforce balance (5.21) and imposing (4.11), which requires that A be
an even function of n, we find, on neglecting terms of O(¢~!) and smaller, that
i must satisfy the differential equation '

T(pf) — sAFm)|g 2 = 0 (8.28)

on R; moreover, the result (8.2) concerning the outer expansion of ¢ and the
matching condition (7.9) imply that g must also obey the boundary conditions

™

: ing. ) — : in(.. ) —
rlfr—noo Yo (T, ’ ) 0 and EI-}I-loo Po (Ta ’ ) 1 (8'29)

Since V¥ is a double-well potential with equal minima at ¢ = 0 and ¢ = 1, the
boundary-value problem comprised by (8.28) and (8.29) has a unique solution.
Further, that solution satisfies the energy-partition relation

U(pg) = 3MF,m)lgF (8.30)
and is therefore of the form
00 (r, 2,t) = ¢(n(r, 2, 1)), (8.31)
with
n(r, z,t) = d (8.32)

\//\(F(z, £),m(z,t))
and ¢ the solution of the boundary value problem

d%¢(n)= 20 (p(n) VneR,

(8.33)
Lm o) =0, lim ¢(n)=1.
An important consequence of (8.31)—(8.33) is that
@G>0 (8.34)

on R, whereby the estimates (4.6), (4.5), and (5.17) for n, V, and L simplify to

n=n+0( on L,
V =V6 +O0(¢) on L, (8.35)
L=1 4+0() on L,

and our assumption that |p| does not vanish within the layer is justified—to
most significant order in e.
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Next, (8.31), (8.33), and fact that both ¥ and its derivative vanish at ¢ = 0
and ¢ = 1 imply that there is a constant o > 0 such that

G (r, -, ) = O(e™Im) as |r| — oo; (8.36)
@i is therefore, as a function of 7, square integrable on R; in fact, using (8. 31)

and (8.33), we find that

]}"’ M

/ V29 (o) do. (8.37)

8.2.3 Interfacial thickness

Drawing on (8.34) to solve the energy-partition relation (8.30) for ¢}, separating
variables, integrating over r from —e~1h(e) to e !h(e), and appcallng to the
connection (6.2) between A and 0, we obtain an estimate

) +o(h(e)),  (8:38)

1 1—e¢
- d
h(e) = Lew (I, ) ( / V20 (p) dgo) ( / 2P
V2P (o)
0 €

showing that the thickness of the transition layer is determined by the orders
of the zeros of ¥ and may vary with both the tangential deformation gradient
and the orientation of the interface. On selecting, in particular, the quartic
exchange energy ¥(yp) = %mp2(1 — )%, a straightforward integration shows
that h(e) = O(elne).
8.2.4 Further results
Bearing in mind (8.35)1,2 and using the definition (A.27) of the time derivative
following uniformity surfaces, we deduce an estimate

n=n+(Vn)(Vn)=m+0() on L (8.39)

that relates the rate at which n changes following uniformity surfaces to the
normal time derivative 42 of the orientation » of &. Similarly, employing the
estimates (8.17) and (8.23) for y and I', (8.35); 2, and (A.5), we find that

y=y+F{Vn)=g+ 0(6) on L } (8.40)

F=r+ (V) (Vn) = JF + O(e) on L,

while, by the estimates (8.15) and (8.19) for F and |p|?,

F,In|p| =0(1) on L. (8.41)
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Next, recalling the expression (5.10) for 5*, the energy-partition relation
(8.30) implies, together with the estimates (8.19), (8. 23), and (8.35), for |p|?,
I', and n that3?

7 =€ 'W(p) — LelpPA(I,n)=0(1) on L, b(8.42)

so that, by appealing to (8.23), (8.19), (8.35);, and the expression (5.9); for
W™*®| we obtain

W™ = e ({/A(F, n) |6l >) VA(F,n) + O(1) on L. (8.43)

Thus, the connection (6.2); between w and X allows the estimate

»m

W =¢lyw+0(1) on L, (8.44)

with x defined by

x = o~ W A(F, m)|pin
Similarly, drawing on the expressions (5.9)2, (5.9)3, (5.10)1, (5. 9)6, and (5. 9)7
for S, C*, ¢, *°, and A™, the relations (6.2) connecting @, S, &, and b
with XA and B, and the equations (2.30) and (2.25) determining f and §, we
extract the estimates

2, (8.45)

€S = 1xS +0(1) on L,
eC® = IxC +0(1) on L,
e = e lxe +0(1) on L, (8.46)
ef* = e Ixf +0(1) on L,
€A™ = e 1x6 +0(1) on L.

