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We examine twin premixed flames in a plane counterflow and uncover, in the
parameter space, a hitherto unknown domain of cellular instability. This leads
us to hypothesize that for small Lewis numbers a 2D steady solution branch
bifurcates from the 1D solution branch at a neutral stability point located near
the strain-induced quenching point. Solutions on this 2D branch are constructed
indirectly by solving an initial value problem in the edge-flame context defined
by the multiple-valued bistable 1D solution. Three kinds of solution are found:
a periodic array of flame-strings; a single isolated flame-string; and a pair of
interacting flame-strings. These structures can exist for values of strain greater
than the 1D quenching value, corresponding to sublimit solutions.

1. Introduction

We are concerned in this paper with twin premixed flames in a symmetric coun-
terflow for small values of the Lewis number Le. Specifically we consider Le = 0.3,
appropriate for lean hydrogen/air mixtures. We discuss the linear stability of the
stationary solution and examine, by numerical means, the nonlinear consequences
of a previously unrecognized domain of cellular instability that arises for nearly
quenched flames. The nonlinear structures are generated in the context of edge-
flame solutions and are robust in the sense that they can survive rates of strain
greater than the quenching value for the 1D solution.

Our discussion proceeds as follows. We first briefly summarize the prevailing
view on cellular instabilities in strained flames and then identify, by numerical
means, a domain of instability in a neighborhood of the quenching point, where
the twin flames begin to interact with each other, and the fuel concentration at
the symmetry plane is non-zero. We hypothesize that a steady 2D solution branch
bifurcates from the neutral stability point on the 1D response curve. Solutions
on this 2D branch are sought via numerical solution of an initial-value problem
that is capable of generating an edge-flame. For some values of the Damkaohler
number D (the inverse of the rate of strain), the edge-flame takes the form of
an ignition front which trails a stationary periodic structure, an array of flame-
strings, and typical solutions of this kind are described. For sufficiently small
values of D however, and appropriate initial conditions, a single flame-string or
a pair of flame-strings can be generated, hot-spots in the plane of the edge-
flame structure. These solutions are discussed in analogy with existing flame-ball
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results, and certain mathematical conditions necessary for the existence of an
unbounded flame-string are established.

. The cellular instability of strained flames

It is well known that a small Lewis number deflagration is subject to a Turing
instability that leads to unstea.dy chaotic cellular structure. The instability has
been extensively studied in a number of different contexts and configurations,
and here we are concerned with twin deflagrations in a symmetric fresh/fresh
counterflow.

The simplest way to gain insight into the effect of the flow on the instability is
via modifications of the Kuramoto-Sivashinsky (KS) equation. The KS equation
has its roots in the dispersion relation derived from the thermal-diffusion model
of a deflagration, viz.

2K2(1-K)+1{(1-K)? - 4k?} =0, K=\/1+4(A+k?), |arg|<rm,
(2.1)
corresponding to perturbations ~ e*+i¥Z where ¢ is time and z is distance mea-
sured in the plane of the undisturbed ﬂame 1 is proportional to (Le —1) where Le
is the Lewis number. As Le is decreased from the value 1, the stability boundary
is first reached at [ = —1, kK = 0, and in the neighborhood of this point (2.1) can
be approximated by

A= —(1+1)k? —4k*. (2.2)

From this we see that in the (I, k) plane A vanishes on the parabola (1+1)+4k* = 0
and on the line & = 0, and is a real positive number between these curves.

