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ABSTRACT

Sinter-forging is a common means of forming ceramic or inter-metallic
components for modern technological applications such as advanced structural
materials, magnetic materials, thin ceramic layers on substrates and nanocomposites.
Micrometer /nanometer-sized powders provide significant advantages in terms of
reduced processing pressures/temperatures and increased control over the final
mircostructure. Although extensive research in the past twenty years has identified and
analyzed the individual mechanisms acting at the microscale during densification, no
comparable progress has been made towards understanding the full spectrum of
interactions between the mechanisms. In this paper, a micromechanical model of
powder consolidation is presented. It accounts for the elastic and power-law creep
deformation of the bulk material along with stress-driven diffusion on the interparticle
contacts and curvature-driven surface diffusion along the pore surfaces. The finite
element method is used to obtain the time-dependent deformation of the powder
aggregate from which macroscopic quantities such as relative density, densification
rate, and strain rate as well as microscopic quantities such as volumetric flux and pore
surface curvature are calculated. Comparisons are made with existing models and
experimental data from the consolidation of micron-sized Al:O3 and TiAl

1. INTRODUCTION

Powder processing is used in forming complex shaped components from ceramic
or inter-metallic materials. Sinter-forging is an attractive means of producing dense
fine-grained components and is especially suited to produce alloys and composites. It
is convenient to speak of the consolidation process as occurring in two stages (Ashby,
1974; Helle et al., 1985; Swinkels and Ashby, 1981). Stage I is characterized by connected
porosity and existence of discrete necks between individual particles. When the relative
density (density of compact/density of fully compact material) is greater than about 0.9,
one enters stage II of the deformation, wherein the porosity is isolated with near
equilibrium-shaped pores.

The closing of porosity typically occurs by various deformation mechanisms like
linear elasticity, rate-independent plasticity, power-law creep and diffusion along the
grain-boundaries and pore surfaces, and interparticle slip (Ashby, 1974; Swinkels and
Ashby, 1981; Helle et al., 1985). Arzt and coworkers (Arzt, 1982; Arzt et al.,, 1983;
Fischmeister and Arzt, 1983) developed a model for densification that took into account
the evolving particle coordination number and contact size during densification.
Subsequently, a variety of models have used their idea of an isotropically evolving
contact area to predict the macroscopic behavior of a powder compact (Helle et al., 1985;
McMeeking and Kuhn, 1992).

Models for stage I densification have been proposed in which the single
dominant mechanism is plasticity (Fleck et al., 1992; Akisanya et al., 1994; Akisanya and
Cocks, 1995; Fleck, 1995) or power-law creep (Ashby, 1974; Swinkels and Ashby, 1981;
Kuhn and McMeeking, 1992; Bouvard, 1993) or grain boundary diffusion (McMeeking
and Kuhn, 1992) or interparticle slip (Casagranda and Sofronis, 1997). Cocks (1992) has



suggested a method to include the effect of an interface reaction stress (Ashby, 1969;
Burton, 1972) on the diffusion process along the interparticle contacts. Work has also
been done in the area of coupling interparticle diffusion to pore surface diffusion (Pan
and Cocks, 1995; Zhang and Schneibel, 1995; Bouvard and McMeeking, 1996; Pan et al.,

1997) and linear elastic deformation to surface diffusion (Freund et al., 1993; Suo and
Wang, 1994; Wang and Suo, 1997; Xia et al., 1997). Thouless (1993) has studied the effect
of surface diffusion on the creep of sintered arrays of particles. Analogously, there are
also models in the literature for stage II densification in which the dominant mechanism
is one of those mentioned above, namely power-law creep (Cocks 1989; Duva and
Crow, 1992; Sofronis and McMeeking, 1992), diffusional creep (Riedel et al., 1994b) or
interparticle diffusion and slip (Riedel et al., 1994a). An overview of the analytical
investigations into powder compaction is found in the work of Cocks (1994). In his
paper, Cocks has laid out a methodology for formulating the constitutive laws for
powder compacts. Furthermore, he has used appropriate kinematically and statically
admissible fields to calculate bounds on macroscopic potentials that describe the
densification process. Significantly, in this work, Cocks has taken into account the
interaction between pairs of competing mechanisms in effecting the overall compactmn
of the particles.

Typically, in the work to date, one finds that not all the densifying mechanisms
have been modeled in a synergistic framework. The interaction between the
mechanisms could significantly affect the shapes of pores and the stress distribution
along the interparticle contact areas, and hence macroscopic quantities like the relative
density and the rate of densification. A systematic model that begins by considering the
point contact between the particles and proceeds in time capturing and describing all
the transient effects is still lacking.

There are also a number of assumptions that have been made in the past, the
validity of which is an open question. A few of the models (McMeeking and Kuhn,
1992; Riedel et al., 1994) have assumed the grains to be rigid and this implies that the
normal velocity of separation between adjacent grains is a constant along their
boundary. This simplifies the diffusion process on the interparticle contact areas and
might give inaccurate results for the normal stresses and diffusional mass fluxes along
the interparticle boundaries when other deformation processes are concurrently active.
Treatment of the dihedral angle at the boundary of the interparticle contact area has
also constituted a source of ambiguity. While it is certainly true that the well-known
equilibrium expression for the dihedral angle in terms of the grain boundary and pore
surface energies is valid for a static pore tip, the angle at the tip is not strictly equal to
that dictated by the equilibrium relation when the interparticle area is growing. Still, it
is not uncommon to find the strict enforcement of the dihedral angle at the tip during
densification in several of the currently available models (Svoboda et al., 1993; Bouvard
and McMeeking, 1996; Pan and Cocks, 1995). Moreover, the equilibrium value of the
angle is used to calculate the curvature at the tip of the pore. Thus, any untenable
assumption regarding the angle could lead to a misleading description of the diffusion
process at the tip. Lastly, even in the case when surface diffusion significantly affects



densification, one finds that the classical Laplace relationship connecting the curvature
and surface energy of the pore to the normal stresses in the adjoining bulk material
(Herring, 1951; Rice and Chuang, 1981; Freund ef al., 1993) is ignored.  This relation is
an important aspect of the underlying physics and its specification in the relevant initial
boundary value problem cannot be omitted.

In the present work, the deformation of the powder aggregate is modeled by first
determining the initial contact area due to elastic deformation that takes place
instantaneously upon application of the external load. Subsequently, densification is
considered to proceed under the combined action of linear elasticity and power-law
creep in the bulk of the particles while diffusional mass transport occurs along the
interparticle contact areas and pore surfaces. A finite element formulation is developed
and implemented to solve the relevant initial boundary value problem under plane
strain conditions. The pore surface energy appears in the formulation as it affects the
pore surface diffusion and the magnitude of the stress acting normal to the pore surface.
The surface energy of the interparticle contact area (grain boundary energy) is also
accounted for in the formulation through the energy changes that occur when matter
from the contact area is deposited onto the pore free surface. The proposed numerical
scheme to solve the finite element equations is marched in time in order to capture the
evolution of the pore shape and the closing of the porosity. The method provides an
attractive means to keep track of the variation of the flux and curvature of the pore
surface and the flux on the interparticle areas. The tip stress (i.e. the stress at the
boundary of the interparticle area) and the corresponding curvature are calculated as
part of the overall system equilibrium employed in the analysis and as a result, there is
no need to make any restrictive assumptions with regard to their magnitude.

2. MATERIAL CONSTITUTIVE LAWS

The bulk of the particles is modeled as a homogeneous and isotropic material
that deforms by linear elasticity and power-law creep. The total strain rate in the bulk is
defined through the velocity as

&y =(vi;+v,,)/25 )
where (.);=d(.)/0ox; and the superposed dot denotes differentiation with respect to
time. The total strain is decomposed into elastic and creep strain components such that

£, =E;+E; (2)

The elasticity of the particle is characterlzed by the standard Hooke s law
= Gt 3)
where C,, are the components of the elastic modulus tensor, and the Einstein
summation convention is implied over a repeated index. The creep strain rate &; which

obeys incompressibility is derived from

g = 99 | )

where
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is the powerlaw creep potential, o, = [35;5,/2 is the effective stress,
s5;=0;—(0,/3)8; is the deviatoric stress, n is the creep exponent, &, and o, are
material constants, and ¢, is the Kronecker delta. From Egs. (4) and (5), one finds

nC n—1
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where C = £,/0} is the creep modulus.

