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Finite time blow-up in the semilinear reactive-diffusive parabolic equation
¢y = pdos + €? is examined in the limit of weak diffusion p < 1, for a Cauchy
initial value problem with ¢(z,t = 0) = ¢;(z) in which ¢;(z) possesses a smooth
global maximum. An asymptotic description of the evolution of ¢ is obtained
from the initial time through blow-up using singular perturbation techniques.
Near blow-up, an exact self-similar focusing structure for ¢, identical to that
previously associated with non-diffusive thermal runaway, is shown to be appro-
priate. However, in an exponentially small layer close to the blow-up time, the
focusing structure must be modified to ensure a uniformly valid solution. This
modification uncovers the asymptotically self-similar focusing structure previ-
ously recognized for blow-up in equations of the form ¢; = ¢y + €?. In contrast
to previous studies, however, the structure arises here as a natural consequence of
removing the non-uniformity in the expansions which occurs exponentially close
to blow-up when the effects of diffusion have to be reinstated. Identical weak-
diffusion limit asymptotics can be applied to a variety of semilinear or quasilin-
ear parabolic equations that exhibit finite time blow-up in order to reveal the
associated focusing structure.

1. Introduction

A number of reactive-diffusive processes which undergo rapid transient be-
haviour in short time intervals are modelled by semilinear or quasilinear parabolic
equations which exhibit singular behaviour or blow-up in a finite time interval.
Examples are the heterogeneous reaction-diffusion equation,

¢t = g + e¢7 (1'1)

with an exponential rate law (Kassoy & Poland 1980, Kapila 1980), or alterna-
tively,

b= oz +¢F, p>1, (1.2)
with a power rate law, and the porous-medium reaction-diffusion equations,
¢ = (Id’mld(bw)m +e', o>0, (1'3)
(Budd, Dold & Galaktionov 1993), or
¢t = (¢5¢z)s +uP, a>0, p>1, (1.4)
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(Galaktionov & Posashkov 1991). A knowledge of the spatial structure of blow-up
is a pre-requisite to understanding the physical dynamics associated with such
systems which lead to the rapid transient behaviour. Moreover, this knowledge
can be useful in developing very accurate numerical algorithms for computing
blow-up profiles (Berger & Kohn 1988, Budd, Huang & Russell 1996). Deter-
mining both the nature and spatial structure of blow-up in many semilinear and
quasilinear parabolic equations is in general a difficult task, and is a topic that
has received much attention by many researchers, as described in Bebernes &
Eberly (1989). In the present paper we explore the idea of using weak-diffusion
limit asymptotics to derive analytical solutions to reaction-diffusion equations of
the form (1.1) — (1.4), from which both the spatial structure and time of blow-up
can be obtained formally. In particular, analytical solutions will be obtained for
equation (1.1), although solutions for equations (1.2) — (1.4) follow along analo-
gous lines.

Equation (1.1) describes the induction stage of a reactive-diffusive evolution in
a combustible atmosphere with a one-step Arrhenius reaction in which diffusion
and reaction time scales are initially comparable. Kapila (1980) and Kassoy &
Poland (1980) independently proposed that the spatial structure of blow-up, or
thermal runaway, could be described in terms of the exactly self-similar focusing
variable

s = tm = s ~ O(1) and fixed as t — {j, (1.5)
T—
where »
d(z,t) ~ —In(t; —t) + G(s) +---, as t = 1y, (1.6)

with £; the blow-up time and G an order one function of s. This choice of fo-
cusing variable corresponds to a situation where diffusion and reaction would
have equal importance through thermal runaway. In a paper that exhibited re-
markable insight and ingenuity, Dold (1985) suggested that the influence of dif-
fusion should diminish relative to reaction through blow-up and proposed that
the proper variable to describe the spatial structure of thermal runaway should
have the alternate, asymptotically self-similar form,

