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Abstract

An analytical dispersion relation describing the low-frequency two-dimensional linear sta-
bility of a plane detonation wave characterized by a one-step Arrhenius reaction is derived
using a normal mode approach and a combination of high-activation energy and Newtonian
limit asymptotics, where the ratio of specific heats ¥ — 1. The analysis relies on an assump-
tion of a large activation energy in the plane steady-state detonation wave and a characteristic
linear disturbance wavelength which is larger than the fire zone thickness. Newtonian limit
asymptotics are employed to obtain a complete analytical description of the disturbance
behaviour in the induction zone of the detonation wave. The analytical dispersion relation
that is derived retains a dependence on the activation energy and demonstrates an excellent
agreement with numerical solutions of the full linear stability problem for low-frequency,
one- and two-dimensional disturbances even when the activation energy is only moderate.
Moreover, the dispersion relation retains vitally important characteristics of the full prob-
lem such as stability of the detonation wave for decreasing activation energies or increasing
overdrives. In addition, through a new detailed analysis of the behaviour of perturbations
near the fire front, the present analysis is found to be equally valid for detonation waves
travelling at the Chapman-Jouguet velocity or for detonation waves which are overdriven.
It is found that in contrast to the standard imposition of a radiation or piston condition on
acoustic disturbances in the equilibrium zone for overdriven waves, a compatibility condition
on the perturbation jump conditions across the fire zone must be satisified for detonation
waves propagating at the Chapman-Jouguet detonation velocity. An insight into the physi-
cal mechanisms of the one- and two-dimensional linear instability is also determined, and is
found to involve an intricate coupling between acoustic and entropy wave propagation within
the detonation wave.

1. Introduction

It has been well established experimentally and theoretically that plane, steady gaseous det-
onation waves are inherently unstable. Pulsating, bow shock detonation instabilities, with a
one-dimensional character, have been observed off the forward surface of hypersonic spherical
projectiles travelling in an explosive atmosphere (Alpert and Toong 1972). Numerical simula-
tions of strictly one-dimensional, nominally steady, overdriven detonation for a standard model
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with a one-step Arrhenius reaction rate exhibit longitudinal pulsating instabilities (Fickett and
Wood 1966, Bourlioux et al. 1991 and Quirk 1994). Two-dimensional unstable plane detonation
waves prominently display a cellular instability that has an inherently different character than
the pulsating one-dimensional instability. Experiments in gases show that cellular detonation is
a complex multi-dimensional structure, with transverse shock waves propagating along the face
of the lead shock (Strehlow 1970).

A model of detonation, defined by the reactive Euler equations with an ideal equation of state
and a single exothermic reaction with Arrhenius kinetics, was used by Erpenbeck (1964) to study
the stability of plane detonations. Subsequently, his model has become the standard one used by
other researchers for the purpose of analytical and numerical studies of detonation stability and
dynamics in terms of the parameters that define the steady state, such as the ratio of specific
heats, the heat of combustion, the activation energy and steady detonation speed. The steady
plane detonation structure of the standard model is the Zeldovich-Neumann-Déring (ZND) wave
which is obtained by using the first integrals of mass, momentum and energy conservation in
the reaction zone to substitute for the reaction progress variable in the rate equation, which in
turn is solved for the spatial distribution of fuel (say) in the reaction zone.

The system of ordinary differential equations (ODEs) governing the stability of linear, normal
mode, disturbances of the steady solutions have non-constant coefficients due to the spatial
variation of the steady state. For the most general case, an exact analytical solution of the
linear stability ODEs is not practically possible. Instead, a numerical treatment is required. The
normal modes formulation and approach put forward by Lee and Stewart (1990) solves exactly
(albeit numerically) the stability ODEs and provides a straightforward means to obtain exact
solutions to the stability problem for the standard model. However, the numerical solutions do
not provide a simple insight into the physical mechanisms that govern detonation instabilities.

A point of substantial interest in the more recent numerical studies of one-dimensional (1D)
pulsating detonation wave propagation (Bourlioux et al. 1991, Quirk 1994 and Quirk and Short
1996) is that for steady detonation flows with parameters near those that define the linear neutral
stability boundary, the pulsation period of the nonlinear oscillation agrees almost identically
with the period of the lowest frequency linearly unstable mode. This agreement between the
two periods is maintained even as the steady detonation parameters are varied substantially
away from those corresponding to neutral stability towards greater instability. Thus even in
the presence of several linearly unstable modes with larger growth rates, the lowest frequency
mode appears to determine the period of the nonlinear pulsation of the unstable 1D detonation
wave. Indeed Abouseif and Toong (1982) made similar observations and probably were the first
to suggest that even for unstable detonations, the properties of the low-frequency linear spectra
of unstable one-dimensional detonation waves could be used to predict the salient features of
the acoustic mechanism of the low-frequency nonlinear pulsation.

Unlike the situation in 1D computations, accurate numerical simulation of two-dimensional
(2D) detonation wave propagation is severely hampered by the extremely fine spatial and tem-



poral scales which characterize the intricate hydrodynamical and chemical coupling in multi-
dimensional flow. Advances in 2D detonation computations for the standard model have been
made though, most notably by Bourlioux and Majda (1992) and Quirk (1994,1995); the latter in-
volves the essential use of highly sophisticated adaptive mesh refinement techniques. However it
is not yet clear that a spatially resolved and wholly converged representation of two-dimensional

“cellular detonation has ever been carried out by any investigator. Thus conclusions concerning
two-dimensional dynamics obtained from numerical simulation should be regarded as being less
certain than similar ones made for one-dimensional simulations.

A widely-held premise has been that the spacing (or width) of the nonlinear detonation
cells can be predicted by finding the linear disturbance wavelength that corresponds to the
maximum unstable growth rate. However, in a recent exact treatment of two-dimensional plane
detonation instability, Short and Stewart (1996) have found that the wavelength corresponding to
the maximum unstable growth rate of the lowest frequency unstable mode offers a substantially
better comparison with the cell sizes.

Indeed a similar observation can be inferred from the work of Yao and Stewart (1996) and
Stewart et al (1996). Yao and Stewart, using combined limits of near Chapman-Jouguet (CJ)
detonation velocity, large dimensionless activation energy and slow dynamic shock evolution
measured on the time scale of particle passage through the reaction zone, have systematically
derived an intrinsic evolution equation for the motion of the lead detonation shock. One of the
essential new ingredients in the work is the inclusion of acoustic effects. Their shock dynamic
equation is a relation between the normal shock velocity, the first and second time derivatives
of the normal shock velocity, the shock curvature, and the first normal time derivative of the
shock curvature. The Stewart-Yao shock evolution equation is a third-order in time, second-
order in space, hyperbolic partial differential equation in the shock displacement, which when
solved numerically, as described in Stewart et al (1996), produces the sustained cellular patterns
observed in the experiments. Moreover, it was found that the cell-spacing could be reliably
predicted by the wavelength of the neutrally stable low-frequency mode (Stewart et al 1996).

Thus there is a significant amount of evidence that in both 1D and 2D problems, there are a
range of detonation parameters where a definitive link exists between the low-frequency and low
wavenumber portions of the unstable linear spectra and the nonlinear mechanisms of detonation
instability. Thus an analytically tractable theory of the low-frequency and low wavenumber linear
instability of the plane steady detonation wave is desired. As such, we have been led to pursue
rational asymptotic limits of the exact linear stability problem for the standard model, in limits
suitable for gaseous detonation, to make improvements on and remove the deﬁmenmes of some
of the previous work in this direction.

The rational asymptotic approaches to the linear stability problem for the standard model are
limited in number and thus far appear only in the works of Erpenbeck (1963), Buckmaster and
Ludford (1987), Buckmaster (1989), Buckmaster and Neves (1988), Short (1996b) and Yao and
Stewart (1996). All of the work mentioned involves the limit of a large activation energy, where



the steady detonation wave assumes the well-known square wave structure. The shock ignites
the material and is followed by an induction zone of small reaction depletion. The induction
zone has an a well-defined length L*, and is followed by a thin reaction zone commonly referred
to as the “fire”. The fire is connected to a trailing, effectively inert equilibrium (or burnt) zone.

In one of the first modern uses of activation energy asymptotics, Erpenbeck (1963) presented
the first rational investigation of the linear stability of detonation in the limit of large activation
using a Laplace Transform formulation. It was demonstrated that Zaidel’s (1961) ad-hoc sta-
bility model in which the steady state detonation structure is replaced by a piecewise constant
structure possesses an infinite number of unstable modes whose growth rates increase with in-
creasing frequency. Moreover, Erpenbeck (1963) was led to reject Zaidel’s formulation due to the
apparent non-existence of an assumed Laplace transform. Later, Buckmaster and Neves (1988)
demonstrated using formal large activation energy asymptotics that the pathological spectrum
determined by Zaidel (1961) is in fact representative of the linear stability spectrum for an un-
stable detonation wave in the limit of very large activation energies. This has also been verified
numerically by Short (1996a). However, the work of Lee and Stewart (1990) established that for
finite activation energies, sufficiently high-frequency disturbances are stable, and thus in general,
the linear stability spectrum should possess a turning point as the frequency is increased.

The analysis of Buckmaster and Neves (1988) considered one-dimensional disturbances,
where the disturbance frequency and growth rate was explicitly assumed to be O(1) on the
time-scale of acoustic passage across the induction zone L*/é%, where & is the adiabatic post-
shock sound speed. As mentioned above, Buckmaster and Neves found that the linear stability
spectrum consisted of an infinite number of unstable oscillatory modes, whose growth rates in-
creased monotonically with increasing frequency. Short (1996b) gave an analytical solution to
the problem posed by Buckmaster and Neves through the use of the Newtonian limit where the
ratio of specific heats v — 1. The analysis of Short (1996b) otherwise shares the same scalings
as those used by Buckmaster and Neves (1988), but also includes two-dimensional disturbances
in which in the characteristic disturbance wavenumber varies on a scale which is shorter or of
the same order as the induction length. The analytical dispersion relation derived by Short
(1996b) reproduces the one-dimensional results of Buckmaster and Neves almost identically and
established the limit v — 1 as an effective tool in detonation stability studies.