Finally, for later reference, we note that x as defined in (8.45) obeys the
relation
h(e) .
-1 / xd(er) =1+ o(1), (8.47)
—h(e)
which follows from the definition (6.3) of o, the limit (7.1) whereby the interfa-

cial thickness h approaches zero more slowly than ¢, the far-field estimate (8.36)
for 4, and the integral relation (8.37).

39 Multiplying appropriately by € in (8.42), we obtain the estimate (1.7) provided in the
Introduction.
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9 Asymptotic limit of the fundamental integral
laws of the order-parameter based theory

Our purpose here is to demonstrate the consonance of the integral laws of the
order-parameter based and sharp-interface theories. Toward this, we focus at-
tention on a subregion P of B, with outward unit normal v, chosen so that, at
each instant ¢ during the course of some time interval, portions of the regions
R%(t,€) and R®(t,€) are contained in P and each uniformity surface within
L(t,€) intersects OP transversely. We write (t) = P N &(t) for the portion of
& within P at time ¢.

In particular, granted that the constitutive equations of the sharp-interface
theory are given by (6.1) and (6.2), we find that

1. the terms comprising the scaled linear momentum balance (5.12); of the
order-parameter based theory admit the estimates

/Sb“uda = /Suda +o(1), |

P

/S"Suda = /wmdl +o(1),

o0

/gj/dv=/gydv+o(1),

P P J

~~

(9.1)

and hence, as the thickness of the layer vanishes, that balance corresponds
to the linear momentum balance (2.12); of the sharp-interface theory;

ii. the terms comprising the scaled angular momentum balance (5.12)5 of the
order-parameter based theory admit the estimates

/nyb“uda —/nyuda+o(1)
8P

/ny"suda, —/nymdl—l—o(l),
o9

/yxgydv=/yxggdv+o(1),
P J

~

(9.2)

and hence, as the thickness of the layer vanishes, that balance corresponds
to the angular momentum balance (2.12)3 of the sharp-interface theory;
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111 the terms comprising the scaled configurational momentum balance (5.12)3

of the order-parameter based theory admit the estimates

A
/Cb“uda =/C’uda+o(l),
P - ap :

e/C"suda= /Cmdl+o(1),

aP 80
e/f"sd’u=/fda+o(1),
P S}

/qdv=/qdv+o(1),

P P )

(9.3)

and hence, as the thickness of the layer vanishes, that balance corresponds
to the configurational momentum balance (2.12)3 of the sharp-interface

theory;%0

iv. the terms comprising the scaled dissipation imbalance (5.13) of the order-

parameter based theory admit the estimates

/Sb“u-Yda =/S’u~yda+o(1),
P

oP
e/(stv-j/ + & (¢v)) da

P

- / (Sm-§ + Cm- (Vem) + wlpa) dl + o(1),
80

/ WP dy = /de + o(1),

P P

[3elvr o= [ olifav +otw),

P P

e/Wxsd'v=/wda+o(1),
P 0

> (94)

7/

and hence, as the thickness of the layer vanishes, that imbalance corre-
sponds to the dissipation imbalance (2.13) of the sharp-interface theory.

40 We recall that the bulk configurational force f of the sharp-interface theory vanishes (cf.

(2.27)).
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We consider only the estimates (9.4) associated with the dissipation imbal-
ance (5.13), since to establish these we will call upon all ingredients necessary
to verify (9.1)—(9.3). First, inasmuch as the area of P N L(t;€) and the vol-
ume of P N L(t;¢) are bounded by h(e) at each t in the time interval under
consideration, we see that

/gda=/gda+o(1) and /gdv=/gdv+o(1) (9.5)

ap 8P\L P P\L

for any field g that is of O(1) in € on P. Hence, (9.4)1, (9.4)3, and (9.4)4 follow
directly from the results (8.16)z, (8.17), and (8.16); showing that S, y, and
WP are of O(1) on £ and those, (8.7);, (8.8)1, and (8.8); determining the
specific forms for the expansions of y, W™, and S®*, on R® U R®.

