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Using the combined limits of a large activation energy and a ratio of specific
heats close to unity, a dispersion relation has recently been derived which governs
the stability of a steady Chapman-Jouguet detonation wave to two-dimensional
linear disturbances. The analysis considers instability evolution time-scales that
are long on the time-scale of fluid particle passage through the main reaction
layer. In the following, a simplified polynomial form of the dispersion relation is
derived under an appropriate choice of a distinguished limit between an instability
evolution time-scale that is long on the time-scale of particle passage through the
induction zone and a transverse disturbance wavelength that is long compared to
the hydrodynamic thickness of the induction zone. A third-order in time, sixth-
order in space, parabolic linear evolution equation is derived which governs the
initial dynamics of cellular detonation formation. The linear dispersion relation is
shown to have the properties of a most unstable wavenumber, leading to a theo-
retical prediction of the initial detonation cell-spacing, and a wavenumber above
which all disturbances decay, eliminating the growth of small-wavelength pertur-
bations. The role played by curvature of the detonation front in the dynamics of
the cellular instability is also highlighted.

1. Introduction

Using combined limits of near Chapman-Jouguet detonation velocity, large
dimensionless activation energy, long-wavelength shock perturbations on the scale
of the induction zone thickness and slow dynamic shock evolution measured on
the time scale of particle passage through the induction zone, Yao and Stewart
(1996) have recently derived a two-dimensional hyperbolic nonlinear evolution
equation for the motion of an unstable detonation wave. This evolution equation
is a partial differential equation in the shock displacement, and is a relation
associating the normal shock velocity, the first and second time derivatives of the
normal shock velocity, the shock curvature, and the first normal time derivative
of the shock curvature. The equation is third-order in time and second-order in
space. The domain of detonation parameters in which the nonlinear equation will
predict cellular patterns has been analysed in Stewart, Aslam and Yao (1996), and
has been determined as the unstable regimes in which the two wave operators
present in the linearised version of the evolution equation are hyperbolic. The
higher-order hyperbolic wave operator connects the second time derivative of the
normal shock velocity to the first time derivative of the detonation front curvature
and has an associated wave speed a. The second wave operator connects the first
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derivative of the normal shock velocity to the curvature of the detonation front,
and in regions where it is sub-hyperbolic, i.e. for parameter regimes which predict
the decay of one-dimensional linear disturbances, it has an associated wave speed
asup- Detonation cells are thus predicted in regimes where a?ub > a?.

Despite the clear success of the Stewart-Yao equation in modelling the dynam-
ics of cellular detonation patterns, there are two particular features of the numer-
ically evaluated linear dispersion spectra (Short 1997) that are not present in the
linearised Stewart-Yao equation. Firstly, the dispersion relation does not possess
a local maximum growth rate in finite transverse wavenumber space and so can-
not predict the cell-wavelengths which are initially the most unstable. Secondly,
it does not possess a critical wavenumber above which all linear disturbances
decay. This corresponds to an important feature of detonation wave propagation
whereby cell formation does not occur in very narrow channels, and implies that
small wavelength disturbances are prevented from amplifying. The lack of these
two properties indicates a need for a more general linear theory to be developed.

The required generalisation of the linear dispersion relation is also reflected
in the studies by Buckmaster & Ludford (1986) and Buckmaster (1989). Buck-
master & Ludford (1986) consider long-wavelength perturbations of the order of
the activation energy times the induction zone length and an instability evolu-
tion time-scale of the order of the activation energy times the particle transit
time through the induction zone. Under this distinguished limit, they found a
single unstable but real mode, whose growth rate increased monotonically with
wavenumber and so does not lead to a prediction of a characteristic initial cell-
spacing. Subsequently, Buckmaster (1989) conducted an analysis in which the
disturbance wavelength scaling is taken to be of the order of the square root of
the activation energy times the induction zone length. This scaling introduces
an important modification, which is that the curvature of the front now plays a
crucial role in determining the induction zone structure. Buckmaster (1989) again

found a single unstable real mode, but this now featured an explicit maximum
growth rate at a finite wavenumber, as well as a wavenumber above which the lin-
ear disturbance decayed. Buckmaster (1989) proposed that the former property
could be associated with the possible prediction of a unique initial detonation cell-
spacing. Being real, however, the unstable mode does not propagate transverse to
the front, but nevertheless, a possible physical mechanism for cell formation does
arise in such cases (Buckmaster 1988). Short (1997) has found that the asymp-
totic results of Buckmaster and Ludford (1986) and Buckmaster (1989) can only
be recovered numerically in the limit of very large activation energies.

Using a different asymptotic strategy, Short and Stewart (1997) have recently
derived an analytical dispersion relation for two-dimensional Chapman-Jouguet
linear detonation instability, under the two assumptions of a large activation en-
ergy in the steady detonation wave structure and a ratio of specific heats close to
unity. The latter limit was first introduced in the context of an analytical solu-
tion of the Clarke equation (1981) in a shock-induced ignition problem by Blythe
and Crighton (1989), and was subsequently used by Short (1996) to derive an
analytical dispersion relation for the classical limiting square-wave detonation
model. The dispersion relation derived in Short and Stewart (1997) is valid for
instability evolution time-scales that are long on the time-scale of particle pas-
sage through the main reaction layer and for transverse disturbance wavelengths
that are long compared to the hydrodynamic thickness of the main reaction layer.
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The main reaction layer can then be treated as a Rankine-Hugoniot discontinuity
with heat addition. Thus for sufficiently large activation energies, the range of
disturbance frequencies described by the analysis can be much higher than the
inverse time-scale of particle passage through the induction zone, whereas the
range of wavelengths can be much smaller than the hydrodynamic thickness of
the induction zone. The analytical dispersion relation derived in Short and Stew-
art (1997) is shown to possess all the desirable characteristics of the behaviour
of actual linear instability spectra. These include the predictions of critical finite
wavenumbers at which maximum modal growth rates are attained, as well as crit-
ical finite wavenumbers above which disturbances decay. The main drawback with
the analysis in Short & Stewart (1997) is that the dispersion relation is a highly
complex, exponential function of the growth rate, frequency and wavelength of
the disturbance.