The work found in Buckmaster and Ludford (1987) is concerned with two-dimensional,
slowly-varying and small wavenumber disturbances. Specifically, the disturbances are taken
to evolve on the time scale L*/&, where 6 represents the non-dimensional large activation
energy. The transverse disturbances are assumed to have a characteristic wavelength 6L*. They
found a single non-oscillatory eigenvalue whose growth rate increases with increasing wavenum-
ber. Buckmaster (1989) later extended the analysis of Buckmaster and Ludford (1987) to trans-
verse disturbances which have a characteristic wavelength O(v/#L*), and again found a single
non-oscillatory unstable eigenvalue, but with growth rates which decrease as the wavenumber

increase.



Yao and Stewart (1996) used a different asymptotic technique based on the method of succes-
sive approximations to derive their nonlinear evolution equation describing the unstable prop-
agation of a Chapman-Jouguet detonation shock. The linear dispersion relation for the front
equation leads to an approximation to the exact dispersion relation for the full system, where
the activation energy appears in a natural way based on the assumption of the balance of certain

“dynamical terms that lead to well-posed solutions to the Stewart-Yao evolution equation. In
particular, explicit algebraic éxpansions in the activation energy are not directly employed and
subsequently their equation effectively represents what would be a composite expansion of a
transient for the shock displacement, composed over a well-defined cycle of the dynamic evolu-
tion of the front. Indeed such an expansion must include more complex logarithmic dependence
in general.

The main drawback with the previous high activation energy approaches, apart from that of
Yao and Stewart (1996), is that activation energy scalings have been a priori attached to explicit
algebraic expansions in the activation energy for the disturbance growth rates, frequencies and
wavenumbers. This leads to dispersion relations that have a narrow range of validity. In our
present work, we use a different asymptotic strategy that uses the limits of large activation energy
to generate a limiting form of the stability problemrthat reflects the square wave structure, which
is then solved analytically as opposed to numerically by using the limit v — 1. Moreover, in
using this sequential-limit asymptotic analysis, the activation energy is found to be retained as
a parameter in the dispersion relation.

The analysis proceeds as follows. First we derive the exact two-dimensional linear stability
problem in its most general form without asymptotic simplification. The steady detonation state
is expressed in its limiting form for large activation energy, consisting of a well-defined induction
zone, thin fire zone and equilibrium zone structure. A stability problem for linear disturbances
in the induction zone is then derived, in which terms which are explicitly O(1/8) relative to the
retained terms are omitted. Note that no assumptions regarding the growth rates, frequencies
or wavenumbers of the disturbance are made at this stage. The linear stability problem in the
induction zone is then solved in the limit v — 1, where the heat of combustion is assumed to
be inversely proportion to (v — 1) so that the product of the heat of combustion time and the
heat release is O(1). This limit ensures that we are far away from a small heat-release limit.

We then derive a dispersion relation for all disturbances which have a characteristic wave-
length larger than the nominally exponentially thin fire zone (which we define as low-frequency).
The linearized shock relations are connected via an analytical solution of the induction zone to
the fire. The fire location is determined so that an apparent singularity in the induction zone
expansion is suppressed. This is achieved through a Lighthill straining of the induction zone
coordinate. Since we confine our present investigations to low-frequency disturbances, the fire
can be represented as a discontinuous Rankine-Hugoniot (RH) deflagration by its jump relations
which connect the solution ahead of the fire to that behind. Finally a radiation condition is
applied in the burnt or equilibrium zone, providing the extra homogeneous condition required



to specify the dispersion relation. Also, as well as deriving an analytical dispersion relation
for overdriven detonation waves, a rational derivation of an analytical dispersion relation corre-
sponding to CJ detonation waves is also given. We then show comparisons of our asymptotically
derived results with numerical results for the exact spectra. Even for moderate activation ener-
gies, the comparison between the exact and asymptotic predictions are very close in both one-
and two-dimensions and for all detonations speeds.

Our work also includes the important resolution of any remain concerns regarding the ill-
posed nature of the linear stability of the CJ detonation wave. This is achieved through a
detailed analysis of the jump conditions across the RH discontinuity and the nature of the
perturbation behaviour in the burnt gas. For overdriven detonation waves, where the steady
flow in the burnt gas is subsonic, the standard condition that specifies the dispersion relation
is an acoustic radiation condition which prevents upstream propagation of disturbance from
infinity. However, this choice is not unique in determining the burnt gas behaviour. For the
CJ detonation wave, where the steady flow in the burnt gas is exactly sonic, we find that an
acoustic radiation condition must be satisfied and since there is no choice on the behavior of the
burnt zone conditions, the general perturbation jump conditions across the flame front are then
degenerate. This leads to a compatibility condition on the jump conditions across the fire zone
in order to determine the dispersion relation for CJ waves.

The remainder of the paper is as follows. In section 2 we describe the model equations
and reaction rate law. In section 3 we describe the detonation structure in the limit of large
activation energy. Section 4 states the exact linear stability problem. The approximation to
the exact stability problem in the limit of large activation energy is stated in the induction
zone, and is solved analytically by the use of the Newtonian limit, where v — 1. The Rankine-
Hugoniot relations for the flame front perturbations are given and the acoustic properties of the
equilibrium zone is discussed. Finally section 4 derives the asymptotic forms for the dispersion
relation for both overdriven waves and CJ waves. Section 5 compares the prediction of the
asymptotically derived results with numerical calculations of the exact stability problem.

2. Model

The equations describing the hydrodynamic evolution of a detonation wave are the reactive

Fuler equations,

Dp Du De Dp~!

—_— = P —_— = 0,

D TPVU=0 pp =V Hp P
DY (1)
-E? =T T:T(p7p)Y), e=e(p,p,Y),

for density p, velocity u, pressure p and reactant mass fraction Y. Here ¥ = 1 represents
unreacted material while Y = 0 represents completely burnt material. The specific internal
energy e and equation of state are taken to correspond to an ideal perfect gas, such that

=-_P =P
e= (7_1)p+QY, RT it (2)



for temperature T, ratio of specific heats -, chemical heat release factor Q and gas constant
R. The rate law r is taken to be the one-step irreversible Arrhenius reaction,

r = —KY exp (—%) , (3)

where K is the Arrhenius pre-exponential factor and F is the activation energy of the reaction.
Non-dimensional scales are chosen with reference to the one-dimensional, steady detonation
wave. In particular, the density, temperature and velocity scales are the detonation shock
density p%, temperature Ts* and sound speed ¢&; respectively. Here, and subsequently, we
adopt the notation of a tilde ~ to refer to dimensional quantities, the superscript * to represent
steady values, and the subscript s to correspond to the detonation shock values. The scaling of
pressure is taken with respect to 5%¢t?2, while the characteristic length scale L* is chosen as

~ &\ Kef |
ir= (z) ke 4
which is the steady induction zone length in the limit of large activation energy (Buckmaster

and Ludford 1987). The non-dimensional activation energy # and heat release J3 appearing in
(4) are defined by

~

B (r=1@
0= — =1 7%
w7 A= @
while the constant K is given by
_ My(M2-1)
k= (yMZ-1)’ (©)
where M is the steady, post-shock, particle Mach number, defined as
_ O
MS - é; bl (7)

where uj is the dimensional post-shock particle velocity. It is also useful at this stage to define
Erpenbeck’s (1963) alternative definitions for the activation energy and heat release, which do
not depend on the shock speed. These are

~ E .
Q = ?Tan E= ?Tgs (8)
Co Co

where & is the pre-shock sound speed (the subscript 0 will be used in the following to denote
the constant pre-shock state). The relationships between § and E and 8 and Q are given by
-1 E

v @ T @er)

where,
G2 _ (2D —147)2+(y-1)D?) o)
&* (v+1)2D? ’
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and D = ﬁ/é}’j is the propagation Mach number of the steady one-dimensional detonation
relative to the upstream uniform pre-shock reactive atmosphere. Finally, the time scale is given
by L*/&. With these scalings, the equations (1)-(3) can be written in the non-dimensional

form,
1[)” +pV.u=0, p—DDItl- = —Vp, % =(r- )Dp ﬁp w
| %ér= GIICBYexp [0(1—%)}, T = vp/p,
where the convective derivative D/Dt is given by
b_2o +u 9 +v 0 (12)

Dt ot “on oy

for a horizontal velocity component u and horizontal cartesian co-ordinate n, that are in a frame
of reference attached to the steady detonation shock, and a transverse velocity component and
transverse cartesian co-ordinate given by v and y respectively.

In the following, we will assume the following asymptotic behaviour for # and 3, namely
0>1, B~O(1). (13)

The scaling of the heat release factor [ is chosen such that in the asymptotic limit where
the specific heats ratio v — 1, we wish to maintain a strong, leading-order coupling between
chemical and gasdynamic evolutions. It is emphasized that we are not concerned with a weak
heat release limit.

