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ABSTRACT

Instability modes that satisfy the triad resonance conditions in three-dimensional
compressible (subsonic) boundary layer flow over a swept wing are investigated using
theoretical and computational methods. Detuning parameters are used for the wave
numbers and frequencies for the triad resonance conditions in space and time. Different
resonant triads comprised of crossflow and Tollmien-Schlichting modes-are investigated
for Eoth the incompressible and compressible cases. The effects of compressibility on
various flow features, instability modes, and wave interactions are determined.
I. INTRODUCTION

This paper studies the evolution of resonant instability mode triads in the compressible
(subsonic) three-dimensional boundary layer flow over a swept wing. The resonant
instability mode triad is an important wave interaction process which can take place early in
the evolution of linear instability modes, and can subsequently affect the nonlinear
evolution and transition from laminar to turbulent flow. An undersianding of the triads
processes can be useful, in particular, for design of aircraft wings and the related
optimization of laminar flow control methods leading to drag reduction.

Three-dimensional boundary layers are subject to crossflow instability as well as the

Tollmien-Schlichting (TS) modes observed in two-dimensional layers. Crossflow modes



(CF) dominate at the leading edge of the wing, while TS modes show larger growth rates
in the mid-chord region. In between, there is a region where both CF and TS modes are
present. What effect the two types of modes might have on one another is not known.
Laminar flow control methods, such as distributed weak suction on the wing's surface, are
often designed based upon the linear stability theory and the " transition criterion. A
nonlinear interaction among these modes might thwart the laminar flow control effort by
causing unexpected transition to turbulence.

In aerodynamic applications, the three-dimensional boundafy layer flows are .
compressible in nature. The effects of compressibility on the resonant triads is therefore an
important consideration that is addressed in the present paper.

Resonant wave triads have been investigated by a number of authors in the past. Craik
[1,2] established the existence of resonant instability mode triads in flow over a flat plate
and discovered a significant wave interaction. Lekoudis [3] confirms the existence of a
resonant triad on a swept wing which consisted of three traveling crossflow modes, but the
interaction coefficients and amplitudes of these modes were not calculated. El-Hady [4]
presented computational results for some resonant instability mode triads in a-three
dimensional boundary layer flow using an incompressible theory. Detuning parameters
were used and nonparallel effects were taken into account. He concluded, in particular,
that for a triad consisting of two traveling and one stationary crossflow mode, strong
amplification of the traveling crossflow modes can occur. For a triad consisting of two
Tollmien-Schlichting (TS) and one stationary crossflow mode, strong amplification of the
TS modes is possible according to his calculations, provided the initial TS amplitudes are
sufficiently small.

In some sense, the present work can be considered an extension of the work of El-
Hady [4] to include the compressibility effects in the subsonic regime. For the
compressible case, the expressions for a number of quantities, such as the interaction

coefficients, become quite lengthy so these expressions, which have been double checked



by the authors using computer tool (mathematica) and by hand, will not be presented in this
paper. The reader will instead be referred to Vonderwell [5] for complete presentations of
these expressions and for greater details of various aspects of the present subject. Also the
analysis and the formulétion of the problem is described in details by El-Hady [4] in the
incompressible limit and Vonderwell [5] in the compressible case. Thus, the analysis and
the formulation will be presented briefly in the present paper.
II. FORMULATION

The compressible Navier-Stokes, continuity, state, and energy equations [6] are the
basic equations of the present wave interaction investigation. To apply them to the flow
over a swept wing, we first select a local cartesian coordinate system with the x-z plane
tangent to the \;ving surface and the y-axis perpendicular in the transverse direction. The x-
axis is directed along the chord and the z-axis along the span. The complete basic Navier-
Stokes, continuity, state, and energy equétions are given by Schlichting [6] and will not be
repeated here. We nondimensionalize these equations making use of the boundary layer
displacement thickness, 6°, as the reference length, the free stream velocity magnitude,
U‘:,» as the reference velocity, and the corresponding free stream quantities,
., p., M., kI, p.UY, as reference fémperature, density, viscosity, thermal
conductivity, and pressure; respectively. This yields the nondimensional set of the
governing equations for the total (base flow plus disturbance) quantities [5]. In these
equations u, v, and w are the components of velocity in the x, y, and z directions,
respectively, © is the temperature, Pis the pressure, i is the dynamic viscosity, k is the
thermal conductivity, M = U, / c_, is the boundary layer edge Mach number, c_, is the free
stream spéed of sound, R=p_U.6"/u_, is the Reynolds number, Pr=p c}/k. is the
Prandtl number, and ¥ =c,/c, is the ratio of specific heats at constant pressure and
volume. In the following formulation, the subscripts t, e, w and O indicate a total value,
the value at the boundary layer edge, the value of a quantity at the wing surface, and the

base flow quantity, respectively.. The boundary conditions considered are those for an



adiabatic wing with weak suction [4]. We assume the coefficient of bulk viscosity is zero
[6], the coefficients of viscosity and thermal conductivity are functions of temperature, and
the Sutherland law [7] is used to determine y and k.

The steady state baée flow solution considered here satisfies the laminar boundary
layer system [6] for a 23° swept infinite span wing.

We consider the stability of such base flow over the swept wing with particular interest
in the weakly nonlinear interaction of resonant triads of linear instability modes. The
stability analysis begins with a perturbation of the base flow yielding a system for the
perturbation quantities. We anticipate, at leading order, a linear system for the perturbation
quantities which yields periodic solutions with amplitudes that can grow or decay slowly in
time or space. At higher order, we expect some weak modulation of the amplitude due to
the effects of the weakly nonlinear triad and some modulation due to weakly nonparallel
growth of order €,(g, <<1) of the boundary layer. Making use of the method of multiple
scales to determine the wave packet solution of the governing system [4], we introduce the

slowly varying variables
X, = &x, Z, = €2, 1, =¢t, ¢}
where small parameter, €, characterizes the magnitude of the disturbance quantity. We

now pose as a solution to the basic governing systems expansions in powers of € of the

form
u, = Uy(x,,3,2,) + €y (%, 9, 2,1, %,,2,.1,) + €2u, (%, 3, 2,1, %, 2,1, ) + ... L ©

with a similar expansions for the other dependent variables for the total quantities. For the

total viscosity we assume an expansion of the form

d
U = u0(90)+ {:‘ﬁel +... 3)

with a similar expansion for the total thermal conductivity k,. Substitution of these



expansions into the system for the total quantities, subtraction of the base flow system, and
collection of coefficients of equal powers of € leads to systems of equations at each order

of £. Atorder &, the linear stability system can be written in the following form
L(u,v,,w,,6,,p,p,)=0, (i=1,...,6), (4a)

wm=v=w =6 =0 at y=0,0o, (4b)

where L, are linear operators whose expressions are lengthy [5] and will not be given here.