Diffusion along the interparticle contact areas or the pore surface is motivated by
chemical potential gradients such that

D6, du
=267 T 7
77Tk s 7
along the interparticle area, and
D, dﬂ
=2 8
T as” ®

along the pore surface. The parameter 4 denotes the chemical potential of an atom, j,
and j, are the volumetric fluxes per unit length along a direction s tangent to the
interparticle area and pore surface respectively, D, and D, are the corresponding

diffusion coefficients, §, and &, are the corresponding effective thicknesses through |

wich matter diffuses, & is Boltzmann's constant and 7 is the absolute temperature.
Following Herring (1951), one can write
U=-0,Q 4 &)
along the interparticle area, and _
H= =3,k +k,)Q (10)
along the pore surface, where o, is the stress normal to the contact area, & and k, are

the principal curvatures of the pore .surface, and Q is the atomic volume of the
diffusing species. Combining Egs. (7) and (9), and (8) and (10), yields respectively
o= 0,22 a
v ds
and
dly ,(k, +k
j, =, L) " ], (12)

where now 2, = D,6,Q/kT and 2,=D,6 Q/kT are correspondingly interparticle and

pore surface diffusivities having dimensions of volume divided by stress per unit time.
Matter conservation along the interparticle contact area requires
dj
Do yi=o0, | (13)
ds

where % is the normal velocity of interpenetration that would have resulted had the
particles penetrated into one another under the action of the external loads. Denoting by



g the rate of change of the gap g (see Fig. 1a) between two points on the boundaries of
particles 7 and I/ which are coming into contact with each other with corresponding
velocities v/ and v, one can calculate the normal interpenetration velocity as

}.z=(v.”—v,.")ni+g, ' (14)

H

where n, are the components of the unit normal to the contact area as shown in Fig. la.

Notice that at any point along the contact area (g = 0, ¢ = 0), any change in the relative

i _
i

velocity (v —v/)n, results directly in a change in the volumetric flux. Matter

conservation for diffusion along the pore surface dictates that
Ly, <0, 15)
ds

where v, is the velocity component normal to the pore surface with the unit normal
vector pointing into the particle. A negative value of v, implies that material is being

deposited on the pore surface whereas a positive value implies erosion of the surface.
Considering the pore surface as a stretched membrane under the action of a
constant surface tension and normal stresses ¢, from the adjoining bulk material, one

can state the requirement for equilibrium at any arbitrary point by means of the
standard Laplace equation (Gurtin and Murdoch, 1975; Rice and Chuang, 1981; Freund
et al., 1993)

o,=7,(k+k). (16)
The sign conventions for the curvature and the normal stress are shown in Fig. 1b. At
the junction between the interparticle contact area and the pore surfaces, both
volumetric flux and chemical potential are continuous. By Egs. (10) and (11), chemical
potential continuity requires that

(0'")0 = [7p(kl + k2 )]0 4 (17)
where the subscript 0 is used to denote values at the junction.

3. THE UNIT CELL - INITIAL BOUNDARY VALUE PROBLEM IN
PLANE STRAIN

The problem of densification of a square array of cylinders under hydrostatic
loading is considered (see Fig. 2). So the present analysis simulates hot isostatic
pressing (HIPing) under plane strain deformation conditions. Pure HIPing was
considered solely to reduce the amount of numerical complexities that would arise from
interparticle slip if the applied macroscopic stress had a nonzero deviatoric component.
It should be emphasized that the formulation developed in this work is equally valid
for general loading states, though an appropriate unit cell has to be chosen to
accommodate the applied stresses and appropriate modifications to the governing
equations have to be made to account for interparticle slip (Needleman and Rice, 1980
and Casagranda and Sofronis, 1997). Due to the symmetry of the arrangement, the
densification is studied by considering the deformation of just one quadrant of the
cylinder as shown in Figs. 2 and 3. Clearly, this cell is only one of many that could have



been used. This particular choice has been made in view of the fact that the unit
normals to the contact areas are known a priori. This offers a significant simplification
with respect to the numerical evaluation of the contact areas and reduces the number of
iterations and computation time considerably. As is evident from Fig. 3, there are two
straight contact areas (line segments BC and DE) that develop upon loading, with the
pore surface (arc CD) lying in between. Lastly, in view of the plane strain assumption,
the only nonzero curvature is the in-plane one and it is denoted by &.

Extending the formulation of Needleman and Rice (1980) to include the effects of
interface and pore surface energies, and pore surface diffusion, one can cast the
governing equilibrium equations for the deformation of the cell in the following
variational form

f Tov,ds = j 0 ;0 dA + J.O'nﬁvnds + fa,,&z,,ds

Sy A S, S, (18)

+y,d,— Y p(ﬁv,,pcosgblc +y,4, - }/p(c?v,,rcos¢) Db -

Here, 7, is the specified traction on the boundary S, over which tractions are
prescribed, o is the stress tensor within the bulk region 4 occupied by the particles
(Fig. 3), 6v; is an arbitrary virtual variation of the velocity that vanishes on the part
where velocities are prescribed, ¢, is the corresponding strain rate variation, ¢, is the
normal stress either on the interparticle area S, or the pore surface area S, (Fig. 3), v,is |
the virtual variation of the normal velocity on §, and §,, s denotes arclength along the
boundary BCDE measured from point B (Fig. 3), and ¢ is the dihedral angle at points C
and D and is schematically shown in Fig. 1b. The parameters ¢, and ¢, are rates of
change of the two contact areas and &v,,is the velocity at the junctions measured

positive if it causes an increase in the area of contact. The term on the left-hand side of
the equation is the external virtual power delivered to the system and the terms on the
right sum up to the total internal power. The integral evaluated on § ,represents the

power expended in changing the pore surface area as it moves normal to itself during
loading. The terms involving j,and j ,represent the power expended /released as the

densification proceeds and matter exchange occurs between interparticle boundaries
and pore surface accompanied by corresponding changes in surface energy.

Starting with Eq. (11) and using the divergence theorem, one can state the
principle of virtual power on the interparticle contact areas as

| B . .
J.o.né‘vnds = J‘B_]b@bds + (0'"6]!))0 - (o’né.‘]b )C H (19)
S, S, b

where &j,and dv,are respectively virtual flux and normal velocity fields that satisfy the
zero flux condition at points B and D and are related by 44, /ds+dv, = 0. Substituting

Egs. (19) and (16) into Eq. (18), one obtains the final variational statement for the
densification process as follows:
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Sy 4 s, s, ©b (20)
+7,4, - }/p(év,,.pcosgb)c + 7,4, — 7p(5vﬁpcos¢)D.

Equation (20) is solved for displacements by the finite element method. Using
appropriate interpolation matrices for the relevant quantities, the variational statement
is converted into a set of non-linear equations for the nodal velocities, or equivalently,
the nodal displacement increments. There are two sources of non-linearity in the
resulting equations: the power-law creep nature of the material, and the development
and evolution of the interparticle contact areas. The contact areas, which are domains
for the interparticle diffusion process, are not known beforehand and are determined as
part of the solution. To this end, an iterative scheme has been proposed to
systematically evaluate the contact areas as well as the creep strains occurring in the
particles.

With regard to the contact areas, the strategy is to assume sizes for the contact
areas that are in excess of the expected, and solve the boundary value problem at a
given time ¢,,, for displacements and stresses when the solution is known at time ¢,.

n+l1

The solution is obtained by calculating increments to the known displacements at time
t, such that the governing Eq. (20) is satisfied at time ¢,,;. Then, the stresses along the

contact areas are checked for consistency, i.e., whether the stresses are compressive and
nodes assumed to be diffusive are indeed in contact. If either of these conditions is not
met, the assumed contact areas are reduced by a node and the procedure is repeated till
the solution obtained is consistent.

In setting up the finite element equations for the displacement increments, the
creep strain increment portion (cf. Eq. (2)) of the total strain increment associated with a
displacement increment is unknown. As a result, the procedure for obtaining the
solution for each set of assumed contact areas BC and DE (Fig. 3) is also iterative in
nature (see Appendix A). For an assumed displacement increment, a creep strain
increment is calculated pointwise as shown in Appendix C by the Newton iteration
method (“local” iterative scheme). The finite element equations are then set up and
solved for a new displacement increment also by the Newton iteration method
(“global” iterative scheme). The creep strain rates are then corrected and these coupled
“local” and “global” iterative schemes continue till convergent increments of
displacement and creep strain are obtained, of course, for the assumed contact areas BC
and DE. The creep strain rate and displacement increments at time 7, were used to
initiate the process. Thus, since the solution to the initial boundary value problem
involves also the simultaneous evaluation of the contact areas, a three-level iterative
scheme has been devised to perform the task.