Next, we attend to (9.4);. Since each uniformity surface crosses 8P trans-
versely, n and v satisfy 0 < |[n-v| < 1 on 8P N L. Hence, the restriction to
OP N L of the outward normal v to 8P admits the representation

v = (nv)n+ (m-v)m, (9.6)

where

m=—mtl (9.7)

V1-=|n-v|?
defines a unit vector field tangent to uniformity surfaces and directed outward
from P N L. Thus, given a vector field g, we have the identity
/g-udaﬁ /g-uda+ /((n@n)g)-uda+ / g-mdA, (9.8)
oP 8P\(8PNL) aPNL aPNL

where the measure
dA =m-vda (9.9)

determines the projection, onto a plane perpendicular to uniformity surfaces, of
the area on 9P N L.

In particular, bearing in mind the identities

£ (gm) = (W= = )V, }

£°(pm) = S°m-(F(Vn)) + C*m-(Vn), (9.10)

the first of which follows from the expression (5.9)4 for £*° and the second of
which issues from the definition (9.7) of m, (5.9)4, and the expression (5.9)3 for
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C*®, the identity (9.8) allows us to express the left-hand-side of (9.4); in the
form

/ (Sv- + € (¢)) da = / (S™v-y + £ (¢v)) da
oP aP\(PNL)

+ / (S°m-y + C*m-(Vn) + (W* — 7*)U)d4,  (9.11)
aPNL

where
(n-v)V

V1-=|n-vf?

represents the rate at which uniformity surface area enters or leaves P through
OP N L as L evolves.

Immediate consequences of the results (8.5);, (8.11)7, and (8.11)4 concerning
the orders of ¢, $*°, and &€*° are the estimates

U=-— (9.12)

/ S®v-yda=o0(1) and / &5 (pv)da = o(1), (9.13)
dP\(PNL) IP\(PNL)
which imply that the first term on the right-hand-side of (9.11) is negligible.
It remains to show that the second term on the right-hand-side of (9.11)

actually yields the right-hand-side of (9.4);. Toward this, we first record the
estimates

m = mn + O(e) and U=U,; +O0(e), (9.14)

that follow from the definitions (9.7), and (9.12) of m, and U, the estimates
(8.35)1, (8.35)2, and (8.22) for , V, and P, and the definitions (2.10), and
(2.11) for m and U,,. Proceeding, we observe that, given a field g that satisfies

g=¢'xg+0(1) on L, (9.15)

with g independent of the coordinate r normal to &, the identity (8.47) for x
implies that

h(e)
€ [ gdA=[( [ gd(er))dl = [ gdl +o(1). (9.16)
GPZC Bé‘ —I;é) aé

Thus, along with (8.35)1, (8.35)2, and (9.14), the estimates (8.40);, (8.46);,
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(8.46)2, (8.44), and (8.42) for y, S, C*°, W**, and 5 yield

€ fosm-ﬁdA=/Sm-@dl+o(l),

aPNL 80 '

€ /stm-(Vn)dA=/Cm-(Vsm) dl + o(1),

aPNL 89 > (9.17)
€ /WstdA =/WU39 dl+0(1), v

BPQC o0

€ /jstdA =o(1),

OPNL Y

whereby (9.4)2 holds.
Finally, bearing in mind the estimates (8.11); and (8.44) for W**, the iden-
tity

h(e)
gdv= [( [ gd(er))da+o0(1) = [ gda+o0(1), (9.18)
[=-[ /

which follows from (8.47) for any field g that is of o(1) on R® N'R® and satisfies
(9.15) with g independent of the coordinate r normal to &, implies (9.4)s.

10 Asymptotic limit of the local balance laws of
the order-parameter based theory

Here, we aim to demonstrate the consonance of the local balance laws of the
order-parameter based and sharp-interface theories. Specifically, granted that
the constitutive equations of the sharp-interface theory are given by (6.1) and
(6.2), we find that

i. on R®* U RP the terms comprising scaled field equation (5.14); imposing
linear momentum balance for the order-parameter based theory admit the
estimates

div S™ — g oo 1
ivS leS+0(1)3 oy Qy—I-O( )’ } (10.1)

edivS™ = o(1),

so that, as the thickness of the layer vanishes, that balance yields the bulk
linear momentum balance (2.14); of the sharp-interface theory; further,
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the terms of (5.14); obey the relations
' h(e) )
/ div §* d(er) = [Sn] + o(1),
—h(e)
h(e)
€ / div S* d(er) = divg S + o(1), f (10.2)
—h(e)
h(e)
oy d(er) = —oVs[g] + o(1),
" —h(e) J

and the integral across the layer of the scaled field equation imposing linear
momentum balance for the order-parameter based theory equation yields,
as the thickness of that layer vanishes, the interfacial linear momentum
balance (2.15); of the sharp-interface theory;

on R® U R® the terms comprising scaled field equation (5.14)2 imposing
angular momentum balance for the order-parameter based theory admit
the estimates