We seek a solution to (4) in the form of a superposition of three modes as follows:

3 B
(ul’vl ’wl’el’pl’pl) = Zarz(x.s’z.v’t.9)el¢'l (uln’vln’wln’elnapln’pln) +c.c. i.Sa)
n=1
where c.c. denotes the complex coﬁjugate, a, 1s the disturbance amplitude, and
9.9 9\ _ (5b)
(ax ’ 52 ? at)q)n - [an(x‘s’zs )’ ﬁn(‘xs’zs)’ wn (xs’zs)]‘

Here, a,, B,, and @, are the wave number in the x-direction, the wave number in the z-

direction, and the frequency of the disturbance. The wave numbers and frequencies are all,

in general, complex. To form a triad, we require that

(a3r’ﬂ3r’w3r) = (alr’ﬁlr’wlr) + (aZr’ﬂ2r’a)2r) + S(Ga’aﬁ’aw)’ (6)

where the subscript r indicates the real part and the so called detuning parameters contained
in the last term on the right side of (6) represents the deviation from perfect resonance. The
detuning parameters are introduced in (6) to express quantitatively the nearness of the
resonances. It turns out that near resonance cases occur more often than perfect resonance

where the detuning parameters are all zero. Using (5) in (4) yields the following system

[3].



l‘i(uln’vln’wln’eln’pln’pln) =0, (i= 8,...,13), (7a)

u, = VIn =W, =eln =0 at y= 0’°°’ (7b)

where L, are linear operators applied on the subscript ' 1n' quantities whose expressibns are

lengthy [5] and will not be given here.
The above system is homogeneous and therefore has a nontrivial solution only for

certain combinations of values of o¢,, B,, and @ . To order &2, the stability system can
n n n y y

be written in the form
Li(uz"’z,wz’ez’Pz’Pz) =N, (i=1..,6), , (8a)

u2=v2=w2=02=0Aaty=O,oo, (8b)

where the nonlinear and non- parallel terms, N,, are very lengthy [5] and will not be given
here. The non-parallel térms, which are of order €£¢ in the present formulation, are
included in the expressions N, so that when the results over distances of order one
disturbance wavelength or less is considered or when &, << £, then the non-parallel terms
can be discarded, and when &, =0(¢), they can be retained in the order £’ system [4].
The only two other ways known presently to incorporate the combined nonlinear and non-
parallel effects are not relevant here. One is asymptotic approach in the limit R — oo [8,9]
whose accuracy cannot be verified in the present non-asymptotic study, and another one is
a local approach [10] which is inconsistent for long wavelength disturbances [10] found to
be preferred in the present study. Since the present formulation takes into account only
systems to orders € and &2, the present results are applicable mainly to weakly nonlinear
regime near the neutral stability boundary. In particular, the mean field distortion term of
order €’ is not naturally taken into account here. Hence, the present formulation is similar

to that used by El-Hady [4]. We pose as a solution to (8) expansions of the form



wJ

_2u2n ¥,X,,2,.L )¢ +c.c. ®)

with similar forms for v,, w,, etc. Substitution of these expansions into (8) and collection

of coefficients of ¢ yields

da, da, ; da,
Li(u2n’v2n’w2n’92n’p2n’p2n) gln o, g2n . . +g4nan +g5nb e’ (102)
where,
) _ _ 1 for n=i (10b)
(i=8,..,13; n=1,2,3), b, =a,a,6, +aa,6,, + 0,a,6,,, O, = 0 otherwise

Fl = j(ay T 0y - ali)dx + I(ﬂy + ﬁ2i - ﬁli)dz - j'(w3i + 0, - wu’)dt +ix {10c)
L= j(aBi +a; - azi)dx + J(By + B, - ﬂz;)dz —j(co3i + @y -co2,.)dt +iy {10d)
= J.(au +Qy; —063,.)dx + I(ﬁu + By - ﬁ3i)dz - j(wli T, — wSi)dt +ix (10e)

x==[0,dx, - joﬁdzs + Idwdts (10f)

The subscript 'i' indicates ihe imaginary part, an overbar indicates complex conjugate,
there is no summation convention over the subscript n, and the expressions for the
coefficients gf,m were, in general, very long [5] and will not be given here. The three
systems given by (10) will have solutions only for certain right hand sides. A solution

exists if and only if the corresponding solvability conditions are satisfied [11]. Applying

these conditions to-equations (10) lead to the following system for a,(rn =1,2,3):

8in %;L + 8, 593"— + &, _Béza_n + 8,8, 8,be " = 0(n=1,2,3), 1y

where the expressions for the coefficients g, are lengthy [5] and will not be given here.

