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Abstract

A stationary incompressible Stokes flow in a sphere is considered. The flow was
introduced by H. A. Stone, A. Nadim and S. H. Strogatz in 1991 as a flow inside
a neutrally buoyant spherical drop immersed in a linear flow. The velocity field
of the flow is a result of a small perturbation of an integrable velocity field with
almost all streamlines closed. Under arbitrarily small perturbation a large domain of
chaotic advection within the sphere arises. This phenomenon is explained by quasi-
random changes in the adiabatic invariant of the flow, which occur as a streamline
crosses the two-dimensional separatrix of the unperturbed flow. Phase portraits of
the averaged system are constructed. An asymptotic formula for the change in the
adiabatic invariant due to the separatrix crossing is derived. The process of diffusion
of the adiabatic invariant due to multiple separatrix crossings is described.

1 Introduction

Problems of chaotic advection in steady incompressible flows attract much interest in
connection with impurity transport (see, for example [1]) and the fast dynamo problem
[2]. In the latter context, Bajer and Moffat [3] introduced a stationary Stokes flow,
confined within a sphere, possessing chaotic streamlines. In [4], another example of such
a flow was represented, arising inside a spherical drop immersed in a linear steady Stokes
flow. Computer simulations have shown that a considerable part of the sphere is filled
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with chaotic streamlines. In both these examples the flows with chaotic streamlines are
small perturbations of integrable flows, and almost all streamlines of these integrable flows
are closed.

It was demonstrated in [5] that chaotic advection in the flow of [3] results from quasir-
andom jumps of the system’s adiabatic invariant occurring each time a streamline crosses
a certain surface called the separatrix of the unperturbed problem. This mechanism is
remarkably revealed in a large (of order 1) size of the chaotic domain at arbitrarily small
non-zero-value of the perturbation.

In this paper we show that the mechanism of chaotization in the flow of [4] is similar.
To describe the streamlines of the flow approximately, one can use the averaging method
[7]. Averaging the motion over a fast variable, one obtains an averaged system possessing
an integral. The value of this integral is conserved within an accuracy of order € (the
perturbation parameter) for time intervals of order 1/e along a streamline of the exact
system. This integral is called an adiabatic invariant (AI). In the vicinity of the separa-
trix of the unperturbed problem, however, accuracy of the averaging method decreases,
because the “fast” phase changes slowly there. In this region, a detailed consideration of
the AI conservation accuracy is necessary.

In the paper, we derive an asymptotic formula for the jump in the AI due to the
separatrix crossing in the flow introduced in [4]. We demonstrate that the value of jump
of order /¢ is much larger than the perturbation parameter, and is quasirandom: it is
very sensitive to small changes in the initial conditions. Multiple separatrix crossings
producing jumps in AI give rise to the diffusion of the Al by an amount of order 1 in a
time t ~ e~2. During this time, a streamline will pass close to any point of a large region.
The volume of this region is of order 1 and depends on the orientation of the perturbation
vorticity vector.

There is a well-known formula for the jump in the AI due to the separatrix crossing in
a one-degree-of-freedom Hamiltonian system that depends on a slowly varying parameter
[8, 9, 10]. In this kind of system the separatrix of the unperturbed problem consists
of trajectories passing through a family of degenerate singular points. In the present
problem, as in [5], the separatrix of the unperturbed problem contains a nondegenerate
singular point. Unlike in [5], the separatrix contains a family of degenerate singular points
also.

We employ the method developed in [5, 6, 8, 9, 10]. In Section II we follow [4],
introducing the flow under consideration and describing its properties in the absence of
the perturbation. In Sec. III the perturbed flow is described with the use of the averaging
method. Here we introduce the Al of the system and investigate phase portraits of the
averaged system. In Section IV the dynamics in a vicinity of the separatrix is considered
and the formula for the jump in the AI due to the separatrix crossing is obtained. In
Section V the diffusion of the Al resulting from multiple separatrix crossings is discussed.



