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Abstract

Optical distortion caused by inaccurate optical alignment, lens nonlinearity, and/or
refraction by optical windows, fluid interfaces, and other optical elements of an experiment cause
inaccuracy by introducing variable magnification. Since fractional changes in the magnification
have a one-to-one effect on the accuracy of measuring the velocity, it is important to compensate
for such distortions. A general experimental calibration procedure is described which determines
the magnification matrix of a distorted imaging system, and an algorithm is presented to compute
accurate velocity field displacements from measurements of distorted PIV images. These
procedures form a basis for generalized stereoscopic PIV procedures which permit easy
electronic registration of multiple cameras and accurate recombination of stereoscopic
displacement fields to obtain the three-dimensional velocity vector field.



1. Introduction

The accuracy of velocity measurement by particle image velocimetry (PIV) or particle
tracking velocimetry (PTV) depends upon the accuracy with which image displacements can be
measured and the accuracy with which image displacements can be related to particle locations
and their respective particle displacements. (A third factor, the accuracy with which particle
displacements are equal to fluid displacements, is not considered here.) These factors depend in
turn on two types of optical aberrations: focusing aberrations which cause the particle images to
be enlarged, making it more difficult to measure displacements accurately, and image distortion
which creates a nonlinear relationship between the location of a particle and the location of its
image. Focusing aberrations include spherical aberration, astigmatism, and coma (Jenkins and
White 1957). Image distortion refers to any agency that causes the magnification to vary as a
function of position in the field of the image.

There are three agencies that cause the magnification in an experiment to vary. The first
is design imperfection in the lens. The second is refraction caused by anything, including
windows and fluid interfaces, that lies between the object plane in the illuminating light sheet
and the image plane (c.f. Prasad and Adrian 1993, for example). The third is misalignment of the
image recording plane with respect to the object plane. The image recording plane is the surface
of the film or the video array on which the image is actually recorded, and it need not coincide
with the image plane in which all images are in ideal focus. Even if they do coincide, the
magnification is not constant unless the image plane is parallel to the object plane, as in lateral-
offset stereoscopic cameras, such as those described in Arroyo and Greated (1991) and Grant et
al. (1995). This last distortion necessarily occurs in angular-offset stereoscopic cameras in which
the image plane is rotated with respect to the object plane in order to bring the images into better
focus (Prasad and Jensen 1995). It also occurs in single lens cameras and in lateral-offset
stereoscopic cameras due to imperfect alignment of the recording plane with the object plane.

The PIV recording and interrogation processes are illustrated in Fig. 1 for the case of zero
distortion. The image of any particle is simply located by the chief ray that extends from the
particle through the center of the lens to the image plane. Choosing coordinate systems in the
object and image planes with origins Ox and OX on the optic axis of the lens, the following
simple relationship results:

(X, Y)=—M(x,y), ey

where X = (X, Y) is the image location and (x, y) is the object location formed from the projection

of x = (x, y, z) onto the xy-plane. The magnification is
di

d, -z

M=

, )

in which d; is the image distance and d, is the object distance.

The case of nonzero distortion is illustrated in Fig. 2. Here, a curved window acts like a
weak lens to refract the chief ray, and the image recording plane is tilted with respect to the
object plane. Both of these effects cause some blurring of the point response image on the
recording plane, but as noted above, that blurring may be small enough to permit successful
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Figure 1. PIV recording and interrogation processes for a single camera with zero distortion. X, is the
location of the center of the interrogation spot on the image plane.
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Figure 2. PIV recording process for a single camera with nonzero distortion. F(x) is the mapping
function for the camera that relates positions in the object plane to positions in the image plane.



measurement of the image displacements despite significant distortion. The reference frame X is
embedded in the recording frame, i.e. Z = 0, and since it is normally associated with the pixel
index array, its orientation in this general case with respect to the object plane is allowed to be
arbitrary. In general the relationship between positions in the three-dimensional physical space
of the flow, x, and the positions in the two-dimensional image recording plane, X, can be
described by a nonlinear mapping function,

X=F(x), 3

that replaces the simple linear relationship in Eq. (1). Note that x in this equation is the full,
three-dimensional vector.