We now restrict our formulation to the special case of an infinite span wing and spatial



stability theory. There is then no dependence of the amplitude on z or time ¢, and if we

transform back to the fast x variable we have

B = (G- 0 )A, + HB ™ (n=1,2) (128)
where
v, =¢fody, H;="8n G =_g8n (12b,c,d)
an g2n
A = ea,,e_'f a""dx, s,=08,+6,+6, (12e,0)

To evaluate the nonparallel interaction coefficients, G,, the slow variation in the chord

wise direction of the eigenfunctions and eigenvalues must be evaluated
(ie. der,/ox,, Ou,,/x,, Ov,[dx,, .. etc. mustbe calculated). We differentiate the

linear stability system (7) with respect to x, yielding the following system for the

eigenfunctions derivatives

auln avln aw]n aeln apln apln I % i i =8....13 (133)
Z‘l[ axs ° &s ° axs ° axs ° &s s axs gﬁn axs +g7n’ (l Ladad ) .
Oy, _ My _ Wy, _ 96, _ Py, _ 9P (13b)
n = Lo 2 = n = B = =0 =O,oo
PR S A

where the expressions for the coefficients g/, and g/ are lengthy [5] and will not be

given here. The boundary conditions (13b) and the left side of these equations are of the
same form as equations (7) which has a nontrivial solution. The system (13) therefore has
a solution only if the right hand side of (13a) satisfies the solvability condition. This
condition yields the value of da ,/dx,. A solution of the eigenfunction derivatives is
selected appropriately, as is explained in the next section, and the nonparallel coefficients
are then evaluated.

Since a goal of the study is to determine the effects of compressibility for the present



problem and compare the compressible results to ;hose of the considerably simpler
incompressible counterparts, we also formulate the stability problem using the same
procedure, but making use of the incompressible gbveming equations.

III. NUMERICAL METHODS OF SOLUTION

The systems of equations that arise in the formulation of the triad resonance model
have no analytical solution. Approxiniate numerical solutions to these systems have been
found. There are five system types; the base flow system, the linear stability eigenvalue
problem, the nonparallel system, the solvability condition, and the amplitude equations. A
description of the numerical methods used to solve each of these systems follows,
beginning with the base flow system.

Base Flow System

The base flow used in the calculations is that over a 23° swept infinite span wing. The
airfoil section (designated SCLFC (1) - 0513F) has a normal chord of 6.44 ft. and has been
extensively tested in laminar flow control experiments at NASA—Langley Research Center.
The airfoil geometry is shown in figure 1. The pressure coefficient, boundary layer edge
velocities, and suction distribution for the flow used in the present calculations are shown
in figure 2. The suction distribution is that necessary to maintain laminar flow according to
the e criterion. These distributions as well as the boundary layer edge velocities were
supplied by Dr. El-Hady of NASA-Langley Research Center for a flow ‘with free-stream
mach number of 0.82.

To obtain the base flow velocities, densities, and temperatures, we must solve the
three-dimensional steady compressible boundary layer system [6] subject to the boundary
layer edge and wall suction conditions supplied by Dr. El-Hady. )A finite-difference code
to solve just such problems has been written in Fortran by Venkit Iyer [12]. This code is
fourth order accurate in the y direction (wall normal direction) and second order accurate in
the x direction. The code was run on a Sun Sparcstation using a grid size of 300 nodes in

the y-directioh at 79 x locations concentrated near the leading edge.
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Linear Stability Systems

Note first the compressible and incompressible linear stability systems are eigenvalue
problems. Once ¢ and f are selected, a nontrivial solution exists only for certain values
of @. Note also that the compressible system is eighth order and the incompressible
system is sixth order. Th‘us the six velocity boundary conditions are sufficient for the
incompressible system, and the eight boundary conditions (six velocity and two
temperature) are adequate for the compressible system. There is no boundary condition
applied to pressure or density, and the numerical discretization should not impose one.

Before discretizing the equations, we first truncate the semi-infinite domain, imposing
the boundary conditions at infinity at y=50 (50 displacement thicknesses). The exact
location of the truncation has been found here to have little effect on the results. The semi-
infinite physical domain, approximated by y in the range 0 < y <50, is then mapped onto a
computational domain for a new variable 7 in the range —-1<7<1, using the

transformation [13]

n=(1 —c,)(?f -, +cz) +¢m (14a)
— 2c -
—e(1 1426 _ (14b)
y=c +n)/( o n)
¢ =tan(30°), ¢,=05 ¢;=18, k=1.. (14c,d.e)

We pose as approximate solutions expansions in Chebyschev polynomials as follows

) |

4 i5a

uy =S 4 T(y), (152)
k=0

where,
L(y)=1 T(y)=y T.(3)=2yT()-T.(y), k=123,.. (15b,c,d)

Similar expansions are used for the other velocity components and the temperature, while
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expansions using one less polynomial are posed for pressure and density. The nodes for
the velocity components and temperature are the Gauss-Lobatto points [13] while the
pressure and density nodes are at the Gauss points. The Gauss-Lobatto points are the

extrema of the last Chebyshev polynomial retained in the expansion and are given by

(j-Dr (16)

T’j = COS(FI—), ] = 1,2,...Ny,

where N, is the number of collocation points. The first and last Gauss-Lobatto points lie

on the boundary and are therefore suitable for application of the boundary conditions. The
Gauss points are the zeros of the first neglected polynomial and lie between the Gauss-
Lobatto points. Using these interior points as nodes for the pressure and density avoids the
need to specify these quantities on the boundary.

In the compressible case, we have unknowns the values of the velocity components

and temperature at the N, Gauss-Lobatto points and the values of pressure and density at

the N, —1 Gauss points for a total of 6N, —2 unknows. An equal number of equations is

supplied by collocating the momentum and energy stability equations at the Gauss-Lobatto
points and the continuity and state equations at the Gauss points. The base flow is
interpolated from the finite-difference grid to these points by cuBic spline interpolation.
When such a scheme is implemented, differentiation or interpolation of functions defined
on the Gauss-Lobatto or Gauss points requires only a matrix multiplication usingvstandard
matrices[5]. The six stability equations (4) collocated as specified then leads to a large

system of linear algebraic equations of the form

M, ¢,=[A-0,Blp,=0 (17)

where M,, A,, and B, are square matrices of size 6N, —2, and ¢, is a vector

consisting of the values of u,, v,,, w,,, and ¢, on the Gauss-Lobatto points and the
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values of p and p,, on the Gauss points. This system is a generalized matrix eigenvalue

problem which is solved for the eigenvalues using standard routines. One of these
eigenvalues is selected (generally the most dangerous one) and the eigenvectors are
calculated while purifying the eigenvalue by an inverse method. The eigenvalues and
eigenvectors calculated by the inverse method agreed almost exactly with those calculated
by the standard routine. |

- The incompressible case is handled in the same way. The velocity nodes are still on
+ the Gauss-Lobatto points and the pressure is on the Gauss points. The momentum
equations are collocated on the Gauss-Lobatto points and the continuity equation on the

Gauss points. The system leads to a generalized eigenvalue of the same form as above, but

the square matrices sizes are smaller at 4N, —1. This system is solved in the same way.