3. Steady detonation structure

With a Mach number D relative to the upstream uniform reactive atmosphere, the overdrive
f of the steady detonation is defined by,

= (D/Dc¢y)?, (14)

where D¢y is the Chapman-Jouguet Mach number at which f =1, and is given by

11/2
_ (v*-1) \/ (=1 )\
Doy = [(1 + _7 Q) + (1 + ___-’Y Q) ].J s (15)

for a given heat release Q. In a frame of reference attached to the steady detonation shock,
such that

n=n'—(D/&), (16)

where n! denotes the lab-frame horizontal co-ordinate and the detonation structure lies in the
region n > 0, the steady pressure, density, velocity and temperature variation through the wave



can be calculated from the Rankine-Hugoniot relations as

1 _ t 3
p=at(r —a) 10—y, w=UT2) gy ey,
M

17
* MS * * *
pt=— T =vP/p",
U .
where L
2D -(r-1)] T T @ D*+1-9q) T y(DZ-1)7

It is easily verified that when D = D¢, and the reaction is complete, i.e. when Y* = 0 the flow
in the burnt gas is exactly sonic. In order to complete the description of the steady detonation
structure, the distribution of the reactant mass fraction must be determined through the integral

equation,
5| gre[o(i- )] o
n=-— IC Y*ex —-0(1 T ay™. (19)

3(a) Square-wave structure

In the asymptotic limit of high activation energy where 6 >> 1, the steady detonation
assumes the form of a square wave detonation consisting of an induction zone with weak chemical
heat release, terminated by a thin fire zone leading into a uniform chemical equilibrium (or burnt)
state. As in Buckmaster and Ludford (1987) and Short (1996), the induction state is determined
by expanding the variables p, p, u, v, T and Y in the form

z* =1z, +—-z1(n)+0(012) (20)

where
z=[p,u, v, p T, YT, ai=[1, M, 0, 1/, 1, 1T. (@)

In the definition of z we note a dependence between T, p and p : however, it is convenient
to retain z in this form for ease of computation later. By substituting the expansion (20) into
(17) and (19), it can be verified that the deviation of the steady induction solution from the
post-shock state is determined by the perturbations,

2
Ty =-In(l-n), p}= mﬂ—;’_)ln(l n), uj= (—Mﬂzl—)ln(l n), v=0,
* 1 1 1
= O = )

(22)
At n =1, the steady induction zone perturbation solutions zi(n) are logarithmically singular
rendering the expansion (20) non-uniform. A thin fire zone of rapid reaction, in which the steady
variables change by O(1) amounts, and a thin relaxation zone, in which the steady variables



deviate by an O(6~1) amount from their final state, then connect the end of the induction zone
to the chemically burnt (or equilibrium) regime. In the standard way, the structure of the fire
zone could easily be determined in terms of the re-scaling variable,

o= —In(1-n), (23)

but since we restrict our present discussions to perturbations with a long wavelength compared
to the fire thickness, the fire and relaxation zones can be simply treated as a discontinuous
Rankine-Hugoniot deflagration. A schematic of the steady detonation structure in the limit of
large activation energy is given in figure 1.

4. Linear Stability Analysis

The general linear stability problem is formulated by first defining a shock-attached co-

ordinate system,
T="n— h(ya t), ' (24)

where h(y,t) is the shock displacemenf in relation to the steady shock location at n =0 and
z = 0 denotes the shock position in the new co-ordinate system. The governing equations (11)
become in matrix form, '

z2;+A-z2,+B-2,—hz,—h,B-z;=c, ' (25)

where the chemical matrix ¢ is defined as

T

c¢=10, 0, 0, —Bpr, —PBr, |, (26)
and
[ u p 0 0 0 0] v 0 P 0 0 0]
0 w 0 1/p 0 O 0w 0 0 00
0 0 | v 0 0 0 00 v 1/p 0 O
A= , B= . (27)
0 Yp 0 » 00 00 P v 00
0 wy=1)T 0 0 u O 00 (w-1)T 0 v O
(0 0 0 0 0 u] o0 o0 0 0 v,

We now seek to determine the stability of the steady detonation wave to small two-dimensional
linear perturbations by expanding the variables p, p, 4, v, T and Y in the normal mode

form,
z = z*(z) + ' (z)e ey, (28)
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where the superscript ’ is used to represent an infinitesimal perturbation quantity. The complex
growth rate is given by A, where Re()\) defines the real growth rate, Im(A) the frequency and
k the wavenumber of the disturbance. The matrix z'(z) describes the spatial structure of the
perturbation eigenfunctions in the displaced flow. The shock displacement h(y,t) is expanded
as

h = h'e ey, (29)

where h' is a constant. By substituting expansions (28) and (29) into (25), the linear pertur-
bation equations are,

Az + A* -2 +ikB* -2 + (Cy — Cin) -2’ — AW'a}, —ikh'B* - 2% =0, (30)
where .
[ uz;  pg 0O O 0 0 7
-p ,:z:/ P2 ugz 0 0 0 0
0 0 0 0 0 0
C; = ' , - (31)
0 Pz 0 yug 0 0
0 T, 0 0 (y—-1luz O
0 Y, 0 o0 0 ug |

is a matrix of gasdynamic origin and C;;, is a matrix of chemical origin, such that

T 0 000 0 o 1"
0 000 0 0
K 0 000 0 0
zh-_—_"ETT , (32)
Y/ 0 0 0 —pBY/T? —pBp/o
0 00 0 —BY/T2 —y8/6
| 0 000 Y/T? 1/6 |

e TP = exp [0 (1 - %)] . : (33)

The linearized shock conditions for the perturbation variables are determined from the perturbed
Rankine-Hugoniot relations across the detonation shock, which can be solved in terms of the
normal mode perturbation expansions (28) and (29) as,

=Mk, ' =Iky o =ikh'k, p = My, T =(y—1)AWkr, Y'=0, (34)
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where

o = [arg s te--vw-1]),

o = (gt - - - vw- ],

ke = My(u— 1), (35)
Ry = j(Mjfi S 2- (- - 1],

s =[Gy - - ),

and
_ps_ G _ _(y+1)D?

PR @ 2+ -DDY
is the ratio of the shocked gas density to the unperturbed pre-shock gas density. Thus the general
linear stability problem is obtained by solving equations (30) subject to the shock conditions (34),
plus an additional condition on the perturbations. For overdriven detonation waves (f > 1),
this condition can, for example, take the form of either a radiation or piston condition on acoustic
disturbances in the burnt gas. This condition, and the radiation condition that is appropriate
for CJ detonations, is discussed in detail in sections 4(f) and 4(g) below. We now seek a new
asymptotic solution to the general stability problem by successively employing the limits of
high-activation energy and the Newtonian limit in which the specific heats ratio v — 1.

(36)

4(a) Perturbation equations in the induction zone (1Z)

An approximation of the exact linear stability problem (30) is now made, based first on the
limit of large activation energy. In this limit, the steady solution in the induction zone (IZ)
is given by expansion (20) with solution (22), and correspondingly the matrices A*, B*, Cg,
C?, and z* have the following asymptotic form in the IZ:

* ® 1 * * * 1 * * * 1 *
A*(z;0) = A+ ZAl(z), B'(#:0) =Bi+ ;Bi(2), Ci=(Cer)(2) + 5 (Cen)i (@),

Cy@i0) = 3 (Co (=), 2*(ai0) = 2 + 3ai(a),
(37)
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where

Al =
0 1 0 M, 0 o0
0 (y—=1) 0 0 M, 0
[0 0 0 0 o0 M|
and _
(Car)s (@) = ~ 575

0

0

0

0

0

0

0

0

0

0

(=]

;- (38)

0 |

(39)

Thus the matrices A* and B* are constant to leading order in the induction zone in an
expansion in 7!, while the matrices C; and 2% are O(1/6). The chemical perturbation
matrix (Ccp);(z) depends on the spatially varying steady induction zone structure, and reflects
the singular nature of the induction zone structure near the flame front. The expansions (37) are
now substituted into (30) and terms which are explicitly O(1/6) are neglected, whereupon the
perturbation equations (30) reduce to a system involving the standard set of linearized acoustic
equations in an inert medium with a chemical forcing term which depends on the temperature
perturbation and the steady induction zone solution. Specifically, the perturbation equations

13



which are valid in the induction zone can be written as

du'  dp
M P
U+Msda;+da: 0,
dv'
! M_ I=
v+ sdz+zkp 0,
dp' du
/ ap | oy r_
)\p+Msdx+d + ik’ = K w0
,\T’+Md—l+( —1)(—+zkv>
dx l—x
dy’ K T
! ar _ _~
N My =~
p='-T.

At this stage we make the important remark that the equations (40) have been derived based ona
large activation energy assumption on the steady state. As such, the induction zone perturbation
eigenfunctions equations (40) are valid to leading order for any O(1) values of A or k large or
small. The only requirement on the validity of the equations (40) is that the activation energy
be moderately large, so that the state in the IZ away from the fire is nearly uniform. In fact,
these equations correspond to a linearized two-dimensional version of Clarke’s equations (1985).
We shall now proceed to provide a complete asymptotic solution for equations (40) through the
use of Newtonian limit asymptotics.

4(b) Solution of the temperature perturbation in the induction zone in the limit v — 1

It is well known that a solution of the one-dimensional version of Clarke’s equations (1985)
is available in the Newtonian limit, in which the ratio of specific heats is close to unity (Blythe
and Crighton 1989). In a recent work by Short (1996b), this limit was used to describe the
behaviour of the linear stability spectrum through equations (40) when A\ was explicitly order
one, k ~ O(1) and @ — co. In this parameter regime, a solution to O(y — 1) for T" was all
that was required to determine the spectrum and the excellent agreement with the numerical
results of Buckmaster and Neves (1988) established this limit as an effective tool in detonation
stability problems. We shall next proceed to significantly generalize and extend this technique to
provide a general solution to the linear stability problem for low-frequency disturbances, which
retains the activation energy as an explicit parameter in the problem, in contrast to the previous
studies of Buckmaster and Ludford (1987), Buckmaster (1988) and Short (1996b). To proceed,
it is now assumed that the ratio of the isothermal to isentropic sound speeds is close to unity,
which for a perfect gas, is equivalent to assuming that the ratio of the specific heats is close to
unity, i.e.

-1« 1 (41)
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In adopting this procedure, we have thus chosen to undertake a sequential limiting process in
determining the solution in the induction zone, where we let § — oo followed by v — 1, so
that the eigenfunction approximation in the IZ to the order we are concerned is valid provided

%<<(’y—1)<<1. (42)

The behaviour of the perturbation eigenfunctions in the induction zone in the Newtonian limit
are now found by defining eigenfunction expansions for o/, u/, o', P, Y and T' as

7(2) = 20(2) + (v — )z (2) + -, (43)
and an eigenvalue expansion for \ as
A=X+(y=1)A +---. ’ (44)

Substituting expansions (43) and (44) into the first five of equations (40), the leading-order
eigenfunction equations become,

Aoug + Ms‘Zﬁ’ + Cfi—’;f’ =0, Xvp+ Msd—";f’ + ikpy = 0,
Aopy + Ms%’ + % + ikvy = (1—M_37)T6, (45)
Ti+ M0 = M vy a6 ST
where (M2 — )
IC=(—’YM;82—_15=1+0(7—1). (46)

Changes in the leading order temperature and reactant mass fraction perturbations are deter-
mined along particle paths only and are independent of changes in the leading order velocity or
pressure perturbations. Under the expansions (43) and (44), the equations (45) are subject to
the leading-order shock relations at z =0 obtained from (34) as,

T5(0) =0, Y3(0) =0, p0(0) = Xol'kp,  uh(0) = oAk, v5(0) = ikh Ky, (47)

where the coefficients «,, &, and &, are treated as known O(1) constants. The fourth of
equations (45) is integrated to give the solution

A _
Ty = ;e o/, (48)
for constant A. Application of the first of boundary conditions (47) shows that to leading order
in the expansions (43), A = 0 and the temperature perturbation within the induction zone
must be set everywhere to zero, i.e.