Variable magnification introduces systematic bias errors into the measurement of fluid
velocity and the location of the velocity vector. Being systematic, the distortion bias can be
corrected by an appropriate technique based either on a mathematical model of the distortion, as
in Prasad and Adrian (1993), or on an experimental calibration, as in the calibration for particle
tracking velocimetry described by Kent et al. (1993). In the work presented here, a calibration is
used to generate an approximate mapping function. Distortion can be compensated even when
the focusing aberrations cause some blurring of the images, so long as the blurring is not so
severe as to make the measurement of image locations impossible or unacceptably inaccurate.

The information found by calibration can be used to do more than correct for distortion.
Most PIV interrogation analyses determine the velocity vectors on a uniform grid fixed in the
pixel array of the video camera, and the user has no ability to request data on a non-uniform grid
in the fluid that may be more appropriate for the flow under consideration. A side benefit of
using the mapping function algorithm described here is that the measured vectors can be
interpolated onto any grid within the domain of the mapping function.

The use of a general mapping function found by calibration is very helpful in the physical
construction of a stereoscopic PIV camera because it eliminates the need to mechanically register
the pixel arrays of multiple cameras, replacing this process by a simple mathematical registration.
In addition, it will be shown how the mathematics of the mapping function provides a natural
framework in which to combine the images of two or more cameras to obtain the three-
dimensional vector field.

2. Displacement Equations

2.1 Single Camera

Consider first the displacement of one particle as recorded by a single camera. Following
this analysis the results will be generalized to the displacement of groups of particles, as
measured by PIV correlation techniques. In the next section, the results will be applied to
stereoscopic cameras.

Between exposures at times ¢ and ¢ + At a particle at X moves to x + Ax. The
displacement of its image is

AX=F(x+ Ax) - F(x). “4)

To first order the displacement is approximated by



AX = VF(x)Ax, (5)
where the gradient,

oF,
(VF); = a_xl =F,

J

i=1,2and j=1,2,3, (6)

is clearly a generalization of the usual concept of magnification. We shall call it the
magnification matrix. As an example, and for later reference, the magnification matrix for
perfectly linear imaging is, from Eq. (1),

1 0
F, 0 =% il ™
da_'z 0 1 Yy
d,—z

The terms in the last column, F; 3 and F 3, represent the effect of perspective.

In PTV the displacement of the image of an individual particle, AX, is determined by
image analysis, and one must then relate that displacement to displacement in the physical space,
Ax. Eq. (4), or more commonly the approximate Eq. (5), can provide the necessary relationship
when distortions are present, but there are two problems in executing the last step. First, since X
is two-dimensional and x is three-dimensional, there is not a unique relationship between X and
x. The particle could lie anywhere along the chief ray that extends from the image point through
the center of the lens. Second, since Fj; is a 2 X 3 matrix, there is no unique inverse solution of
(4) or (5) for Ax in terms of AX. These difficulties exist whether the imaging is distorted or not,
and they are simply a consequence of the effect of perspective (Adrian 1991). In deep-field PTV
(i.e. photogrammetry), the solution is to use two (or possibly more) cameras, each giving
measurements of image locations in two directions (Nishino et al. 1989, Maas et al. 1993, and
Guezennec et al. 1994). Then, the number of measured image displacements exceeds the number
of unknowns and both x and Ax can be found.