2  Velocity field of the flow

In this section, we mostly set forth the results obtained in [4]. Consider a spherical drop
of fluid with density p and viscosity i, suspended in a fluid with density p and viscosity
p. Assume that the interfacial tension is sufficiently large to maintain a spherical shape
of the drop. Choose the origin of the coordinate system in the center of the drop. Far
from the drop the flow is assumed to be linear: u® (x) = V + 1 [w,x] + Ex, where u®
is the velocity field at infinite distance, x is the position vector, w is the vorticity vector,
E is the symmetric traceless rate-of-strain tensor, the square brackets here and further
on denote vector product. It is possible to solve the steady incompressible Stokes flow
problem and to find the velocity field inside the drop. Without loss of generality one can
assume fi/pu = 0. In the case of p = p, V = 0, and the drop radius equal to 1, the velocity
field internal to the drop is given by

u(x) = % ((57"2 - 3) Ex — 2xxTEx) + % [w,x], | (1)

where 72 = (x,x), and x* is a row vector obtained by transposition of vector x. Hence,
the velocity field inside the drop is completely determined by the vorticity vector w and
tensor E, which describe the flow field far from the drop. Direct the coordinate axes along
the principal axes of E so that

Eni O 0
E=+| 0 By 0 . 2)
0 0 —(Ey+ Es)

Here we have assumed that Fy;, Fos > 0 and taken into account that trE = 0 (because
the fluid is incompressible). No generality is lost in the kinematical discussion by focusing
only on the “+” sign in (2). The external flow is directed to the origin along the z-axis,
and from the origin in the (z,y)-plane, as it is shown in Fig. 1.

From now on we restrict ourselves to consideration of the axisymmetric case F1; = Fos.
Assume also that w, > 0,w,; > 0,w, = 0. In spherical polar coordinates velocity field (1)
takes the dimensionless form ’

dr 3 9 2

i Zr(r —1) (1—3cos 0)

df 3/ . L

Zﬁ = Z (5r - 3) sinfcosf — §wx Sm @ (3)
dy 1

- = 3 (w; — wg cot B cos )



The flow (3) can be considered as a superposition of two flows: a rotation at the
angular velocity %—w and a flow that deforms fluid elements, defined by the terms in
(3) that are independent of w. Almost all streamlines of both flows are closed. In [4]
it was demonstrated that the superposition of these flows possesses in general chaotic
streamlines.

We shall treat the rotation at the angular velocity w as a small perturbation in (3),
i.e. we put jw| < 1.

Consider the flow (3) in the absence of the perturbation, i.e. at |w| = 0. In this case
the flow (3) turns out to be integrable. It has two independent integrals of motion: the
azimuthal angle ¢ and the stream function

P = 2—7‘3 (7’2 - 1) sin® § cos 6. (4)

Level surfaces of integral ¢ are the half-planes containing the z-axis as their border.
Level surfaces of integral v form two families of nested tori filling the northern and the
southern hemispheres of the unit sphere. The intersection of a level surface of ¢ and a
level surface of 9 is a streamline of the unperturbed flow. Almost all the streamlines of the
unperturbed flow are closed curves (see Fig. 1). Besides the closed streamlines, there are
also heteroclinic streamlines connecting stagnation points of the flow. The unperturbed
flow has the following stagnation points (Fig. 1): two fixed saddle points in the poles of
the sphere, a fixed saddle point at the origin, a family of degenerate fixed saddle points
filling the equator, and two families of degenerate elliptic fixed points filling the circles

Y = :l:a-z—u There are two heteroclinic streamlines connecting the origin to the poles of

the sphere, two families of heteroclinic streamlines filling the surface of the sphere and
connecting its poles to the equator, and a family of heteroclinic streamlines filling the
equatorial plane z = 0,22 + y? < 1 and connecting the degenerate saddle points on the
equator to the origin. This latter family plays a crucial role in discussion to follow. We
shall call the part of equatorial plane z = 0,72 4+ y* < 1 the separatrix of the unperturbed
flow.