If the perturbation displacement of the flame-sheet is F'(z,t), (2.2) is equivalent
to

OF - 0*F o*F

at (1+0) 0z 4 0z%’ (2:3)
both a linear evolution equation and a formula for the perturbation to the flame-
speed. The first term on the rhs arises because of the stretch generated by the
corrugations and is Markstein’s correction to the flame-speed, destabilizing if
! < —1. The second term is a short-wavelength stabilizing term. Both of them are
generated by the physics of the combustion process (diffusion, reaction) whereas
the lhs is a mere kinematic term. When this kinematic term is modified to account
for weak nonlinearities the KS equation is generated, viz.

oF 1 (0F 0°F o*F
- 2(32) ~ (DS +45 T =0 (2.4)
It can of course be derived in a rational fashion via a bifurcation analysis, [1].
The KS equation represents a balance between small terms, and additional
physical ingredients can be incorporated provided they are also small. Of partic-
ular interest to us is a weak straining flow in the (z,y) plane with flame corru-
gations only in the z-direction. Now the flame experiences stretch via the flow
field, as well as via the corrugations. Also, the spatially varying flow affects the
kinematics. A proper accounting for this leads to the modified KS equation [2],
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first derived in the axisymmetric context in [3],

OF 1 (0F\? - O*F  O'F @
—+={=) - 4 —F =0. )
5t +2(Bz) D5z Tia T T (2.5)
Here « is the rate of strain. Now the stability boundary is
1+1) 1 - o
k2=——( + = [(T+1)2 — 16—, 2.6
8 8\/ (L% =167773 (26)

with stability if o/(1 +1)* > 1/16. In other words, for any fixed value of [,
stability can be achieved by imposing a sufficiently large strain. Otherwise, in the
neighbourhood of the turning point determined by (2.6), weak instability leads
to finite stationary corrugations of wavenumber

kc = "'(1_+l—)" (2'7)
8
as can easily be shown by a bifurcation analysis of (2.5), e.g. [2].

In summary, an unstrained small Lewis number flame exhibits unsteady cellular
structure; this structure becomes fixed and periodic for large enough strain; and
can be entirely suppressed for even larger strain. However, it turns out that this
is not the full story, for we have discovered that the instability can return for
large values of the straining rate.

3. Cellular instability near the quenching point

An appropriate model for the one-dimensional flame in a counterflow is de-
scribed by the boundary-value problem

dT  &T vy 1dY |
92 pyeor 4 _ 4t —0/T.
0<z <0 xda: dxzﬂ_ e , md:z: To da2 DYe ;
£=0, i{;omm:o; T—Tf Y —>1asz—oo0.
dzx dzx

(3.1)
Here D, the Damkdhler number, is proportional to a~! where « is the rate of
strain, and the scalings are such that the nondimensional adiabatic flame tem-
perature is (1 + Tf). These equations can be solved using a shooting method,
and in Fig. 1 we show variations of the center-line (z = 0) temperature T, with
Damkohler number. Within a framework that resolves the cold-boundary diffi-
culty (a cut-off temperature, for example) there is an additional solution, the
quenched solution T3, = Ty. Because 6/T is large, the resolution need not be
made explicit.

We see then that for D greater than the quenching value D, (D, = 3.938 x 10°,
with a corresponding value of T}, equal to 1.761) there are three solutions, of
which the middle one is assuredly unstable, and for values of D smaller than D,
there is a single stable solution. Quenching occurs-because of interaction between
the reaction-zone and the symmetry plane z = 0. In the asymptotic context
0 — oo it comes about because of interaction with the exponentially decaying
solution on the burnt side of the flame-sheet, a delicate matter that has only
recently been described, [4].
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Figure 1. Variations of the maximum temperature with D for the 1D flame; Le = 0.3, § = 16,
Ty =02.