z

n= NTE CET Rk n~O(1) and fixed as t = ¢;,  (L.7)
with « a constant. Extensive research followed, e.g., Bebernes & Troy (1987),
Bebernes & Kassoy (1988) and Dold (1991), which established rigorously that the
focusing variable (1.5) could not yield a self-consistent asymptotic description of
blow-up in equations of the form (1.1) or (1.2). In this context and of relevance
to the present analysis, Dold (1991) also investigated the possibility of nearly
uniform solutions conforming to the variable (1.5) near to blow-up. In terms of
the variable (1.7), Dold (1991) has additionally derived high-order solutions for
the spatial structure of ¢ near blow-up in equation (1.1) using a coordinate-
perturbation analysis. Finally, a rigorous justification that (1.7) is indeed the
correct focusing variable for describing blow-up in equations of the form (1.1)
and (1.2) was given by Bebernes & Bricher (1992), Filippas & Kohn (1992) and
Herrero & Velazquez (1993) based on center manifold techniques.

All these studies, however, concentrate on regimes asymptotically close to blow-
up, and to date no analytical solutions of equation (1.1) have been presented
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from which the focusing structure (1.7) can be recovered naturally from a formal
asymptotic solution from the initial time. In this paper such an analysis is pre-
sented, which uses the limit of weak diffusion to obtain asymptotic descriptions
- of the evolution of ¢(z,t) in (1.1) from the initial time through blow-up for a
Cauchy initial value problem with ¢(z,0) = ¢;(z). We reiterate that the weak
diffusion limit asymptotics applied here to (1.1) can be used for a variety of semi-
linear or quasilinear parabolic equations that exhibit finite time blow-up in order
to reveal the focusing structure associated with the blow-up.

2. A reaction-diffusion equation with an exponential rate-law

Equation (1.1) describes the induction stage of a reactive-diffusive thermal
explosion in which the temperature T' of the mixture has the form,

T ~1+ed, (2.1)

where € is the large inverse activation energy for the one-step Arrhenius reaction
and ¢ satisfies the semilinear parabolic equation,

¢t = pdug + €?. | (2.2)
The parameter p is the ratio of the reaction time ¢, to diffusion time t4,
p=t/t4 (2.3)
where for a given reference length scale .,
ta=1%/k (2.4)

where « is the thermal diffusivity of the mixture. The reaction time t, is defined

by,
€
tr = atch’ (2-5)

where t., is the standard chemical time of the mixture and Q the heat release
factor. When diffusion and reaction time-scales are of comparable magnitude
initially, # = 1. On the other hand, when the time-scale for diffusion is much
longer than that associated with the reaction scale, as occurs for spatially slowly-
varying initial disturbances, the role of diffusion is weaker than that of reaction
initially and p < 1.

We consider Cauchy problems with initial data,

¢(z,0) = ¢i(z) (2.6)

where ¢;(z) is assumed to have a smooth global maximum ¢; = 0 at z = 0.

3. Asymptotic solution for negligible diffusion

When p is vanishingly small, 4 — 0, i.e. for diffusion times t; significantly
longer than reaction times t,, equation (2.2) describes thermal runaway in an
unconfined, constant pressure, non-diffusive system. The solution of (2.2) for
p = 0, subject to (2.6) is

$=—In (e—¢i($) - t) . 3.1)
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It is easily established that blow-up first occurs at z = 0 as t — 1, with the
spatial structure of blow-up given by

6= —Inr+In(l - % [67(0)] ) + o(1) (3.2)

(Dold 1988, Jackson, Kapila & Stewart 1989), where 7 = 1 — ¢ and s is the exact
self-similar focusing variable

2
s = z? ~ O(1) and fixed as 7 — 0. (3.3)

Thus the spatial extent of the blow-up layer shrinks like z = O(y/7) as 7 — 0.

4. Asymptotic solution for weak diffusion

When diffusion is weak but finite the assumption p <« 1 is appropriate. How-
ever, in order to ensure the validity of (2.2), the ordered limit

I1>u>e (4.1)

is assumed. Anticipating that the time of blow-up t; will be modified by the
inclusion of the diffusive term, the transformation

T=tr—t, tr~tro+ptn+---, (4.2)
is made. At this stage it is also convenient to introduce the transformation
¢=—1nvy, (4.3)
whereupon (2.2) becomes
Pr=p [""/),xz + %} + 1. (4.4)
An expansion for 1 should now take the regular form
P(z, 75 p) = to(z,7) + phr(z,7) + -+, (4.5)
where 1)y and 1, are subject to the initial conditions,
Pio(z,tr0) = e %@, iy (2, tr0) = —tnio (2, tr0)- (4.6)