As stated in Short and Stewart (1997), however, simplified polynomial versions
of the dispersion relation are possible and these are pursued in the following
article. This simplification occurs in situations where the disturbance frequency
is low on the inverse time-scale of particle passage through the induction zone,
and when the characteristic transverse disturbance wavelength is long compared
to the hydrodynamic thickness of the induction zone. In these circumstances,
the low-frequency, long-wavelength results of Buckmaster and Ludford (1986),
Buckmaster (1989), as specialized to a Chapman-Jouguet detonation, and Yao &
Stewart (1996) can then be recovered.

The present study analyses the properties of two linear evolution equations cor-
responding to simplified polynomial dispersion relations derived by exploiting two
distinguished limits between the disturbance frequency and wavenumber in a low-
frequency, long-wavelength expansion of the dispersion relation obtained in Short
and Stewart (1997). In both cases the corresponding one-dimensional evolution
equation is third-order in time. In situations where the disturbance wavelength
is of the order of the inverse frequency, a third-order in time, second-order in
space evolution equation is derived with a form similar to that derived in Yao &
Stewart (1996). This is shown to have the same deficiencies in its representation
of the linear dispersion relation. In contrast, in situations where the square root
of the disturbance wavelength is of the order of the inverse of the disturbance fre-
quency, a parabolic evolution equation is derived which is third-order in time and
sixth-order in space. For the large range of detonation parameters in which there
is a single unstable oscillatory mode in the actual linear stability spectra, the dis-
persion relation corresponding to this parabolic evolution equation gives a good
qualitative understanding of the dynamics associated with the two-dimensionally
unstable mode. This includes the presence of a maximum growth rate at a finite
wavelength and a wavenumber above which two-dimensional disturbances decay.
Predictions of two-dimensional neutral stability curves are also given. It appears
that the global generic features of the parabolic equation make it a favourable
candidate for predicting the dynamics of the onset of cellular detonation.

Before proceeding, we note that detonation stability studies using the large
activation energy, square-wave model have been criticised in the past for possess-
ing the so-called ‘Zaidel pathology’, where the stability spectrum consists of an
infinite number of unstable modes whose growth rates increase with increasing
frequency. Zaidel’s model (1961) is, however, ad-hoc, replacing the main reaction
layer or fire by a discontinuity with no spatial structure. In contrast, a rational -
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analysis based on large activation energy asymptotics (Buckmaster & Neves 1988)
reveals a non-uniformity in the high-frequency expansions when the disturbance
frequency is of the order of the inverse particle transit time through the main
reaction layer. The non-uniformity must be resolved for a correct asymptotic de-
scription, and numerical solutions (Short 1997) reveal that disturbances with a
frequency much higher than the scales defined by the fire thickness are stable.
In contrast the spectrum obtained by Zaidel, where the fire has no structure,
predicts an infinite number of unstable modes. However, the trend towards an
ever increasing number of unstable modes can be captured numerically as the
activation energy is increased (Short 1997). That said, it should be emphasised
that the behaviour of the spectrum at high frequencies has, of course, no bearing
at all on our ability to accurately describe the nature of the low-frequency in-
stability for finite activation energies based on a truncated asymptotic expansion
that is valid in the limit of large activation energies. This is the approach taken by
Buckmaster & Ludford (1986), Buckmaster (1989), Yao & Stewart (1996) and is
the approach taken here. Moreover, the overwhelming evidence from both exper-
imental and numerical studies on two-dimensional detonation wave propagation
is that low-frequency, long-wavelength disturbances control the dynamics of det-
onation instability, precisely the regime in which the aforementioned asymptotic
studies are concerned.

The layout of the paper is as follows. In §2 & §3 an alternative derivation
of the linear dispersion relation obtained by Short & Stewart (1997) is given.
This demonstrates the interesting result that the weakly nonlinear induction zone
dynamics of an unstable detonation wave are controlled by a generalised mean-
flow form of the Clarke equation (1981). In §4, a one-dimensional linear evolution
equation is derived governing the initial dynamics of a pulsating detonation front.
In §5 the two-dimensional hyperbolic linear evolution equation is derived, whereas
in §6 the two-dimensional parabolic linear evolution equation is derived, and its
generic properties investigated.

2. Nonlinear evolution analysis

The nonlinear problem representing the response of a steady planar detonation
wave to two-dimensional shock disturbances with an amplitude of the order of the
inverse activation energy is formulated by defining an unsteady shock-attached
coordinate system

r=X— %ﬁ(y,t), 0> 1, (2.1)

where A(y, t) is the O(6~1) shock displacement relative to the steady shock loca-
tion X = 0, and 8 is the activation energy for the one-step reaction. The plane
z = 0 denotes the shock position in the new coordinate system. The hydro-
dynamic behaviour of a detonation in an ideal gas undergoing an irreversible,
unimolecular reaction with an Arrenhius rate constant is modelled by the system

1. 1;
z;+A-z,+B 2y — "éh,tz,m - Eh’yB -Zg = C, (2.2)
where

z= [pa U, U, P, Ta Y]Ta ’ (23)
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for non-dimensional density p, normal velocity u, transverse velocity v, pres-
sure p, temperature 7' and fuel mass fraction Y. The dimensional scalings for
temperature, density and velocity are the steady detonation post-shock temper-
ature, density and sound speed respectively. In particular, the length-scale is the
steady induction zone length in the limit of large activation energy, whereas the
time-scale is the time taken for an acoustic disturbance to propagate across the
induction zone. The chemical matrix c is defined as

=00, 0, 0, ~pr, —1Br, 7I* (2.4)

where the reaction rate r is given by

K 1
- _ - = 2.
r HﬁYeXP [9 (l T)] , (2.5)
and the constant K by
M, (M? —1)

K=" 2.6
(M2 1) (20

where M, is post-shock steady-flow Mach number. The constant - is the ratio
of specific heats, while the constant f is the non-dimensional heat release scaled
with respect to the post-shock thermal energy. Finally the matrices A and B are
defined as,

K p 0 0 0 07 rv 0 p 0 0 07
0 U 0 1/p 00 0 v 0 0 00
0 0 v 0 00 00 v 1/p 00
A= , B=
0 Yp 0 » 00 00 Yp v 00
0O (y—-1)T 0 0 u O 00 (wy=1)T 0 v O
L 0 0 0 0 0 u. 0 0 0 0 0 v
(2.7

Short & Stewart (1997) describe a linear stability analysis concerned with
infinitesimal perturbations of the shock front. Below we present an alternative
derivation of these results which explores a weakly nonlinear formulation based on
O(67 1) perturbations of the shock front. We demonstrate how a two-dimensional,
mean-flow generalised form of the Clarke equation (1981) controls the detonation
dynamics in the induction zone. The linear stability results of Short and Stewart
(1997) are easily recovered from the weakly nonlinear formulation.