F(S")T = FST +0(1),  eF(S®)T =o(1), (10.3)

so that, as the thickness of the layer vanishes, that balance yields the bulk
angular momentum balance (2.14)5 of the sharp-interface theory; further,
the terms of (5.14)2 obey the relations

h(e) )
; / F(S™)" d(er) = FS™ + o(1),
—h(e)

h(e)

/ F(S*™)™ d(er) = o(1),
—h(e) ),

, (10.4)

and the integral across the layer of the scaled field equation imposing
angular momentum balance for the order-parameter based theory equa-
tion yields, as the thickness of that layer vanishes, the interfacial angular
momentum balance (2.15), of the sharp-interface theory; ‘

on R® U RP the terms comprising scaled field equation (5.14)3 imposing
configurational momentum balance for the order-parameter based theory
admit the estimates

divC™ =divC +0o(1), g=q-+o(1), }

edivC® =o(1), € =o(), (10.5)
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so that, as the thickness of the layer vanishes, that balance yields the bulk
configurational momentum balance (2.14)3 of the sharp-interface theory;
further, the terms of the tangential component of (5.14)3 obey the relations

h(e) )
Pdiv C* d(er) = P[Cn] + o(1),
—h(e)
h(e)
c / P div C® d(er) = Pdiv, C +o(1), (10.6)
—h(e)
h(e)
| Padien) = ~vePial + o),
—h(e) J
while the terms of normal component (5.18) of (5.14)3 obey the relations
h(e) )
/ n-div C*" d(er) = n-[Cn] + o(1),
—h(e)
h(e)
/ g-nd(er) = —Vs[g-n] + o(1),
—h(e)
h(e)
€ / C*.Ld(er) = C-L + o(1),
—h(e)
h(e)
€ / div c®® d(er) = div, ¢ + o(1),
—h(e)
h(e)
] / Fend(er) = f-1+oL),
—h(e)
h(e)
€ f div(s**n) d(er) = o(1),
—h(e)

’ (10.7)

/
and the integral across the layer of the scaled field equation imposing
configurational momentum balance for the order-parameter based theory
equation yields, as the thickness of that layer vanishes, the interfacial
configurational momentum balance (2.15)3 of the sharp-interface theory;
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. on R* URP the terms comprising the scaled dissipation balance (5.15) of

the order-parameter based theory admit the estimates
SN F=8-F+1o(1), W™=W+o(1),
eS™ F7 egxs.p, ﬂ.bu(p’ eﬂ-xsgba GWXS7 €A™ = ’0(1)1

} (10.8)

so that, as the thickness of the layer vanishes, that balance yields the
bulk dissipation balance (cf. (2.16) and the remark following the bulk

constitutive equations (2.22) of the sharp-interface theory)

of the sharp-

interface theory; further, the terms comprising the alternate form (5.20)

of the scaled dissipation balance obey the relations
h(e)
/ S Fd(er) = S-F + o(1),
—h(e)
h(e)
cnd(er) = ¢ + o(1),
—h(e)
h(e)
e [(FemV der) = (7:)V% +001),
—h(e) '
h(e) .
€ /(Vi"xs — (W - jxs)—lm) d(er) = + o(1),
—h(e)
h(e)
; / A d(er) = § + 0(1),
—h(e)
h(¢) h(e)
€ / SP“F d(er) = o(1), € / WP d(er) = o(1),
—h(e) ~h(e)

’ (10.9)

/

and the integral across the layer of that balance yields, as the thickness of
that layer vanishes, the interfacial dissipation balance (2.24) of the sharp-

interface theory.

We establish only the estimates (10.5)-(10.7) associated with the configu-
rational momentum balance (5.14)3. The remaining estimates (10.1), (10.2),

(10.3), (10.4), (10.8), and (10.9) follow similarly.