Ty = 0. ' (49)
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Also, solving the last of equations (45) with the second of shock conditions (47) gives,
Yy =0, (50)

i.e. the reactant perturbation is everywhere zero in the induction zone. Thus, to leading order
in the Newtonian limit, both the temperature and reactant mass fraction changes along particle
paths are zero.

With (49), the first three of equations (45) determine the leading order pressure and velocity
perturbations in the induction zone. Since Tj = 0 and Yj = 0 there is no chemical forcing
term in the third of equations (45) and the first three of equations (45) reduce simply to the
standard equations of linearized acoustics, with the solution

; (AO - ’\(Z)Ms) 2@y ()‘0 - A(3)Ms) 2@
Py = e Aie + e A s
uy = zf(A;)a e e Ale“’\(z)“” + Age“’\(a)””, (51)
. A kA1 _ @, B ikAs _y\@),
vy = Ase e e NE)
The double eigenvalue :
A
1 = 20
A M'9 9 ‘ (52)
corresponds to vorticity and entropy wave propagation in the induction zone and
.
23) — - 2 _ —
A23) = 37T (Moo £ /23 — (M2 - 1)k?), (53)

corresponds to acoustic wave propagation in the induction zone. The root A3 corresponds
to backward facing characteristic paths which propagate changes at the shock to the fire zone,
while the root A corresponds to forward facing characteristics connecting changes at the flame
front to the shock wave. Thus to leading order in the Newtonian limit, the acoustic pressure
and velocity disturbances propagate information around the induction zone uninfluenced by
perturbations in the chemical reaction rate. However, as we shall see below, the role of these
acoustic changes is to force O(y—1) changes in the induction temperature perturbation variable
which, when coupled with O(y — 1) in the perturbation shock temperature, lead directly to a
displacement of the fire position relative to its steady value n = 1. From the shock conditions
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(47), the coefficients Ay, Ay and As are determined as

AL Z )3 ) k? K ) 1
Al = ( A(3) (M A K’u WK;”) — 11— —_A(l)A(3) A K.p h /
k2 AN —\G) k2 AN — @)
TN @ ) "\ T oe E) )
AW — 2@ 1 K? L W, | pr 54
Ay = ( NG Ms)\()nu+wnv)— L= san@ ) " h/ (54)

k2 AQ) @ k2 AW — @)
YOG o ) T\ oo NE) )

_ , zkAl ’ikAg

The equation for T}(z) becomes,

which is obtained by substituting expansions (43) and (44) into the fourth of equations (40)
and collecting terms of O(y — 1). Thus 77 is explicitly dependent on the propagation of the
leading-order non-forced acoustic disturbances around the IZ. The boundary condition for T
at £ =0 is obtained from the shock relations (34) as,

T1(0) = Aol'sr, (56)

so that 77 also depends on changes at the shock front which are propagated along particle paths
from the shock into the induction zone. The solution of equation (55) is determined to be,

1 o @(1— a2 @) (1— W(1—
T [ AP0-2) 2 a®(-2) 4 A0Q m)]
! 11—z [(A® - )O) (AB) =) 4 (57)
—ay 2@ (1-3) _ a2 eA(3)(1—m),
where
_ A @ _ K\
ap = Ms(A(z) — /\(1)) (A - m e P
_ A @ _ K\ @
Qy = MS(A(3) — )\(1)) <)\ — W € 3
1 1
— Dpte _ A2 _ AGY [ X))
Ay MY kr — oq (—————()\(2) ) 1) e a9 (——(A(?’) Q) 1) e ] e .
(58)

Thus the solution (57) emphasizes that 7! depends equally on the leading order acoustic wave
propagation along the characteristic paths corresponding to A® and A®) and the O(y—-1)
changes in the perturbation shock temperature which are propagated along the particle paths
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corresponding to A, This interactive coupling between acoustic wave propagation and entropy
changes results in a perturbation of the fire position relative to its steady position due to the
presence of a pole singularity in (57) as z — 1. We will now demonstrate how changes in 7"(z)
at O(y—1) lead to O(y—1) changes in the chemical reaction rate in the IZ, which then force
O(y — 1) changes in p'(z), v/(z) and v'(z). ’

4(c) Solution of the reactant mass fraction, pressure and velocity perturbations in the induction
zone to O(y —1).

Having determined the solution of the temperature perturbation T"(z) to O(y — 1), it
transpires that solutions for Y'(z), p/(z), v'(z), v'(z) and p'(z) which are correct to O(y—1)
can be determined directly from equations (40) without explicit need to continue with the above
expansion procedure. Thus, with

T'(z) = (v - V)Ti(=z), (59)
the reactant perturbation equation becomes,

(M2 - 1)T'(z)
BOME - 1)1 —2)’ |
which is a simple, chemically-forced, linear advection equation. Thus the presence of a O(y—1)
temperature perturbation change leads to a O(y—1) perturbation in the chemical reaction rate,

which in turn forces a O(y — 1) change in the reactant mass fraction. The solution subject to
the shock condition Y’(0) =0 is,

Y+ 20y = - (60)

Y'(z) = (v - 1)Y{(=z), (61)
where
@) (1 ®)
Yile) = —5(71\245;)(12 ~ ) [&1(2;_(“;; (,\(3;_(,1\(:))) +A46A(1)(1_z)] (62)
+Ase 7,
where (M2 —1) o 5@ Qs 3 )
A = BOME— 1) [(,\(2) )¢ Tyt Age ] ~ (63)

The pressure perturbation can now be determined through the equation,

dp ST Ms(Mg—l)[ d [ T ] )\T’]
_ ) [, 8 4
dz? o T =y (Mg |To5) T 1= (64)

which represents the standard second-order linear acoustic pressure disturbance equation with a
chemical forcing term. With p'(z) known, the two velocity perturbations are then determined

_}‘(1)3
, e dp'l \wg ik _,\(l)z
_ _ — 65
u M, /[d:z] dx +,\(1>C ’ (65)

(MZ-1)

as
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and .

v = -—i]—c—e_)‘(l)”” /p’e)‘m‘” dx + Cge"}‘(l)z, . (66)
M,

where C3 is a constant which is to be determined from the shock conditions (34). Thus the

presence of the O(y—1) temperature perturbation change, also directly forces a O(y—1) change

-in the pressure and velocity perturbations relative to the chemically uninfluenced propagation

of pressure and velocity disturbances around the IZ at leading order in the Newtonian limit

expansion. The full pressure perturbation equation (64) is,

dp’

(M2 — 1)— +2M, ,\d— + N +EDY =(yv-1)

M, (M2 — 1)

(YyMZ -1)
2M; ale)‘(z)(l““’) Qe)‘(a)(l_m) A (1-2)
{ (1-1z)3 [(,\(2) — ,\(1)) (AB) — X(1)) +Ase

B (121\4‘;)‘2 01X P09 4 4y X 01-2)]

(lMs ) [ale,\(z)(l_w)()\(z) Ay 4 aze,\(3)(1—z)()\(3) - )\(1))]}
— T .

+

which has the general solution,

A0 2@ AL — A3
Vo) = MO0 e O e, - k), (o

where

, M2 1 ale)\(2) (1-x) Qs 6)‘(3) (1-z)
ne) = 2 @ oy T
G2 —1) (=2 | 0@ ®y T p@ = am)

(,\(2)_)\(1)) A1
+ln(1—m)[ —————()‘(2) /\(3))6 (-2

+ A4e)‘(1)(1“‘”)]

()\(3) - )\(1)) AP~ :1:):!
(A2 — ,\(3))

ay(A®) — \(1)2
(A@ = XG))(A@) — X1D)

)_2

+e)‘(3)(1_“°)Ei1[()‘(3) - ’\(2))(1 — )]

69
—P-2E; (M@ — A®)(1 - z)] (A(z)aj(:((sz)) )(_)\();()1)-)2,\(”) "
_eA(z)(l—m)Eil[( A® — AWy - "’)]A“(()\T((??))—:——i\)%))_)z
O -D)Ey [(A® — AWy - a:)]A4((/\T((32)j’__—)%} )
and Ei;(¢) is the complex exponential integral
Eir(¢) = /:o—_—tdt Jarg (| <. (70)
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Also, C; and Oy are constants which are determined below from the shock conditions (34).
From (66), the transverse velocity perturbation v’ is given by

ik ik

V(@) = =3 Cre ™ = 3@ Cae ™ + Goe VT — ik(y ~ i (a), (71)
where
M
'Ui (.’L') = m X
_ _ a1 )\(2)(1—:::) _ (63} )‘(3)(1_:,;)
{ In(1 - z) [()\(2) - )\(3))6 (\@ — A(3))e ]

o1 (M@ - A@)
(A2 — X@)(A@ — D))
ap(A@ — AM)
(A2 — X@)(AB) — A1)

AP - D)
(@ - @)

A4()\(3) _ ,\(1))}
RREPCINE

—X 0D (A — XD) (1 - 5)]

- (72)
+P -2 (@ — A®)(1 - 2)] |

+X@0-D)E; (A& = 2D)(1 - 2)]
~eAP1-9Ei (@ — AD)(1 - )]

Form (65), the horizontal perturbation u'(z) is given by

ik

O Cse™ V% 4 (v — 1)} (x), (73)

W (z) = OIC-A@):E + 026—'\(3)1‘ +

where
4@ = T
1 P2 AP (1-a)
{_ (1-=x) [(/\(2) - D) + (AB) — (1)
a1\ A@(1-z) 23 A® (1-z)
T @ —Ae)° HTCESE)N ]
a A6 — \)y.
(@ = AB)(A@ = xD)
aA@(A@ — \@®)y
0@ B (A6 — )
AP (A2 — (1)
(A2 - XB3))
ANB (NG — )\(1))}
(@ — AG)