Note that, using the integrals ¢ and 1), one can write the unperturbed system can be
written as

x= [gradyp, grady] . (5)
Systems of this kind are referred to as Nambu systems [11].

If the vorticity vector w is different from zero and aligned along the z-axis, the system
remains integrable. Indeed, in this case 1 is still the integral of motion, and ¢ (t) = @o+wt.
Therefore, streamlines are windings of the tori 1) = const.

The flow becomes much more complicated if w, # 0. In this case computer simulations
show that, inside the sphere, there are regions that are filled with chaotic streamlines. It
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will be shown in Section 4 that these regions occur because the perturbation makes a part
of streamlines cross the separatrix of unperturbed flow, producing quasirandom changes

in the adiabatic invariant of the system. On the other hand, near the circles ¢ = igﬁﬁ at

1 : : : .
small enough |w| and Yz > \—/—§ there exist regions of regular dynamics. These regions are
w

T
filled, up to a residual of small measure, with streamlines that do not cross the separatrix.
The size of these regions was estimated in [4] based on the averaging of the equations of
motion (3) in a small vicinity of these circles.

3 The averaging method and phase portraits of the
averaged system

If the vorticity vector w has non-zero component w,, streamlines of the flow (3) are not
closed; some of them cross the separatrix of the unperturbed flow (see Fig. 2a and 2b,
where two projections of a segment of a perturbed streamline crossing the separatrix are
shown). : _

At small non-zero values of w, and w,, the flow (3) can be approximately described
based on an averaging method. A point inside the sphere that does not lie on the z-axis
can be specified by the coordinates v, ¢, s, where %, ¢ are the values of the unper-
turbed system integrals, and s (mod2r) is the phase (angle variable) along the unper-
turbed streamline passing through the point under consideration. In terms of the new
variables the perturbed system has the following form:

<.
Il

Ef ("/"a(pa 3)7 )
eg (¥, 0,5), (6)
$ = Q,p) +eh(,p,s),

where € = |w|, and functions f, g, h are 27-periodic in s. Define the averaged system:

S
Il

P=¢eF (1, ),
(7)
P=¢eG (¥, ),

where functions F' and G are the averages of f and g over one period of s. It follows from
this definition that '



FUho) = g7 f Emaawv)d
(8)
G,e) = T(-%@ j[ (grady, v) dt,

where v = Lw,x]
2w

streamline of the unperturbed system I'y , defined by the values of ¢ and ¢, and T' (3, ¢)
is the period of the unperturbed motion along this streamline. Far from the separatrix,
the solutions of the averaged system describe the behavior of ¥ and ¢ along a streamline
of the exact system (3) to an accuracy of order & over time intervals of order 1/e [7, 12].

Denote by ® (v, ¢) the flux of the perturbation vector v across a surface S spanning
the streamline of the unperturbed system I'y, . This flux depends on ¢ and ¢ and is
independent of the choice of the spanning surface, since the flow is incompressible. Thus

@ (p,¢) = [ (v,m)do, ©)

where n and do are the unit normal on S and an area element on S. The positive direction
of n is defined as follows.. On the surface S, there is the natural direction of rotation,
specified by the unperturbed motion along its edge. The positive direction of the normal
is taken to be the direction of the angular velocity of this rotation. The following formulas
are derived in Appendix, establishing a connection between ® (1, ) and the r.h.s. of the
averaged system (see also [5]):

is the perturbation vector field, the integrals are evaluated along a

1 0%(se)
Fe) = T (,0) O
(10)
. 1 0% (¢, )
Gy = T (p,0) O

Thus, the averaged system is a Hamiltonian system with the volume form 7" (3, ¢) dypA
dy and the Hamiltonian function ® (¢, ). In particular, it follows that ® (¢, ¢) is an
integral of the averaged system. On the separatrix the averaged system is not defined and
the function @ is discontinuous. Below, we redefine ® so that it is continuous.