To begin, we observe that the bulk results (10.5) are direct consequences of
the estimates (8.8)3, (8.11)3, (8.11)g, and (8.10) for C®, C**, £*°, and @ on

R URS.
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Next, we consider the results (10.6) involving the terms appearing in the
tangential component of the configurational momentum balance (5.14)3. First,
bearing in mind (8.16)s, whereby CP" is of O(1) on L, we obtain

div C*" = ¢ 1EPn 4+ O(1) (10.10)

on L. Thus, (10 6)1 follows from the estimate (8.22) for P on L, the estimate
(8.8)3 for C™ on R®URP, and the matching condition (7.9).
Proceeding, the estimate (8.46) for C** on £ implies that

ediv C*® = ¢ ! divg (xC) + 0(1) (10.11)

on L, which, in conjunction with the integral identity (8.47) involving x and
the estimate (8.22) for P on L, yields (10.6)2.
Further, the estimates (8.14) and (8.15) for ¥ and F on L give

g=—0oF"y = -4+ 0(Q) (10.12)

on L, whereby (10.6)3 follows from the estimate (8.22) for P on L, the estimate
(8.10) for g on R® UR®, and the matching condition (7.9).

Next, we consider the results (10.7) involving the terms appearing in the
normal component (5.16) of the configurational momentum balance (5.14)s.
First, we note that (10.7); and (10.7)2 follow from (10. 10) (10 12), the estimate
(8.35); for n on L, the estimates (8.8)3 and (8.10) for C" and q on R®* U R,
and the matching condition (7.9).

Contmumg, the estimates (8.46)2, (8.46)3, (8.46)4, (8.35)1, and (8. 35)3 for
C*, ¢*5, f*°, n, and L on L imply that, on £,
eCL = xC-L +0(1),
ediv e = ¢! divg (xe) + O(1), (10.13)
efn = lxfn+ O(1), '

so that, by appeal to the integral identity (8.47) involving X, (10.7)s, (10.7)4,
and (10.7)5 follow.

It remains to verify (10.7)s, which we do following an argument due to FRIED
& GURTIN [16]. Specifically, we observe that

ediv(7™®n) = (F°)n-n + (Ve 7) n — K = 7+ 0(1)  (10.14)
on L, and

h(e) h(e)
; / div(;*n) d(er) = ¢ / 72 dr + o(1). (10.15)
—h(e) —h(e)
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Thus, to establjsh (10.7)¢ it is sufficient to demonstrate that, as € — 0,

€7 (xe 1h(e), -, ) = o(1). (10.16)
To establish (10.16), we expand 7 to deduce that

€7 = V(o) + ¥ (9 )t
~ GG+ 26 (AA(F, 1) + O(e)) +O(?)  (10.17)

on L. Thus, on recalling the assumption (7.1)2, whereby ¢ ~1h(e) — co as € — 0,
the requirements ¥’(0) = 0 and ¥’(1) = 0, the energy partition relation (8.30),
and the far-field bound (8.36) on @i, (10.15) follows.

11 Asymptotic limit of a power identity for the
order-parameter based theory

Here, we derive a power identity relevant to the order-parameter based theory
and then show that this identity is consonant with the power identity (2.21) of
the sharp-interface theory.

A simple consequence of the results (9.4)1, (9.4)2, and (9.17)3 established in
determining the asymptotic limit of the scaled dissipation imbalance (5.13) of
the order-parameter based theory is that, as € — 0,

/((Sbu + €S-y + £ (pv)) da — € / W*U dA
apP IPNL

=/Su-;i/da-i—/(Sm-fy+@m-(vem)) dl+o(1), (11.1)
oP 12}o] .

whereby the surfeit of the total power expended on 8P by the tractions as-
sociated with the bulk and excess deformational stresses SP" and S*° and the
microstress £ over the eflux of excess energy W*® through 8PN L corresponds
asymptotically to the net power expended on P and 9Q by the tractions as-
sociated with the bulk and interfacial deformational stresses S and § and the
configurational stress C. Thus, bearing in mind the form of the power iden-
tity (2.21) for the sharp-interface theory, we develop a power identity for the
left-hand-side of (11.1).

Toward this identity, we first apply the divergence theorem to the first term
on the left-hand-side of (11.1) and use the scaled local linear momentum balance
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(5.14);1 to yield

/ (8™ + €S-y + €6 (¢v)) da — / z0ly?dv
&P P

_ / (8% +€5)-F + ediv(p€™)) dv.  (11.2)
P

Next, we decompose the integral on the right-hand-side of (11.2) into integrals
over P\ L and PNL. In the integral over P\ L we expand the term e div(@€™®)
and use the scaled local microforce balance (5.21) to give
f((Sb“ +€S*)-F + ediv(p¢™)) dv
P\L
= /((Sb" +€S™)-F + e£p — (1% + en™)¢p) dv.  (11.3)
P\L
In the integral over P N L, we use the expression (5.9)4 for £*°, the identities
(5.19) and the relation (A.28) to obtain
/((Sbu +€S*)-F + ediv(p€™)) dv = —e/(w + div(W**Vn)) dv, (11.4)
PNL POL
with w given by
w = (e VWP 4 £°).(Vn) + WKV
| —eISMNE S P oA+ SInlp].  (1L.5)
Thus, consolidating (11.2), (11.3), and (11.4), and using the result
/div(Wstn) dv=— / W*U dA + / W*Vn-vda, (11.6)
PNL aPne PNOL

which follows from the divergence theorem, the representation (9.6) for », and
the definitions (9.9) and (9.12) of dA and U, we arrive at a power identity,