The stability of the solutions can be examined numerically via a normal-mode
analysis. To this end we write
T =T*(z) + €T (x)e* ™, Y =Y"(z) + Y'(z)e M, d <1,  (3.2)

where T® and Y* are the steady solutions. Adding time derivatives to (3.1),
replacing d®/dz? by d?/dz? + d?/dz?, and linearizing then leads to the system

&7 dr /T Y* e
Tttt (k% + NT' + DY'e /T + DTEGT’e o/T" =, 5
1 @&y’ dy’ k2 , o Y e ’
EF—Fm—d}E_—(L—e.-*- )Y-DYe / —DT—*—ZOTE =0,
with boundary conditions.
1
%=0,%=Oaﬁ:z=0; T =0, Y - 0asz — 00. (3.4)

(We restrict attention to perturbations that are even in z). Upon discretization.
a generalized matrix eigenvalue problem is obtained of the form

Ay = \By (3.5)

which can be solved using standard packages. In this way we find that for each
value of D between D, and a value Do(= 4.30 X 10%) solutions on the upper
branch of Fig. 1 define real positive eigenvalues in a finite wavenumber interval
(k1(D), k2(D)) where ki > 0, Figs. 2, 3.

We believe that a 2-D solution branch bifurcates from the neutral stability
point of Fig. 2, although we have not calculated it. Where such a branch wanders
remains to be seen, but we argue that there is nothing that forces it to stay to the
right of De. Indeed, because we expect the solutions on this branch to correspond
to highly curved cellular flames, they will be more robust than the plane flame,
better able to resist the straining flow, because of Lewis-number curvature effects.
We shall construct solutions on the branch by solving a two-dimensional initial-
value problem, one that defines an edge-flame.
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Figure 2. The near-quenching region of cellular instability in the T;, - D response diagram;
Le=0.3,0 =16 Tf =0.2.
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Figure 3. Variations with k of the eigenvalue with the biggest real part, D =4.031 x 10°.

4. Edge-flames

Edge-flames can be thought of as two-dimensional structures that effect a tran-
sition between two one-dimensional solutions, one corresponding to weak burning,
the other to strong burning. In the present context the strong solution can be
defined by the upper branch of Fig. 1 (so that D > D,) and the weak solution by
the quenched solution T3, = T'. This definition is unnecessarily restrictive - as we
shall see the strong solution can itself be two-dimensional, and for an anchored
edge-flame the weak solution may not be fully realized between the edge-flame
structure and the anchor - but it provides a nominal framework for an essential
understanding of these creatures. A significant amount of work has been done
on edge-flames in non-premixed combustion, e.g. [5], [6], including the analysis
of one-dimensional models that elucidate their behaviour 7], and edge-flames
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Figure 4. Reaction-rate contours for an ignition front, Le = 1, from [4]. The front travels down-
wards, igniting the mixture ahead of it. A failure wave corresponds to upward movement, quench-
ing by the cold mixture.

in premixed combustion have recently been described for the ﬁrst time, [4], [8],
albeit for a Lewis number of 1. L.
The edge-flame model corresponding to (3.1) is described by the equations
ar oT 82T o*T

Bt oz T o2 T a2

Y 6Y+ (ai’y azy) _ Dye-OIT,

+DYe T

5 Yoz 522 T o2 (4.1)
g—T—_Ozézat:c—O T—Tf, Y —1asz— oq;

oz oz

T—>T(z), Y =>Y"(z) as z = oo, T'—>Tf Y —1asz— —oco.

Here T™, Y* is the steady solution on the upper branch for the assigned value
of D. A smooth interpolation between {7, Y*} and the quenched solution is
used to define initial conditions. And the boundary conditions at 2 = 400 which
are imposed at finite values of z at ¢ = 0 are switched to Neumann conditions
(0T'/0z = 0Y/0z = 0) when t > 0. As in the stability analysis, we restrict
attention to solutions that are even in z.