We next derive an asymptotic expansion for @ (1, ¢) near the separatrix, i.e. at
|| < 1. At small values of |¢| and fixed ¢, the unperturbed streamline I'y, , is close to
the limit contour Iy, consisting of two radii of the sphere (one connecting the center of
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the sphere to its pole, and the other belonging to the equatorial plane) and the arc on
the surface of the sphere connecting the pole with the point on the equator. To evaluate
® (¢, ©), we use the following formula equivalent to (9):

®(h,0)=§ (A, (1)

Ty
where A is a vector potential of the perturbation v: rotA = v, and dlis the length element
on the contour I'y ,. The direction of the integration is the direction of the unperturbed
motion along I'y ,. Renormalize the vector w: w; — ewg, w, —+ €Wz, SO that |w| =1, and
choose the vector potential of the perturbation in the form

r? 1
= = | — i — 12
A = (A, Ag, Ay) (2 (w; cos O + w, sin B cos ) , 0, rsinH) (12)

Along the unperturbed streamline dyp = 0. Taking into account closeness between the
contours Iy, and Ty, at 1] < 1, we find:

_ 1 2 1 9 .
D (,p) = A dr = 2wz é‘w 7 cos Odr + sz cos . 7% sin Odr
(13)
1 . 1
= — (ngmgn () + —éwm cos ¢ — 2a () wzr/ || + O (Y¥In |2,b|)) ,

where

1 ,
1 [r 1 ,(3
a(go)—mcosgoof 1_T2dr— \/(?%F (4) COS . (14)

Here I' (.) denotes the I-function. The first two terms in (13) give the circulation of A
along I'g,. The third term is singular in 9 and is the leading term in the asymptotic
expansion of ® (1, ) at small 1. In order to avoid a break in ® on the separatrix, we

redefine ® (1, ) as follows: ® = & + %fsign (v). From now on, the tilda is omitted.

Consider phase portraits of the averaged system. In [4] the portraits were based on an
approximate description of the averaged system in a small vicinity of degenerate elliptic

points of (3), i.e. at ¢ = :I:m. As was noted in [4], these portraits can not describe

correctly the behavior of the averaged system near the separatrix. The phase space of the
3

3 .
5 5 )
wz = 0 (i.e. at an infinitely large value of ), phase curves of the averaged system are the
circles 9 = counst, ¢ (t) = @p + w,t.

. . ) w
averaged system is a cylinder [ ] x S'. We introduce parameter 8 = —=. At
' w



Computer simulations of the system (3) show that for 3 in the range co > > 1/+/2
there are two pairs of stationary points (stable and unstable in each pair) at ¢ = 0, 7. It
follows from (13) that the stable points lie on the separatrix (i.e. at ¢ = 0). Hence, at
3 > 1/+/2 the phase portrait looks like that shown in Fig. 3a. Singularity of the integral
curves ® = const on the separatrix (at ¥ = 0) can be found from formula (13). Let an
integral curve cross the separatrix at ¢ = @o. Then at ¢ = @g + d¢, where |dp| < 1, this
integral curve is defined by

Vvl = %%590. (15)

From (15), one can see that the integral curve is defined for d¢ > 0, if ¢y € (%,W) U

(3’21, 27r), and dp < 0, if @y € g(), %) U (7r, 33”-) If po = Z, 3%, the integral curve is defined
in a small vicinity of ¢q both for positive and negative values of d¢. This integral curve
is given by the equation ® (1, ) = 0. It is essential that a phase point moving along an
integral curve ap'proach the separatrix and leave it in a finite time. In Fig. 3a one can
see that for G > \/— there are three kinds of phase trajectories of the averaged system:
trajectories not crossing the separatrix; trajectories crossing the separatrix and enclosing
the phase cylinder; and trajectories crossing the separatrix and encircling stable points of
the phase portrait.