(a) Induction zone analysis

The induction zone response to two-dimensional detonation shock perturba-
tions with an amplitude of the order of the inverse activation energy 671, 6 >> 1,
is determined through the expansion,

1
Z=Z:+52(£B,y,t)+'--, (28)
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where
z =1, My, 0, 1/7, 1, 1]T (2.9)

is the underlying steady post-shock state. Correspondingly, the matrices A, B
and ¢ can be shown to take the following asymptotic form in the induction zone,

. 1 R . 1 R
A(;9)=A0+§A1(Z)+“', B(;9)=B0+-§B1(Z)+"‘,
.- (2.10)
c(;0) = 5CT€T,
where
r M, 1 0 0 0 0 1 0 0 1 00 07
0 M, 0- 1 0 0 00 0 000
0 0 M, 0O 0 0 00 0 100
ASZ ; BE= P
0 1 0 M, 0 O 00 1 000
0 (y—1) 0 0 M, 0 00 (y—1) 00 0
L 0 0 0 0 0 M, ] | 0 0 0 00 0]
C(2.11)
and
T
¢t = [0, 0, 0,1,7, —ﬁ—l] . (2.12)

Thus the matrices A and B are constant to leading order in the induction zone
in an expansion in §71, while ¢ is proportional to the temperature perturbation

T at O(6~1). The problem for % is determined by the reduced matrix system
G+ Ab-5g+ By gy =clel. (2.13)
Elimination of j, 4, 9 and p from (2.13) leads to an equation for T in the form

[0+ Mada) ([04 + M0" T — V*T)

oy ([a,t + M,0,)” [ef] _ %Vz [efD _o, (2.14)

where
V2% = 045 + Oy (2.15)

The equation (2.14) represents a two-dimensional generalisation of the Clarke
equation (Clarke 1981) in a mean flow, and has been derived by considering
perturbations of the steady detonation shock which are explicitly 0(671). Thus it
is apparent that a generalized version of the Clarke equation governs the induction
zone dynamics of cellular detonation instability.

The shock conditions for the perturbation variables are determined from the
perturbed Rankine-Hugoniot relations across the detonation shock and are given
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by
p= K’pil‘t? U= K”ujlh 0= ”ivhy, p= ﬂp};‘t) T = (’Y - 1)’<;'Ti7‘t’ }/} ='(20’16) :
where .
—1)M, .
Ky = %(2—(v—1){u—1]),
fu = s (<0 M) (= Dl - M),
Ky = (p—1)Ms, (2.17)
fp = %’Z—A;;—)_A% (2- (r=D)lu—1M2),
o = Yo (2 (= D - M) — (= Dl — U2),

with the conditions (2.16) applied at = 0. For a given Chapman-Jouguet deto-
nation velocity D¢y relative to the ambient atmosphere, the parameter y, which

represents the density jump across the steady detonation shock, and M are given
by

_ (y+1)D%; M2 = 2+ (y—1)D%;
B= 3 s = 2 .
24 (y—-1)D¢; 2yDg; — (v —1)

(2.18)

(b) Burnt zone analysis

For Chapman-Jouguet detonation velocities, the outflow from the rear of the
main reaction layer is sonic. For general detonation velocities, the flow in the
burnt region is determined in the unsteady form

z = zb(a:) Y, t)) (219)

where, for large activation energies, the flow is considered chemically inert. The
flow solution can easily be represented in terms of the standard characteristic
surfaces o1, or and op, where oy, represents upstream acoustic propagation from
infinity to the rear of the main reaction zone, o downstream acoustic propagation
away from the rear of the main reaction layer, while op represents the paths of
entropy and vorticity propagation. The amplitude of unsteady flow in the burnt
zone will be a function of the characteristic frequency and wavelength of the shock
perturbation. For sonic outflow, a condition on the equilibrium flow arises that
eliminates the upstream characteristic path oy, at the rear of the main reaction
layer. Along this surface the burnt flow condition will then take the form of a
compatibility condition depending on og and op having the form,

z(0r,0pP) = 0. (2.20)

(¢) Matching
When the disturbance frequency is low on the inverse time-scale of particle pas-

sage through the main reaction layer and the transverse disturbance wavelength
is long compared to the hydrodynamic thickness of the main reaction layer, this.
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layer may be approximated by a standard Rankine-Hugoniot discontinuity with
heat addition. The Rankine-Hugoniot relations relate the gasdynamic state at the
entrance to the main reaction layer to the outflow in the burnt zone (2.20). The
general weakly nonlinear problem is then solved by integrating equations (2.13)
subject to shock conditions (2.16) to determine the state at the entrance to the
main reaction layer, and matching this behaviour across the main reaction layer
to the sonic outow condition in the burnt zone. In general this has to be done
numerically, although an analytical solution is possible in characteristic form by
invoking the Newtonian limit in which the specific heats ratio v — 1. This will
be reported on in a future article. For the present, our concern is with the cor-
responding linear stability analysis of this weakly nonlinear system, though the
preceding analysis has shown how the dynamics of a generalised two-dimensional
mean-flow version of the Clarke equation is crucial to the understanding of the
nonlinear problem of cellular detonation instability.

3. Linear stability analysis

The linear stability of the steady detonation wave solution z*(z) to two-dimensional
perturbations is determined from (2.13) in the preceding analysis by expanding
z as
5 =z} (z) + #(z,y,1), h=h, (3.1)
where z*(z) represents the O(0~') steady state solution in the induction zone,

and the superscript ~ denotes a small linear perturbation quantity. Using (2.13)
and (3.1), the linear stability problem becomes,

Zi+ Ay Zg+By -2y = (Cen)p- 2 (3.2)
The O(6~!) steady solution is found by substituting (3.1) into (2.2), giving
Aj-zi, = Keie't. (3.3)
With null initial conditions at & = 0, the solution for z] can be shown to be
T
1 M, M? (M2 - 1)
z] = |— ) —, 0, — 2 -1, —2——~| In(l-2).
= |-Gy E—n ® G- - eE-p) U9
(3.4)
The matrix (Ccp), can then be written as
0000 0 07
0000 O O
K 0000 O O
(Cen) () = — (3.5)

Bl-z) o000 -8 0

0000 —B 0

L0000 1 Ol



Cellular detonation stability : 9

which depends on the spatially-varying steady induction zone structure, and re-
flects the singular nature of this structure near the main reaction layer. Elimina-
tion of p, i, ¥ and $ from (3.2) leads to an equation for 7" in the form

[0, + M.d,) (104 + Myd,) T — V*T)

- = (3.6)
T 1. T 1\ _
—y ([a,t + M,0,)° {1 _x} -V [1 _mD = 0.