In light sheet PIV, the situation is a little different because the thickness of the light sheet,
Az,, 1s normally very small compared to the object distance, d,, and the width of the field of view
in the fluid, /, may, in certain cases, also be small compared to d,. These conditions allow certain
approximations to be made. Specifically, consider a PIV measurement of displacement that is
made in an interrogation spot centered at X; on the image plane. It is known (Adrian 1988) that a
PIV measurement by correlation yields, on average, a measurement of the velocity field of the
fluid averaged over a volume consisting of the intersection of the interrogation spot, projected
back into the fluid with the thickness of the light sheet, Az, (c.f. Fig. 1). This volume is called
the interrogation cell. The center of the interrogation spot X; maps back into a point that
intersects the mid-plane of the light sheet at

X, =(x,y,,0), (8)
where

X, =F(x,). ®



This is the center of the interrogation cell, and since x; is two-dimensional (z; = 0) it is possible to
associate each X; with a unique x, thereby resolving the first difficulty cited above.

The first-order relationship between an image plane displacement, AX(X;), and object
plane displacement, Ax(x;), is derived by Taylor series expansion of Eq. (4) about the point x;,
followed by volume averaging the equation over the interrogation cell, with suitable
transformations between x and X. Denoting averages over the interrogation cells in x and X by
overbars, and neglecting any variation of the magnification matrix over the dimensions of the
interrogation cell (justified when the dimensions of the interrogation cell are much smaller than
the object distance), one finds the following set of equations:

AX,=F, (x)Ax,, i=12and j=12,3, (10a)
or
AX F, F, F Ax
1| T 1,2 13 A_x2 ) (10b)
AX2 FZ,] FZ,Z F2,3 A_
X3

This is the final operative system of equations for interpreting PIV measurements in the presence
of distortion. If the distortion is severely nonlinear, or if very high accuracy is needed in the
relationship between AX and Ax, and Jjustified by the accuracy of the measurements of AX , this
relationship can be improved by retaining higher order terms in the Taylor series expansion. The
work presented here assumes that a linear expansion is adequate, as is standard practice in all
PIV work done to date.

For the case of a single camera, the system of equations in (10) cannot be solved for
Ax(x;) as it stands because there are still only two equations for three unknowns. Common
practice in PIV with one camera is to ignore the effect of perspective, as embodied in the terms
F13 and F, 3, thereby reducing Eq. (10b) to

AX] — E,] F'l,Z _A_—g (1 1)
AX2 Fz,l Fz,z sz .

This is justified if Fy3 and F,3 are small. Some guidance concerning the magnitude of the
perspective effect can be gained by considering the expression for the magnification matrix at x;
for perfectly linear imaging:

X
1 0 =L
—d d |
F(x)=—" | (12)
. do O 1 ﬁ
d

It is clear that the perspective effect is small if x; and y; are both small compared to d, for all
values of x; and y;, i.e. over the full field-of-view. This condition is referred to as paraxial
imaging (Adrian 1991). It is expected that paraxial imaging will lead to small magnitude of the

perspective effect in the case of distorted imaging, as well, but this must be verified in individual
cases.



Unfortunately, it is quite common for the paraxial condition to be only weakly satisfied.
For example, consider a typical laboratory configuration in which a 100 mm wide field-of-view
is imaged at an object distance of 500 mm. The position x; varies from —50 mm to +50 mm,
implying that F)3 varies between —0.1 and +0.1. Thus, without correcting for perspective,
measurements of the in-plane velocity components are contaminated by as much as 10% of the
out-of-plane velocity. If the flow is two-dimensional in the xy-plane, i.e. w = 0, there is no error,
but if the out-of-plane component is comparable to the in-plane component, errors of order 10%
are incurred. Stereoscopic imaging provides the only unconditional solution to the problem of
compensating for perspective, and it will be considered in the next section.