The flame described by these equations has a thick edge, a bridging of the two
reaction zones defined by the underlying one-dimensional problem, and either
propagates as an ignition front or as a failure wave. (Thin-edge-flames, associated
with a single reaction zone, are also described in [4], [8]). Reaction rate contours
of a typical ignition front (traveling downwards), duplicated from [4], are shown
in Fig.4

It is a common characteristic of edge-flames that both positive and negative
edge speeds occur, according to the value of D. Large values of D generate positive
speeds (ignition fronts) whereas values of D near the quenching value generate
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Figure 5. (a,b). Temperature topography at ¢t = 0, 10; D = 5.611 x 10°, Le = 0.3, § = 16,
Ty =0.2.

negative speeds (failure waves). However it was recently shown that, for excep-
tional circumstances, positive speeds can be obtained even down to the quenching
value [4]. It is not surprising that the present problem is one of these exceptions,
for at small values of Le the curvature of the edge (cf. Fig. 4) will enhance the
local reaction. So strong is this effect, in fact, that ignition fronts can exist even
for values of D less than the quenching value of D,. Such a front can not trail
a one-dimensional structure (cf. Fig. 4) as this can not survive the large strain.
Rather, it trails a two-dimensional structure corresponding to a point on the 2D
bifurcating branch of Fig. 2.

5. 'N'umerical results

The problem defined by (4.1) has been solved using 4th-order spatial discretiza-
tion, and third-order Runge-Kutta time integration. Figs 5a,b show the temper-
ature topography at ¢t = 0, 10 for D = 5.611 x 10°, a value greater than D, the
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Figure 5. (c). Temperature contours at ¢ = 10.
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Figure 5. (d,e). T and Y profiles at the symmetry plane z =0, t = 0(2), 14.

value at the neutral stability point of Fig. 2. Fig. 5a shows the initial tempera-
ture distribution. The solution along the edge z = 10 is the strong-burning 1-D
solution; along the edge z = —10 the solution is the quenched one. By a time
t = 10 a fully-developed ignition front has emerged (Fig. 5b) which clearly shows
an enhanced temperature at the edge arising from the Lewis-number - curvature
effect (see also the temperature contours in Fig. 5c). The front is traveling at a
well defined speed, as is clear from Figs 5d, 5e which show variations of T and Y’
along the symmetry plane z = 0. Note from Fig. 5e that there is residual unburnt
fuel behind the trailing 1D flame (z = 0,z = +10). This reflects the fact that
D is small enough for there to be interaction between the reaction zone and the
symmetry plane.

We turn now to results for D = 4.031 x 10°, a value lying between D, and
Dy. Then the underlying 1D structure exists but is unstable. Fig. 6a shows a
well developed ignition front at a time ¢ = 60 (the temperature contours are
shown in Fig. 6b) and the T and Y profiles at z = 0 are shown in Figs. 6c,d for
t = 0(4), 60. Strong stationary cellular structures are seen, a train of flame-string
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Figure 7. (a). T profiles at the symmetry plane z =0, ¢t =0, 1, 2(2) 8 D =3.794 x 10°,
Le=103,6=16,Tf =0.2.
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Figure 7. (b). T profiles at the symmetry plane z = 0, t = 0(4), 80.

like structures (we shall say something about flame-strings in a later section).
These are continuously generated as the front advances, by the splitting of the
leading high temperature cell. Thus at ¢ = 60 we see in Fig. 6c a cell, an interval
bounded by a temperature maximum at z ~ —12.5 and 2z =~ -5, splitting at
2z ~ —8. We believe that in an unbounded domain, and in the limit ¢ — oo,
the train would be periodic with an intrinsically defined wavelength. Thus the
difference in the nature of the rightmost crest from the other ones in Fig. 6d is
due to interaction with the computational boundary at z = 20, where Neumann
conditions are applied. We arrived at this conclusion by examining different sized
domains. Similar results to those described in this paragraph are obtained when
D = 3.951 x 10°.