On the pore surface, except at the tip nodes at C and D (Fig. 3), the curvature is
calculated at nodal positions i using the local position coordinates and those of the two
neighboring nodes, i —1 and i+1. Thus (see Appendix D),

ki = k(X0 iy X0 Yie Xy Vi) 21)



where x; and y, are nodal coordinates. For the curvature at the tip, a quadratic

extrapolation based on the curvatures at the three neighboring pore surface nodes is
used. It ought to be emphasized that this way of calculating curvature is a point of
departure from most of the previous work wherein, the tip curvature was calculated
from the value of the dihedral angle, which was assumed to be strictly valid during the
entire densification process. :

The variational statement (20) enforces equilibrium in the bulk of the particles
and ensures the satisfaction of the diffusion equation Eq. (11) on the interparticle
boundaries BC and DE. However, it does not enforce the pore surface diffusion relation
given by Eq. (12) or the local stress-curvature relation given by Eq. (16). These
equations are strictly enforced as side constraints at time ¢,,, during the iteration
process. Since the numerically obtained solution to the stress, flux and curvature at
time ¢,,, is a function of the displacement increment, strict enforcement of Equations

(12) and (16) leads to multi-point constraints along the boundary S,. Moreover, the
flux vanishes at points B and E owing to the square arrangement of particles. At B, the
flux is zero by construction (see Appendix A) and at E, the zero flux boundary

condition is enforced through a multi-point constraint that involves all the degrees of
freedom (nodal velocities) on S, and S,

4. DIMENSIONLESS GROUPS

A dimensional analysis over the geometric, material and loading parameters of
the system leads to the following functional representation for the dependent variables:
a=1(0,/EVnY, W, X0 X, tlts), (22)
where ais the non-dimensional version of a typical parameter such as displacement,
strain-rate, stress etc., 0, is the applied macroscopic stress on the aggregate (Fig. 3),

=Ls 23
v= 2t 22)
y, =22 (24)
* o,R
Db
=—"b 2
2z Co"'R® (25)
D,}
e 1V 2 2%
ZP CO.ZR4 ( )

R is the particle radius, ¢, is a time parameter that represents a characteristic time scale
of the densification process, and isotropic elasticity was assumed for the particles with
Young’s modulus E and Poisson’s ratio v.

Clearly, y, and w, represent the strengths of the interface and pore surface

tension in relation to the applied stress. The higher these values are, the larger is the
energy required to be delivered by the applied load to change the respective areas of
these surfaces. On the pore surface, a higher value of y , implies higher normal
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stresses in the adjoining bulk material. Next, it is shown that the dimensionless groups
X, and y, characterize respectively the relative rates at which the interparticle and
pore surface diffusion processes proceed in comparison to the power-law creep
deformation of the bulk.

Groups %, and y, can be arrived at by considering the magnitudes of strain
rates that are representative of the three densification processes, namely power-law
creep deformation in the bulk, interparticle diffusion, and pore surface diffusion. A
measure of the creep strain rate is readily expressed in terms of the creep constant and
the applied stress through &° = Co;. The diffusion processes can be thought of as
resulting in strain rates, which in plane strain can be described by
b _ 4, _(B,0,IR)_D,0,

“T Y Je2 R R @)
in the case of interparticle diffusion, and
ot Iy BV IR DY, (28)

4 B R R*
in the case of pore surface diffusion, where }1,, and Ap are measures of rates at which
the interparticle and pore surface diffusion processes transport mass per unit length in
the out-of-plane direction and 4 is a measure of the area of the particle.

Characteristic time scales for each of the three rate mechanisms can be defined as
the time required for the rate process to yield a strain equal to a reference strain, which
is chosen as the elastic strain corresponding to the applied stress o,. Thus, the

following characteristic times can be defined:
e o, JE 1

L= £ - - (29)
&£ Co" ECo’
for power-law creep deformation,
e 3
=5 =R (30)
&, DE
for interparticle diffusion, and
e 4
tp' = 8_ = _ga_a (31)
g, DEy,

for pore surface diffusion. Therefore, by means of Egs. (27), (29) and (30), definition (25)
is rewritten as

E, t D,
-0 = _€ — . 32
Z b éc tb C o.n—l R3 ( )
Similarly, by means of Egs. (28), (29) and (31), definition (26) is rewritten as
D
r=2=fo Bl (33)

gt T Co'R
It is obvious from Egs. (32) and (33) that, for instance, if ¥, =10 and x, =100, one can

infer that the interparticle and pore surface diffusion processes are respectively one and
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‘two orders of magnitude faster than the power-law creep process in the bulk of the
‘particles. Since the speed of the densification process is controlled by the smallest time
‘constant, ¢, = min(,.£,.7,) in Eq. (22).

5. NUMERICAL RESULTS

| A notable feature of the formulation is that if the interparticle diffusion
coefficient is assumed to have a very small value, and the free surface diffusion
coefficient is set equal to zero, and any surface energy effects are neglected, it is
equivalent to a penalty method treatment of the initial elastic contact problem. This
feature was employed to calculate the elastic solution at time ¢ = 0, which serves as the
starting point for the subsequent time-dependent deformation of the unit cell. The
solution was obtained for successive time steps by the procedure outlined in Section 3
and macroscopic quantities such as density and densification rates were calculated. The
undeformed particle radius was R =1 and this corresponds to an initial area fraction of
particles of 0.785. Eight-noded isoparametric elements were used with a 2x 2 rule for
integration of stiffness matrices. The incompressibility of the creep deformation was
enforced by the method of Nagtegaal, Parks and Rice (1974). The mesh used in the
calculation has 920 elements and 2481 nodes, out of which 321 were sequentially
numbered and placed along the arc BCDE to discretize the contact areas and the pore
surface. The elasticity of the particles was assumed to be isotropic, and unless stated
otherwise, the finite element results were obtained for y,=10,y , =100,

¥,=¥,=01E/c,=100,v=033, and creep exponent equal to 5. The applied
macroscopic stress state was £ =X, = -0, as shown in Fig. 3. With this choice of
data, the smallest time constant is that for pore surface diffusion and hence ¢, = t, (see
Eq. (31)). The initial marching time step was Ar =107t , and as the powder aggregate

relaxed and densified, the magnitude of the time step was increased.  Calculations
were carried out till the total elapsed time was equal to #,/2. At this stage, nodal
displacements were observed to be quite large and the present small-strain scheme with
no nodal updating was deemed to be inadequate and hence no further computations
were carried out. If ¢ is the total elapsed time, then one can conclude from Eq. (29)
that

&t X,
Z =l = 34
gt t (34)

Since the largest value of #/¢,is 0.5 and ¥, =100, it is clear that during the entire range

of deformation considered, the magnitude of the creep strains is small when compared
to the elastic strains.

Figure 4 shows the flux profiles on the interparticle contacts and pore surface as
a function of the arc length s at various values of the normalized time #/¢,. Note that
s =0 at point B and s=s,, at point E (Fig. 3). The flux is normalized by a reference
value j, =D,0,/s,, and the stress by the magnitude of the applied stress o,. Peaks

max
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in the magnitude of the volumetric flux coincide with the location of the boundaries of
the interparticle areas (that is, points C and D), and the midpoint of the pore is a point
of reflection for the flux profile. The anti-symmetry of the flux profiles about s =s,,,, /2

derives from the hydrostatic compaction feature, that is, equal amounts of mass diffuse
out of the two contact areas BC and DE toward the pore surface. The flux profiles
flatten out as time elapses and this is again in accordance with diffusion-induced stress
and pore curvature relaxation whereby the gradients in stress and curvature reduce
with time, thus resulting in less amounts of volumetric diffusion.

A typical normal stress o6,/0, profile is shown in Fig. 5 for 0<s<s

max

along
with the corresponding curve for flux at time 0.025¢,. The normal stress becomes less

compressive as one approaches the tips (points C and D in Fig. 4) and this translates to
monotonically increasing values of volume flux. The tips are extremum points for the
normal stress gradient and this is reflected in the maximum magnitude of the volume
flux. As one moves past the tips and toward the pore surface, the normal stress
variations become significantly less, but the higher value of pore surface diffusion
parameter still leads to comparable flux magnitudes. The stress variation is symmetric
with respect to the center of the pore surface and this agrees with the anti-symmetric
nature of the flux profile. A snapshot of the flux and curvature variations on the pore
surface at time ¢ = 0.025¢, is shown in Fig. 6. This plot illuminates the characteristics of

surface diffusion over the pore. As one would expect from Eq. (12), the flux is negative
when the curvature decreases, positive when it increases, and zero at maxima or
minima. Figure 6 also indicates that the maximum absolute value of the non-
dimensionalized curvature iR is less than 2. Therefore, for y , = 0.1, Eq. (16) phrased

in the form o,/0, = kRy ,, yields values for the non-dimensionalized stress o,/0, that
are less than —0.2. This result is in excellent agreement with the normal stress levels

over the pore surface shown in Fig. 5.
In Fig. 7, the normalized curvature kR of the pore surface is shown plotted
against normalized arclength s/s_,, at various instants of time. In accordance with the

curvature sign convention, the curvature is negative throughout since the pore is
convex. The expected symmetric variation about the mid-point is observed. As
deformation proceeds, the entire curvature profile shifts upwards, i.e., the pore deforms
so that its curvature gradients are neutralized and it becomes less curved.