This is simply a linearised version of the mean-flow Clarke equation (2.14).
The system (3.2) is solved by first introducing a normal-mode decomposition

for % and h in the form

5 = zl(m)eAt—{-iky, h= hle)\t+iky’ (3.7)

with the complex growth rate given by A, where Re()) defines the real growth
rate, Im()\) the frequency and k the wavenumber of the disturbance. The matrix
z'(z) describes the spatial structure of the perturbation eigenfunctions in the
displaced flow. The system (3.2) and shock conditions (2.16) become

Az, + (A +ikBg — (Cen)p) -2 =0 (3.8)
and
P =My, U =Aky, V' =ikky, P =Xkp, T =Ny—1kr, Y' =0
(3.9)

This is precisely the linear system derived in Short & Stewart (1997). In order to
solve the differential-matrix system (3.8) and (3.9) analytically, Short & Stewart
(1997) invoke the additional assumption of the Newtonian limit, where

0l (v-1) <1, #'(z)=zz)+(y—-1zi(z)+---, (3.10)

in which the ordered limit between (y—1) and 8~ is to be noted. Substituting, the
system (3.8) is then solved sequentially for zj and z) to determine the perturbed
induction zone solution. The result of this analysis is that the main reaction layer
is found to be perturbed from its steady location X =1 to a new location

X =F(y,t) ~ 1+ Epertiky, (3.11)
where ‘ ‘
Ey=h —0(y—1)a, (3.12)

with o o< A’ and a function of A and k. Immediately in front of the main reaction
layer, i.e. at X = F~(y,t), the matrix z’ can be shown to have the value

2{X = F (y,t)} =2 = [oF, uF, v, P Tp, YI’“]T, (3.13)

where the { }' s are given explicitly in Short & Stewart (1997) as complicated
functions of A and k.

(a) Main reaction layer jump, sonic flow and compatibility condition
The perturbed linear flow in the burnt zone is determined by the expansion

Zy = ZZ + 2b(ma yat)a (314) :
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where z; represents the constant flow state in the burnt zone. When the outflow
from the rear of the main reaction layer is locally sonmic, i.e. for a Chapman-
Jouguet detonation wave, a natural degeneracy in the description of Zy(z,y,1)
appears (Short & Stewart 1997), in which the upstream propagating acoustic
waves are eliminated. In such circumstances, the perturbed flow solution in the
burnt zone must satisfy the normal-mode linear compatibility condition

Y
Py . (3.15)
1oV

uy — ikvpuy —

The quantities v, and up represent the ratios of the frozen sound speed and
density in the uniform steady burnt state to those immediately behind the steady
detonation shock, and for a given Chapman-Jouguet detonation velocity D¢y,
their values are given in appendix A.

As noted previously, the analysis in Short & Stewart (1997) is valid for distur-
bances that are of sufficiently low frequency and long wavelength that the main
reaction layer can be treated as a Rankine-Hugoniot discontinuity. This has an
important implication, namely that for sufficiently large activation energies the
disturbance frequencies can then be significantly lower and wavelengths signif-
icantly longer than the appropriate scales defined by the induction zone. It is
this property that is exploited below to derive simplified polynomial forms of
the dispersion relation obtained in Short & Stewart (1997). For the generalised
scales in Short & Stewart, the Rankine-Hugoniot relations are used to relate the
perturbation quantities at X = F~(y,t) to those at the rear of the main reaction
layer, where

7 =z {X = F*(y,t) )Mt (3.16)

‘For general detonation velocities, i.e. for M < 1, where M, is the steady Mach
number in the burnt zone, the three Rankine-Hugoniot jumps can be represented
in matrix form as

A} e, = ajpp + ajup + ayp +ay Ve + A"I‘?ﬁé, (3.17)
where |
Pb py—1
e =|u |, Ah=]| 0 : (3.18)
P (v — 1) (Mypvp — M)
and
M, 1 0 0
a,=| M|, a,= 2M; , a,= |11, ayr=]0]. (319

-1 (v - 1) M vy B



Cellular detonation stability : 11
The matrix A} is given by

Myvp b 0
A= | BME  2muM, 1, (3.20)

—vg[m (v = 1)Myvy /1

and for M, = 1 its inverse (A;:)_1 is singular. The singularity arises because e}
must necessarily satisfy the the Chapman-Jouguet compatibility relation (3.15),
when M, = 1. The regularity condition on the four equations (3.17) and (3.15)
is determined as

Riplp + Ryt + RsYh + Raplp + ARsF = 0, (3.21)

where

1 Y
R1=7(-——1>, Ry="(m—1)[y+1-(y—1m], Rs=-5,
Ko Kb

Ro=flm— G4+, B B 1) + (- Dl
(3.22)
This determines the dispersion relation governing the stability of Chapman-
Jouguet detonations in the limit of large activation energy. Although the matrix
27, is a complex function of X and k the analysis is valid for a disturbance fre-
quency that is small on the inverse time-scale of particle passage through the main
reaction layer, and a transverse disturbance wavelength that is long compared to
the hydrodynamic thickness of the main reaction layer. Due to its complexity, the
dispersion relation has to solved numerically in general, and this has been done
in Short and Stewart (1997). Excellent qualitative agreement with the behaviour
of exact numerical solutions of the detonation stability problem was obtained.
In the following work, additional low-frequency and long-wavelength limits on
scales associated with induction zone quantities will be exploited, i.e., in circum-

stances where
A=0(), k=0() or k=0(W3), <1 (3.23)

In this manner it is possible to derive straightforward explicit polynomial expres-
sions for the dispersion relation and analyse the properties of the corresponding
linear evolution equations in order to understand the initial dynamics of cellular
detonation formation.