Eigenvalue Search Procedure

Both the compressible and incompressible theories result in a linear stability eigenvalue

problem which has a dispersion relation of the form

F(e,B,0,R)=0 (18)

The real part of the frequency, ®,, of the disturbance remains constant downstream, and
for the special case of spatial instabilities with zero spanwise growth rate on an infinite span
swept wing considered in this analysis, B, is fixed as well. The chordwise wave number,
| ,, will change as the boundary layer grows, however, as will the growth rate given by
—0;. Once the values of @, and f, are specified for a disturbance, a search for the
remaining eigenvalues must be undertaken at each node of interest. A Newton-Raphson
search is used to find the correct value of .
This Newton-Raphson method requires repetitive searches of a generalized matrix
eigenvalue problem. It is possible to reduce the computer time necessary for these searches

by eliminating an equation and thereby reducing the size of the matrices. This is simple in
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the compressible case. Equation (7a) for i =13 can be solved for p,, and substituted into

equation (7a) for i =12. The resulting system consists of five equations in five unknowns
[5]. When this system is collocated the size of the matrices in the generalized eigenvalue
problem has been reduced by approximately one sixth.

A similar reduction is applied to the incompressible system. The resulting system has
the same eigenvalues as the full linear stability eigenvalue problem, but has matrices that are
approximately one fourth smaller.

Solvability Condition
The second order systems, (10a), leads to solvability conditions in the form of an
equation for the slowly varying amplitudes. To arrive at these conditions, we collocate the
| second order systems in exactly the same manner as the first order eigenvalue problem.
This gives a non-homogeneous system of linear algebraic equations with the left band side

matrix identical to the first order system and therefore singular. The three systems are of

the form
M9, = %’i+%lﬁ+%@+aliﬁ+aja3e‘wﬁ (19a)
My = %’ﬁ+%l@+%l@+ a,byy + aaze” by, (19b)
ﬁ‘fﬁ=%@+%§%+%g§_+%%+alaze‘5% (19¢)

Here ¢,, are vectors consisting of the values of u,,, v,,, w,,, and 8, on the Gauss-

Lobatto points and the values of p,, and p,, on the Gauss points. The vectors b,

consist of the nonhomogeneous terms of the second order momentum, energy, continuity,

and state equations evaluated at the appropriate Gauss-Lobatto or Gauss points.
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8 [, ]
8in Vou

- |&n = |8
gf,. P2a

_g?n ] | P2

The three systems above are linear systems of algebraic equations. Since the matrices M,

are singular, the systems have an infinite number of solutions or no solution at all
depending upon the right hand side. A solution exists for such a system if and only if the

right hand side is orthogonal to the solution of the corresponding adjoint system. This

solution is denoted by x;,, and the adjoint system is defined as

M,x, =0, where M. =M. (21a,b)

The superscript T denotes transpose and the overbar indicates the complex conjugate.
Applying this orthogonality condition to each of the three systems yields equations

governing the variation of the amplitudes

da da - .
5 ?"ﬁ'gz; %"'gmg’*“g‘ual + 8540, ' =0, (22a)
og, oa, da, N
81273 o, TEu st 8 . + 8ty + g a e =0, (220)
da ca da, :
g3l ?jﬂ + g34 &3 + g33 &Z + 843613 + g53a1622€ g (ch)
where
8in = BT (22d)

Nonparallel Systems
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We consider first the compressible nonparallel system (13). We discretize these
equations by collocating the first four on the Gauss-Labatto points and the remaining two
on the Gauss points exactly as was done for the linear stability system. This yields the

following set of linear algebraic equations

Here ?_,‘N: is a vector consisting of the values of

ou,,/ox,, ov,[ox, ow,[dx,, and d0,/dx, at the Gauss-Labatto points and the
values of dp,,/dx,, and dp,,/dx, at the Gauss points. The vectors b, consist of the

" nonhomogeneous terms of the nonparallel system evaluated at the appropriate Gauss-

Labatto or Gauss points.

&, CNCA

& M,/ o,
b |8 N | oW, /O, (24a,b)
=g, B =1 36, /ox,

8,5'n ap,, /o,

8 | | dpy, /0%, |

Since the matrices M, are singular, a solution exists for such a system if and only if the

right hand side is orthogonal to the solution of the corresponding adjoint system. This

condition yields
aJa, __8m (25a)
o, 8en

where,
8jn = bju - (25b)

With this value of da, /dx, , an infinite number of solutions exist since their is a nontrivial
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solution to the homogeneous problem. A procedure known as the method of least squares

[14] exists which will find the solution which has minimum |||, norm. It makes use of

the singular value decomposition of the matrix M into a product of three matrices as

follows

i
=
™M
ﬂ

n_n°* (26)

=2

The matrix X, consists of the singular values, 0, of the matrix M, on the diagonals and

zeros off the diagonal. The three decbmposition matrices are calculated using a standard |

IMSL routine. The least squares solution with minimum norm is then given by

@ =V,y | (27a)
where,
y, = bj[O; i1 (k is the rank of M, ) (27b)
! Y other j

b, =U7b. 27c)

The general solution of the nonparallel system then is

@ =P +cy, (28)

~where c is an arbitrary constant. We select a specific solution by requiring that the non-
parallel solution be orthogonal to the linear stability solution. The solution is found by
subtracting the component of the least squares solution that is not normal to the linear

stability solution

Pr =0y = Pr Qi (292)

where the inner product is defined as

ab=Ha 290
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Note that with this particular solution of the nonparallel solution

29, 10 19
o 9.- 225 0,12 (0. 0.)= 1 o,

s

)-o. G0

so we see that the magnitude of the vector of eigenfunctions does not change magnitude as
we move downstream. This is a deéirable quality, since the size of the disturbance is then
indicated by the amplitude, A,, alone. If the eigenvector magnitude were allowed to
change, the disturbance size would be indicated by the product of the amplitude and the
eigenfunction magnitude.
Normalization of the Eigenfunctions

The linear growth rate and nonpara]lel coefficient are indépendent of the normalization
of the eigenfunctions, but the intéféiétion coefficients are not. To make the interaction
coefficients unique, we normalize the eigenfunctions according to the following procedure.