The value D = 3.794 x 10° is smaller than D, and results for this case were
obtained by using the ¢t = 0 prescription (smooth) at D = 3.951x10° for the initial
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Figure 8. T profiles at the symmetry plane z =0, ¢t =0(1), 5; ¢ = 9,13 (merged); Le = 0.3,
8 =16, Ty =0.2, D = 1.343 x 10°.

conditions. Figure 7a shows temperature profiles at z = 0 for t =0, 1, 2(2),8
and reveals a rapid decay of the post-edge one-dimensional structure forced by
the small value of D. However the edge not only survives but its vigor increases.
It then acts as an ignition source for two ignition fronts, one propagating to the
right, the other to the left, and between which is left a train of stationary flame-
strings, Fig. 7b. Sublimit solutions of this kind can be generated for a range of
values of D smaller than D,.

In addition to the sublimit solutions characterized by a train of cellular struc-
tures (flame strings) there are also solutions in which the edge survives but fails
to act as an ignition source. This occurs for a range of values of D smaller than
those that generate the train. An example is shown in Fig. 8, in which initial
conditions are defined by the solution for D = 3.951 x 10° at ¢ = 40 (Fig. 7b)
but D has the value 1.343 x 10°. The post-edge structure collapses, leaving two
interacting stationary flame-strings.

Single flame-strings can also be generated. The solution in Fig. 9 is found by
starting with one of the solution curves (¢ = 4) from Fig 7a, but with D =
1.976 x 10°. It seems that there are a number of solution branches when D < Dk,
and we have not attempted to find all of them; which one is attained depends
both on the value of D, and on the initial conditions. Not surprisingly, the single
string (nor any other number) can not survive arbitrarily large values of strain,
and at small Damkohler numbers complete quenching occurs (Fig. 10).

6. Some remarks on flame-strings

A discussion of flame-strings is best started with a discussion of flame-balls, to
which they are closely related, and which are well understood. Flame-balls are
stationary spherical flames that are observed in small Lewis number mixtures,
[9]. Their stability requires a heat-loss mechanism either through radiation, heat
conduction (to a cold-boundary, for example), or convection. Radiation losses are
undoubtedly the key mechanism in the observed balls, but here we are concerned
with convective losses generated by placing the ball in a weak planar straining
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Figure 9. (a) T profiles at the symmetry plane z =0, ¢ = 0,2; ¢t = 10, 20 (merged). (b)
Temperature topography at ¢t = 20; Le = 0.3, 6 =16, Ty = 0.2, D = 1.976 x 10°.

flow. The flow is both a friend and an enemy: For certain values of the strain rate
it is stabilizing, but at high enough rates it quenches the ball.

The cylindrical counterpart to a flame-ball is a flame-string, [10]. (In choos-
ing the name ’flame-string’ the alternative 'flame-cylinder’ was rejected since
observed structures do not necessarily have straight axes; and the metaphorical
ball-string connection suggested by the pulling of the string from the ball was
impossible to resist). A steady flame-string solution bounded at infinity can not
be found in the absence of a flow field because the point source/sink solution
of Laplace’s equation is Inr {(r=cylindrical radius). Later we shall show that the
'infinity problem at infinity’ is eliminated by the presence of the straining flow.
And if we assume that strain affects a string in the same fashion that it affects
a ball, we conclude that a single stable string can exist for some strain rates,
and this string will be quenched for some other (larger) strain rates, [11]. This
provides an explanation of our single string results, Figs. 9 and 10.

Generation of a train of strings presumably corresponds to an instability of the
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Figure 10. (a). T profiles at the symmetry plane ¢ = 0 during single string decay; ¢t =0, 0.5,1,2, 5;
t =05, Le = 0.3, § = 16, Ty = 0.2, D = 7.903 x 10*. Initial conditions correspond to the
late-time solution Fig. 9(b)

single string solution. The latter acts as a non-isotropic ignition source, generating
a flame-sheet of growmg width that is itself unstable, collapsing into regularly
spaced strings. There is an analogy with the observed gemeration of a flame-
string from a flame-ball: The ball extends to form the string, but the string is
3-D unstable and collapses to form a train of balls [12].