4. Low-frequency pulsating instability

Numerical simulations of nonlinear one-dimensional detonation instability re-
veal a pulsating behaviour of the front. The frequency of the pulsation is found
to be low on the scale of the inverse particle transit time through the detonation
induction zone (Abouseif & Toong 1982; Bourlioux, Majda & Roytburd 1991;
Quirk 1994), and moreover, for regimes in which there is a single unstable mode
in the linear stability spectra, the frequency of the fully nonlinear pulsation is al-
most identical to that associated with the frequency of the linear mode. As noted .
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by Abouseif & Toong 1982, this indicates that the salient features of the non-
linear pulsating instability mechanism are captured by the dynamics associated
with the low-frequency unstable linear mode. For planar disturbances (k = 0), an
explicit polynomial expression for the low-frequency mode can be obtained from
the dispersion relation (3.21) when

A=0(5), §<1. (4.1)

The functions z} can then be expanded in algebraic powers of X in a straightfor-
ward manner and the third-order polynomial dispersion relation

(0(7 = 1)Cs + Ce) X + (8(y — 1)Ca + C3) X2+ C1A =0 (4.2)

derived, after truncating the expansion so that terms up to O(6%) are retained.
The coefficients C; depend on the post-shock flow Mach number M, the heat
release B and the ratio of specific heats «, and are given explicitly in appendix B.
The terms involving the product f(y — 1) are generated by the displacement of
the fire-zone relative to the shock front. The corresponding one-dimensional linear

evolution equation for A (3.7) is given by the third-order equation
Agh gt + Agh g + Arhy =0, (4.3)
where the tilde on & has been dropped, and where,
A1 =0y, Ay=0(y—1)Cs+C3 As=0(y—1)Cs5+ Cs. (4.4)

Figure 1 shows the variation of A;, Ay and A4 in the activation energy E -
heat release @ plane for realistic variations in the parameters 5 < ) < 30 and
5 < E < 30. The non-dimensional quantities £ and () represent detonation
velocity independent scalings, and their relation to § and £ is given in appendix A.
Thus, in these regimes we have both A; < 0 and A4 < 0, whereas Aj can be either
positive or negative depending on the relative values of () and E. Figure 2 shows
‘the variation of A;, A and A4 with E for @ = 10 and @ = 20.

The second-order evolution equation and dispersion relation obtained by trun-
cating the expansion at O(§2),

Ashy + Athy =0, Ao+ A1A=0, (4.5)

is the Chapman-Jouguet equivalent of that derived previously by Buckmaster &
Ludford (1986) for overdriven waves. The dispersion relation consists of the null
eigenvalue and the single real eigenvalue
Ay

A= 4 (4.6)
Since A; < 0, the real root is stable in regimes where Ay < 0 and unstable
where Ay > 0. Figure 3 shows the variation of the unstable eigenvalue (4.6) with
activation energy E for Q = 10. A singularity in the growth rate occurs when
Ay = 0. Buckmaster (1988) has shown that the slowly-varying nonlinear evolution
equation corresponding to the unstable regime of the linear evolution equation
(4.5) leads to a situation where the induction zone either collapses or lengthens
indefinitely. Additionally, Short (1997) has shown that such low-frequency real
roots do occur in the actual linear stability spectra, but only in the limit of
unrealistically large activation energy. More complex models must therefore be
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Figure 2. The variation of A; (dashed line), A2 (dotted line) and A4 (solid line) with E for
v=1.1and (a) @ =10 (b) Q = 20.

sought to describe the general stability problem, and this occurs in the form of
the third-order evolution equation (4.3).
The dispersion relation corresponding to (4.3) is given by

A3 + AX? 4+ A1) =0, (4.7)

and represents a forced, Ay > 0, or damped, Az < 0, linear oscillator. The linear
system is similar to that derived by Yao & Stewart (1996) but with an additional
term appearing in the coefficient of A3. Apart from A = 0, the equation (4.7) has
the roots

1

1/2
Ty (Ag—4A4A1) . (4.8)
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Figure 4. The neutral stability curve (solid line) and bifurcation curve (dotted line) between
purely real and oscillatory roots in @ - E space from (4.8) for v = 1.1. The region to the left of
the solid curve is stable, and between the curves, the root is oscillatory.

‘Since A; A4 > 0, the root is neutrally stable when A = 0, but in contrast to
the second-order equation (4.5) it is not degenerate along Az = 0. An oscillatory
unstable root is present when A3 < 44,44 and Ay > 0 and two purely real
unstable roots when A% > 4A, A4 and Ay > 0. Figure 4 shows the neutral stability
curve Ay = 0 in the Q - E plane and the bifurcation curve A% = 44, A4 between
oscillatory and non-oscillatory modes, as predicted by (4.8). The region to the
right of the solid line is unstable, with the root being oscillatory to the left of the
dotted line.

Figure 5 shows the behaviour of the growth rate Re()) and frequency Im(X)
with activation energy E for @ = 10 of the unstable mode as predicted from
(4.8). Also shown is a comparison with the corresponding root calculated from
the dispersion relation (3.21). There is a bifurcation point at E = 12.5 rendering
the oscillatory mode linearly unstable. The frequency decays as the growth rate
increases until a bifurcation to two real roots occurs at E = 26.0. The lower real
root corresponds to that calculated from the second-order equation (4.5).

The third-order linear evolution equation (4.3) thus contains all of the prop-
erties associated with the linear dynamics of a pulsating detonation front, and
should therefore be a good qualitative model for understanding the onset of one-
dimensional detonation instability. In particular, Buckmaster & Ludford (1986)
have shown that the second-order equation (4.5) occurs when the level of approx-
imation is such that perturbations at the shock propagate through the induction
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Figure 5. The behaviour of Re()) and Im(X) with E from (4.8) for v = 1.1 and Q = 10. The
dotted line represents real roots. The dashed line is from Short & Stewart (1997).

zone in a quasi-steady manner, so that the disturbances are propagated along
entropy paths only. The third-order system results from the inclusion of higher-
order acoustic wave propagation in the induction zone. Importantly, information
about the fire-zone perturbation is now propagated back to the shock-front and
this gives rise to the oscillatory mechanism of instability.