" Figure 8 shows the outline of the unit cell at different stages of deformation.
One can readily observe the systematic increase in the sizes of the interparticle contact
areas as well as the pattern of mass distribution. While the value of the surface
diffusion parameter controls the pattern of mass distribution, thickening of the pore
surface occurs due to deposition of mass moving out of the contact areas.  For
x, =100, while there seems to be a reasonably even distribution overall, more mass is

deposited in the regions near the tip of the pore as compared to the interior.
In order to investigate the magnitude of the normal tip stress o, (cf. Eq. (17)),

additional calculations were carried out for y, = 10*, while the values of the other
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parameters were held unchanged. Due to the nature of the loading, the stresses at the
two tips are equal to each other. Figure 9 shows the variation of the tip stress plotted as
a function of relative density. The deformation of the unit cell immediately following
the initial elastic contact was characterized by sharp gradients in the stresses and rapid
rates of increase in the contact sizes. As a result, the numerical scheme employed in this
study was unable to capture the magnitude of the tip stresses with the desired accuracy.
As mentioned in Appendix A, the scheme for calculation of the tip stress is an
approximate one and this may be the reason for the lack of accuracy in the early stages.
However, it should be emphasized that the solution for the displacement was always
accurate, even during the early stages of deformation. = The local tip stress values
stabilized after additional densification and Fig. 10 shows the variation after the initial
transients. It is seen that throughout the densification process, the stress at the tip is
compressive. The initial, instantaneous elastic deformation leads to negligibly small
compression at the beginning, but as soon as the diffusion processes set in, a dramatic
drop in the stress occurs. Subsequently, as time elapses, there is a decrease in the

magnitude of the tip stresses and this trend is milder in the case of y, =10* while the
%, =10 case is characterized by a more pronounced variation. The figures also show
the corresponding profiles of (} k), whose data points are indistinguishable from those
of the tip stress, in accordance with Eq. (17).

Comparison with other models

The complete solution to the initial boundary value problem for the unit cell
facilitates the calculation of the relative density D of the powder compact by
determining the area fraction occupied by the particles. The densification rate D is
then computed through the change AD occurring during the time increment At.

Expressions for D are available in the literature from models based on different
principal densifying mechanisms acting alone.

McMeeking and Kuhn (1992) considered the densification of an initially random
close-packed aggregate of spherical particles deforming primarily by interparticle
diffusion. They report the densification rate to be

2
. _36(1-D)Y (DY Dp
- D(D-D)\D,] R’
where D, is the initial relative density which for random close-packing is 0.64 and p is

(35)

the applied pressure. The numerical results of the present model are compared with
those of Eq. (35) at the same macroscopic pressure prevailing during the densification
process. This macroscopic pressure is essentially elastic, in view of the negligible creep
response of the cell, and therefore it is taken to be p = 2(1+v)o,/3 under plane strain.

Then, recalling definition (25) of y,, one can recast Eq. (35) into
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D(D-D,)

A slightly different result was obtained by Helle et al. (1985) for densification
under pure interparticle diffusion. Making similar substitutions, one can rewrite their
formula for the densification rate as

D=24(1+ )—(—0—)[ );{bCo"' \ (36)

(- o)
DD yHCe 37

For the case of compaction by power-law creep deformation alone, Kuhn and
McMeeking (1992) calculate that the densification rate for purely hydrostatic
compression is given by

86
=2(1+v
3( )

1 n D— 5 _ n
_2In [2( +v)j] p[2=Do Y[ 0=D) T 38)
16431 9 1-D, ) | DX(D-D,)
Under the same conditions, Helle et al. (1985) calculate the densification rate to be
1
. 53M20+w7", o L(D-D Y] a-py) T
D=— D°D,)? 0 L Co’. 39
«/5[ 9 ]( ) [1—00”1)2(0-001} ‘ 9)

Figure 10 shows the comparison of the densification rate obtained using the finite
element results of the present model at y, =10 and two different values of y,, namely

10° and 10, with the corresponding results that Egs. (36)-(39) yield. The interparticle
diffusion models of Egs. (36) and (37) agree very well with each other and so do the two
power-law creep models of Egs. (38) and (39). The densification rates furnished by the
interparticle diffusion models are several orders of magnitude greater than those from
the power-law creep models, as expected, since densification by interparticle diffusion
is much faster than by power-law creep in the bulk. The present investigation predicts
initial densification rates an order of magnitude higher than those of the grain
boundary diffusion models, but these decrease rapidly and fall between the values
calculated from the models employing interparticle diffusion alone and those using
power-law creep alone. Obviously, the very high initial densification rates during the
early stages (at low relative density) result from the rapid diffusion processes associated
with the initial, severe elastic stress gradients. As densification proceeds and the
diffusional relaxation mechanisms alleviate and neutralize these gradients (see Fig. 4),
the densification rates drop to lower levels. The parameter ), seems to have a

moderate but definite effect on the densification rate. It should be borne in mind that
the diffusional creep models of Egs. (36) and (37) are predicated on pore surface
diffusion that is very fast in comparison to the interparticle diffusion. Therefore, the

finite element results of Fig. 10 denoted by the lower curve (y,=10") should be

considered in comparing the models.



15

Comparison with experimental data

Casagranda et al. (1996) performed a series of constant strain rate densification
experiments using cylindrical compact specimens of porous alumina specimens under
uniaxial compression over a wide variety of temperatures. The imposed strain rates
varied between 3x10° and 3x107°/s and the temperatures between 1050°C and

1200°C. Analyzing their results, Casagranda et al. observed that when the densification
rates were cast in the non-dimensional form '

EkTpd’ ’

o(t) = £ 5 1 p (40)
D,o,b" \ Z(¢)

where Eis the applied compressive strain rate, T the measured macroscopic stress on

the specimen, 4 the shear modulus, d the particle diameter, and b the Burgers vector,

the calculated values of a for all the experiments ranged from 1 to 10, and collapsed
onto a narrow band that decreases in magnitude with increasing relative density.

- Model calculations were carried out using data for alumina (Tables 1 and 2) at

1100° C for three of the stress levels Casagranda et al. measured in the their experiments,
namely 100 MPa, 110 MPa and 125 MPa. The calculated macroscopic dilatation rate

E, =-2&, (Fig. 3) was then used to derive a one-dimensional macroscopic compressive
strain rate £ such that 3E = -E,, . Similarly, the macroscopic pressure p =2(1+v)o,/3
was set equal to the pressure Z/3 in simple uniaxial compaction under compressive

stress % . Next, Eq. (40) was used to calculate the values of the non-dimensionalized
strain rate a associated with the finite element calculation results. These values are
illustrated in Fig. 11. At a given stress X, the strain rate £ decreases with time and
since a(t) is proportional to E (Eq. (40)), so does @ as shown in the figure. The values
of a computed from strain rates obtained from the model calculations are shown by
hollow symbols connected by dotted lines while the values of & corresponding to the
experimental strain rates, calculated using Eq. (40), are shown by solid symbols
connected by solid lines. Due to the limitations imposed by the small-strain assumption
employed in the current scheme, calculations were performed over a small range of
densification. The lowest strain rates corresponding to the finite element data shown
in Fig. 11 are of the order of 10™/s which is still 1-2 orders of magnitude greater than

those used in the experiments of Casagranda et al. Thus, the corresponding lowest
values of & obtained from the present numerical calculations are of the order of around
500 which is notably also 1-2 orders of magnitude greater than the range of 1-10
obtained by Casagranda et al..  Keeping this observation in mind and looking at the
monotonically decreasing trend exhibited by a, one may reasonably expect the values
of a one could obtain numerically for the strain rates employed in the experiments of
Casagranda et al. to agree well with those obtained experimentally.