At the first node calculated, each of the three eigenfunctions is normalized such that the

maximum magnitude of u,, in the interval 0 < y<eo is one. The derivatives of the

eigenfunctions with respect to x_, is then obtained by solving the nonparallel system. The

eigenfunctions at the next downstream node are predicted from these derivatives using
finite differences. Central differencihg‘ is used except following the first node where it is
impossible to do so. The linear stability system is then solved at the next node and the

eigenfunctions normalized for the moment by again requiring the maximum magnitude of

u,, to be one. Let the vector containing these eigenfunctions be denoted ¢, , and call the

predicted eigenfunction vector (p”"". We wish to select the normalization constant

C=C, +iC, so as to minimize the difference between -the predicted and actual

-eigenfunction. Let the dlfference vector, E, be defined as

pred

=Co, -9, (31)
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The square of the difference vector magnitude is then given by

"E"; = 2{(Cr¢ﬂ - Cz(D,J - (o’l;red)2 + (Cr¢ij + C,(P,:, - ¢lfred)2} 32)

where @, and @, indicate the real and imaginary part of the jth element of the vector ?,

and a similar meaning applies for the predicted vector symbols. To find the constant C that

minimizes this quantity, the partial derivatives are set to zero.

JE|]:
g}“z - Z{Z(Cr(pﬂ. ~Co; - ‘Pgred)(/’ri + 2(Cr‘P«'i -G, - ¢5red)¢a'} =0 (33)
r J
JE|,
A8 -3 {2(C.0, ~ Cio, - 050, +2(C.p, ~ o, 070, } =0 330)
z J
Solving these equations simultaneously yields
Z(q)'jlpgred + q)u ~5red) Z ((prj(pgred _ qoijq)gred) (34a,b)
Cr -_J , q -
2(#; +9}) (25 +9})
J J
The normalized eigenvector, then, is given by
P =CO,- (35)

Integration of the Amplitude Equations

The evolution of the disturbance amplitudes in space can be obtained by integrating the
spatial theory amplitude equations which are of the following form for both the

incompressible and compressible theories.

dA ST 4 i
Z (G~ ), + HiE, A’ (36a)
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B (G, =t )y + HE ™ (36)
dx - -
% = (Gs — Oy )A3 + HssAxAze—iw (36¢)

These amplitude equations are complex. To obtain real equations for the amplitudes and

phases we let

A, =A™ (37a)
G, =Gle™ (37b)
H =He"™. (37c)

On substitution into the complex amplitude equations and removai of the asterisks, we have

% =(G, cos y, — a,; )4 +%H1A2A3 cos(y +7, + ) (38a)
% =(G,cos 1, — oty )4, +%H2A1A3 cos(y +7, +w) (38b)
% =(G,cos 1, — 0y, )4, + %H3A1A2 cos(~y + 7, + W) (38c)
% =(G,siny, — G,siny, — G;sin ;) + A, g‘:j sin(~y +7, -}
-H, 13‘:; sin(y + 7, +y) - H, f;z;;% sin(y +7, +w) (38d)
where, Y5 5? s o0

With initial values, A,, and ¥(0) of the amplitudes (A,,n=1,2,3) and phase difference

() specified, we integrate these equations using a standard fourth-order variable interval
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Runge-Kutta method. When the Runge-Kutta method requires values of the interaction
coefficients between nodes of the linear stability calculations, we make use of cubic spline

interpolation to obtain them. Finally, we define the N-factor as

 N=1n(A,/A,). -(39)

In the next section we present the results which are bésed on disturbances of size £ which
can lead to maximum N factor of about 7, while in real transition N can approach value
about 10 or so. |
IV. RESULTS

We consider here the effect of the nonlinear resonant wave interaction on the N-
factors of the members of the triad. Triads consisting of different combinations of

Tollmien-Schlichting (TS), and crossflow (CF), modes are examined. In specifying the

eigenvalues of these modes, the spanwise wave numbers, f3,, have been made non-
dimensional using a reference length of 1.0 x 10™*m, and the frequencies, @,, were non-
dimensionalized using a reference time of 3.333x107’s. The chord wise wavenumbers,
o,, change as they move downstream, so only the approximate wave angles, y, are
specified.
TS-TS-TS Triad

First we study a triad composed of three TS modes. The triad has frequencies,
- ®,=0.05015, ®,=-0.02929, and ®,=0.02086. The spanwise wavenumbers are

B, =0.06, B,=0.04, and B, =0.10. These frequencies and spanwise wavenumbers

satisfy the resonant conditions exactly at all streamwise locations. The chordwise wave

numbers are shown in figure 3. Note that this triad is substantially detuned as seen by

comparing the sum, @, +¢,, to o,. Calculations begin at R=1612 just before the

location where modes 2 and 3 begin to grow. The linear parallel growth of these modes is

determined. The first mode grows rapidly before beginning an equally rapid decay. The
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second and third modes decay initially before beginning a steady growth over the entire
region calculated. The third mode is very weakly unstable according to the linear theory.

We consider the case € << ¢ first, and only examine the nonlinear evolution of the
triad amplitudes. The ﬁonlinear interaction coefficients are shown in figure 4. Note the
very large magnitude of the TS3 interaction coefficient and the substantial TS2 coefficient,
while the TS1 coefficient is very near zero. This indicates that the 2nd and 3rd modes are
more susceptible to effects of the interaction. We then determined the nonlinear growth of
modes two and three with initial amplitudes of A10=A20=1.0E-5 for various initial
amplitudes of mode 1. The results indicate that when all three modes have the same small
initial amplitude, the interaction is very weak. As the initial amplitude of the first mode is
increased, the other two modes show greater deviation from their linear results. Note that
the effect on mode three is found to be more dramatic than the effect on mode two because
of its larger interaction coefficient. In each of these cases there was no effect at all on mode
1. The phase difference, ¥, for some of these calculations is also determined. Little
deviation from the linear results (y =x = constant) was found for very small initial
amplitudes as expected. For larger amplitudes, however, the phase difference changes
substantially, especially downstream some distance, where the amplitudes have developed
sufficiently to interact strongly.