5. Cellular instability - Hyperbolic evolution X = O(k)

When detonation waves propagate in a rectangular tube, they exhibit a strik-
ing form of cellular instability. Recent numerical simulations (Bourlioux & Majda
1992; Quirk 1994; Williams, Bauwens & Oran 1996) have been able to capture
most of the salient features of the cellular instability mechanism. Bourlioux and
Majda (1992) have also found that in a regime where there is a single unstable
two-dimensional mode in the linear stability spectrum, a very regular cell pattern
is formed, whose initial cell size correlates well with the wavelength associated
with the maximum growth rate of the unstable mode. Yao and Stewart (1996)
have recently proposed that the cellular instability can be modelled by a nonlinear
evolution equation based on the limits of near Chapman-Jouguet detonation ve-
locity, large dimensionless activation energy, long-wavelength shock perturbations
on the scale of the induction zone thickness and slow dynamic shock evolution
measured on the time scale of particle passage through the induction zone. Stew-
art et al. (1996) have shown that the corresponding linear evolution is third-order
in time and second-order in space and consists of a sequence of hyperbolic wave
operators. A similar hyperbolic linear evolution equation can be derived from
(3.21) in situations where '

A=0(0), k=O0(). (5.1)

The polynomial dispersion relation derived by expanding (3.21) under these limits
for § < 1 is given by

Cix+ [{B(y = 1)Ca + Ca} X + Cak?]

+2 [{0(y = 1)Cs + C} N + {6(y = 1)C7 + Cs} #] =o, (52)
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Q =10 (b) @ = 20.

after truncating the expansion so that terms up to O(\3, \k?) have been retained.
The corresponding two-dimensional linear evolution equation is given by

[A4h,tt + A5h,yy],t + [Agh,tt + Agh,yy] + Alh,t =0, (5.3)
which is third-order in time and second-order in space and where,
Az = —04? As = — (9(’)’ — 1)07 + Cg) . (5.4)

Equation (5.3) consists of a sequence of operators, which depending on the signs of
Ag, Az, Ay and As can be either elliptic or hyperbolic. Figure 6 shows the variation
of A3 and As in the F - () plane, and for the parameter regime shown, Az > 0,
whereas As can be either positive or negative. Figure 7 shows the variation of A3
and As with E for v = 1.1 and @ = 10 and Q = 20.

The second-order system,

[Agh,tt + Agh,yy] -+ Alh’t =0 (5.5)

is obtained by retaining terms up to O()\?, k?) and corresponds to the well-known
linear telegraph equation. Buckmaster & Ludford (1986) find that curvature of
the detonation front plays no role in defining the induction zone structure at this
order. Since Az > 0, the equation is hyperbolic if As < 0 and elliptic if A3 > 0.
For Cauchy type initial data, the equation is therefore ill-posed for A > 0 in the
sense that the positive growth rate increases monotonically with wavenumber k.
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For Ay < 0, the dispersion relation corresponding to (5.5) has the solution

A 1 A1>2 (A3>
=2 4 (2 423 k2 5.6
A A + 2\/(A2 + 1) (5.6)

corresponding to two negative real roots for

ock=(4)'/4(3)

and a complex-conjugate root for

k2 > k2, (5.8)
with dissipation rate
1 /4
=—=|—]. 5.9
A 2 (A2> (5.9)

Merging of the real roots into the oscillatory root occurs at k = ke. Thus a well-
posed second-order linear evolution equation occurs only when the modes have
negative growth rates and a higher-order system is clearly required to describe
the two-dimensional instability. ‘

The third-order evolution equation (5.3), on the other hand, includes higher-
order acoustic effects in the induction zone. The corresponding dispersion relation
is

3, A2y0 1 2 A3 o9 _

Ry (41— Ask A LK =0. (5.10)
For the Q - E regimes of interest A3 > 0, A; < 0 and A4 < 0, whereas A and
As can be either positive or negative. Since A3/A4 < 0, the cubic (5.10) always
has one real root with a negative growth rate. In the limit k¥ — oo, A ~ apk + ag,
where
As
Ay
Since A4 < 0, we require As > 0 and aq purely imaginary, for (5.3) to-be a
well-posed linear evolution equation. This has the additional implication that the
highest-order operator in (5.3) be hyperbolic. At the next order, a; is determined

(5.11)

o =

as
_ Ay [ Az A2A5>
a1 = g ( L-) (5.12)
Having determined that As/A4 < 0 for a well-posed solution, it is now required
that
As A2A5>
( » Y >0 ) (5.13)

for the dispersion relation to have modes with negative decay rates as k — oo.
This condition ensures that there is some critical wavenumber above which the
evolution equation (5.3) is stable.
In contrast, global stability to two-dimensional disturbances of the cubic (5.10)
requires both
Ag As

T>0 — >0 (5.14)
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Figure 8. The region to the left of the solid line A5 = 0 determines the regime of well-posed

solutions for equation (5.3) with v = 1.1. Also shown is the one-dimensional neutral stability
curve (dotted line) from (4.8).

and
Az AAs\ o | A2y
—= - k . .
(A4 AZ) + 2 >0 (5.15)
The former requires As < 0, and since A3 A; > 0, two-dimensionally stable solu-
tions occur in regions where
As AzAs)
( y A2 > 0. (5.16)

But this is precisely the condition (5.13) required for negative growth rates as
k — oo; in other words, when the system is well-posed but unstable to two-
dimensional disturbances, the growth rate as k — oo is constant but positive.
This rules out the existence of stable solutions for sufficiently large k. It can
also be shown that when the above criteria for well-posed solutions are met,
the growth rate predicted by the cubic (5.10) will not possess a local maximum
in wavenumber space. These are the two properties required for the extension
of the analysis of Yao & Stewart (1996). Figure 8 shows the regimes of E - Q
space for v = 1.1 in which the cubic evolution equation has well-posed solutions.
Figure 9 shows the behaviour of the growth rate and frequency of the unstable
oscillatory mode which arises in (5.10) when @ = E = 7.5 and 7 = 1.1. Also
shown is the corresponding mode calculated from (3.22). The cubic equation is
only a good approximation for the growth rate for very small k¥ and does not
possess a maximum for any value of k, tending to a limiting value Re(A) = 2.3 as
k — oo. In order to overcome the limitations of the lack of a maximum growth rate
and stability for sufficiently large wavenumbers, we turn to the strategy adopted
by Buckmaster (1989) and derive a generalised parabolic evolution equation for
cellular detonation instability.