2.2 Stereoscopic Camera

For a stereoscopic system, two cameras are involved in deriving the displacement
equations, which requires a slight change in notation. The displacement of a particle image on
camera ¢, where c =1, 2, is

AXO =F9x+Ax)-F(x). (13)

Performing a Taylor series expansion of Eq. (13) and volume averaging over the interrogation
cell, similarly to what was done in the previous section, one finds the first-order relationship
between an image plane displacement on camera c, AX9(X)), and an object plane displacement,
Ax(x;), to be

AX© =F9(x)Ax;, i=12and j=1,23. (14)

Eq. (14) provides a system of equations for each camera. Writing out both sets of equations in
full and augmenting them yields

1 [¢)) [¢)] )
AX?P Ry F; Fj;

2% : Ax,
O | |F® F® F@ AX; 1 a
a4, 11 1,2 13 Ay
AX® F®» F® F® 3
2 2.1 2,2 2,3
or |
AX4 = (VF),Ax, (15b)

where the subscript A denotes the appropriate augmented entity. This is the final operative
system of equations for a stereoscopic camera for interpreting PIV measurements in the presence
of distortion.

Although it appears that the system in (15) is overdetermined, this is not necessarily the
case. If no errors are incurred when measuring the image displacements, two of the equations
will be dependent simply due to the nature of the optics. For example, if a purely x3-
displacement is observed by a stereocamera, the perceived x,-displacement on both cameras will
be identical, but the perceived xj-displacement will be in opposite directions on each camera.
Thus, the second and fourth equations in (15) will be linearly dependent. Several approaches
could then be used to solve the system. For example, the two dependent equations could be
added together yielding a solvable system. However, random errors are incurred when



measuring the image displacements, so it may not be the case that-two of the equations will be
exactly dependent. For the general case where the redundancy is not obvious, a least-squares
solution should be used to minimize the squared Euclidean norm of the residual,

£ =|2X4 - (VF), M| . (16)

3. Procedure for Single Camera

The purpose of the calibration is to determine how positions in the object plane map to
positions in the image plane taking into account all aberrations. In order to do this it is necessary
to acquire images of a calibration target whose location in the object plane is known. Design of
the calibration target is the most important part of performing a successful calibration. In
general, different experiments may require different calibration targets.

The target must have some sort of characteristic marks on its face. These marks and their
corresponding images will define how positions in the object plane map to positions in the image
plane. The marks are placed on a precise, evenly spaced Cartesian grid. The size and shape of
the target is constrained by the measurement container, but it must be large enough so that the
characteristic marks occupy the entire field of view of the camera. In order to maximize the
accuracy of the mapping function the field of marks should extend to the edges of the viewable
field.

-In general, the grid on the calibration target has two parameters: (1) the total number of
points, and (2) the spacing between points (the size of a grid cell). These parameters should be
chosen according to the size of the image acquisition area and the amount of distortion in the
experiment. Thus, the number of grid points is proportional to the size of the image acquisition
area, while the size of a grid cell is inversely proportional to the amount of distortion in the
experiment.

A sometimes attractive alternative to a calibration grid is a single target point that can be
moved precisely to many different locations. For example, Kent et al. (1993) describe a target on
the end of an arm under control of a stepper motor. This approach is very useful for measuring
the mapping function over a deep volume, as in photogrammetric PTV.

Ideally, one would like to find a mapping function F such that given any point x in the
object plane, its corresponding location X in the image plane could be determined with complete
accuracy. In reality, one cannot experimentally determine an F that will yield zero error for an
arbitrarily complex geometry. Thus, an estimate for the mapping function, F, that has an
analytic representation will be sought instead. Many possibilities arise at this point, but because
of its simplicity, a multi-dimensional polynomial is an obvious choice. There are several ways to
determine the polynomial. For example, one could use the method of least-squares to determine

an F that approximates the data while minimizing the mean square error,

£=—$—2|F(xc)—f?(xc) : (17)
c {x.} .

where the set {x.} represents the collection of points on the calibration target, and N, is the total
number of points in the set. Alternatively, an interpolating spline could be used to determine
local polynomials. '



In all respects, the least-squares polynomial is the easiest form to implement and yields
very good results unless the distortion is extremely severe. In these instances, a spline would be
a better choice. A least-squares polynomial with cubic dependence in x; and x;, but quadratic
dependence in x3, will be adopted as the mapping function estimate for the remainder of this
paper. That is,