A larger initial amplitude of the second mode was found to affect the third. Note in
this case that the third mode is dramatically affected, while the second mode is too much
larger than the others to be affected at all. The 1st mode is initially small like the 3rd, but is
still unaffected because of its small interaction coefficient.

If both the first and third mode are much larger than the second, the interaction can
dramatically affect the second. This is shown in figure 5. Note in this figure that the third
mode was also substantially affected, while the first mode with the same initiai amplitude as
the third showed no deviation at all (not shown). The third mode's small interaction

coefficient apparently makes it resistant to the effects of the triad interaction. Our further



22

results, which indicated the growth of the modes when the first mode is 100 times smaller
than the other two, offers further support for this conclusion. The first mode shows very
little deviation from its linear growth despite its relatively small initial size.

Generally, the N -fabtor of a mode is more strongly affected when that mode is smaller
than the other members of the triad. How much smaller the mode needs to be dépends
upon the amplitude of the other two modes. Our other results indicated the growth of the
third TS mode when its initial amplitude is one tenth the size of the other two. Note that for
small amplitudes, the nonlinear interaction is negligible and the linear stability theory is -
adequate. As the amplitudes increase in size, however, nonlinearity is found to have a
powerful effect on the growth of the TS3 mode. If the initial amplitudes of the modes are
sufficiently high, a powerful interaction is found to occur even when the modes are initially
the same size.

The initial phase difference also plays an important role in the development of the
disturbance amplitudes. We found the growth of the three modes for a number of initial
phase differences. The 1st mode, however, did not deviate from its linear growth in every
case. The linear theory predicts consistent slow growth for the third mode. The nonlinear
theory shows consistent nonlinear growth for some initial phases, while for others, the
third mode actually decays substantially before beginning to grow. In each case, however,
the third mode is eventually destabilized substantially by the interaction. The 2nd mode is
- affected in each case as well.

The imperfect tuning of this triad has an effect on the interaction as well. We found
the growth of the third mode with the actual tuning and with "perfect" tuning. The
"perfect” tuning results were obtained by setting the detuning parameter to zero at each
streamwise location. The imperfect tuning weakens the interaction in the case considered,
and the evolution of the phase difference is affected as well.

TS-TS-CF Triad

We now consider a triad composed of two TS and one CF mode. The triad has
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frequencies, @, =-0.02743, @, =0.02821, and w,=0.00078. We were not

successful to find a stationary CF mode that can form a triad. However, the CF mode
considered here has a very small frequency. The spanwise wavenumbers are
B, =002, B,=0.06, and B, =0.08. These frequencies and spanwise wavenumbers
satisfy the resonant conditions exactly at all streamwise locations. The chordwise
wavenumbers are shown in figure 6. This triad is well tuned, much more so than the TS-
TS-TS triad. Calculations begin at R =139 where the third (crossflow) mode begins to
grow. The linear parallel growth of these modes was determined. The two TS modes
grow rapidly before stabilizing, while the crossflow mode grows very weakly before
beginning a very slow decay.

The spatial interaction coefficients for this triad are shown in figure 7. The crossflow
mode has a very large interaction coefficient, while both TS modes have coefficients very
near zero (on the order of 107). The spatial development of the crossflow mode was
determined and is shown in figure 8 for several different initial crossflow mode amplitudes
with the initial amplitudes of the TS modes equal and fixed. The crossfiow mode shows
strong nonlinear growth even when its initial amplitude is the same size as the TS modes.
When the crossflow mode is substantially smaller, the interaction is even more
destabilizing. The TS modes, however, do not vary from their linear growth in any of the
cases shown, presumably because of their very low interaction coefficients.

It is possible for one of the TS modes to be affected by the interaction, given the
proper distribution of initial amplitudes. Large amplitudes of the other two modes,
combined with a much smaller TS mode amplitude is required. We found an effected TS1
mode and an effected TS2 mode. The initial amplitudes required to cause the nonlinear TS
mode growth, as determined from our calculation, seems unlikely when the very small CF
growth rate and much larger TS mode growth rates are considered.

The effect of the initial phase difference on the nonlinear growth of the CF mode was

also determined. The effect of the initial phase is similar to the effect in the TS-TS-TS
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triad. For some initial phase differences, the CF amplitude initially falls, while for others
CF growth is immediate. In every case, however, the CF mode evéntually begins to grow
rapidly. Far downstream, the amplitude is about the same for each of the initial phases
tested. Apparently, the 'initial decay in some of the cases is made up for by extra strong
growth downstream due to the smaller amplitude. In each case shown, the two TS.modes
were not affected by the interaction due to their small interaction coefficients.
TS-CFE-CF Triad

The chordwise wavenumbers for a triad consisting of one TS mode and two CF
modes are shown in figure 9. No steady CF is found to form a triad in this case and, thus,

the triad considered here consists of traveling modes only. The triad has frequencies,

o, =-0.1737, ®,=0.01401, and @, =-0.00336. The spanwise wavenumbers are

B,=021, B,=0.17, and B, =0.38. These frequencies and spanwise wavenumbers

satisfy the resonant conditions exactly at all streamwise locations. The tuning of the
chordwise wavenumbers is imperfect, however, as shown in figure 9. The linear growth
ofr the three modes is determined and indicated that the two crossflow modes are weakly
unstable, while the TS mode is damped substantially.

The nonlinear behavior of this triad is influenced by the spatial interaction coefficients
shown in figure 10. The TS mode has a very small coefficient, while the CF coefficients
are order 1 but still much smaller than the CF coefficient in the TS-TS-CF triad. Despite
 the order one CF interaction coefficients, nonlinear growth of a CF mode occurs only when
the initial amplitude of that mode is much smaller than the other two. The rapid decay of
the TS mode quickly makes it too small to significantly affect a CF mode. Figure 11
shows the linear and nonlinear growth of the triad amplitude when the third CF modes
initial amplitude is relatively small. The CF2 mode and the TS1 modes are unaffected by
the interaction while the CF3 mode shows only weak deviation from linear theory despite
its much smaller amplitude.