On the phase portralt of the averaged system, there are regions filled with phase
trajectories that do not cross the separatrix. These regions correspond to the regions

of regular streamlines of the flow (3), surrounding the circles ¥ = :I:m. It is shown

in [4] that the size of these regions depends on the parameter 3, and as 8 approaches
Berit = \f these regions shrink to zero. On the phase portrait of the averaged system,

it means that the unstable stationary points at ¢ = 0,7 approach the phase cylinder

3
borders z/) = :i:55/2

B < == each of these stationary points splits into two saddles (see Fig. 3c), and all the
phase traJectorles cross the separatrix.

Far from the separatrix, the Al function ® is conserved along the streamlines of system
(3) to accuracy of order ¢ on time intervals of order 1/e. The behavior of the Al near the
separatrix is considered in the next section.

The phase portrait at § = (. is shown in Fig. 3b. Finally, for



4 Change in the adiabatic invariant due to the sep-
aratrix crossing

Under the perturbation considered in Section 2, values of ¢ and ¢ change along a stream-
line at a rate of order £. As a result, the streamline is not a closed curve as in the
absence of the perturbation, but a spiral which may cross the separatrix, passing from
one hemisphere to the other. Consider a segment of a perturbed streamline that crosses
the separatrix once. Let M_ and M, be its initial and final points lying at a distance of
order 1 from the separatrix. We use 94, ¢4, @4 to denote the values of functions v, ¢,
® at the points M. To be specific, we suppose that the point M_ lies in the northern
hemisphere (1) < 0), and M, lies in the southern hemisphere (4 > 0). Suppose also
that the streamline segment crosses the separatrix for sin ¢ < 0. It will be shown further,
that for 1 < 0, the value of 1) grows with every turn of the spiral, as well as the size of
the turns. After crossing the separatrix (for ¥ > 0) ‘the value of ¥ grows further, and
the size of the turns decreases from one turn to another. The problem is to calculate
A® =P, — d_ for small €. '

On each turn of the spiral M_ and M, mark the point where 7= 0,7 < % (the closest
to the origin point of the turn). We shall use M, to represent these points. We enumerate
these points so that k < 0 for 1 < 0 and k > 0 for 4 > 0; increasing |k| corresponds to
receding from the separatrix. Thus, M, is the last of the points M, prior to the separatrix
crossing, and M is the first of them after the crossing. The turn of the streamline between
Mj._, and M is called the kth turn and denoted by 7.

Let vk, ¢ and @ be the values of the functions %, ¢ and @ in the points M. We
now evaluate the changes in these functions on the kth turn of the streamline.

For the change in 1 we have:

dip 3 .
= [ L= [ Zewgsing (1-3c0s0) 1 (2 ~1)sindt. (1
VY — Y1 T | g smcp( 3 cos )r (r )sm (16)
Using (3) we obtain:
Vg — Yp_1 = 6/ _9’_237,2 sin ¢ sin Odr. (17)
e

Evidently, the main contribution to this integral is given by the part of 7 close to the
plane § = 7. We replace 7, in the integral by T, and, estimating the error introduced
as a result, we find:



Y — Yr1 = -%% sin gy, + €0 (\/ W%—ll) +0 (82111 ijl) ,
(18)
= eOp+e0 ( W’k—l]) + 0 (82111 |z/)k]) )

w
Here we have introduced the value ©; = ——= sin ;. Analogously, one can see that the

main contribution to the change in ¢ is given by the part of -y, close to the line 8 = 0.
For the change in ¢ we obtain:

wgsign (Yr— -
o1 = oot = a (pne) ) o ) 10 (™) (19
11|
where a (¢) is defined by (14). The estimates of the residual terms in (18) and (19) were
made under the assumption that Ce3/2 < |tho| < €0y — Ce*?,C = const > 0. From (18)
and (19) and the expression for the AI (13) we find

Qp—Pp_1 = apw, _ £Ousign (Y1) +2 (\/W)k‘ - \/Wk—ll) +0 (52 (l'@bk—ll‘l + |¢k|_1)) .
[Pk-1]

(20)
where ag = a (o). The estimate of the residual term in (20) takes into account that the
terms of order ¢ cancel each other due to the adiabatic invariance of ®.