- 2 2
F(x)=a, +ax, +a,x, +a,x; +a,x; +a;xx, +ax, +a,xx, +
2 3 2 2 3
a.x, X, +ax; +a,,x, +a, xx,+a,xx, +a,x, + , (18)
2 2 2 2
A X Xy T A5X X, X3 T 81X, X3 + A, X X5 + A5 X, X5,

where the a; are vector-valued coefficients to be determined. It is noted, however, that the
generalization to other methods of interpolation or approximation is trivial and should be done if
it is warranted by the severity of the distortion.

Choosing F to be a cubic function of x; and x, was a decision based purely on qualitative
information. By viewing a Cartesian grid through various types of distorting media that might be
found in a PIV or PTV experiment, it was observed that the curvature of the grid lines did not
vary much. Thus, it was judged that a cubic polynomial could track the distortion produced in
the most common cases reasonably well. The justification for selecting quadratic dependence in
x3 is due solely to the mathematical limitation that results from performing the calibration on
only three x3-planes. Generalizing the procedure to four or more planes would clearly allow
higher-order terms in x3, but for present purposes, three planes are adequate.

Before beginning the calibration procedure, one must define a coordinate system in the
object plane and the image plane. The most common way to define the object-plane coordinate
system is by specifying one of the characteristic marks on the face of the calibration target as the
origin. The locations of all other characteristic marks are measured relative to this point.
Normally, the origin of the image plane is defined by pixel (0,0) on a CCD array or the lower-left
corner of a photograph. One must also make sure the experlmental setup is in the exact
configuration it will be in when measurements are taken.

The first step in the calibration procedure is to acquire a calibration image. This is simply
an image of the calibration target as viewed by the camera in the current experimental setup.
Before acquiring the image, the face of the calibration target should be aligned as precisely as
possible with the center of the light sheet. Once aligned, the calibration image is acquired and
stored.

The next step is to determine the locations of the characteristic marks on the calibration
image with respect to the origin of the image plane. An accurate way to locate the marks is
through a template-matching technique. This process is performed in a manner similar to the
correlation procedure used in PIV. A template image is created that is similar to the shape of the
characteristic marks on the calibration target. The template and calibration image are then
correlated using two-frame cross-correlation, which is followed by a peak-searching routine to
determine the pixel locations of the marks in the correlation plane. Sub-pixel accuracy can be
attained by fitting a curve, such as a Gaussian or a quadratic polynomial, to the peak.
Alternatively, for marks of an appropriate shape (e.g. circular), one can use a local centroid
calculation, rather than template matching, to determine the locations of the marks. Once the
locations of the target points in the image and object planes have been obtained, the coefficients
of the mapping function in Eq. (18) can be determined using a least-squares procedure. Note that
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for a single camera the calibration image is acquired at only a single x3 location (presumably at x3
= 0). In this case, all terms in Eq. (18) involving x3 are zero, and the corresponding coefficients
are not determined by the calibration. This is acceptable because, as noted above, the single
camera equations must ignore out-of-plane motion anyway.

Now that the system has been calibrated, one may proceed normally and acquire images
using the conventional PIV technique. Once recorded, each image is then interrogated on a set of
points {X,} in the image plane that is determined by the interrogation software. The image plane
displacements are then validated and filtered using appropriate software tools. Note that many
interrogation software systems provide the user with very limited control over the grid.
Commonly, one can manipulate only a few parameters, such as the location of the grid in the
image plane and the number of interrogation points to use, and specifying an arbitrary grid for
interrogation is not usually possible. Even if it were, locations in the image plane are not
necessarily meaningful. One would prefer to be able to request particle displacements at
locations in the object plane for which the coordinates of physically meaningful locations are
known.