The decay of the TS1 mode seems to be the dominating influence on the triad. Our
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other results indicated the triad evolution when all three modes have equal initial amplitude.
The two crossflow modes do not deviate from linear theory, despite their large interaction
coefficients. The TS mode, with a very small interaction coefficient, decays according to
linear theory until its aﬁlplitude becomes much smaller than the CF modes. Nonlinear
effects then cause it to decay even more rapidly than linear theory predicts. If the initial
amplitudes of all three modes are made ten times bigger, the interaction is stronger as one
would expect. We also determined the triads evolution under these circumstances. The
third CF mode begins to show very slight nonlinear deviation while the CF2 mode is still
unaffected. The TS mode decays linearly again for a short distance before showing
nonlinear effects. Interestingly, with the same initial phase but larger initial amplitudes,
nonlinearity causes growth in this case rather than decay. The behavior of the triad
amplitudes apparently depends strongly upon the initial amplitudes.

CF-CF-CF Triad

Consider now a triad consisting of three CF modes with frequencies,
o, =0.002139, @, =.000395, and ®,=0.002534 and spanwise wavenumbers
B, - 0.10, B, =0.10, and B, =0.20. No steady CF is found to form a triad in this case
and thus, the triad considered here consists of traveling modes only. These frequencies
and spanwise wavenumbers satisfy the resonant conditions exactly at all streamwise
locations. The tuning of the chordwise wavenumbers is shown in figure 12. The linear
growth of the third CF mode is found to be stronger than the other two. The calculations
begin at a Reynolds number of 1317 where the first CF mode first becomes unstable.

The nonlinear evolution of the triad is characterized by the spatial interaction
coefficients shown in figure 13. All three coefficients are quite small with none of them
exceeding 0.04. The third modes interaction coefficients falls to an especially small
magnitude downstream. The growth of the second mode for a number of its initial
amplitudes with fixed values of the first and third modes is determined. When the initial

amplitude is the same size as the other two, there is very little deviation from linear theory.
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When it's one tenth the size, the deviation is still small. Smaller initial values begin to
cause more significant nonlinear growth. There was no substantial nonlinear effect on
modes one and three in each of the cases considered. Larger initial values of the first and
third modes still show only small nonlinear effects when the initial amplitudes are of the
same size. This is shown in figure 14 where the initial amplitudes are relatively lafge. At
these large amplitudes, however, the interactions effect on the growth of the second mode
becomes strong if the second mode is initially smaller as shown. We were not able to find
CF-CF-CF triads that linearly give high N factor, otherwise we could have obtained
results for the nonlinear N factor considerably higher than those shown in figure 14.

The effect of the initial phase difference on the growth of the second mode when it is
significantly smaller than the other two is also determined. The initial phase difference
strongly affects the early behavior of this mode. The interaction causes a sharp decline in
amplitude for some initial values and sharp growth for others. It is interesting to note,
however, that the mode's amplitude recovers from the initial decline, and far downstream
the amplitude is nearly the same for each case.

Nonparallel Effects

We examine now the effects that nonparallelism of the boundary layer has upon the
evolution of the triad amplitudes for €, = £. Figure 15 shows the parallel and nonparallel
growth of the three modes making up the TS-TS-TS triad considered before. The effect of
the boundary layer growth is destabilizing to all three TS modes. The nqnlinear evolution
of the third mode for the nonparallel case is compared to the parallel case in figure 16. The
nonlinear effects are quite similar in the parallel and nonparallel cases, although the N
factors are made larger by the destabilizing effect of the boundary layer growth. The initial
growth is dominated by the nonparallel effect until the modes reach sufficient amplitude to
react nonlinearly. It should be noted that associated with the destabilizing effect of non-

parallelism there is, in general, also stabilizing effect of curvature. However, in the present

weakly nonlinear and nonparallel problem (g, <& <<1) with neglected 0(e")(n23)
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effects, curvature terms alone are at most of order 88,2 and, thus, are not included in the
analysis.

The growth of the crossflow mode in the TS-Ts-TS triad is considered in figure 17.
Nonparallel effects are seen to be strongly destabilizing to the crossflow mode. Nonlinear
effects, however, are slightly less dramatic in the nonparallel case. This is simply due to
the nonparallel effects making the arhplitude of the crossflow mode larger making it less
susceptible to the effects of the TS modes. Nonparallel effects also make the TS modes
larger, but less so than it does for the CF mode. Once again nonparallel effects are
dominant early while the amplitudes are still too small to interact strongly. In fact, the
nonlinear growth is identical to the nonparallel linear growth for some distance.

The growth of the first and second mode in the CF-CF-CF triad are determined and the
first mode is shown in figure 18. Nonlinear effects on this triad are generally weak despite
the rather large initial amplitudes because of the small interaction coefficients. The growth
once again is dominated by nonparallel effects until near the end of the calculated region as
seen in the figure. Here, the amplitudes have presumably reached such large magnitudes
that nonlinear growth occurs despite the weakness of the interaction. Note that in the
parallel case, the amplitudes never reach sufficient size for an appreciable interaction to take
place. So in a sense, nonparallel effects strengthen the interaction in that they boost the
linear growth of the modes creating large enough amplitudes to interact nonlinearly.

The Incompressible Theory

It is often the practice to make use of the incompressible theory even in a compressible
flow because of the savings in calculation time. The incompressible theory in many cases
give similar results to the compressible case. We examine now the usefulness of the
incompressible theory in the triad interaction case.