Using cylindrical specimens, Kim (1997) carried out sinter-forging experiments
on Ti-48Al powder with an average grain size of 10 microns. Compaction took place
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under uniaxial compressive stress at values varying from 200-500MPa and held
constant during densification at a temperature of 625°C. With the use of material data
for j -TiAl (Tables 3 and 4) model calculations were performed under macroscopic
stresses of ¢, =300, 400 and 500 MPa. As with the definition of the macroscopic strain

rate E, a uniaxial compressive macroscopic strain £ was defined through

{
E=2E"+ j £,dt")/3, where E is the strain in the unit cell at the end of the initial
0

elastic contact. Figure 12 shows this numerically calculated strain E as a function of
time. As observed by Kim, the strains increase monotonically with time, and not
surprisingly, higher stresses lead to higher strains. Experiments were performed by
Kim for time durations as long as 5500 seconds, whereas due to the limitations of the
current numerical scheme mentioned in the preceding paragraph, computations only
spanned much shorter periods of time. In spite of this, quantitative agreement with
Kim’s experiments seems to be quite good. For instance, under a stress of 500 MPa, a
strain of 0.8% was calculated at ¢ =40s, while the corresponding Fig. 44 of Kim (1997)
shows a strain of around 1%.

6 DISCUSSION

From Fig. 4 it is seen that at time ¢ = 0.005¢,, the flux reverses sign at two pairs of

symmetrically placed points on the pore surface and by Eq. (12), the curvature exhibits
stationary values at these points as shown in Fig. 6. However at time 7 = 0.03¢,, there is

only one pair of points at which this happens and for the times = 0.125¢, and
¢t = 0.300¢,, the flux decreases monotonically from tip to tip. Thus, the surface diffusion

process is very effective in neutralizing the local curvature gradients and setting up a
linearly varying flux pattern.

The calculations shown in Fig. 5 indicate that the interparticle boundaries and
the pore surface are all in a state of compression. The compressive stress on the
interparticle areas decreases as one moves towards the tip, thus setting up stress
gradients that force the mass out through the boundaries and onto the pore surface.
The chemical potential is higher on the pore surface at regions of higher convexity and
atoms there tend to move toward regions of less convexity or concavity. Interparticle
diffusion is the primary source of rearrangement of matter and hence, y, has a central

role to play in determining the magnitude of mass flux at the tip of the interparticle
contacts. However, it is also essential that the pore surface be capable of efficiently
absorbing the mass emanating from the contact areas and therefore, the rate of mass
transfer also depends directly on the magnitude of the surface diffusion parameter .

Consequently, so does the pattern of redistribution of the flux coming onto the pore
from the interparticle areas. Slow surface diffusion leads to an accumulation of mass
near the tips and this in turn retards the flux at the tip. As a result, there is a decrease in
the densification rate. ~On the other hand, fast surface diffusion enables the pore
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surface to absorb all the mass flowing out of the contact areas and this leads to higher
densification rates. ‘ ,

The above argument is clearly supported by Fig. 10 wherein the densification
rates obtained for the two different values of y, are noticeably different. One can also

see from the figure that modeling the processes accurately is very crucial in determining
the macroscopic behavior. Depending on which mechanism is assumed to dominate,
rates of densification that are several orders of magnitude apart can be obtained. The
results shown in Fig. 10 also suggest that densification that occurs solely by grain
boundary diffusion or power-law creep should be treated as a limiting case. At the
outset, the densification rates are closer to those predicted by models of densification
dominated by grain boundary diffusion, but as time elapses and diffusion slows down
due to stress and curvature gradient relaxation, the bulk deformation in the particles
tends to affect the process. It seems that at very high relative densities, the densification
rates tend to approach those predicted by the power-law creep models.

As shown in Fig. 11, the present finite element model predicts dimensionless
densification rates for Al,O, for three different stress levels that are compatible with the

experimental results of Casagranda et al. (1996). Also, there is good agreement between
the predicted and experimentally obtained strain in the case of TiAl compacts (Kim,
1997). However, it is important to note that both sets of experiments were uniaxial
compression tests while the present model simulates plane strain densification. .
Therefore, the comparisons that have been made using the derived one-dimensional
stress and strains as explained in Section 5 involve a certain amount of approximation.
Casagranda et al. concluded that powder compaction in their experiments was
controlled by the interparticle diffusion mechanism. This is in agreement with our
numerical results that indicate a synergistic dominance of interparticle and pore surface
diffusion, at least during the early stages of deformation.

An important result of the present finite element calculations regards the
prediction of the evolving shape of the pore surface during densification (see Fig. 8).
Clearly, the curvature of the pore remains negative (convex) during the early stages of
the densification. Thus, the phenomenon of curvature sign reversal along the pore
surface, as postulated and employed in the analysis of some two-particle densification
models, was not observed in the calculations. However, simulations spanning longer
times are required in order to assess whether pore convexity continues to be maintained
during the entire stage I densification process or, if that is not the case, to identify the
time at which the pore surface begins to develop concave segments as the process
advances toward stage II.

7 CLOSURE

Densification of a powder aggregate is a complex physical phenomenon
involving multiple mechanisms characterized by a large number of material and
geometric parameters. In the present study, important dimensionless groups have been
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identified and this leads to a dramatic reduction in the number of the case calculations
required to analyze the process.

A finite element methodology has been developed to study the densification
process of a particle aggregate based on the interaction between the mechanisms acting
at the microscale. In view of the complexity of the governing equations, one may
consider the devised numerical techniques as fairly robust in predicting the values of
both microscopic and macroscopic parameters when pore and particle shape changes
are small. For predictions pertaining to times closer to the end of stage I densification,
the present model needs to be modified to account for geometric nonlinearities.

The finite element calculations show that the overall densification rate is
sensitive to the strength of the pore surface diffusion. Available models based on a
single operating mechanism have been shown to either overestimate (diffusional creep)
or underestimate (power-law creep) the densification rates due to the neglect of the
coupling between the densification mechanisms. Lastly, during the early stages of the
densification process, the pore surface curvature maintains the same sign all along the
pore surface.
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TABLE 1: Material properties for Al,0, (Helle et al., 1985; Ashby, 1990).

Surface energy =0.90]/m’

Atomic Volume Q =142x10% m’
Melting point 7, = 2320K

Burgers vector b =4.76x107°m
Young’s modulus E = 395 GPa at room temperature
Shear modulus

U= ,uo[l + w(%)] . p1,= 155 GPa at 300K
0

m

(_Tﬂe) — 035
HodT

- Qc

—i) , D,=10"° exp[—(—gm——z)]

Oy
Activation energy Q, = 477.0k]/mol
Power-law creep exponent n=3

Reference Stress o,,, =1250 MPa

Power-law creep: &= D,
= R]':'

Volume diffusion: D, = D, exp(- 1%")

Activation energy O, = 477.0 kJ/mol
Pre-exponential D,, =1.2x10°m?/s

Grain boundary diffusion: D,6, = D, b50bexp(——Q—b—

RT

Activation energy O, = 419.0 kJ/mol
Pre-exponential D6, =8.6x10"m? /s

Surface diffusion: D,6, = D, 6, exp( —%)
Activation energy Q, = 500.0 kJ/mol

Pre-exponential D,,d,, =8.6x10°m?/s
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TABLE 2: Values of the dimensionless groups for alumina at 1100°C at different
stresses.

SMPa) 2, X, Ve=¥, B, 1(=1)(

100 43 81 0.228 8381 21.7
110 35 61 0.208 7619 23.9
125 27 42 0.183 6704 27.1

TABLE 3: Material properties for 3 -TiAl (Ashby, 1990).

Surface energy =1.76]/m’

Atomic Volume Q =3.11x10% m?
Melting point7,,= 1730 K

Young’s modulus E = 168 GPa at room temperature
g
o

n _ T
Power-law creep: &= D , D =10"%¢ =& D
W creep ( ) . xp[ RT,,,(T )]

ref
Activation energy Q. = 320.0k]J/mol

Power-law creep exponent n=3
Reference Stress o,,, =1800 MPa

9

Grain boundary diffusion: D6, = DObéobexp(—}—]:

Activation energy Q, = 180.0 kJ/mol
Pre-exponential Dy, d, =7.6x107°m”’ /s
Surface diffusion: D,6, = D,,0, pexp(—%)

Activation energy Q, = 150.0 kJ/mol

Pre-exponential D,,8,, =7.6x10"°m’ /s
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TABLE 4: Values of the dimensionless groups for j —TiAlat 625°C at different
stresses.