/((Sb“ + €S-y + £ (¢v)) da — € f W*sU dA
oP aPnL
- / soly|2dv = /((Sb" +€S™)-F + e£p — (1 + em**)p) dv
P P\L

—e/wd’u—e/Wxs(V'n)-uda, (11.7)

PNL PNAL
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for the order-parameter based theory.

Now, from (9.4); and (11.1), the left-hand-side of the power identity (11.7)
differs, in the limit of decreasing transition layer thickness, from the left-hand-
side of the power identity (2.21) of the sharp-interface theory by terms of at most
o(1) in e. Further, granted that the constitutive equations of the sharp-interface
theory are given by (6.1) and (6.2), we find that

1. the term of (11.7) involving integration over P \ £ obeys

/ (8™ +€S%)-F +e6p — (1™ + er*)p) dv = [ S-Fdv+o(1),
P\L P\Q (118)
and, hence, as the thickness of the layer vanishes, that term reckons the

conventional stress power expended on P \ by the action of the bulk
deformational stress S over F;

ii. the term of (11.7) involving integration over P N L obeys

e/wdv = /((IIW]] + Fn)Vo + wKeVe — §-F + ¢-) da + o(1)
PNL 2 (11.9)

and, hence, as the thickness of the layer vanishes, that term reckons the
power expended on Q by: the exchange of material between phases due
to the action of [W] + f-m over Vs, altering the interfacial area through
the action of wK's over Vs, deformation of the interface within its tangent
plane via the action of the interfacial deformational stress S over ]Z&’, and
altering the orientation of the interface resulting from the action of the
configurational shear ¢ over 72;4

14i. the term of (11.7) involving integration over P N &L obeys

¢ / W*(Vn)-v da = o(1) (11.10)
PNAL

and, hence, as the thickness of the layer vanishes, that term contributes
nothing to the power.

To verify (11.8), we merely employ the estimates (8.8)2, (8.11)2, (8.11)y4,
(8.9), (8.11)s, (8.7)4, (8.5)3, and (8.5); for SP¥, §*°, £*° 7Py s F b and ¢ .
on R® U R?, whereby

/s"“-i—‘dv =/S-de+o(1) (11.11)
P\L P\2

41 This delineation of the manner in which power is expended by the evolution of 2 through
P is due to GURTIN [20, 22].
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and
e/st-de = o(1), /ﬂ‘b“t,b dv = o(1),
P\L P\L (11.12)
e/{"s-z‘)dv = o(1), e/wxskpdv = o(1),
P\L P\L
as € — 0.
Next, to establish (11.9), we actually show that
/ (VW) .ndv = / [W]Vs da + o(1),
PNL 2
e/(fxs-n)Vd'v = /(Jf-m)Vs da + o(1),
PNL ja)
6/ WKV dA = /'UIKGVS da +0(1), L (11'13)
PAL 0
€ / S Idy = / S-Fda+o(1),
PNL 0
efc"s-fzdv = /c-w“’ada+o(1),
PNL 0 /
and that
/ SPUFdv=o0(1), ¢ / 7°In|p| dv = o(1). (11.14)
PNL PNL
Toward (11.13), we first record the identity
h(e)
/gd'v = /( / gd(er)) da, (11.15)
PNL 9 —h(e)

whereby integration over P N L is achieved by an integration across the layer
in the direction normal to & followed by integration on &. Bearing in mind
(11.15),

(VWP%).m = ¢ 1WP 4 0(1), (11.16)

the matching condition (7.9), and the estimate (8.8); for W™ on R* U R?, we
obtain (11.13)1. Similarly, (11.13)5_5 follow from (11.15), the estimates (8.35)1,
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(835)2, (8.35)3, (8.39), (8.40)2, (8.44), (8.46);, (8.46)3, and (8.46)4 for m, V,
L, %, I, W=, %, ¢, and f*°, and the integral identity (8.47) involving y.
Next, on recalling that the volume of PN L is bounded by h(e) (cf. the argument
used to justify (9.5)), the results (11.14) follow from the estimates (8.16)2 and
(8.42) for S™ and 7 in tandem with the results (8.41); and (8.41)2, whereby
the time rates, following uniformity surfaces, of F and In |p| are of O(1) on L.