+ A4e)‘(1)(1_x)}

+In(1 —z) [

~P0-2E; [(AO) — A@)(1 - )] ™)

+A?-2E (M@ — AC)(1 - 2)]

+P0-2E; [(A@ — AD)(1 = z)]

_e,\(s)(l—x)Eil[(/\(3) — A(l))(l - :1:)]
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The density perturbation p'(z) is given by the last of equations (40),

p='-T, (75)

where p'(z) is given by (68) and T'(z) is given by (59). Finally, the coefficients C;, Cp and
-C3 are determined from the shock conditions (34) by

M _ 2B )
G = [(A_l_/\_(?,)i_) (w'(0) — (v — L)} (0) — Ag)( '(0) + ik(y — 1)v1(0)))
2 |
. (1 (1’§A(3)) /0 - (fy—l)pa(o»] /

k2 A Z 2B CE2 AD — \@
T XOND o )\ ame | | e

(1) _ \@2) ;
(’\ A@)’\ >(u’(0) (’7—1)’“'1(0)"%(v'(0)+ik('y—1)vi(0))) (76)

2
A (1 /\(1];;\(2)) ®'0) - (v- 1)P’1(0)} /

L2 A @ k2 A0 —2\6)
LTOIE) @ ) "\ oo NE)

ikCy  ikC.
Gy = v'(0) +ak(y = 1)o}(0) + g + Sp

Thus through the formal use of the Newtonian limit where v — 1, we have succeeded in deriving
an asymptotic solution to the eigenfunction structure equations in the induction zone of a deto-
nation wave. We can now describe the essential mechanisms for the generation of hydrodynamic
instabilities in the IZ. For a given shock perturbation and to leading order in the Newtonian limit,
acoustic pressure changes propagate this change around the induction zone independently of any
perturbation in the chemical reaction rate. The leading-order acoustic perturbation behaviour
at the fire zone is determined by a matching problem across the fire into the equilibrium (or
burnt) zone where an acoustic radiation condition is employed. Details of this are given below.
Subsequently, this pressure wave propagation, which occurs along the paths corresponding to
2@ and O interact with changes of O(y—1) in the temperature perturbation at the shock.
The latter are propagated along the particle paths corresponding to A() and in combination
with the leading-order acoustic changes, generate a change in the 17 temperature perturbation
at O(y—1). This will lead to a shift in the fire zone position, which again is explored in detail
below. However, the shift will modify the nature of the pressure disturbance behaviour both at
the fire front and in the burnt zone, and thus affect the leading-order, chemically uninfluenced
pressure wave propagation in the IZ, thereby establishing a feedback cycle between acoustic wave
propagation and entropy changes. If this feedback cycle is sufficently strong, the detonation will
become linearly unstable. The temperature perturbation at O(y — 1) also leads to a spatially
non-uniform perturbation in the reaction rate at O(y — 1) which then forces O(y—1) changes
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in the reactant mass fraction and O(y — 1) changes in the pressure and velocity perturbations.
Thus, we conclude that the mechanism of detonation instability is generated by this intricate
acoustic-thermal interaction. :

In order to determine the response of the fire zone to the presence of the perturbations,
required to describe the round-trip traversal of acoustic waves in the IZ between the fire and
shock, the shift in flame position corresponding to a linearized perturbation and the resulting
behaviour in the burnt gas must now be calculated. It will be shown that near the fire, the
induction zone perturbation solutions possess a simple pole singularity, which render the ex-
pansions (28) non-uniform. It is then necessary to employ a Lighthill straining of the induction
zone co-ordinate in order to remove the non-uniformity, and to be able to match the IZ solution
to the fire zone solution. As a result of this singular perturbation analysis, we can explicitly
calculate the analytical response of the fire zone position to the linear perturbations in the IZ.

4(d) Fire zone displacement

In order to determine the fire zone displacement which occurs due to the presence of the
linearized perturbations, the behaviour of the I1Z eigenfunction expansions (59), (61), (68), (71)
and (73) need to be determined at the end of the induction zone. As z — 1, the temperature
perturbation (59) has the expansion, '

T’=(7—1)[—0‘ ]+T}~+---, | (77)

11—z

e T = 1 A a2 A@ - 78
F = (7_ ) (/\(2) _ }\(1)) + ()‘(3) _ )\(1)) + Ay —a] —a2i, ( )

and

_ a1 + o2
T @ = @) T (A6 — AD)

Thus as z — 1, the temperature perturbation possess a simple pole singularity. The reactant
mass perturbation (61) behaviour as z — 1 is given by,

+ Ay, (19)

a

oty (M2 -1) [ a } ’
Y'= (7 1)6(7Ms2 _ 1) (1 _ x) + YF + ’ (80)
where
’ (M32 —_ 1) alA(2) a2>\(3) ) A
Ye=(y-1) [_ﬂ(’YMsz =1 | 5@ — o) + 0@ — M) + AV | + Ase™ |, (81)

which also possess a simple pole singularity at = = 1. Since the exponential integral has the

expansion

Eij(w(l-2)=—"-In(l-z)-lhw+O0(1 —x), (82)
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as z — 17, where v* is Euler’s constant,
. ;
1 . _
7= nlg’éo(;_l 1/i —In(n)) = 0.5772156649,

-the pressure perturbation behaviour (68) as = — 1 is given by

, - M2 a ' '
p=(-1) (7Ms28— ) [(1 —) TP In(1 — w)] +ppt+---
where
Pin = (A + 1O —2xW),
and
" _ : (A(l)/\(_m)\(z)) e 4 ( ’\(1))\;)/\(3))025 A®)

M2 {[ aA\® agA®)

O Veae -y +A4*m]

0@ o) T e oy
(A®) — A(D)2
M@ 2O @ — D)

: (@) — A2
[ 2@ —3@)® — W)

(A2 — (D)2
YO @)

hhHmM@—Amx
[

+ 7" + In(A®) — X®))

+[7* + (@ — AW)] 4

= [ +100® - x)] 4,

(83)

(84)

(85)

Q@_M%?

0@ _x0)

(86)
The horizontal velocity perturbation u/(z) (73) as z — 1 becomes,
M, o
HE) = —(y — 1 s [ / _ ] o
u'(z) (v )(7M32_1) =) +upIn(1—z)f +ufp+---, v (87)
where ~
up, = a(A® 4 2@ _ \@)), (88)
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and .
ik

EYeY]
+ X-(I_)C3e

—2®@ 2@
u},w = 016)‘ + Cqe 2@

(7 = 1) g X {— [ a)® | _e®
(yMZ —1) 0@ —20) T @ —am)
a A (G — x1)
@ )@ — D)
' @(\2 — @)
—(7* + In(A® — X3)y) ( A(gzj\_ )\(g‘)( )\(3))\_ ,\)(1))
AXD (@ — XO)
@ — )
ADBAG) — )\(1))}
@ —0)

+(v* +In(A®) — \@y)

—(7" + (@ —AW))

+(v* +In(A®) — X))

The transverse velocity component v'(z) (71) as £ — 1 is given by

. M
’U’(a;) = —-’Lk(’)’ — 1)(’)/]\4'52—5—1){01’11 111(1 — q;) + ’UfF + .. ,
where,
vl’n =—a,
and
L APt C R L AP (C) A
Vp = —wole - WCQC + 036

a (A® — AW)

+ A4)\(1)

: M, *
—ik(y — 1)-(7]”32—3_1) X {(’y + ln()\(3) - )\(2))) (A(g) — )\(3))(/\(2) — /\(1))

ap(A® — A1)
(M@ —A@)(AB) — 1)
Ag(A@ — (1)
(A2 - 2B3))
As(0\®) — ,\(1))}
(MA@ = X3))

—(7* + In(A@ — X@)y)

~(7* +m(® —230)
+(7* +1In(A®) — XDy

Finally, the density perturbation p'(z) as z — 1 is given by ‘

- 1 « vy - 1)M?
p = (’7—1)(,),M2 -1)(1-2z) (yM2-1)

where
Pr =10F — T
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In order to understand the role of the simple pole singularity which appears in each of the
expansions (77), (80), (84), (87), (90) and (93) these expansions can be combined with (20) and
(28) and written as,

1 a . A
~1l=>In(1— _ iky At TI iky At
T~1 on( z)+ (y 1)(1_$)e et + Fg e+,
(M2 1) [1 ' [ o , ] ik )\t]
Yol ot 12 (1 —2) = (y— 1) [—2— + ¥/ In(1 — v
1+,3(’)'Ms2—1) 2 n(l-z)—(y-1) (1_$)+ mn(l —z)| e™e

+YpetFve 4 ...

2 a ' )
p~1-— (Ty'ﬂg—s_ﬁ [% In(1 —2z) - (y-1) [(1—_7) +Pin In(1 — w)} e”“’e“]

+p’F‘eZkyeAt+”°,

(95)
M, 1 «a ;
u~ Mg+ m [6 ln(l - (l:) - (')! - 1) {(1——.’17_) + u{n 111(1 - :D)] ezkye/\t]
S .
e 4
kM . ,
v~ —Wﬁ('y — Do}, In(1 — z)et¥e 4 v}pe‘kye"t_ +.e,

pr~l- m [% In(l1-z) - (y—-1) [(-1—% +(y = 1) MZpl, In(1 - w)} 8”“”6”]

+ope®ert ...