T(MPa) x, %, V,=y, Efo, 1,(=1)()

300 40 6485 0.0029 1269 78.1

400 22 2735 0.0022 952 104.1

500 14 1400 0.0018 761 130.1
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APPENDIX A: FINITE ELEMENT FORMULATION AND SOLUTION
OF THE INITIAL BOUNDARY VALUE PROBLEM

Al. Formulation

Under plane strain conditions, the interparticle contact areas are assumed to be
the two plane segments BC and DE of Fig. 3. Arclength s is measured starting from
point B and increases toward point E. As time elapses, the contact areas develop and
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typically different nodes define the end of the contact areas at different times. These
nodes are not known at the start of the calculation and have to be determined as part of
the solution. One contact segment is defined by the line y =-R and the other by
x = R. The normal n is defined on the contact areas as positive when it points inwards
as shown in Fig. 1a. A non-negative scalar gap function g(s) at any point of the particle
surface is defined to be its normal distance from the contact plane. If a node is already
in contact, the value of the gap function is set to 0. From the initial position of the nodes
and their subsequent deformation, g(s)is easily calculated since the normal and the
position of the contact surface do not change with time. Once the gap function is
established, for v =0 and v’ =v, Eq. (14) yields

h=v +g=vn,+g. (A1)
Here g = g/At and measures the rate at which a node that was separated by an amount
g from the contact plane bridges the gap between them. With the above definition, Eq.

(13) is modified as

%+vana+g=0, (A2)
ds

where j,(s) is the flux on the contact areas measured as a function of sand is positive if
the mass flow is along the direction of increasing s. In Fig. 3, j, > 0if the flow is from B

to C and from D to E.
Integrating the above equation with j,(s;) = 0, one can express the flux on BC as

Jo(8)==[vo(s")n,ds’ = Gi(s), (A3)
where
_1&e) .,
G,(s)= ! £ s (Ad)

and the subscript on G indicates that the integration is carried out over S,,.

Since the flux is continuous at the junction of the contact areas and the pore
surface, the flux on the pore surface is easily expressed as

()= Jy(50) = [ Vel ds” (A5)

Sc

Similarly, the flux on §,, is obtained as

Jo(8)=Jj,(sp)— fva(s’)nads -G, (s). (A6)
Following Needleman and Rice (1980), one can interpolate the velocity on the contact
area and pore surface using piecewise linear functions as

Ve =2 Vadi(s), (A7)

wherein i denotes the node number and the summation is carried out over all the
nodes on (S, +S, +S,,), a =1,2and ¢, has the familiar form
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(s —s,

—=L, 5,Ss<y,

S = Sin
S, =8

—_ i+l
P(s) =< 5, <85<5,, % (A8)
Siv1 75
0. §<5,,0r8>8,

The flux on the interfaces and the pore surface can now be calculated analytically
in terms of the nodal velocities by introducing these velocity interpolation functions,
(A8) into the flux integrals, Egs. (A3), (A5), and (A6), and carrying out the integrations.
If one defines m., as

m(s)= [ 9, )n s’ (A9)
0
then the flux on the interface and the pore surface can be generally expressed as
J(s) = =2 mi (s, = G(s) (A10)
and the function G(s) is evaluated according to the relation
G] (), s< Se .
G(s) = G,(50)s Se <SS s, (A1D)

G, (s.) + G,(s), 5> 8,
In matrix notation,

J(s)= (M)} v} - G(s), (A12)
where {M(s)}is a 2(I N, = N, | +1) x1 array whose entries are the terms m/ (s), {v"}is
the array of nodal velocities on the surface (S, + S, +S,,) and N and N, are the node
numbers at the points E and B respectively.

If Asis an infinitesimal segment of §,, it can be readily shown by geometric
argument that '
kéu,As = 5(As) (A13)
and thus,
[7,kov,ds = [y,ods = Nz 7,00, (A14)
S i=1

N

where N} is the number of element sides on the pore surface and /; is the length of the
ith side. Here, it is to be noted that the lengths of the elements change solely due to the
motion of the pore surface normal to itself.

In order to cast the above relation in terms of the virtual nodal velocities and
displacement increments, consider the ith pore surface edge /' defined by the nodes i
and i+1. Let the angles that the tangents to the pore surface make with the x-axis at
these nodes be 6" and 6™ respectively at time #,. Virtual velocities 6v; and v, act at
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node /. Then, the virtual velocity along the direction normal to the pore surface
pointing into the particle is
dv, = —dv,sin6’ + év,cos6’ . (A15)

If one denotes the position at time 7,,, of node i by the vector X', then the new virtual

n+l
position x' due to its virtual motion in the normal direction is given by
x'=X'+6viAtn
= X' +At (-dvsinf’ + 6v\cos@')(—sinb'e, + cosb'e,) (Al6)
=X’ +At[(§visin2 6" - 6visinf'cosd')e, +(—dv,sinf'cosf’ + &v_f,cosze")ey]
where e, and e, are the Cartesian unit vectors.
Use of the shorthand S’ =sin6’ and C' = cos6' permits one to write
x'= X +At[(Bv(SY - BViS'Che, +(~GviS'Cl + Bvi(C'Y e, | (A17)
Similarly, for the node i +1one obtains
= x +Af[(5Vi+l(Si+l )2 _ &;HS:‘HCH-! Y, + (_5‘};+1Si+lci+l + av;rl(cm )2 )ey] (A18)
The new virtual length of the edge is the virtual distance between the two nodes after
application of the virtual velocities, i e.

L =[x = ) (A19)
Expressing the position vectors of the nodes at time #,,, as X'= X'e_ +Y'e, and
X™ = X"e, +Y"e, and neglecting terms that are O(Ar*), the new length of the edge
can be shown to be
As (X Xi)(_avi(si)Z +6v;SiCi +5Vi+l(Si+1 % _5V.;‘,4-1Si+lci+l)
[l+ Ty ( (Y= Y'Y (=& S'C +§V;(Ci)2 + s _g_é‘vjfl(cm % ﬂ (A20)

where I', =|(X™" = X)| is the length of the edge before application of the virtual
old g g ppP

Dhew = l:)Id

new

velocities. With the new length thus defined, the virtual rate of change of edge length
can be evaluated straightforwardly as &/, = (I, ~ I,,)/At, which in conjunction with Eq.

new

(A20) above can be written symbolically as

8l = (6"} (P}, (A21)
where {P} and {6v"} are given by
1 __(XH-I___ Xi)(si)Z + (Yi+1__ Yi)SiCi 5‘;; )
Xi+l_ Xi Sici _ Yi+l_ Yi Ci 2 5vlv
{P} =1 ()iviﬂ_ Xi )(.)S'H )2 _ ((Yi+1_ Yi ;;i+l)cvi+l and {&N} = 5vli+l (- (A22)
\_(Xi+l__ Xi )Si+lcl'+| + (Yi-)-l__ Yi )( Ci+1 )2 d 6‘}:’4—1

All the position coordinates in Eq. (A22) are those at time ¢,,, and these can be related
to the known position coordinates at time ¢, through the displacement increments. If
the corresponding coordinates at time ¢, are denoted with the subscript n, then the
following holds:
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X' =X, +Au,, and Y =Y +Au,, forr = ii+l (A23)

Then, {P} can be explicitly written as function of the displacement increments as
[ (X0 X A= A )(S') (- X A= A)S'C
(XM= X0+ A= Mil)S'C = (Y= Y+ Aulr'= Al )(CTY
(X' X A= Al (S = (8= 7, + A= mud )S™C |
| —( X=X, + Au = Au)S™ICH (- 1)+ A= Au (CTY?
Terms associated with changes in the areas of contact resulting from matter

transport can be rewritten in matrix form following a similar procedure. Clearly,
(6v,,)c = 6v{ and the rate of change of the length of contact area BC is quite simply

(P = (A24)

(6vS —&v?). Since we are considering only one of the two contacting particles,
4, =(6v{ —’)/2. Similarly, for the contact area DE, we get (v, ) =—6v” and
a, = —(5\{? - §v‘f)/2. Thus,

750 = ¥ ,(6v,,c080) . + 7,4, =} ,(v,,co88),

= VB B =B + 8E) -7 (B cosp — 87c0s,) (425)
={W"}{F,},
where
|
"5711
1
—z_yb - }/pCOS¢C
Fy=12 s | (A26)
_'2‘ Vot 7pCOS¢D
1
'é‘yb

Setting {v"} = {Au"}/At, and employing the standard interpolation matrices [A]
for the velocity and [B] for the strain-rate inside the particle 4, substitution of Egs.
(A12), (A22), and (A26) into the governing Eq. (20), yields the non-linear finite element
equations

[1BY {o}da+[K“1au"} = {F}, (A27)
where [K“] is the diffusion matrix given by
aq_ 1 ,
EEPye j {M(s)} {M(s)} ds (A28)

and {F}is the force vector defined as
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=0 S{G(s)«{M(s)}’ds + [ LAY (Tyds - E”P # (A29)

~{F,} - 0,,(SD){M(SD)}+G,,(SC){M(SC)}~
All entities occurring in Egs. (A27) are referred to time ¢ ,, and thus, Egs. (A27) are also

n+l

satisfied at this time.