Finally, concerning (11.10), we observe first that P N AL belongs to the
overlap region £LN(R®*URP®) where the outer and inner expansions agree. Thus,
the bulk estimate (8.11); for W** and the estimates (8.35); and (8.35), for n
and V on £ imply that W**(Vn)-v = o(1) on P N 3L, and (11.10) follows
immediately.

12 Discussion

Our asymptotic analysis shows that an order-parameter based regularization
of the sharp-interface theory determined by the constitutive response functions
We, WP b, and b, is obtained by selecting WP, W*s and 3 to be of the form

WP (F, ) = (1 - 2(p))W(F) + 2(p) WP (F),
N € R
W*(F,¢,p) = 710(p) + oIp/*0*(I',n), (12.1)
3 . € » N
IB(F790,p1 90) = 0__2b(P7na V)‘UJ(F,TL),
where V, n, P, and I" are given by (4.5), (4.6), (4.8), and (4.9), and with ¥

any double-well potential satisfying (4.4), and z a monotonic function taking R
into the interval [0, 1] and consistent with 2(0) = 0 and z(1) = 1 (cf. Fig. 3).

0 1
Figure 3. Graph depicting the qualitative properties of z.

So long as ¥ and z possess the qualitative properties described above, the
asymptotic correspondence established here does not depend on the particular
features of these functions. Because this allows for choices of ¥ and z that
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facilitate analysis and/or computation, this freedom should be viewed not as a
defect, but, rather, as a strength of the order-parameter based regularization.

In closing, we observe that our results may also be viewed as an independent
derivation of the theory of GURTIN & STRUTHERS. Specifically, granted con-
stitutive equations consistent with (1.1)—(1.3) and an appropriate scaling, the
order-parameter based theory yields, as an asymptotic limit, a sharp-interface
theory coincident with that proposed by GURTIN & STRUTHERS. This sug-
gests that, with different constitutive assumptions and/or scalings, the order-
parameter based theory might provide a framework for deriving sharp-interface
theories that, unlike the theory of GURTIN & STRUTHERS, remain unestab-
lished. In particular, we have in mind theories in which the interfacial structure
incorporates effects, such as those associated with curvature and orientation-
rate, that are ignored in the sharp-interface theory considered here.
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A Appendices

A.1 Differentiation on moving surfaces

Since the interface & evolves with time, time-rates of fields intrinsic to & must
be calculated with care. For this reason, GURTIN & STRUTHERS [2] have intro-
duced the time derivative of any interfacial field g following the normal trajec-
tories of G: '

§(at) = =o(=(@ ), 7)| (A1)

where z satisfies the differential equation
z = Vs(z,)n(z,-), - (A2)
subject to the condition
z(t) == (A.3)

requiring that the trajectory passes through z € &(t) at time t. For brevity, we
refer to g as the normal time-rate of g.
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Associated with each continuous bulk field g, whose gradient and rate may
suffer finite jumps across &, we may introduce an interfacial vector-field g de-
fined through

g=9ls. (A.4)

Straightforward calculations then show that the surface gradient Vs and nor-
mal time-rate ¢ of such a field g are given by

Veg=(Vg)P and  §=(g)+Ve((Vg)n), (A.5)

where P = 1 — n®mn is the projector onto S.
Next, suppose that a scalar-valued interfacial field g is given as a function §
depending on F' and n. Then, letting F = (F'), the unique decomposition

E=F+ En®n (A.6)
allows us to write
whereby a straightforward calculation furnishes the result
0 .
(@g(l&?,m))m =0, (A.8)
which, in turn, implies the identities
9 . a . 0
FEIE: ") = (FEI(E,n)F = 554(F, ). (A.9)
Given a unit vector k # n, let Q(k,n) denote the rotation of k into 7 about
the axis orthogonal to both k and n, with Q(m,71) = 1. Then, the derivative

of § with respect to m following the surface &, as introduced by GURTIN &
STRUTHERS [2], is defined by (cf. [2])

(Hed(F,m)-r = (ed(B,m) -k = A-3(EQ(R(0),m), k(a0) -

with k(0) = = and k'(0) = k.
This derivative allows us to calculate the surface gradient and the normal
time-rate of g in terms of §(JF',m). To do so, we begin by noting the identity