Thus the presence of the pole singularity as z — 1 in the perturbation quantities introduces
a non-uniformity in the expansions (95) near the fire front. Essentially, the non-uniformity
develops due to the failure to account for perturbations in the fire front position that are gen-
erated by the small unsteady perturbations in the induction zone. The non-uniformity can be
removed by straining the location of the fire front by a simple application of Lighthill’s method
of strained co-ordinates. Also, it can be verified that an analysis of the perturbed structure of
the fire zone region necessitates that matching to the IZ solution requires a leading-order match
to a logarithmic type solution, in the standard way. This can be achieved through the Lighthill
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straining applied to equations (95). After doing so, equations (95) then take the regular form,
1

T~ 1= SIn(F(y,t) — ) + ThreeX + .-,
M?2-1 . ,
Yool ——eﬂ((ﬁm _)1)‘ [1 60y~ V¥ In(F(y, 8) - 0) + Vpeitvedt 1.,
Ms2 V 1 iky At ! iky At
P~ 1= gy (L= 00— Dptae™ e (P, 1) — 2) + ploc™¥e 4 -
M . . 4
u~ M+ %—]MTS—-T) [1 —0(y— l)uinezkye/\t] In(F(y,t) — z) + u%edcye’\t + e,
S
kM . o
"(7_;4—2—8_1)(7 — 1Yoy e® M In(F(y,t) — o) + vipetkVe 4 ...
8
1 . )
P~ 1= goa iy (L= 010~ DM e In(Fly, 1) — o) + pre™e + -,
S
where
) z=F(y,t) =1—-0(y — 1)ae*¥e™, (97)

gives the perturbation in the position of the fire about = = 1, corresponding to the present of the
perturbations in the induction zone. Thus in order to remove the non-uniformity in expansions
(95), the position of the fire has be shifted by an amount O(a(y — 1)d). We also note that
relative to the steady shock co-ordinate system, n, the perturbation in fire position about the
steady fire zone location n =1 is given by

n=1+ fle*veN (98)

where,
ff=H-0(y-1a. _ (99)

We are now in a position to complete the analysis, first by calculating the behaviour of the
linearized perturbations in the burnt zone and then matching this behaviour to the expansions
(96) across the fire.

4(e) Burnt zone perturbations.

With reference to Fig. 1, in the limit of large activation energy an exponentially small fire
region and exponentially small relaxation region connect the induction zone to the burnt zone
(BZ) in which reaction has effectively terminated, i.e. where

Y =est. as 60— oo. (100)

The linear perturbations to the steady state in the burnt zone are determined by an expansion
in the normal mode form,
z = z; + zj(z)e eV, (101)
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where the subscript b is used to denote burnt zone quantities. Substituting expansions (101)
into (11) with Y = 0, the pressure and velocity perturbation eigenfunctions in the BZ are
determined by the standard two-dimensional linear acoustic equations,

duy 1 dp
A M, by — 7%
up + Myvp——2 dz s O
dv, ik
/\vb + Myvy—> k) + Z—pb =0, (102)
dz
dpy, b
Ay + Myvp—2 d + vEup ( -t zkvb) =
where M, pb and v, are given by,
a* ﬁ* &
M, = _b3 = _b) = _@'7 1
b= MSon W=z (103)

and represent the Mach number of the steady flow in the BZ, the ratio of the unperturbed
material density in the BZ to that at the detonation shock and the ratio of the unperturbed
adiabatic sound speed in the BZ to that at the detonation shock respectively. The two velocity
perturbations u; and v} can be eliminated from (102) to give the second order linear equation
for pj,

d2 / dn' )\2
(ME — l)ubﬁpé’ + 2AMbEI—;_b- +u (k2 + ﬁ> ) =0. (104)
2 |

For M, < 1, i.e. when the detonation is overdriven and the flow in the BZ is subsonic, the
characteristic roots of equation (104) are given by

A2 _ —;b(—Mﬁ [M,,,\ /4 k21— M2)] (105)
and correspond to the surfaces of acoustic wave propagation in the BZ. The root /\( ) repre-
sents upstream propagation from infinity to the rear of the fire, while the root )\( ) represents
downstream propagation from the fire. On the other hand, for My = 1, i.e. when the steady
detonation is travelling at the CJ velocity and the flow in the BZ is exactly sonic, the linear
equation (104) is degenerate and one of the characteristic roots in (105) is eliminated. The
remaining characteristic root is given by |

2
4 _ _ 2, A
M) =22 (k V{f’)’ (106)

which corresponds to downstream propagation from the fire. The fact that the upstream root
is eliminated is due to the particular nature of the sonic flow. Due to the presence of the sonic
point at the end of the fire zone, the burnt zone and detonation wave are acoustically decoupled
and perturbations originating upstream are unable to penetrate into the detonation structure.
This has significant implications for the determination of a compatibility condition in the linear
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stability analysis, as will be discussed below. For M < 1, the general solution to (104) is given

Py = Ape DT Ayt e,
up = _tkAgp z1, A2 Ayt 3 A Ay (107)
DT MunOP A My (0P — AD)
; AP ; AP
’ /\(1) tkApe’® ZkAQbe b
vy = Agee © a, (3 1)y’
Mb#bl/b()\b =X ) Myupve(Ny =N 7)
for constants Ay, Agp, Asp, wWhere
A = A (108)

Myvy’
corresponds to vorticity and entropy wave propagation in the burnt zone. When M, = 1, the
general solution to (104) is given by

@,
p;) = A4be)‘ 3
o _ikAs e, A4 e
b = ’ 109
N2 Mb,,b(,\l(;z)_ ) . (109)
®) ikApe
'Ullz = ASbe)‘b ¥ - ‘(]i)) DN
B (A, — Ap)
for constants A4y, Asp, where \
AP = -2 (110)

also corresponds to vorticity and entropy wave propagation in the BZ, but when M, = 1.
4(f) Radiation condition for overdriven detonation waves.

For overdriven detonation waves when M; < 1, an additional condition on the perturbations
in the BZ zone is required. We employ a standard acoustic radiation condition in the BZ in which
the root )\,(,2), which represents upstream propagation from infinity, is eliminated. Therefore we
set,

A =0, (111)
and from equations (107), this leads directly to the compatibility relation,

]1/2

. 7
i — ik My — —2- 32+ k2R (1 - MP)| " =0, (112)
L5V

for perturbations in the BZ. For one-dimensional disturbances, i.e when k = 0, the compatibility
relation (112) reduces to,

1 p;;
up = —>—. ) 113
b= Durin (113)
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It should be noted that for overdriven detonation waves, the relation (112) is not unique in
determining a condition on the behaviour of perturbations in the burnt gas. One could, for
example, easily impose a piston type condition where the velocity perturbation far downstream
of the detonation is zero.

4(9) Radiation condition for CJ detonation waves.

When M, = 1, the sonic condition eliminates the upstream propagating acoustic waves.
The three equations (109) then comprise of the two unknown constants As and As,. Thus for
a regular solution, the equations (109) must necessarily satisfy the compatibility relation

/
uy, — ikvyvy, — APy _ 0. (114)

KoV

We note that this is simply the limiting form of the acoustic radiation condition (112) for
overdriven detonation waves when M, — 1~. However, unlike the situation for the overdriven
detonation, the CJ detonation must necessarily satisfy the condition (114) in the burnt zone,
and there is no arbitrariness in the specification of a compatibility condition. As such, it will be
demonstrated below that we must then impose a further compatibility condition on the jump
relations across the fire zone for the CJ detonation in order to complete the specification of the
linear stability problem.

4(h) Rankine-Hugoniot deflagration relations across the discontinuous fire zone

Having determined the behaviour of the linear perturbation quantities in the burnt zone
and induction zone of the detonation, we are now required to match these quantities across the
fire and relaxation zones. In the limit of high activation energy these zones are exponentially
small, so that, providing the wavelength of the disturbance is sufficiently long, the fire and
relaxation zones can be treated as a standard Rankine-Hugoniot discontinuity (Buckmaster
1989). For high-frequency disturbances, the structure of the flame zone must be accounted for
in the linear stability analysis. This analysis is not treated here. For the present paper, we limit
our attention to wavelengths that are much longer than the flame thickness. In general, it is
easy to demonstrate that by substituting the BZ expansions (101) and the IZ expansions (96)
into the Rankine-Hugoniot deflagration relations across the perturbed fire zone given by (98),
leads to the equations,

o(uy — Af') + Myvppy, = (uf — Af') + Mo,

Py + s My(2up, — Mf') + v MEp}, = plo + M (2up — Af') + M2py,
) 2 (115)
(;bpz - ﬁ%”i’) + (v = DMyvp(uy, — Mf') = BYp + (vpF — pp) + (v — )M (g — Af"),

ikabe’ + ‘UL = ‘ika’ + ’U;;v,
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which relate the induction quantities z evaluated at the fire to the burnt perturbations z.
The first three of these relations can be put into matrix form as

M 1 0 0 iy — 1
Ay-C=| M?* | plp+ 2M up+| 1 |pp+]| 0 | Y+ 0 M,
-1 (y-1)M ¥ B (v — D)(Myvp — M)
(116)
where
My Kb 0
¢ = [Phy Ubs p;,]T and Ap=| vIM?  2uupM, 1. (117)
—vi/me (Y= 1)Myvy v/po
For My < 1, the matrix A, has the inverse,
My 7 Hb
i) 1 L L)
" (v+1) Vg V,?
_ 1
Ab b= (MZ _ 1) _7_1\4'172—_'_]; LM _M.I.’_ ’ (118)
b B KoV Vp

vMy((y — 1)M; +2) —((v =M +1) Mp

so that explicit relations for u}, p} can be written down in terms of f', pfr, uF, pF and Yg

as,

! ! 1 ( “‘1)

, M, 1
g L(T/-’%—_Ll) [—EH + (1 —m)+ (-1 —#b))Mf”

1

| 1o (M7 — 1)

_pl v M,
F o (ME - 1)

M,
— , e —————————————
YFIBVb(MbQ _ 1)’

—up [1+ @ =2+ (v = Dus — 1)2)M3]] (119)

(o — 1)]
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and

R N A (T ) 2
B = /\/[(/122_]) Mﬂb [2—(7-1)%—1)%]}

[ .2 2
o | Ve My __1_ 2—ppy—(y—1 -1 M2”
e |~ 1) [ 2 ub‘ (v = D — 1) M

[ v My (1 — |

+pp L(_Ml?l——l—) [-1+ @+ (v - 1) (ko — 1))Mb2]]
2
+Y1'7',3Nb(7§‘4_b_—1),

Form (115), the transverse velocity perturbation v, given by
vh = sknMof (uy — 1) + vpe. (121)

Then for M, < 1 the dispersion relation is obtained by substituting the jump relations (119)-
(121) into the radiation condition (112) and solving for A using a Newton-Raphson iteration
method.