The change in the Aadiabatic invariant ® along a turn well away from the separatrix
(at a distance of order 1 from it) is a value of order €*. The total change in @ over
such turns is a value of order . Consequently, if there is a lower-order term in € in
the asymptotic expression for the total change in ®, it is due to the turns lying near
the separatrix. Therefore, the change A® resulting from the separatrix crossing can be
calculated in the leading approximation using (18), (19) and (20), retaining only the
leading terms in these expressions. Summing up the changes in ® along each turn (see
(20)), we obtain:

N . _
AD = awe 3 _ £BOgsign (o + (K — 1) €Oy)
k=—N+1 \/W)o + (k — 1) eOy|

+ 2 (0o + ke©ol* — by + (k — 1) £©["/*)] + O (¢ |Inc]) (21)

+ O (e (1ol + [l ™))
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where N is an integer of order 1/e. The leading term in the asymptotic expression does
not depend on the exact choice of N. The sum of the terms in parentheses is O (), since
all these terms, except for the two extreme ones, cancel out.

We now introduce dimensionless variable & = —1)y/£0q; obviously, £ € (0;1). For AQ,
we have:

AD — —aowx\/_el/z Z sign ( §+k)

NETT

1 1
V—E+1+tk EtE

The sum in (22) can be expressed in the form of an ihtegral. Indeed, by definition of the
gamma function,

(e lnel) +e0 (67 + (1 - &)™)
(22)
) + O (g |Ing]) + €O (5_1 +(1— f)—l) :

— —anw/EOL” z (

1 (o]
r (—) = p!/? /t_l/Qe_ptdt,p > 0.
0

2
Therefore,
N-1 - N-1 % s 2,—
> 1 _ 1 Z/ —1/2,—(E+k)t gy — 1 v/l ft (1 — e”Nt) dt.
= VE+E T(1/2) e \/7?0 1—e"
Substituting this expression into (22), we find
12 t—1/2 e—(l—é')t) ~
_ ~Nt
A® = ayw;e0, \/._/ T (1 —e ) dt
+ O(ellne]) +e0 (€1 +(1-8)7).
Passing to the limit as N — oo, we finally obtain:
e 1 t—1/2( e—(1- §)t) .
AD = -1 —&)”
owe/E || v — dt+0 (e |lnel) +20 (¢ +(1-€) 7).

(23)
In terms of parameters 0 and g, this formula can be written as

11



00 4—1/2 (e—gt _ e-(l-g)t)

1—et

|sin <P0|1/2
1+ )

AD = ET?(3/4) dt

S
61 0S o

0 (24)

+ O(enel) +e0 (6 +(1-8)7).

The modulus is used in (23) to ensure that this formula also gives the change in the
AT due to the separatrix crossings for siny > 0. The integral in (23) is a function of &.
Fig. 4 shows a plot of this function. It has singularities of the form § “1/2and (1-¢ )_1/ 2
at the points £ = 0 and £ = 1, respectively.

The quantity £ in (23) characterizes the separatrix crossing along a certain streamline.
It is a function of the initial data 1_ and ¢_. A small change of order € in ¥_ and ¢_
produces in general a large change of order 1 in &. Hence, for small € it is reasonable
to treat & as a random value. It can be shown (cf. Ref. [5]) that this random value is
uniformly distributed on the interval (0,1). Therefore, A® is also a random value, and
its distribution is given by (23). From (23) we find that the mean value of A® is 0 in the
leading approximation.

The formula for A®, given by (24), was checked numerically for various values of
parameters &, 3, o, and €. The system (3) was integrated numerically with the use of
program TraX [13, 14]. In Fig. 5, log-log plots of A® (&) are represented for ¢y = —5—3? and
8 =1.3, £ = 0.3. The straight lines in Fig.5 correspond to theoretical values of A® (¢)
given by (24), and the asterisks show values obtained numerically from (3) for various
values of €.