(a) Leading-order equation
By substituting (4.5) into (4.4), it can be shown that 1y satisfies the equation

"/’0,7 =L (4.7)
Its solution, subject to the first of (4.6), is
Yo =A(z)+1, Ax) =e %@ 1. (4.8)

(b) First-order equation
Similarly, ¥; can be shown to satisfy the equation,
Y
Yo

P1,r = —0,22 + (4.9)
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Its solution, subject to the second of (4.6), is
1 = A" () (tro — 7) + A% (z) [In(A(z) + 7) — In(A(z) + t10)] — tnn (4.10)

(¢) Analysis of outer layer blow-up structure

For a singularity to develop in ¢ in a finite time, it is clear that as both 7 — 0
and z — 0,9 — 0. Now as z — 0,

1
e %@ 1 4az?+bzt, a= —-;-¢g'(0), b= —§1Z¢;"'(0) + §¢;'2(0), (4.11)

so that as 7 — 0,

Po ~ 1 —tro + az? + ba* + 7, (4.12)
and
P1 ~ (2a + 12b22) [1 — 7] + 4a%2? In(az? + 7) — t11. (4.13)
The requirement that ¢ — 0 thus implies
tro=1, tri=2a. (4.14)

The form of equations (4.12) and (4.13) suggests, as before, the introduction of
the exact self-similar focusing variable,

s=\/i;,s>0andﬁxedasv-—)0. (4.15)

Then, 1y (4.12) can be shown to have the behaviour
o = 7(1 + as?) + O(7?). (4.16)
Similarly, the expression (4.13) for 1; can be shown to have the form,
Pr=1T [4a2321n7' +4a%s%In(1 + as?) — 2a + 12b32] +O(r?In7). (4.17)
Combining (4.16) and (4.17),
YT (1 +as’+p [4&232 In7 + 4a?5% In(1 + as?) — 2a + 12b32]) ,  (4.18)

and upon using (4.3), an expression for the behaviour of ¢ near blow-up can be
obtained as,
¢ ~ —InT—In(1+as?)— £ (4a2$2 In7 + 40?52 In(1 + as?) — 2a + 12bs2)+« .

1+ as?
(4.19)
As 7 — 0, at fixed s, this expression indicates a non-uniformity occurs in the
expansions when

In7 =01, (4.20)
suggesting the presence of an exponentially small inner layer to account for the
non-uniformity before the end of the induction zone is reached, which occurs when
In7 = O(e71). The presence of a non-uniformity in regions exponentially close
to blow-up, but still within regions in which the induction zone expansion (2.1)
is valid, has previously been found in problems associated with reactive-acoustic
thermal runaway (Blythe & Crighton 1989, Short 1996), but to the authors’
knowledge, has not be seen before in a problems associated with reactive-diffusive
thermal-runaway. As observed below, it plays an critical role in modifying the
nature of the spatial focusing of ¢ near blow-up.
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5. Analysis of the inner layer blow-up structure

To analyse the structure of the exponentially small inner layer blow-up struc-
ture, it is appropriate to define a new time variable,

oc=—plnr, (r=eH (5.1)

In (s,0) variables, equation (2.2) becomes

s 1 4
¢o‘ = __2—?5' + ¢ss + ;;eqs cr/u‘ (5-2)
The form of the outer behaviour (4.19) suggests an expansion for ¢ in the form
b= +0(s,0:n), (5.3)
where

O(s,o; 1) = Og(s,0) + uO1(s,0) + u2Oq(s,0) + - --. (5.4)

The solution of the system (5.2)—(5.4) both must match with the outer layer
behaviour (4.19) as o — 0, and satisfy conditions of spatial regularity at s = 0.

(a) Leading-order behaviour

By substituting (5.3) & (5.4) in (5.2) and collecting terms of O(x™1), ©g can
be shown to satisfy the equation

§@M+1=£m (5.5)

Its solution is
0o = —In (1+ A(0)s?), (5.6)
where the function A(o) is as yet undetermined.