7. Flame-string mathematics

It is not our intention here to provide an asymptotic description of flame-strings
in a straining flow, a counterpart to the flame-ball analysis of [12]. Indeed we are
not certain that such an analysis is possible, as there are substantial technical
difficulties. Instead, we wish merely to show that a point source in a st;ra.ining
flow generates a field that vanishes at infinity, that indeed the straining flow is
sufficient to eliminate the logarithmic embarrassment that arises when there is
no velocity field. To this end, consider the problem

2 2
-£g—:——g——é+gf+6( )0(z), ¢ —0asr=+vVz2+2%— oca. (7.1)
The large r behavior of ¢ defines the large r behavior of the T and Y fields
generated by a single flame-string.
A Fourier transform in z, followed by inversion, yields the solution

b= ;2 \/_2 / dk cos(k2) f (k, 3), (7.2).
where , .
F(k,z)T(1 +k2/2) = / dt e~ 1oIVE—t /212 (7.3)
0

" f decays monotonically with k, vanishes as £ — oo, and is an even function of
k so that all its derivatives vanish at k& = 0. Thus if we integrate (7.2) by parts
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we deduce that ¢ must decay faster than any power of z as |z| — oo, since terms
generated in this way have the form

n—1 oo
0" ' f(k,z) cos(kz) 2 even:
8kn—1 ZTL k=0 (74)
"1 f(k,x) sin(kz) |*® '
py 7 e n odd.

An explicit demonstration is possible when z = 0 for then
1 [ T'(1/2 +k2/2) 1 /00 £, L(1/2 +K%/2)
R e dk cos(k = Re dke™ et
¢ 7r2\/§/0 (k) I'(1+k2%/2) 72v/2  Jo I'(1+k2/2)
(7.5)
By rotating the integration path to the positive imaginary axis and evaluating
the residues of the poles generated by I'(1/2 + k2/2) on that axis, we find

_ 1 & 1y e~zViFin e ?
v=0 T{V-::O(" S i T(1/2—n)  2v2r

The exponential decay strongly suggests that the problem for an unbounded train
of flame-strings is also well posed. ‘

+0(e™V3). (7.6)

8. Concluding Remarks

We have shown that driving a small Lewis-number deflagration close to ex-
tinction in a symmetric straining flow can generate strong cellular structures,
flame-strings. These have their roots in a previously unrecognized linear insta-
bility that arises as the deflagration weakens by interaction with the symmetry
plane. Moreover, the structures are robust in the sense that they can survive
straining rates greater than the 1D quenching value, a consequence of their strong
curvature. This type of robustness is familiar in flames subject to radiation losses,
for it has long been known that hydrogen/air mixtures can support small curved
structures for mixture strengths too weak to support plane deflagrations. But it
has not previously been clearly addressed in the context of straining flows.

The implications for the calculation of turbulent hydrogen/air flames are daunt-
ing, for it is clear that the usual flamelet libraries, constructed in the context of
the response of a plane flame to a straining flow, incorporate only part of the
physics when Le is small. This is true not only for premixed combustion, but
also for non-premixed combustion. In the latter case, local quenching because
of scalar dissipation can lead to mixing, and the mixtures can support sublimit
structures.

The cellular structures we have described are cylindrical in nature, a conse-
quence of the geometric constraints of our model. If we permitted flame cor-
rugations in the y-direction it is possible that the strings would break up into
balls, although not necessarily, since the stretch in the y-direction would tend
to suppress the corrugations. But certainly in the non-idealized complexity that
characterizes most physical flows we would expect that the physics that we have
described here would lead, not to strings, but to balls.

The calculations that we report here are all for Le = 0.3, and we have not
systematically explored what happens for other values, but we have generated a
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few additional results. Thus we know that for Le = 0.5, D = D, (a value different
from the current one), the edge-speed is positive, and cells form, as here. Also, for
Le = 0.7, D = D,, the edge-speed is negative, corresponding to a failure wave,
and we observed no cell formation before the edge left the computational domain.
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