Because it is known how positions in the object plane map to positions in the image plane
from the mapping function generated during the calibration procedure, it is possible to calculate
particle displacements at any location in the fluid within the domain of the mapping function.
The collection of points in the object plane where displacements are desired is denoted by {x,}
and their corresponding images by {X,}. The image displacements previously determined on
{X)} during the interrogation stage are interpolated onto {X,} using an appropriate method, such
as bilinear interpolation. Note that two potential problems can arise during this procedure. First,
the image of a particular x, may lie outside the image recording domain of the camera, i.e. the
CCD chip or the film frame. Second, when interpolating image displacements onto a particular
X,, one or more of its neighboring grid points may not contain data. In both cases, the x, in
question is discarded. At this point Eq. (11) is solved for the particle displacements in the fluid.

Fig. 3 is a flow chart that illustrates the processes described above to compute the particle
displacements in the fluid. Process A represents the steps taken during the PIV experiment and
ensuing interrogation process. Each step in Process A can be made within any of several
different standard PIV processing software packages, including commercial software. Process B
represents the procedure by which image displacements computed during process A are
interpolated onto the mapping of the user-defined grid. Process C represents the calibration
procedure. The results of processes B and C serve as input to Eq. (11), from which the particle
displacements on the user-defined grid are calculated. Note that defining the grid {x,} in the
object plane and mapping it onto the image plane circumvents the nonlinear inverse problem of
solving for object points in terms of image location.

4. Procedure for Stereoscopic Camera

The calibration procedure for a stereoscopic camera is very similar to that for a single
camera (c.f. Fig. 4). However, because it is necessary to know how the magnification in the x3-
direction varies, one must acquire multiple calibration images at planes normal to the light sheet.
Since a polynomial is being used to estimate the mapping function, the number of images
acquired at different x3 locations places an upper limit on the order of the x3 terms. Keep in mind
that a least-squares method is being used so that one could use more calibration images than the
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Figure 3. Flow chart for a single camera.

Image Displacements Converted To Fluid Displacements

Bx({Xg}) = VF ' AX({Xq})

Process A represents the standard PIV acquisition and

interrogation procedure. Process B represents the procedure for computing displacements in the image
plane corresponding to user-defined locations in the fluid. Process C represents the calibration procedure.
The results of processes B and C are used to compute the particle displacements at user-defined locations
in the fluid.
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Figure 4. Schematic of the calibration procedure for a stereoscopic camera. The mapping function for

each camera is valid over the volume of size dx x dy x dz traced out by the calibration target during the
calibration procedure.
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desired order of the x3-terms in order to reduce the mean square error of the estimate. At a
minimum, the second order polynomial in x3 requires calibration data at three xs-locations
separated by a distance comparable to the thickness of the light sheet.

Once the calibration images for all planes have been acquired for each camera, the
locations of the characteristic marks in each image are determined with respect to the origin of
the corresponding image plane. The same procedure described in the previous section for
locating the images of the calibration marks is applied to each image. Enough information is
now available to determine the coefficients in Eq. (18) twice — once for each camera. As shown
in §2.2, the resulting two mapping functions are all that is necessary to recombine a pair of 2-D
velocity fields into a single planar 3-D velocity field.

Once the system has been calibrated, one can proceed normally and acquire images using
the conventional PIV technique. The images for each camera are interrogated on a set of points
{X,“} in the corresponding image plane that is determined by the interrogation software. The
limitations mentioned in the previous section concerning user-control of the grid apply here, as
well. The ability to specify a user-defined grid in the fluid, as in the single camera case, is
applicable to the stereoscopic camera, also. The two problems that may arise during the
interpolation of image displacements onto {Xg(c) } can now occur for each camera individually. If
a particular x, has been deleted because of a problem that occurred during interpolation on either
camera, stereo recombination cannot be performed at this location and a hole will appear in the
final 3-D velocity field.