A2. Solution
Upon setting
(g} = [[BY {o}dA+[K*{au"} - {F}, (A30)

the finite element equations are stated as

{71 =10}. (A31)
The stresses {0} at time ¢,,, are calculated as {0(z,,,)} = {6(¢,)} + {Ac}, where {Ao}
depends on both the displacement and creep strain increments (see Appendix B). Thus,
the set of equations (A31) has to be solved for both {Ax"}and {A£°} and since the creep

strain increments are not known a priori, the solution procedure is iterative in nature.
Newton’s iteration method is employed to solve Egs. (A31). Each ”“global”
iteration involves the solution of the following linearized equation for the correction

d{ru"} to the displacement increment {Au"}:

g} + a?xf” ] d{ruy = {0}, (A32)

From the definition of {¢}, one obtains

oG (Ao) ] PR oP
[aAu } »“ ][ams) Bl +[K hz“[am )} *

(o

(A33)

jao.n(SD) - ao_n(SC)lT
[a(A )} { ( D)}ta(AuN)} {‘lM'(SC)}{ a(AMN)J 9
where [a(Ao*)/ B(Ag)] depends on the values of stress {o} at time ¢,,, and is calculated in

Appendix B. During the iterations, only the force terms arising from the gap function
and the external loads are independent of the deformation. All other terms present in
{g} are functions of the current value of the nodal displacements at ¢,,, and hence, give

rise to derivatives with respect to {Au"}.
As seen from Eq. (A24), the components of {P} are linear in the displacement

increments and so, the matrix |9P/3(Au")| is calculated easily from that equation. On
y q

the other hand, the components of {F,} depend on the displacements indirectly through
cosg. and cosg, and therefore the computation of [BFY / o(Lu” )] entails that of the

derivatives of cosg,. and cosg,. Similarly, the -vectors {aO'n(SC)/ o(Au® )} and
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00,(s,)/0(Au")} are dependent on the displacements at time ¢,,, and the method of
1 \" D p p

calculating these are detailed later in the section.
In the following, the procedure for calculating cos¢,. and cosg, and their

derivatives with respect to the displacement increments is discussed.  Let
X = X%, +Y%, be the position of the node occupying point C and

XC+1 — XC+le + YC+le
denote by AX the difference X' — X and by AY the difference Y — Y°. Then, the
length of the edge /. at time ¢,,, is (AX)? +(AY)* and cosg. = AX / I.. Suppose

displacement increments Au® = Auje, +Auje, and Au™ = Au"'e, + Au; e, are applied

that of the subsequent node on the pore at time ¢,,,. Further,

to the two nodes respectively. Adopting a procedure similar to the one for calculating
the vector {P}, we get value of ¢. at C:

’_(AY)Z \NT rAuxC N

(64 A9) ] J AXAY| |AuS
cos(@ + = AX + — L 3
—AXAY| | Auc

y )

rr e (A34)
—(AY)? Au,
" 1 ) AX AY {Auf
=Cos@P,. +—— o
CA | @y | A
—AXAY ] | At

Similarly, if we denote the pore surface node nearest to the node occupying point D by
the superscript D —1, we obtain the following relation for the dihedral angle at D:

~AX AY) (Au? )

cos(§+ Ap), = cospy +—— (AXY| Jaw, | (A35)
(I, | AXAY| |Au
—(AX )2 LAuf“J

Evidently, the dependence of cos¢g. and cosg, on the displacement increments is linear
and the derivatives {d(cos¢.)/d(Au")} and {d(cosg,)/d(Au")}can be calculated by

inspection.

The normal stresses at the tip are calculated numerically by averaging the values
at the stations of integration of the element(s) surrounding it. If the tip node is the mid-
side node of an element edge, then the relevant integration stations are confined within
that element itself, whereas if the tip node is shared by two elements, each element
contributes one integration station to the calculation of the normal stress. In the former
case, the tip stress would depend on the 16 nodal displacement increments associated
with the single element while in the latter all 26 nodal displacement increments from
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the two elements would be involved in the computation. This procedure is extended to
evaluate the stress derivatives in Eq. (A33) for nodes at C and D. A test value u, =107

is assigned to one of the displacement increments Au' on which the tip stress depends,
while all other nodal displacement increments are set to zero. The creep strains are
retained at the levels dictated by the solution at time #, and the resulting tip stress o, is

calculated by the averaging procedure indicated above. The ratio (o,/u,) of this

computed tip stress to the test value is the required derivative of the tip stress with
respect to the non-zero nodal displacement increment (90, /0Au,). This procedure is

repeated for all the relevant degrees of freedom to give the entire matrix of tip stress
derivatives.

Thus, all the quantities that are needed to calculate [aq /oM™ ] and 4 are

completely determined and Eq. (A32) is solved for d{Au"}. The displacement
increment {Au"} is updated by adding this correction to the existing value and a new

value of the total strain increment {Ae}=[B]{Au"} is obtained from this. The creep

constitutive equations are then used to isolate the creep strain portion of this total strain
incremenit. Calculation of this creep strain portion requires the solution of a system of 4
nonlinear equations at each integration station and the details of this “local” iterative
scheme are presented in Appendix C.

A3. Constraint equations

As mentioned before, the finite element equations are to be solved under
constraints imposed for the satisfaction of the flux-curvature and stress-curvature
relations on the pore surface. Moreover, one also needs to satisfy the condition of zero
flux at E. From the preceding formulation, the flux at point E has the form ,

J(sg) = ‘Z mL(SE)V; = G(sc) = Gy(sg) (A36)
Since the velocities are approximated as the displacement increments divided by the
time step, setting the flux at E equal to zero is easily achieved by imposing a constraint
on the nodal displacement increments. This constraint involves all the nodes on the
contact areas and the pore surface.

The curvature at any node on the pore surface at time ¢

. 1s calculated from
nodal coordinates and is clearly dependent on the unknown displacement increments
(see Appendix D). The curvature gradient at the midpoint of each two-noded element
edge is calculated by a central difference scheme and the satisfaction of the flux-
curvature relation at this point generates one constraint in terms of the displacement
increments.

Finally, the stress-curvature relation on the pore surface is satisfied by generating
and satisfying one constraint at each pore surface node (except the first and the last)

such that at time ¢,,,, the relation 0, =} ,k is satisfied. It is seen that the satisfaction of

a+l 7
a similar constraint at the first and last nodes leads to-a deterioration of the quality of
the numerical scheme and greater difficulty in achieving convergence. However, the
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curvature values at the tip obtained from extrapolation agree very well with those
obtained from the stress, as discussed in sections 5 and 6.

APPENDIX B: CALCULATION OF [d(A0)/0(4As)]

The finite element forms of constitutive Egs. (3) and (6) are written respectively
as

o} =[C" e} (BD)
and '
&} = {/(lo})} (B2)
where {0}" =[0,,,0,,,05,0,], {£°} =€, 65,6587, ], and (&) =[], 8,,85.87,].
From equation (6), it is evident that for the isotropic case under plane strain
conditions, {f} takes the form

3Co%s, /2]
3Co’s /2
_3Coe/2] B3
UY=1scom o (B3)
| 3Co.s, |
where the s, (i = 1,4) are the deviatoric stresses defined as
5 =0, =0y/3,
S2=O'22-—O'kk/3, (B4)

53 =0y —O-kk/?’ >

5, =0,

and o, = \/3[.5'12 +s; +5; +25,]/2 is the equivalent stress.
Suppose the complete solution to the problem at time ¢, is available and the
solution at time ¢,,, is required. Then,

{o(t,.)} ={0(1,)} +{Ac}
={o(t,)} +[C°]{Ae"} (B5)
={o(1,)} +[C° l{Ae} - [C*{Ae} .
Given {Ag}, {o(1)}+[C°]{Ae} is completely determined and used as the elastic
predictor {o°(z,,,)}. Thus, once {Ae‘} is known, stress {o(¢,,,)} is calculated through

0(,.1); ={0°(1,,)} — [C°1{Ag"} (B6)
For the creep strain increment {Ag°}, one obtains the approximation
{Ae’} = {&°}At (B7)

and the trapezoidal rule is used to calculate the strain rate

(&} = S [{ ot D)+ {F (o, D] (BS)
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Combining Egs. (B7) and (B8), one gets the following implicit equation for the
creep strain increments in terms of the time step A¢ and the assumed total strain
increment {Ag}:

{Aﬁ}—%Aﬂiﬂﬁﬂanﬁ+&fﬁavﬁonﬂ={@. (B9)

From Egs. (B5), it follows that

d(Ao) (A

bma][] [JaAJ (B10
In order to evaluate the matrix of creep strain derivatives, one first obtains from Egs.
(B9),

A(Ae) | _1_ af || d(Ao)

LwJ‘z[}hmJ .

i+ Thus, the unknown

where the matrix of derivatives [af / 80‘] are evaluated at time ¢

matrix of stress derivatives reappears on the right-hand side above and combining Egs.