6. Cellular instability - Parabolic evolution A = O(k?)

In order to overcome the deficiencies of Buckmaster and Ludford (1986), Buck-
master (1989) introduced a modified scaling for disturbance wavelength. Specifi-
cally, Buckmaster (1989) is concerned with a long-wavelength perturbation which
varies on the scale of the inverse square root of the perturbation frequency iden-
tified in Buckmaster and Ludford (1986). This analysis recovers a single real root
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Figure 9. The behaviour of Re()) and Im(A) with k from (5.10) for E = 7.5, Q="175and
4 = 1.1. The dashed line is the corresponding root from (3.21). In the limit k — oo,
Re(X) — 2.3.

with a maximum growth rate in wavenumber space. Importantly, curvature of
the detonation front now plays a role in the induction zone dynamics. However,
Short (1997) has found that the activation energy has to be unrealistically large
in order to recover this asymptotic stability behaviour from the exact linear sta-
bility problem, and higher-order terms must be included in the description of the
linear dispersion relation. These terms can be obtained directly from (3.21).

With scales for A and k such that A = O(6) and k = O(V9), § < 1, the
dispersion relation (3.21) can be expanded and truncated to retain terms up to
0(6%), resulting in the polynomial dispersion relation

[+ Cak?] + [{0(y = 1)C + C3} X2 +{0(y = 1)Cr + Ca} M + Chah
+[{6(7 = 1)Cs + Cs} A+ {8(y = )Cu1 + Cra} XK
+ {9(’)’ — 1)018 + 019} )\k4 + Cgokﬁ] =0.

(6.1)
The corresponding dispersive linear evolution equation is
[Ash,ue + Arh gy + Anbyyyyt + A12h,yyyyyy ] (6.2)
+ [Aoh,u + Ashyyt + Aghyyyy] + Arh s + Ashyy =0, '

which is third-order in time and sixth-order in space. The coefficients A7, Ag, A1
and Ao are given by :

A7 =—(0(y—-1)C11 + C12), As= Cis,
Aqp = 6(y —1)Ci8 + Crg9, A1z = —Cyy,

where the C;’s are given in appendix B. Figure 10 shows the variation of A7, As,
Ay; and Ajpg in the Q - E plane, and for the parameter regimes shown, A7 > 0,
Ag < 0, Ajo > 0, whereas A1 can be either positive or negative. Figure 11 shows
the variation of A7, Ag, A1; and Ajo with E for two values of the heat release
Q. The linear evolution equation (6.2) consists of a sequence of three disper-
sive parabolic wave operators and below we will investigate the various physical
properties of each order of the evolution equation. This leads to the main result
of the paper; namely that the third-order temporal equation (6.2) encapsulates
all the major properties of the linear dispersion relation corresponding to two-
dimensional detonation wave stability.

(6.3)
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Figure 11. The variation of A7 (dash-dot), As (dash), A11 (dot) and Ai» (solid) with E for
~y=1.1and (a) Q =10 (b) Q = 20.

The lowest-order evolution equation and corresponding dispersion relation are
Arhs + Ashyy =0, Aj)— Azk®* =0 (6.4)

respectively, which is first-order in time and second-order in space. This is simply
the parabolic heat equation, with dispersion relation solution

A= 2k (6.5)

Since A; < 0 and Az > 0, the equation (6.4) is well-posed with the dispersion
relation having one real root with a negative growth rate Vk.
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Figure 12. (a) The variation of Re(A) and Im(A) from (6.7) with @ = 10, E = 10, and vy = 1.1.
The dotted lines represent non-oscillatory roots.

At the next order of approximation, the linear evolution equation is given by
[A2h,tt + A5h,yyt + A8h,yyyy] + [Alh,t + A3h,yy] =0, . (6.6)

which is second-order in time and fourth-order in space, and consists of two
dispersive wave operators with dispersion relation

AN+ (A1 — Ask?) X — Agh? + Agk* = 0. (6.7)
In the limit k¥ — 0o, A ~ ak?, where « satisfies
Aga? — Asa + Ag = 0. (6.8)
Since Ag < 0, we must have
A2 <0, A5>0 (6.9)

for a well-posed equation in which Re(a) < 0 as k — oo. Also, since —A3k? +
Agk* < 0 Vk, general stability to two-dimensional disturbances occurs in regimes
where

Ay — Ask? < 0. (6.10)
From (6.9) A5 > 0, and given A; < 0, the relation (6.10) is always satisfied
and the well-posed second-order evolution equation (6.6) is stable to all two-

dimensional disturbances. However, an important difference between (6.4) and
(6.6) does occur, since an oscillatory stable root is now present when

(42 — 445 45) k" + (44245 — 241 45) k” + AF <. (6.11)

Since Ag < 0, this must always be true for sufficiently large k when 445 Ag > AZ.
In such circumstances, the two non-oscillatory modes present for £ = 0 must
merge into a single oscillatory mode at some critical wavenumber k& = k.. Fig-
ure 12 shows the behaviour of dissipation rate of the stable mode with k for
Q = 10, E = 10 and v = 1.1. The two non-oscillatory modes merge into a single
oscillatory mode at k = 0.1.

(a) Third-order problem

By retaining terms up to O(d%), the resulting linear evolution equation (6.2)
that is derived is third-order in time and sixth-order in space, consisting of a .
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sequence of three dispersive parabolic wave operators. The dispersion relation
corresponding to (6.2) is

A3+ (Ag — Ark?)N + (A; — Ask? + A k)N — Ask® + Agk® — A10k® = 0. (6.12)

Since A4 < 0, Az > 0, Ag < 0 and Aj2 > 0, one result that immediately follows
is that (6.12) must always possess one real negative root. In the limit k& — oo,
A\ ~ ak?, where « satisfies
3 A7 o2 An A
R (6.13)
For the realistic parameter regimes we are concerned with, both A7 /A4 < 0 and
A1a]A4 < 0, and thus well-posed regions where Re(a) < 0 occur in regimes
satisfying
A7 An Aqo
— e —_—— > -,
Ay Ay Aq
which in turn is only possible when A;; < 0. The dashed line in figure 13(a)
shows the boundary to the left of which well-posed solutions of (6.2) are possible
in the E - Q plane. Regimes which are stable to all two-dimensional disturbances
occur when

(6.14)

le(Az — A7k?) >0, Vk, (6.15)

which requires A, < 0, and when 7
(ﬁ - ﬁzﬁ) (‘ﬁ Aspz A pa ) > ( Aspr | Aopa 14—131#‘), Vk,