Fig. 5 is a flow chart that illustrates the processes described above to compute 3-D
particle displacements in the fluid. The processes outlined in Fig. 3 are performed for each
camera. The results of processes B1, B2, C1, and C2 are used to form the augmented system in
Eq. (15), and the 3-D particle displacements on the user-defined grid are calculated. It should be
noted that unlike the stereoscopic PIV recombination algorithm given in Prasad and Adrian
(1993) in which the image plane interrogation grid and corresponding image displacements were
inversely mapped into the fluid followed by the determination of a common Cartesian grid to
interpolate displacements onto, the algorithm presented here requires no such procedure. The
entire process is simplified by mapping the user-defined grid {x,} onto each image plane and
performing the interpolation of displacements therein.

5. Application and Evaluation of Calibration Procedure

In this section, we present the results of applying the calibration procedure to both a
single camera and a stereoscopic camera. In each case, a computer-generated image was
displaced by a known amount in the object plane and the corresponding image displacements
were computed using TSI INSIGHT PIV software. Mapping functions were used to compute the
fluid displacement from this information and errors are plotted. Unless otherwise mentioned, the
uncertainty in any experimental displacements of the image is + 5 pm.

5.1 Single Camera

The setup for the single camera experiment is shown schematically in Fig. 6. In order to
test the robustness of the calibration procedure, a distorting medium was purposely placed
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Figure 5. Flow chart for stereoscopic conﬁguration. Processes A, B, and C from Fig. 3 are performed
for both cameras. An augmented system is formed and solved for the 3D particle displacements at user-
defined locations in the fluid. Note that (VF)," is the generalized inverse of (VF),.
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Figure 6. Schematic of the single camera.

between the lens and the object plane. Two lenses of focal length 450 mm placed in series were
used to provide the distortion. Fig. 7(a) illustrates the effect of the distortion on a uniform
Cartesian grid placed in the object plane.

The calibration target used in this experiment was a uniform 12 X 12 Cartesian grid of
white circles on a black background. The diameter of each circle was 1 mm, while the spacing of
the circles was 5 mm in x and y. The calibration procedure was performed and the mapping
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function was generated. The RMS error in the mapping function was calculated to be 0.53 pixels
(corresponding to an average RMS error of 6.9 X 107 mm in the object plane). It should be
noted that the RMS error is influenced by not only the ability of the least-squares polynomial to
fit the data, but also by the accuracy with which image locations of the characteristic marks are
measured during calibration. Prasad et al. (1992) have shown that the random error associated
with locating particle image centroids in PIV is approximately 7% of the particle image diameter.
The random error associated with the least-squares fit is approximately 6% of the particle image
diameter. Thus, the accuracy of the curve fit is comparable to the accuracy for locating particle
image centroids, from which it is inferred that the third-order polynomial was adequate to
represent the distortion in this experiment.

To test the algorithm for computing accurate fluid displacements, a computer-generated
pattern of randomly located dots was placed on a translation stage, and an image was acquired at
both a reference position and after a displacement of Ax = (0.500, 1.000, 0.000) mm. The two
images were then interrogated using two-frame cross-correlation to determine the displacements
of the particle images, and the resulting vector field was validated and filtered.

(@ f

Figure 7. (a) Distorted image of a uniform Cartesian grid, and (b) undistorted image obtained using the
mapping function from the calibration. The region of (a) that has been undistorted is indicated by the
dashed rectangle.
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Figs. 8 and 9 are contour plots of the error in the computed fluid displacement obtained
using the displacement equations for a single camera. The error has been nondimensionalized by
the size of the mapping function domain in the appropriate direction. In this experiment, the size
of the domain was 55.8 mm in both x and y. This nondimensionalization was chosen in order to
show how much the calculated fluid displacements are in error relative to the size of the region
being mapped. The largest error in both figures is approximately 1/1000 the size of the mapping
function domain. It does not appear that any trends are present in the error, implying that random
error is the dominating source. However, there are several areas in both figures where the error
appears to be correlated.