5 Diffusion of the adiabatic invariant due to multiple
separatrix crossings

The averaged system evolves along the lines ® = const and the averaged motion is periodic
for almost all initial data (see Fig. 3). The period of the averaged motion is a value of
order 1/e. A trajectory of the averaged system that crosses the separatrix, crosses it twice
in one period.

The motion in the exact system in variables ¥ and ¢ can be described as follows.
Well away from the separatrix, a point % (t), ¢ (¢) follows (to within O (¢)) the trajectory
of the averaged system ® = const. Let this trajectory cross the separatrix. As a small
neighborhood of the separatrix is traversed, the value of ® undergoes a quasirandom
jump of order /. As a result, after the separatrix has been crossed, the point ¥ (t),
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@ (t) follows a different trajectory of the averaged system. Thus, subsequent separatrix
crossings produce intermittent dynamics in the system and diffusion of the AL

Note from (24) that if ¢o = %, 3%, the change in the AI equals zero in the leading
approximation. In the averaged system, the points ¢ = 0, = 7, 37” belong to the phase
trajectory defined by ® (1, ¢) = 0. Consequently, in the exact system, in a small vicinity
of the surface ® (1, 0) = 0 the diffusion of the AI slows down significantly. Numerical
simulations show that it takes considerable time for a streamline to cross the border
® (1, ) = 0. |

The process of the diffusion of the Al is illustrated by Figs. 6 and 7. In order to

represent a long streamline, we used its Poincare sections by the planes z = +1/ V5. These

planes contain the circles ¢ = :i:5T3/-2— (r = {/3/5,cos0 = £+/3/3) filled by degenerate

elliptic fixed points of the unperturbed system (see Secion 2). Hence, each close streamline
of the unperturbed flow crosses one of these planes twice. In Fig. 6, ¢ = 0.05, 8 = 0.8 and
the phase portrait of the averaged system is one of the types shown in Fig. 3a. There exist

two areas of regular dynamics surrounding the circles 9 = ig?/? The initial conditions
for the represented streamline are chosen in the chaotic domain, and it never visits these
areas. It is clearly seen in Figs. 6a, 6b, where the Poincare sections of a single streamline
by the planes z = =41/4/5 accordingly are shown. In Fig. 6c, the same streamline is
represented on the plane of slow variables 1, . Each dot on the plane corresponds to
one crossing of one of the planes z = +1/+/5 taking place at r > \/33_/_5- The time of
calculation corresponds approximately to 1000 separatrix crossings, and the diffusion of
the AI, both as the intermittent character of motion can be clearly seen. However, in spite
of the rather long time of calculation, the streamline does not visit the area of the plane
above the curve @ (¢, ) = 0, even though it covers all the area between this curve and
the curve corresponding to the border of the regular motion area in the upper hemisphere.

In Fig. 7, a single streamline is represented in the same way as in Fig. 6 for ¢ =
0.05,8 = 0.5. This case corresponds to the type of the phase portrait of the averaged
system shown in Fig. 3c. The whole interior of the sphere is a domain of chaotic dynamics.
The time of calculation in Figs. 7a, 7b and 7c corresponds approximately to 500 separatrix
crossings. Because of the diffusion, the streamline fills the region corresponding to the
area below the curve ® (¢, ) = 0 on Fig. 7c, but does not cross this border. However,
longer calculation shows that the streamline eventually crosses this border and, during
the time corresponding to at least another 500 separatrix crossings, evolves in the area
above the line @ (¥, p) = 0, where the diffusion process continues in a similar way (see
Figs. 7d, 7e and Tf).

Note that the remarkable structures in Figs. 6a and 7a represent similar structures
on the plane of the slow variables (see Figs. 6¢ and 7c), and manifest properties of the
corresponding phase portraits of the averaged system (see Figs. 3a and 3c).
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Let us make some estimates concerning the diffusion process. Asin [5], it can be shown
that values of £ for two successive separatrix crossings can be treated as independent
random quantities. Hence, changes in ® due to multiple separatrix crossings can be
regarded as steps of a random walk.