For M, = 1, the matrix A,‘,‘1 is singular. The reason for this is straightforward. In
section 4(g) above, it was established that for M, =1 the burnt perturbations must necessarily
satisfy the radiation condition (114) and thus the first three equations in (115) are no longer
independent. For M, < 1 these equations are independent and can be inverted. The imposition
of the radiation condition (112) is a particular choice which will give a dispersion relation, but
it is not unique and other choices, such as the imposition of a piston condition in the BZ could
be used for M, < 1. However, for Mp =1 the condition (114) must be satisfied. The relation
(114) can thus be used to eliminate pj from the second of the jump relations (115), whereupon
the first and second equations of (115) can be solved for w, and p; to give,

o
o= [p% +up(2M — vp) + M(M — vy)plp — vpAf' (py — 1)
ik ik N
+ vl + (s — )ik s
1 (122)
b = gz | P+ ulp (3 — 2M) + Mpfp(3 — M) + 3y — DAS
b

ik ik .
—yﬂbw?”% - ;Mb”i? (ko — )ik f '] :

Substituting these relationships into the third of equations (115) leads to the following compat-
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ibility condition on the Rankine-Hugoniot jump relations for CJ detonation waves, namely

v (#ib —‘1) P+ '(Mib(?vM —v(y+1) - (y- l)M) up+
M (ko — 1) (123)
(E (YM = wy(y + 1)) + 1) e = BYh+ oy [+ 1) + (7~ D] A =0,

Then for CJ detonation waves the relations for z/, are substituted into the compatibility relation
(123) which is solved directly to determine for the eigenvalue \ using Newton-Raphson iteration.

5 Dispersion Relation and Linear Stability Spectrum

Below, we present a comparison of the predictions of our asymptotic theory with exact
numerical solutions of the linear stability spectrum. Moreover, such comparisons are presented
for realistic regimes of the detonation parameters, including those for CJ detonations as well as
overdriven detonations.

Figure 2 shows the migration of the real growth rate Re()\) and frequency Im(}), calculated
from the analytical dispersion relation, as the activation energy F varies for the much studied
case of Q =50, f =12 and = 1.2. Also shown is the result of a direct numerical solution of
the linear disturbance equations (30) for @ = 50, f =1.2 and v = 1.2 (Short 1996a). Given
the previous pathologies associated with the high-activation energy analyses of the detonation
linear stability problem, the agreement between the two solutions is excellent. Moreover, the
asymptotic theory predicts that the low-frequency root is stable for E < 17.1, i.e. for sufficiently
low activation energies. This compares to a value of E = 30.6 from the numerical solution.
Precisely this behaviour is found in direct numerical simulations of one-dimensional detonation
stability problems, where for a sufficiently low activation energy the detonation is predicted
to be stable (Quirk 1994). For such activation energies, the feedback cycle between. acoustic
wave propagation and entropy wave propagation and the resulting perturbations to the fire
zone position, as detailed previously, s sufficiently weak as to not generate an instability. As
E increases, the asymptotic solution predicts the growth rate to increase, until at E = 42.8
the oscillatory mode bifurcates into two non-oscillatory modes as previously found numerically
by Short (1996a). The numerical value of the bifurcation point is E = 52.8. Subsequently,
the growth rate of one mode increases, while the growth rate of the other non-oscillatory mode
decreases. For E > 60, the asymptotic and numerical solutions for the lower branch are co-
incident. For the upper branch, the asymptotic solution remains a good approximation to the
numerical solution, even though the growth rates are becoming relatively large.

Figure 3 shows a comparison of the migration of the real growth rate Re()\) and frequency
Im(A) with activation E of the one-dimensional low-frequency disturbance that is predicted
from the asymptotic theory above against a direct numerical solution for the exact spectrum
with @ =50, v=1.2 and f = 1. Thus as a Chapman-Jouguet detonation wave, the dispersion
relation must be obtained from the compatibility condition on the fire-zone jump conditions
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(123). Again, the agreement is good. We also remark here that the numerical solutions for the
exact spectrum are exceedingly difficult to obtain due to the nature of the sonic condition in CJ
waves, and thus we have not calculated exact spectra for values above E = 60. Comparatively
the same behaviour for the linear stability spectrum is observed in this CJ case as that seen
previously in figure 2. The asymptotic dispersion relation predicts that the detonation is stable
for a sufficiently low activation activation energy, in this case for £ < 12.4, compared to a
numerical value of E < 25.3. Growth rates increase with increasing E and bifurcate into two
non-oscillatory modes at E = 23.9 (asymptotic solution) and E = 35.5 (numerical solution).
For E > 42, the lower branch of the non-oscillatory mode is co-incident with the numerical
solution.

Figure 4 shows a comparison of the much studied case of the migration of the growth rate
Re()) and frequency Im(\) with the detonation overdrive f for the one-dimensional low-
frequency disturbance predicted from the asymptotic theory above against a direct numerical
solution for the exact stability spectrum with @ =50, v = 1.2 and E = 50. The asymptotic
solution mimics precisely the behaviour observed in the numerical solution and predicts sta-
bility for f > 2.34, compared to a numerical value of f > 1.73. This stability boundary and
detonation parameter regime has been the source of most of the direct numerical simulations
of detonation instability (Fickett and Wood 1966, Bourlioux et al. 1991 and Quirk 1994). The
asymptotic solution predicts that at f = 2.34 a Hopf bifurcation occurs in the low frequency
root, rendering the detonation unstable. For decreasing overdrive, the growth rate of this oscilla-
tory mode is predicted to increase, as seen in the numerical solution, and at f = 1.29 bifurcates
into two non-oscillatory modes. This compares to a numerical value of f = 1.16.

Figures 5-7 show a series of results on the linear stability spectrum corresponding to two-
dimensional low-frequency disturbances. Figure 5 shows a comparison of the migration of the
growth rate Re(\) and frequency Im()\) with wavenumber k for the two-dimensional low-
frequency mode as predicted by the asymptotic analysis above against a direct numerical solution
of the exact linear stability spectrum (Short 1996a) for Q@ =50, E =100, v=1.2 and f = 1.2.
For k =0, both predict the presence of two non-oscillatory modes. For k > 0, the asymptotic
solution predicts that the growth rate of the smaller mode increases, while that of the larger
mode decreases. At k = 0.53, the two non-oscillatory modes merge into a single oscillatory
mode with a growth rate Re(\) = 0.68 at k£ = 0.53. The growth rate of this oscillatory mode
then increases slightly with increasing k reaching a maximum at k = 0.76, before decaying
and ultimately stabilizing at a value k£ = 3.17. Thus stability is predicted for large enough
wavenumbers. The direct numerical solution closely mimics this behaviour, predicting a merging
of the non-oscillatory modes at k = 0.67, with stability occurring at &k = 3.05.

Figure 6 shows a comparison of the migration of the growth rate Re()\) and frequency Im()\)
with wavenumber k for the two-dimensional low-frequency mode predicted by the asymptotic
solution above against a direct numerical solution of the linear stability spectrum (Short 1996a)
for @ =50, E=50, vy=1.2 and f =1, i.e. with the steady detonation wave running at the
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Chapman-Jouguet velocity. The two-dimensional asymptotic dispersion relation is then obtained
from the compatibility relation (123). Figure 6 shows qualitatively identical behaviour to that
observed in figure 5. The two non-oscillatory modes present for £ = 0 in both the asymptotic and
numerical solutions merge into a single non-oscillatory mode at k = 0.42 (asymptotic) and &k =
0.29 (numerical). In both cases the growth rate of the oscillatory mode is observed to increase
with increasing k, reaching a maximum at k = 1.31 (asymptotic) and &k = 0.82 (numerical)
before decaying and stabilizing at k = 3.95 (asymptotic) and k = 2.77 (numerical). Thus the
asymptotic solution predicts that the detonation will be stable to low-frequency disturbances
with a sufficiently large wavenumber. Moreover, it selects a maximum growth rate Re(A) =0.78
at a critical wavenumber k£ = 1.31.

This latter finding is of interest in light of the recent work of Short and Stewart (1996),
who have conjectured that rather like the situation found in direct numerical simulations of
one-dimensional pulsating instability, where for a range of parameters the pulsation frequency
corresponds to that of the lowest frequency linearly unstable mode, a similar situation might
exist in two-dimensional cellular detonation simulations. More specifically, it has been proposed
that for a range of detonation parameters, the cell width observed in direct two-dimensional
simulations might correspond to the wavenumber associated with the maximum growth rate of
the lowest frequency oscillatory mode found in the linear stability analysis. Thus although there
might be larger growth rates corresponding to higher frequency disturbances in the linear sta-
bility spectra, it is the former which will determine the cell size in the unstable two-dimensional
detonation propagation. Further work is currently underway in order to clarify any link. How-
ever, if this conjecture proves to be correct then the present asymptotic theory provides a
mechanism for predicting the cell size.

Finally, fig. 7 is a plot of the migration of the growth rates and frequencies with wavenumber &
of three low-frequency modes of instability as predicted by the asymptotic analysis for @ = 50,
E =50, vy =12 and f = 1.3 (solid lines), f = 1.4 (dotted lines) and f = 1.5 (dashed
lines). All modes are oscillatory. For each mode, the growth rate increases with increasing
wavenumber k reaching a maximum at k=144 (f=1.3), k=149 (f =1.4) and k =153
(f = 1.5). After reaching the maximum, the growth rate of each mode decays with increasing
k, before stabilizing at k¥ = 3.94 (f =1.3), £k =3.92 (f = 1.4) and k = 3.90 (f = 1.5).
Thus the asymptotic analysis again selects a critical wavenumber for each low-frequency mode
corresponding to a maximum growth rate in the linear stability spectrum.