As noted in §2, it is possible to compute an inverse mapping function for the single
camera since each X, is associated with a unique x;. Using the same calibration image previously
acquired, the inverse mapping function for this setup was generated, and its RMS error was
calculated to be 1.5 X 107> mm. The inverse mapping function was used to “dewarp” the grid
shown in Fig. 7(a), and the dewarped grid appears in Fig. 7(b).

20 -10 0 10 20
x (mm)

Figure 8. Error between the true x-displacement in the object plane and the computed value. The error

has been nondimensionalized by 55.8 mm, which is the size of the mapping function domain in the x-
direction.
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Figure 9. Error between the true y-displacement in the object plane and the computed value. The error
has been nondimensionalized by 55.8 mm, which is the size of the mapping function domain in the y-
direction. A

5.2 Stereoscopic Camera

The stereoscopic camera is shown schematically in Fig. 10. For a detailed description of
the camera configuration, see Liu et al. (1997). In order to test the robustness of the mapping
function approach for stereo recombination, a distorting medium was purposely placed between
the lenses and the object plane. A water-filled fish tank, approximately 305 mm deep, was used
to provide the distortion.

The calibration target used in this experiment was a rectangular block of aluminum with
81 circular holes drilled into its face. These holes were arranged on a uniform 9 X 9 Cartesian
grid. The diameter of each hole was 0.5 mm, while the spacing of the holes was 9 mm in x and y.
A light source placed behind the target was used to illuminate the holes. The calibration
procedure was performed and the mapping function for each camera was generated. During the
calibration, the target was placed at x3 locations of 0.000, 0.500, and —0.500 mm. The RMS
errors in the mapping functions for cameras 1 and 2 were 1.1 pixels and 1.2 pixels, respectively.
These correspond to an average RMS error of 4.5 X 102 mm and 5.1 x 107 mm in the object
plane, respectively.
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Figure 10. Schematic of the stereoscopic camera.

To test the recombination algorithm, a computer-generated pattern of randomly located
dots was placed on a translation stage, and an image was acquired at a reference position and
after a displacement of Ax = (0.000, 1.000, —0.400) mm. The two images for each camera were
then interrogated using two-frame cross-correlation to determine the displacements of the particle
images. The resulting 2-D vector fields were then subjected to vector validation and filtering.
Finally, the stereoscopic recombination algorithm was applied and the planar 3-D velocity field
was generated.

Figs. 11-13 are contour plots of the error in the computed fluid displacement obtained
using the displacement equations for a stereoscopic camera. The error has been
nondimensionalized by the size of the mapping function domain in the appropriate direction. In
this experiment, the size of the domain was 72 mm in both x and y and 1 mm in z. As for the
single camera, it appears that no trends are present in the error, but there are still correlated
regions.

6. Summary

A procedure for calibrating both conventional and stereoscopic PIV systems has been
presented. The results of the calibration yield one or more mapping functions that provide a
convenient and accurate way to correct for distortion in the experiment when determining
particle displacements. In particular, it is possible to accurately determine the magnification
matrix that relates image plane displacements to object space displacements. In addition, a
stereoscopic camera is automatically registered during the calibration procedure, which frees the
user from the task of mechanically registering the camera. This permits rapid and easy setup of
angular-offset stereoscopic cameras. The analysis provides accurate equations by which one
solves for the 2-D or 3-D displacement of the fluid and it permits the use of arbitrary user-
defined grids in the fluid.
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Figure 11. Error between the true x-displacement in the object plane and the computed value. The error
has been nondimensionalized by 72 mm, which is the size of the mapping function domain in the x-
direction. '
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Figure 12. Error between the true y-displacement in the object plane and the computed value. The error
has been nondimensionalized by 72 mm, which is the size of the mapping function domain in the y-
direction.
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Figure 13. Error between the true z-displacement in the object plane and the computed value. The error
has been nondimensionalized by 1 mm, which is the size of the mapping function domain in the z-
direction. '
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