For 8 > %, there exist regions filled with streamlines that do not cross the separatrix
(cf. [4]). Inside these regions, the Al is conserved to within O (g) (see [15]), and the
motion is quasiperiodic for most of the initial data.

Consider a streamline that crosses the separatrix. For definiteness let its initial con-
ditions lie in the area ® > 0. The change in ® after NV separatrix crossings is a value of
order v Ne'/2. After N ~ 1 /€ crossings, ® changes by a value of order 1. It takes time
t ~ €72, In this time period the streamline will pass close to any point of the chaotic
domain belonging to the area ® > 0. It takes a considerably longer time to cross the
border ® = 0. Thus, the time ¢ ~ €72 can be called the chaos development time in the
system.

6 Conclusion

We have shown that chaotic advection in the confined Stokes flow (3) arises as a result
of accumulation of quasirandom jumps in the adiabatic invariant of the system. These
jumps occur due to repeated crossings of the separatrix by a streamline. This mechanism
of chaotization produces a chaotic domain of large size for arbitrarily small non-zero value
of the perturbation . At some parameter values, a large region of regular motion is also
present. It can be explained on the basis of phase portraits of the averaged system, which
have been constructed.

We have derived the basic formula for the value of the change in the Al that results
from the separatrix crossing. It turns out that this change is a quasi-random value of
order /e. The typical chaos development time in the system has been also estimated.

The flow considered is representative of a class of incompressible flows that have the
following properties. The velocity field of a flow differs by a small perturbation from a ve-
locity field possessing two integrals of motion. Almost all streamlines of this unperturbed
flow are closed. A small perturbation that makes some streamlines cross the separatrix
of the unperturbed motion gives rise to chaotic advection in a large domain. The first
example of such a flow was given in [3]. The methods developed in [5] and the present
paper for investigation of the flows introduced in [3] and [4] can be applied to study other
flows of this class.
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Appendix: Derivation of formulas (10)

Consider the quantity A® = & (¢ + Ay, @) — @ (¢, @) for ¥ > 0, Ay > 0. We have

AD = — /A ,(v,m)do (25)

where AS is part of the surface ¢ = const bounded by the unperturbed streamlines I'y ,
and T'yiage, do is an area element on AS, and n is a unit normal on AS, chosen as
indicated in Section 3. The minus sign in (25) is due to the fact that the area on the
surface ¢ = const that is bounded by the curve Ty ,, contracts with increasing .

we introduce the tangential vector dl on the unperturbed streamline I'y ,:

dl = [grady, grady)] dt (26)

where dt is an element of time for motion along the streamline. Next, we introduce the
following vector with its starting point on the curve Iy ,:

_ [grade, £l Ay
AT = (orady, gradp, &)

where £ is an arbitrary vector that does not lie in the plane containing the vectors grady
and gradp. The vector Ar is orthogonal to grady and its end point lies on the curve
Ty+ap,e to within O (A¢?) since (gradiy, Ar) = Avp. Thus, using (25)-(27), we obtain in
the leading approximation in At the following expression:

(27)

Ad = fi}(, (v,[Ar,dl]) = f} (gradep, v) Avdt (28)

P

Hence, and from (8), we obtain the second formula in (10) for ¢ > 0. This formula in the
case 1 < 0 and the first formula in (10) can be proved similarly.
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Figure 1: The unperturbed flow.
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Figure 6: Sections of a long streamline (¢ = 0.05, 8 = 0.8, calculation time ¢ = 200000)
by plane: (a) z = 1//5.

26



1.1

Y coordinate

L
TS

1.1 ,
~1.1 1.1

X coordinate

Figure 6 (cont’d): Sections of a long streamline (¢ = 0.05,3 = 0.8, calculation time
¢t = 200000) by plane: (b) z = —1/+/5.
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Figure 7 (cont’d): (b). The same as in Fig.5(b), ¢ = 0.05,4 = 0.5, calculation time
t = 100000.
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Figure 7 (cont’d): (e). The same as in Fig.7(b), calculation time ¢ = 200000.
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