Figure 19 compares the compressible and incompressible interaction coefficients for
the TS-TS-TS triad considered previously. Both theories show a large coefficient for the

third mode, a very small coefficient for the first mode, and an intermediate value for the
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second. The incompressible theory, however, overpredicts the magnitude of all three
interaction coefficients by more than a factor of two at many values of the Reynolds
number. This over prediction, coupled with the larger linear growth rates of the
incompressible theory, substantially affects the evolution of the triad amplitudes. Figure 20
compares the incompressible and compressible evolution of the third mode. The
incompressible theory shows a very strong destabilizing effect on the third mode while the
compressible theory shows a weak interaction. The difference is likely due to the
incompressible theory's faster linear growth of the TS1 and TS2 modes, which creates
larger amplitudes to affect the third mode. The larger incompressible interaction
coefficients further strengthen the interaction. The incompressible theory clearly is not an
adequate predictor of the magnitude of the interaction coefficient for this TS-TS-TS triad,
but it does correctly predict large coefficients for modes two and three and a very small one
for mode one.

The compressible and incompressible interaction coefficients for the TS-TS-CF triad
previously considered are shown in figure 21. The incompressible theory agrees well with
the compressible theory on the crossflow mode's interaction coefficient, although the
incompressible theory is slightly high. Both theories show the TS1 and TS2 coefficients to
be quite small, but the incompressible theory again overpredicts them by moré than a factor
of two. Figure 22 shows the spatial evolution of the third mode for the initial conditions
shown. The incompressible theory again shows a much stronger interaction than the
compressible theory. This again is due to the higher linear growth of the TS modes as well
as the larger incompressible interaction coefficient.

The interaction coefficients for a CF-CF-CF triad are shown in figure 23. Both the
incompressible and compressible theories predict the coefficients for all three modes to be
very small. The incompressible theory overpredicts the interaction coefficient magnitudes,
but only slightly. The evolution of the second mode when its initial amplitude is smaller

than the other two is shown in figure 24. The nonlinear effect is stronger in the
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incompressible case due to the larger linear growth rates as well as a larger interaction
coefficient.
V. Discussion

The present results indicate that the magnitude of a mode's interaction coefficient
coupled with the initial spectrum of amplitudes and phases govern its nonlinear growth as a
member of a resonant triad. If its interaction coefficient is small, the mode's amplitude may
be boosted only if it is much smaller than the amplitudes of the other two members. With a
larger interaction coefficient, a mode's amplitude may be boosted even when the same size
as its fellow triad members.

The interaction coefficients of four different types of triads consisting of different
combinations of TS and CF modes are presented in the present paper. Calculations of the
interaction coefficients for many different triads of each of these four types show the same
pattern as those presented [5]. That is, combinations of three crossflow modes (CF-CF-
CF) whose wavenumbers satisfy the triad resonance conditions show very small interaction
coefficients for all three members. TS-TS-CF triads show a very strong crossflow
interaction coefficient and very small TS coefficients. The TS-CF-CF and TS-TS-TS
combinations also show the same pattern as the triads of the same type presented in this
paper, although these type of triads are relatively rare on the wing used in this study.

Without knowledge of these results, the most likely wave interaction scenario would
involve a crossflow mode whose amplitude had grown large as it approached the TS
instability region. The growth of smaller amplitude TS modes might then be boosted by a
triad interaction. The present results, however, indicate that the TS interaction coefficients
are very small, and this type of interaction would be relatively weak. Instead, the very
large CF interaction coefficient in the TS-TS-CF triad indicates that a small amplitude CF
mode may be boosted after the TS modes have reached some finite amplitude.

The simpler incompressible theory yields interaction coefficients with the same pattern

as the compressible theory, but the magnitudes of the interaction coefficients differ
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substantially for some triads. This difference, coupled with the higher incompressible
linear growth rate causes nonlinear effects to be overestimated. Hence, the popular and
convenient incompressible modeling assumption may not yield meaningful results for
subsonic compressible flows such as the one investigated in this paper.

The predictions of this theory differ in important ways from the parametric resonance
theory introduced by Herbert [15] and extended to 3-D flows by Reed [16] and Fischer and
Dallman [17]. The parametric approach considers the linear growth of infinitesimal
secondary instabilities in a flow consisting of finite amplitude primary waves superposed
upon the base flow. These theories generally show a primary threshold amplitude of a few
percent, below which there is no secondary instability. The resonant theory presented in
this paper, however, shows significant interactions among disturbances at much smaller
amplitudes. The resonant wave interaction theory may be the better model in the early
stages of transition before disturbances have reached the threshold amplitude for secondary
instability. It may also be more appropriate on laminar flow control wings where the
amplitudes of dismrbaﬁces are kept small.

El-Hady [4] derives expressiong for the interaction coefficients using an
incompressible model. His expressions for interaction coefficients are equivalent to those
of the present model for the incompressible case. The results he presents for a few triads in
the same flow do not match the pattern of the present calculations, however. The linear
stability results of El-Hady and the present calculations match very well. The nonparallel
coefficients, which make use of a solvability condition but do not depend upon
eigenfunction normalization, also match well. The difference in the interaction coefficients
is therefore likely due to differing eigenfunction normalizations. The present calculations
sets the eigenfunction magnitude of all three members to one, and then preserves the
eigenfunctions magnitudes downstream. The physical disturbance's amplitude is therefore
indicated by A only, rather than the product of A and the eigenfunction magnitude.

Normalization schemes that do not set the magnitudes of all three eigenfunctions to the
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same size, or allow changes in eigenfunction magnitude downstream, may result in very
different interaction coefficients.
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Figure 16: Compressible N-factors for parallel and nonparallel
theories inciuding nonlinear effects for a

TS-TS-TS triad.
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Figure 17: Compressible N-3 factor for parallel and nonparallel
theories including nonlinear effects for a TS-TS-CF triad.
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Figure 18: Compressible N1-factor for parallel and nonparallel
theories including nonlinear effects for a CF-CF-CF triad.
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Figure 19: Compressible and incompressible spatial
interaction coefficients for a Ts-TS-Ts triad.
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Figure 20: Compressible and incompressible N3-factors
for a TS-TS-TS triad.
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Figure 22: Compressible and incompressible N3-factors
for a TS-TS-CF triad.
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Figure 23: Compressible and incompressible spatial
interaction coefficients for a CF-CF-CF triad.
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Figure 24: Compressible and incompressible N2-factors for
a CF-CF-CF triad.
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