8. Summary

We have derived a wholly analytical dispersion relation governing the low-frequency two-
dimensional linear stability of a plane detonation wave which is travelling at the Chapman-
Jouguet detonation speed or is overdriven. This asymptotic analysis employs the limit of high
activation energy and the Newtonian limit, in which v — 1. The dispersion relation retains a
dependence on the activation energy, and comparisons with exact numerical solutions of the low-
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frequency linear stability spectrum are excellent. The mechanism governing the low-frequency
linear instability of detonation are highlighted and is shown to involve a complex interaction be-
tween acoustic wave disturbances and entropy changes in the induction zone of the detonation.
Simplified forms of the dispersion relation and weakly non-linear evolution equations correspond-
ing to these relations, together with the recovery of the results of Buckmaster and Ludford (1987)
‘when A ~ O(1/6), k ~ O(1/6), Buckmaster (1989) when A ~ O(1/6), k ~ O(1/v8), and
Short (1996) when X ~ O(1), k ~ O(1), will be investigated in a future article, where a more
detailed examination of the mechanism governing the linear instability will also be presented.
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Figure 1: Structure of the steady square wave detonation. The induction zone, fire zone, relax-
ation zone and equilibrium (or burnt) zone are denoted by 1Z, FZ, RZ and BZ respectively.

38



Re(M)

(b)

60 80 100

Figure 2: The migration of (a) the growth rate Re(A) and (b) the frequency Im()\) with
activation E of the one-dimensional low-frequency linear disturbance as calculated numerically
in Short (1996a) (solid lines) and asymptotically (dotted lines) from (119-121) and (112) with
Q=50, y=12 and f=1.2.
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Figure 3: The migration of (a) the growth rate Re(\) and (b) the frequency Im(\) with
activation E of the one-dimensional low-frequency linear disturbance as calculated numerically
in Short (1996a) (solid lines) and asymptotically (dotted lines) from (123) with Q = 50, v =1.2
and f =1.0.
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Figure 4: The migration of (a) the growth rate Re(\) and (b) the frequency Im()\) with
overdrive f of the one-dimensional low-frequency linear disturbance as calculated numerically
in Short (1996a) (solid lines) and asymptotically (dotted lines) from (119-121) and (112) when

f>1 and (123) when f=1 with Q =50, E=50 and v =1.2.
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Figure 5: The migration of (a) the growth rate Re(\) and (b) the frequency Im(\) with
wavenumber x of the two-dimensional low-frequency linear disturbance as calculated numeri-
cally in Short (1996a) (solid lines) and asymptotically (dotted lines) from (119-121) and (112)
with @ =50, E =100 and v=1.2 and f =1.2.
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Figure 6: The migration of (a) the growth rate Re(\) and (b) the frequency Im()\) with
wavenumber s of the two-dimensional low-frequency linear disturbance as calculated numeri-
cally in Short (1996a) (solid lines) and asymptotically (dotted lines) from (123) with Q = 50,
E =50 and y=12 and f=1. '
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Figure 7: The migration of the growth rate Re(A) and frequency Im()) with wavenumber x
of the two-dimensional low-frequency linear disturbance as calculated asymptotically from (119-
121) and (121) with @ = 50, E = 50 and vy = 1.2 and with f = 1.3 (solid line), f = 1.4
(dotted line) and f = 1.5 (dashed line).
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Renormalization group analysis for stratified turbulence—
International Journal of Mathematics and Mathematical Sciences, in
press (1996) ‘

Wave-packet convection in a porous layer with boundary
imperfections—Journal of Fluid Mechanics, in press (1996)

Stability of finite element models for distributed-parameter
optimization and topology design—Computer Methods in Applied
Mechanics and Engineering, in press (1996).
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List of Recent TAM Reports (cont’d)
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Mechanisms of removal of micron-sized particles by high-
frequency ultrasonic waves—IEEE Transactions on Ultrasonics,
Ferroelectrics and Frequency Control 42, 619-629 (1995)

On shear flow localization with traction-controlled boundaries—
International Journal of Solids and Structures 32, 2751-2778 (1995)

High Rayleigh number convection at infinite Prandtl number with
temperature-dependent viscosity

Arthur Newell Talbot—Proceedings of a conference to honor
TAM’s first department head and his family

On the traction problem of dead loading in linear elasticity with
initial stress— Archive for Rational Mechanics and Analysis 128, 223~
247 (1994)

Leaky Rayleigh wave scattering from elastic media with random
microstructures

High-performance spectral simulation of turbulent flows in
massively parallel machines with distributed memory—
International Journal of Supercomputer Applications 9, 185-202 (1995)

Signature of the transition zone in the tomographic results
extracted through the eigenfunctions of the two-point correlation—
Geophysical Research Letters 22, 1941-1944 (1995)

Large-eddy simulation of turbulent flows

An integrated model of scattering from an imperfect interface—
Journal of the Acoustical Society of America, in press (1996)

The mathematical framework and an approximate solution of
surface crack propagation under hydraulic pressure loading—
International Journal of Fracture, in press (1996)

Two-point correlation and its eigen-decomposition for optimal
characterization of mantle convection

Numerical analysis of the interaction of solute hydrogen atoms
with the stress field of a crack—International Journal of Solids and
Structures, in press (1996)

Motion of a solid body through ideal fluid

Level-set techniques applied to unsteady detonation propagation—
In “Modeling in Combustion Science,” Lecture Notes in Physics
(1995)

Effect of three-dimensionality on the lift and drag of circular and
elliptic cylinders—Physics of Fluids 7, 1841-1865 (1995)

On the evolution of cellular detonation

On the equilibrium and stability of a row of point vortices— Journal
of Fluid Mechanics 290, 167-181 (1995)

An accurate finite-difference scheme for elastic wave propagation
in a circular disk—Journal of the Acoustical Society of America, in
press (1996)

Improving hydrostatic performance of 1-3 piezocomposites—
Journal of Applied Physics 77, 4595-4603 (1995)
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List of Recent TAM Reports (cont’d)
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Strength of silicone breast implants— Plastic and Reconstructive
Surgery 97, in press (1996)

- Quantitative characterization of the fracture surface of silicon

single crystals by confocal microscopy—Journal of the American
Ceramics Society 78,3201-3208 (1995)

On the dynamics of multi-dimensional detonation— Journal of Fluid
Mechanics 309, 225-275 (1996)

Effect of rotation on the structure of a convecting mushy layer—
Acta Mechanica, in press (1996)

A conversation with Professor George K. Batchelor

Effect of rotation on flow instabilities during solidification of a
binary ailoy

A technique to generate straight surface cracks for studying the
dislocation nucleation condition in brittle materials —Acta
Metallurgica et Materialin 44, 845-853 (1996).

Finite bandwidth, long wavelength convection with boundary

- imperfections: Near-resonant wavelength excitation

Average response of an infinite plate on a random foundation—
Journal of the Acoustical Society of America 99, in press (1996)

The range of spectral correlations in pseudointegrable systems:
GOE statistics in a rectangular membrane with a point scatterer—
Physical Review E 52,341 (1995)

Thirty-second student symposium on engineering mechanics,
J. W. Phillips, coordinator: Selected senior projects by

K.F. Anderson, M. B. Bishop, B. C. Case, S. R. McFarlin,

J. M. Nowakowski, D. W. Peterson, C. V. Robertson, and

C. E. Tsoukatos

Linear stability analysis of a gravity-driven Newtonian coating
flow on a planar incline

Linear stability analysis of a gravity-driven viscosity-stratified
Newtonian coating flow on a planar incline

On shear band nucleation and the finite propagation speed of
thermal disturbances—International Journal of Solids and Structures,
in press (1996)

Modeling scanned acoustic imaging of defects at solid interfaces—
Chapter in IMA Workshop on Inverse Problems in Wave Propagation,
Springer-Verlag, in press (1996)

Thermoelastic properties of plain weave composites for multilayer
circuit board applications '

On the motion of three point vortices in a periodic strip—Journal of
Fluid Mechanics, in press (1996).
Does fully-developed turbulence exist? Reynolds number

independence versus asymptotic covariance— Physics of Fluids 7,
3078-3082 (1995)

Level set methods applied to modeling detonation shock
dynamics—Journal of Computational Physics, in press (1996)
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List of Recent TAM Reports (cont’d)

Title

The effect of interface slip and diffusion on the creep strength of
fiber and particulate composite materials—Mechanics of Materials,
in press (1996)

Effect of crack surface morphology on the fracture behavior under
mixed mode loading —ASTM Special Technical Publication 1296, in
press (1996)

Stochastic estimation of the structure of turbulent fields
Perturbation analysis and modeling for stratified turbulence
Conditional sampling of dissipation in high Reynolds number
turbulence —Physics of Fluids, in press (1996)

On the structure of an unsteady convecting mushy layer
Equilibrium of an elastic rectangle: The Mathieu-Inglis-Pickett
solution revisited—Journal of Elasticity 40, 207-238 (1995)

Local displacements and load transfer in shape memory alloy
composites

On the calculation of the matrix-reinforcement interface diffusion
coefficient in composite materials at high temperatures—Acta
Metallurgica et Materialia, in press (1996)

On hyperelasticity with internal constraints—Journal of Elgsticity, in
press (1996)

Oscillatory instabilities of the liquid and mushy layers during
solidification of alloys under rotational constraint—Acta Mechanica,
in press (1996)

Simulation of the brittle-ductile transition in silicon single crystals
using dislocation mechanics

A plane-strain upper-bound analysis of unsymmetrical single-hole
and multi-hole extrusion processes

Continua described by a microstructural field—Zeitschrift fiir
angewandte Mathematik und Physik, in press (1996)

Autogeneration of three-dimensional vortical structures in the near
wake of a circular cylinder

Force theory for multiphase bodies— Journal of Geometry and
Physics, in press (1996)

The effect of an undamped finite-degree-of-freedom “fuzzy”
substructure: Numerical solutions and theoretical discussion

A new approach to variable-topology shape design using a
constraint on perimeter— Structural Optimization 11, 1-12 (1996)

A numerical solution of a surface crack under cyclic hydraulic
pressure loading

Bibliography of particle velocimetry using imaging methods: 1917-
1995—Produced and distributed in cooperation with TSI, Inc., St. Paul,
Minn.

An order-parameter based theory as a regularization of a
sharp-interface theory for solid—solid phase transitions—Archive for
Rational Mechanics and Analysis, in press (1996)

Resonant instability mode triads in the compressible
boundary-layer flow over a swept wing

Low-frequency two-dimensional linear instability of plane
detonation
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