(b) First-order behaviour
Similarly, collecting terms at O(1), ©1 can be shown to satisfy the equation

—;—@1,3 - 690 @1 = eo,ss - @O,a‘, (5'7)
whose solution is '
_ s?lns ' 24(0)
O = T PO O e
4A%(0)s? B(o)s? ‘
_——-—————-—(1 n A(o-)s2) ln(l + A(O’)sz) + (1 n A(O‘)Sz) .

where the function B(o) is unknown. It is readily seen that the term in the square
brackets generates a singular behaviour in the second derivative of ©; as s — 0.
Thus the terms in the square brackets must be set to zero, so that

4A%(0) = —A'(0) (5.9)
generating an equation for A(c). The solution of (5.9) is,
Alo) = — (5.10)

40+ C
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for a constant C. At this stage, the equation for ¢ in the inner layer can be written
_as

o 2A(0) 4A%(0)s?
¢ = Z=In(1+A0)") +u [(1 FAQ)) Wt ARy MA@
+___§gg_)_s_2__jl +il:2@ (s,0) + -
(1+ A(0)s?) 2 ‘
(5.11)
Matching with (4.19) as o — 0 requires
C= i— B(0) = —125. (5.12)

To complete the solution for ¢ at O(u), the function B(o) can be determined by
considering the second-order term ©s.

(¢) Second-order behaviour

Collecting terms of O(p) after substituting (5.3) and (5.4) in (5.2), the equation
for ©4 is given by

S e 6f o
5@2,3 —e 0y =01, — 01,6+ —2—8 o, (5.13)
Near s = 0, the expression (5.8) for ©; has the behaviour,
O1 = 24(0) + 5? (B(0) — 24%(0)) — s* [243(0) + B(0)A(0)] +--.  (5.14)
Requiring also that ©5 have the regular solution
O3 ~ On(0) + On(0)s® +---, (5.15)
as s — 0, substituting (5.14) and (5.15) in (5.13) implies that the two conditions
03(0) = 24%(0) + 24'(0) — 2B(0) (5.16)
and '
B'(0) +8A(0)B(0) = —3243(0) + 2A(0)A'(0), (5.17)
must hold. Equation (5.17) determines B(o) with solution,
_ 10In(4o + C) D
Beo)=—mror *wrop (5.18)
From the secondof matching conditions (5.12),
D =—-12bC? +10In C. (5.19)
To O(u), the equation for ¢ can finally be written as,
o 2A(0) 4A%(0)s?
= ——In(1+ A(0)s? — 2
¢ P n( + A(o)s ) +p [(1 T A@)D) 1+ A@)5) In(1+ A(o)s*)

[42(0) (101n A(0) + D)] 52 +
' (1+A(0)s?)
(5.20)
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Equation (5.20) now indicates the presence of a new focusing structure 5 that is
appropriate in the inner layer, defined by

z? z?

(40 + C)e—o/k — (—dplnr + O)r’ (5.21)
1 > 0 and fixed for 0 = O(1), 7 — 0.

7 = Al0)s® =

But this is precisely the form of the asymptotically self-similar focusing vari-
able (1.7) previously identified with blow-up in equations of the form (1.1). Here
the variable is found to be the appropriate focusing variable in an exponentially
small inner layer near to blow-up, which arises due to a requirement to remove a
non-uniformity in the outer layer expansions obtained under the assumption of
a weakly diffusing process. Near blow-up, the outer layer expansions are associ-
ated with an exactly self-similar focusing structure. The physical reason for the
appearance of the modified focusing structure can be explained as follows. In the
outer layer, diffusion plays a negligible role. As the spatial extent of the outer
layer shrinks, like z = /7, a regime is reached exponentially close to the blow-up
time where diffusive processes again become important and must be reinstated.
The role of diffusion is to conduct heat away from z = 0, and thus broaden the
spatial extent of the blow-up layer. The presence of diffusive processes is reflected
in the form of the modified focusing variable (5.21), the constant C relating to
the non-diffusive exactly self-similar focusing structure, but the 4o term relating
to the role played by diffusion in broadening the blow-up layer.