Ay Ay Ay Ay Ay Ay Ay Ay
(6.16)
or rewriting, when
A Ay ( A1A7 AsAg + ﬁ) 52
A? A2 A? Ay (6.17)
AgAn  AsAr As) 4 ( A7 Aqy A12> 6 '
—— )k S 2k >0, VE
< o e oa) U aa T a)t T
If we further rewrite this in the form
kS + 1k* + mk® 4+ n > 0, (6.18)
where
o (et Ay (Ao )
’ A? A? Ay Ay Ay Ay ’
A1A7 AsAs A3>( A7 Ay A12>—1
_ (_ _ A (_ArAu | 12 6.19
m ( A2 A2 T4 A A A) (6.19)
A Ay ( A7 An A12)_1
n = 73 + = ;
Af AL Ay Ay

the regimes of two-dimensional stability occur when

27n? — 18nlm — 12>m? + 413n 4 4m? > 0. (6.20)
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Figure 13. (a) Neutral stability curves and well-posed regions of detonation stability corre-
sponding to the linear evolution equation (6.2) and dispersion relation (6.12). The region to
the left of the dashed line corresponds to well-posed solutions, the region to the right of the
dot-dash line to two-dimensional instability. The region to the right of the solid line corre-
sponds to one-dimensional instability. The region to the right of the dotted line corresponds
to one-dimensional non-oscillatory solutions. (b) The two-dimensional neutral stability curve in
the Q-F plane.

Figure 13(b) shows the boundary in the E - @ plane to the left of which two-
dimensional stability occurs. This is shown as the dot-dash line in figure 13(a).
Thus in figure 13(a) the region to the right of the dot-dash line but to the
left of the solid line is one-dimensionally stable, but has a finite band of un-
stable wavenumbers. The region to the right of the solid line corresponds to
one-dimensional unstable regimes, but for regions to the left of the dashed line,
stability prevails for sufficiently large k.

Figures 14 and 16 show the behaviour of the growth rate Re()) and frequency
Im()\) of the unstable mode present in the dispersion relation (6.12) for two cases
lying either side of the one-dimensional neutral stability boundary. Figure 14 is
for Q = 10, E = 10 and y = 1.1 which is stable to one-dimensional disturbances.
As the wavenumber increases, the two-dimensional oscillatory mode first becomes
unstable at k = 0.13, and thereafter its growth rate increases monotonically with
k before reaching a maximum at k¥ = 1.12. Further increases in k lead to a decay in
the growth rate, and for k¥ > 3.46 stability prevails for small wavenumber distur-
bances. Also shown is the corresponding mode behaviour obtained directly from
the dispersion relation in (3.21). The qualitative behaviour is excellent. Figure 15
is a comparison of the behaviour of the unstable mode obtained from the third-
order temporal hyperbolic dispersion relation (5.10) with that predicted from the
third-order parabolic dispersion relation (6.12) and the corresponding mode from
(3.21). The parabolic approximation offers a substantially better qualitative ap-
proximation of the behaviour of the mode than the hyperbolic approximation,
predicting a wavenumber with a maximum growth rate and a wavenumber above
which disturbances are stable. Figure 16 shows the behaviour of Re(\) and Im())
for the unstable mode predicted from (6.12) for Q@ = 7.5, E = 20 and v = 1.1,
a regime which is unstable to one-dimensional disturbances. As k increases from
k = 0, the growth rate again increases monotonically with k& before reaching a
maximum at k = 1.31. Further increases in k again lead to a decay in the growth
rate and for k > 4.42 stability prevails. Thus even though the detonation wave is
unstable to one-dimensional disturbances, the maximum growth rate is attained
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Figure 14. The variation of (a) Re(}) and (b) Im(}) from (6.12) with Q =10, E =10 and
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lines).

10 e ;

: i 2.0-
~ 0.6 | :
5 |
Q """ E
044 | :
0.2— | 051

0.0 S S 0.0 -

00 05 10 15 20 25 30 35 00 05 10 15 20 25 30 35
k k

Figure 15. A comparison of the three modes obtained from the hyperbolic approximation (5.10)
(dotted lines), the parabolic approximation (6.12) (solid lines) and from (3.21) (dashed lines)
for Q =10, E =10 and v = 1.1.
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Figure 16. The variation of (a) Re()) and (b) Im(A) from (6.12) with Q = 7.5, E = 20 and
~ = 1.1 (solid lines). Also shown is the corresponding mode obtained from (3.21) (dashed
lines).

away from k = 0, indicating the cellular instability should dominate the pulsating
instability. For sufficiently large k the mode attenuates.

Thus the asymptotically derived, dispersive linear evolution equation (6.2),
which is third-order in time and sixth-order in space, has all the correct physical
features corresponding to the dynamics associated with exact linear dispersion
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relations for cellular detonation stability. In particular, in appropriate parameter
regimes, it predicts a two-dimensional neutral stability curve, a one-dimensional
neutral stability curve, a maximum unstable growth rate for a finite value of
the wavenumber, and finally a wavenumber above which all disturbances decay.
In summary, lower-order evolution equations are shown not to contain sufficient
information about the role of acoustic wave propagation or the effects of curvature
of the front in the induction zone to accurately describe the dynamics of the onset
of cellular instability. On the other hand, the generic features of the parabolic
evolution equation (6.2) make it a favourable candidate for describing the initial
dynamics of cellular detonation formation.

The work was supported by the U.S. Air Force Office of Scientific Research, Mathematics
(F49620-96-1-0260). The author is grateful to Prof. D.S. Stewart and Prof. J.D. Buckmaster
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Appendix A. Steady detonation parameters

For a given non-dimensional heat release @, scaled with respect to the thermal
energy in the fluid ahead of the detonation shock, the steady Chapman-Jouguet
Mach number D¢y is given by

1
2

-1 \/ -1 \*
(1+ " Q>+ (1+——7 Q) 1J. (A1)

The pressure jump across the detonation shock is given by

D¢y =

V__2'7D%J+1—'y

v+1 (A2)

The post-shock temperature-scaled heat release § and activation energy 6 are
then related to their pre-shock temperature-scaled values () and E by

ﬁ:h'__l_)ﬁQ, o="pg (A3)
vy v v

The ratios o, and o, of the equilibrium zone pressure and density to their pre-
shock values can be calculated from the Rankine-Hugoniot relations as

1++DZ, (y+1)DZ,;
= "cs A4
R e .
The constants up and v in §2 are finally evaluated as

: 1
_% o, _(row)’ A5
1223 /J,, Uy (VO'p) . ( )

Appendix B. Polynomial dispersion relation coefficents

_ 2. - sk
Ci = (Rl + ')/R4) (h}p — %) + Ra (I‘-‘ru, + (?7]\;;]?1)T>

(y - (M7 -1)
B(yM? — 1)

(B1)
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