D | 0 a0 . T
DRIE,n) = 9B, m) + (EEQ(E’W)) En, (A.11)
which follows directly from (A.7)-(A.10): Then, working with §, we have

§ = (msd(B, )+ (2 5(, m) 4, (A.12)
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so that, bearing in mind the identity
EP = F + Enen + EA®n, (A.13)
we obtain '
= (—a—g(E m)) -1 4 (ig(E n) + (—Q—g(E n))" En)-f, (A.14)
8E™Y on” OE” ’
which, by virtue of (A.9)—(A.11), yields
D o o . o
= (B—'Fﬂ,g(F, FIL))'WI:'F (a—Fg(ZF',m))F (A15)

Similarly, we find that
D d .
Veg = —LT(mg(F, 1)) + (Vs (FT)) (—ﬁ,y(F, n)). (A.16)

A.2 A power identity for the sharp-interface theory

Here we verify the power identity (2.21) of the sharp-interface theory.
Toward this, we first note that, by virtue of the local bulk and mterfacw,l
statements (2.14); and (2 15); of linear momentum balance

/ Sv-gda = [ SeloPdo+ [sFav+ / (1S3 + Soll§PIVe) da.
s Pa (A.17)
Further, the interfacial linear momentum balance (2.15); yields

/ Sm g = / (- (el9]Ve — [Su]) - - (Va(@)) da,  (A.18)

o0

while the normal configurational balance (2.31) implies

/c-(Vsm) dl = -—/((m-[[Cm]] + lg-n] + C-L + f-n)Vs + c-1i) da.

E:3s] Es! (A.19)
Finally, on combining (A.17), (A.18), and (A.19) and employing the relations
3ell9l”] = 3ellFnl’IVe + oli] 9, )

U-[Sn] = [Sn-y] + n-[F"Sn] Vs,
n-[Cn] + [q- n] = [W] — n-[F"Sn] + 1o[|Fn|*]V2,

~

(A.20)
S-(Ve (@) = 8- F — (F"S)- (Vo L),
C-L =wKs — (FTS)-IL, )

we arrive at the power identity (2.21).
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A.3 Facts concerning uniformity surfaces

Assume that the layer £ of the order-parameter based theory contains the in-
terface & of the sharp-interface theory. At each instant ¢, let £(x,t) denote the
signed distance between x € L(t) and &(t), with £(xz,t) < 0 when = € B* and
£(x,t) > 0 when = € B®. Also, let = denote an interfacial vector field defined so
that

Vz=P, (A.21)

with P = 1 — n®m the projector onto &.

Assume, further, that the region L is sufficiently thin so that within it the
mapping & — (£, z) is one-to-one. Hence, within £, the gradient of a scalar field
g can be written as

Vg = ((Vg) m)n + Veg, (A.22)

with (Vsg)-m = 0, and the values of (Vg)-n and Vsg at (¢, 2,t) determined
by

0
(Va(t, =, 1)) n(z,t) = -5e~g(€, z,t), (A.23)
and
0
Veg(¢,z,t) = 5—;g(£, z,1), (A.24)
respectively.
In terms of the surface-related coordinate system (¢, 2), fields intrinsic to &

may be thought as a fields defined throughout £ but independent of £. In this
sense, V/{ and / are intrinsic and satisfy

Vi=n and f=-V,. (A.25)

Further, since n is independent of £, the curvature tensor I = —V 1 associated
with & is given by

L=-Vun. (A.26)

Next, given a scalar-valued field g,
g=4+(V9)-(Vn), (A.27)

represents its time derivative following the normal trajectories of uniformity
surfaces.4? By appealing to this definition, we find, in particular, that

n+ (ETH)n =-VV. (A.28)

42 Here, V and m are as introduced in (4.5) and (4.6).
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Finally, suppose that

g=9(F,p) =g9(I',n). (A.29)

Then, using the definition (A.ll), with 7 replaced by n, we find that

with

and

lpl5- g(F p)=35-9(I',n) - (%g(r,n))TFn, (A.30)
(poo(T,m)n=0, (5=4(I'm)n =0, (A.31)
3 9(F.p) = 554(T,n). (A.32)

Further, an argument similar to that resulting in (A.16) yields

with

L a(I',n)), (A.33)

Vg = —LT( g(P n)) + (V(I'™))( 5T

L as deﬁned in (5.17).
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