In terms of the variable 7, (5.20) can be written in the form

4772

o 2
~ ——In(1+7?) + pA(c - In(1 +7?
¢~ 7 (1+n%) u()[(an) ) (1+7n%) 6522
[(101n A(c) + D)] 72 e '

1+7?) '

As 0 — 00, A(0) ~ 1/40, and further increases in ¢ are governed by the structure
o _ -
¢=;—ln(1<+‘r]%>+0[;m 'lne 1], ;(5'23)
where
2
2

ny ~ m,m > 0 and fixed 0 — . (5.24)

This form was previously obtained by Dold (1991), by anticipating (1.7) to be the
appropriate structure, and considering regimes asymptotically close to blow-up.
In contrast, it is recovered here by considering the limit of a weakly diffusively
process. Apart from influencing the blow-up time ¢;, the expression (5.23) is
essentially independent of the initial conditions, but reflects the stronger role
played by diffusion as the blow-up layer shrinks further.

6. Summary

Finite time blow-up in the semilinear reactive-diffusive parabolic equation ¢; =
Ksz + e has been examined as a singular perturbation problem using the limit
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of weak diffusion where p <« 1. An outer zone, whose temporal extent is of
_order unity, describes the behaviour of ¢ from the initial to a time near blow-
up. An exact self-similar focusing variable determines the spatial structure of
blow-up. In an exponentially small layer close to the blow-up time, however,
expansions for the outer layer become non-uniform. An examination of this inner
layer reveals that diffusive processes, which conduct heat away from z = 0, have
begun to play a significant role. The result is that the focusing structure must be
modified to ensure a uniformly valid solution, and this modification uncovers the
asymptotically self-similar focusing structure previously recognized for blow-up
in equations of the form ¢; = ¢y + €?. In contrast to previous studies, however,
here the focusing structure arises as a natural consequence of removing, from the
asymptotic expansion, a nonuniformity that occurs under the assumption of an
initially weak diffusion. Identical weak-diffusion limit asymptotics can be applied
to a variety of other semilinear or quasilinear parabolic equations that exhibit
finite time blow-up in order to reveal the associated focusing structures.
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coefficient in composite materials at high temperatures—Acta
Metallurgica et Materialia, 44, 2711-2716 (1996)

On hyperelasticity with internal constraints—journal of Elasticity 42,
91-98 (1966)

Oscillatory instabilities of the liquid and mushy layers during
solidification of alloys under rotational constraint—Acta Mechanica
121, 143-152 (1997)

Simulation of the brittle-ductile transition in silicon single crystals
using dislocation mechanics

A plane-strain upper-bound analysis of unsymmetrical single-hole
and multi-hole extrusion processes

Continua described by a microstructural field—Zeitschrift fiir
angewandte Mathematik und Physik, 47, 168-175 (1996)

Autogeneration of three-dimensional vortical structures in the near
wake of a circular cylinder

Force theory for multiphase bodies—/Journal of Geometry zmd Physics,
in press (1996)

The effect of an undamped finite-degree-of-freedom “fuzzy”
substructure: Numerical solutions and theoretical discussion—
Journal of the Acoustical Society of America 100, 3159-3164 (1996)

A new approach to variable-topology shape design using a
constraint on perimeter—Structural Optimization 11, 1-12 (1996)

A numerical solution of a surface crack under cyc]ic hydraulic
pressure loading

Bibliography of particle velocimetry using imaging methods: 1917~
1995—Produced and distributed in cooperation with TSI, Inc., St. Paul,
Minn.

An order-parameter based theory as a regularization of a
sharp-interface theory for solid-solid phase transitions—Archive for
Rational Mechanics and Analysis, in press (1996)

Resonant instability mode triads in the compressible boundary-layer
flow over a swept wing—International Journal of Engineering Sczence,
in press (1997)

Low-frequency two-dimensional linear instability of plane
detonation—Journal of Fluid Mechanics, in press (1997)

On the scaling laws for the consolidation of nanocrystalline powder
compacts—Proceedings of the [IUTAM Symposium on the
Mechanics of Granular and Porous Materials (1996)

Deflagration-to-detonation transition in porous energetic materials:
A comparative model study—Journal of Fluid Mechanics, in press
(1997)

Mean and mean-square responses of a prototypical master/fuzzy
structure—Journal of the Acoustical Society of America, in press (1996)

Correspondence between a phase-field theory and a sharp-interface
theory for crystal growth—Continuum Mechanics and
Thermodynamics, in press (1997)

Thirty-third student symposium on engineering mechanics,

J. W. Phillips, coordinator: Selected senior projects by

W. J. Fortino I, A. A. Mordock, and M. R. Sawicki

Effects of roughness on nonlinear stationary vortices in rotating disk
flows—Mathematical and Computer Modeling, in press (1996)

Nonlinear instabilities of shear flows over rough walls

Multiple scattering theory for a plate with sprung masses: Mean and
mean-square responses
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Self-similarity of time-evolving plane wakes

Enhanced hydrogen concentrations ahead of rounded notches and
cracks—Competition between plastic strain and hydrostatic
constraint

Effects of surface corrugation on primary instability modes in
wall-bounded shear flows

Measuring debond length in the fiber pushout test—Proceedings of
the ASME Mechanics and Materials Conference (1996)

Effect of centrifugal and Coriolis forces on chimney convection
during alloy solidification—Journal of Crystal Growth 179 , 287-296

(1997)
The influence of inertia on configurational forces in a deformable
solid—Proceedings of the Royal Society of London A, in press (1996)

On the stability of shear flows with combined temporal and spatial
imperfections

An adaptive space-time finite element model for oxidation-driven
fracture

A moving cohesive interface model for fracture in creeping
materials

Properties of the mean wake recirculation region in
two-dimensional bluff body wakes—journal of Fluid Mechanics, in
press (1997)

Measurements of coupled Rayleigh wave propagation in an elastic
plate

On finite-amplitude rotational waves in viscous shear flows

Direct resonance analysis and modeling for a turbulent boundary
layer over a corrugated surface—Acta Mechanica, in press (1998) °

Structure of a turbulent boundary layer using a stereoscopic, large
format video-PIV

An adaptive discontinuous Galerkin methods for viscoplastic
analysis

High-resolution numerical simulation of ideal and non-ideal
compressible reacting flows with embedded internal boundaries

Formation of coherent hairpin packets in wall turbulence

Elastoplastically accommodated hydride formation and
embrittlement

Unsteady non-penetrative thermal convection from non-uniform
surfaces

Or stagnation points and streamline topology in vortex flows
Diffraction by a slit in an infinite porous barrier

Mechanics on the Web—Proceedings of the International
Conference on Engineering Education (Aug. 1997, Chicago)
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The normal detonation shock velocity—curvature relationship for
materials with non-ideal equation of state and multiple turning

points

Traveling waves, standing waves, and cellular patterns in a steadily

forced granular medium

Topological fluid mechanics of stirring
Viscous and inviscid instabilities of flow along a streamwise corner

Distortion compensation for generalized stereoscopic particle image
velocimetry—Measurement Science and Technology 8, 1-14 (1997)

near-wall turbulence

Chaotic advection in a cubic Stokes flow

Ultrasonics in an aluminum foam

High gravity convection in a mushy layer during alloy solidification
Low-frequency unsteadiness in the wake of a normal flat plate

A parabolic linear evolution equation for cellular detonation

instability

Cellular detonation stability—I: A normal-mode linear analysis

A numerical study of intergranular fracture and oxygen
embrittlement in an elastic—viscoplastic solid

Whole-field measurement of temperature in water using two-color

laser-induced fluorescence

Effect of surface corrugation on convection in a three-dimensional

finite box of fluid-saturated porous material

Three-dimensional flow instabilities during alloy solidification

Introduction (only) to The Physical and Mathematical Foundations of the
Continuum Theory of Evolving Phase Interfaces (book containing

14 seminal papers dedicated to Morton E. Gurtin)
Coupled Rayleigh surface waves in a slowly varying elastic

waveguide

Detonation shock dynamics: Application for precision cutting of

metal with detonation waves

Creep and relaxation behavior of woven glass/epoxy substrates for

multilayer circuit board applications

Boundary wave—vortex interaction in channel flow at high Reynolds

numbers

A theory for turbulent pipe and channel flows

Detonation shock dynamics and comparisons with direct numerical

simulation

Blow-up in semilinear parabolic equations with weak diffusion
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