(B10) and (B11) gives
’ a(AO') - e e f a(AO-)
g el ]33] .
which can be rearranged to yield
HAO) _ of
gl ] o3

Carrying out a term by term differentiation of the vector {f} in Eq. (B3), one gets the
following expressions for the components of [Bf / 80’] :

Co L+ ?—(n D) i= =123
o-e

3Co'”'[1+3(n—-1)( )] i=j=4
—aff—=ﬁ . - (B14)

90, CO‘Z—I[-—%+—§(71 e 0_2 IV, i & =123
2 com(n-1, i=1238& =4
; 2 o,
Notice that
of.
_@[,_=__f,_. (B15)
Jo, 00,

Jj i
Thus, given the stress state from Eq. (B6), once {A£°} is determined as shown in
Appendix C, Egs. (B13) and (B14) in combination yield the matrix of derivatives

[o(Ao)/0(Ag)].
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APPENDIX C: “LOCAL” ITERATIVE LOOP FOR THE CALCULATION
OF {A¢’y FROM {Ag}

Eqg. (B9) of Appendix B forms the basis for the calculatlon of the creep strain
portion of the total strain increment {A¢}=[BJ{Au"}. Defining

{g(A&)} = {Ae} - -12-At[{f( U} {rdo .- 101D (C1)

one can cast Eq. (B9) as {g} = {0}, and this system of non-linear equations is solved for
{Ae°}. The Newton iteration method is once again implemented at each station of

integration in the bulk of the particles and this results in the solution of the linear
system of equations:

. dg(Ag°)
{g(Ae)} +[—a( =
Upon differentiation of Eq. (C1), one obtains

dg,(Ae%) _a(Ag)) 1 As df, A(C,Ag; )
d(Ag}) d(AgS) 2 do, OI(AE))
Once again, the derivatives df;/do, are evaluated at time ¢

n+l *

}d {Ae} = {0} (2)

(C3)

The three creep strains Ag;, Ag; and Ag; are not independent of each other; they

are related through the incompressibility of creep deformation, i.e., A + Ag5 + Ag5 = 0.
Therefore, one needs to eliminate one of them from the above equations; for instance,
one could set Agj = —(Agf + Ag;) and eliminate Ag;. Then, for the plane strain case,
with (k =1,4),

ACAef) _ |G j=4 | (C4)
J(A£5) Ci—Chs =12
or, more generally,
NCHAE)) _ e e . .
_a(_kAigﬁl‘ =Cy— Ciby, — G0y, J=1,2,4 (C5)

Thus, the tangent stiffness matrix for the local loop becomes

agi(Agc) 1 a.ft e e )
a(ASC) =5U+'2'Atao_ kj_Ck35U—Ck362j) (C6)
J k
Here, the matrix on the left is a 3 x 3 matrix and the indices iand j take on values 1, 2
and 4 for stresses 6,,,0,,,0,, and strains ¢€,,,¢,,,€,,, whereas the index & runs from 1

through 4. With the tangent stiffness completely determined, Egs. (C2) can now be
solved to yield the correction d{A&‘}. The iterative procedure continues until the
measure

_ J d(A€;)d(AE) C7)

Aeg.Aefj
falls below 2.5x107™.
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APPENDIX D: CALCULATION THE PORE SURFACE CURVATURE
For all nodes on the pore surface except those at the tips, the curvature is
determined by their position and those of their two closest neighbours. Denote by
(x5 ¥i), (x5 y)and (x,,;, y,,,) the position of nodes (i—1), iand (i +1) respectively.
One can uniquely determine a circle of radius r centered at (a,b) passing through
these three points, i.e., the three variables 7, a and b can be obtained by solving the
following system of equations:
(. = a)’ + Vi = by’ =r
(x; "’a)z +(yi—b)2 =7’ (D1)
(X =) +(y = b)Y =17
The exact expressions for r, aand b have been obtained analytically in terms of
the position coordinates; however, they are too cumbersome to report and one can state
in symbolic terms
r= (X Vi X Vi Xy Via)
a=a(X; ;. Y X Vie Xy Viat) (D2)
b=b(X, . Vi X Vie Xy Vi) -
The reciprocal of the radius of the circle gives the curvature at node i, though due care
should be given to the sign of the curvature. If the angle made with the x-axis by the
chord joining nodes iand (i —1) is less than that made by the chord joining nodes iand
(i+1), then the circle constructed as above is deemed convex with respect to the

interior of the particle and the curvature is signed negative and vice versa.
. 1
ki = ki (Xi15 Yioys Xis Vi Xpas Vi) = (8180 (D3)
(X115 Yicis Xis Vis Xi1s Vi)

, is calculated as the sum of the curvature at time ¢, and

The curvature at time ¢

n+.

an increment obtained from changes in nodal positions due to the addition of
displacement increments. From Eq. (D3) this increment is

i+l
Ak, = 2( e gt + ai ul). (D4)
J=i-1 j Y
The required derivatives of k, with respect to each of the six coordinates involved are
calculated analytically from Eq. (D3). The curvature of the nodes at the tips of the pore
is calculated by a quadratic extrapolation of the curvatures at the three adjacent pore
surface nodes. Assigning the subscript 0 to the values at the tip and 1, 2 and 3 to those
at the three neighboring nodes, one finds that the curvature at the tip takes the form
k, = As} + Bs, + C (D5)
where the constants 4, B and C satisfy the system of equations
st s, 1[4 k,
s 5, 1§Br=1k . (D6)

ss s, 1[|C ks
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The curvature increments Ak, Ak, and Ak, are obtained as explained in the preceding

paragraph and these increments in turn are used to calculate the increment to the tip
curvature, i.e.,

3 04 oB oC
Ak, = 2(=)Ak, + s,(—)Ak, + (—=)Ak, D7
) Z{so(akj) ; so(akj> : (akj) } (D7)
Once all curvature increments are calculated as functions of the displacement
increments, the constraints discussed in Appendix A (Section A3) are generated and
applied.
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after

deformation 2(s)

PARTICLE II

before
deformation

Fig. 1a. The interparticle contact area: sis the arclength, n is the unit normal vector, o, is the
normal stress, j, is the volumetric flux and g(s) is the non-negative gap function.

convex surface

PARTICLE

Fig. 1b. Sign convention for curvature on the pore surface: k£ is negative if the center of
curvature is in the region occupied by the particle and correspondingly the stress is compressive.
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Fig. 2. Square arrangement of the powder particles under plane strain conditions. The square
formed by the dashed lines is the unit cell chosen.
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Fig. 3. Definition of the domains and boundary conditions on the unit cell.
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Fig. 4. Flux on the interparticle contact areas and pore surface for x, =10, y, =100,
y,=y,=0l E/o, =100. Notice that j= j,on §, and j=j,on S,; j , =D,0,/s

max *
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c,/o,

s/s

max

Fig. 5. Flux and normal stress on the interparticle contact areas and pore surface for
X, =10.x,=100, y, =y, =01l E/c, =100 at time #/t, = 0.025. Normalizing flux j, is equal to

D,0,/s

max °
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J,>0 : |
RYS dk/ds =0 14
-1 - /_\/ N :
- ~ k/(1/R) |
— 0.5
e [ N Y B o
= " 1
: J,=0 _
151 "\ dk/ds>0 i
—-0.5
N dk/ds <0 -
] J, =D, d(y,k)/ds { il
\_/ j < 0 1
| l | | | | ! | I l L | l | |
0.25 0.5 0.75
A

Fig. 6. Curvature and flux on the pore surface: y,=10.y,=100, y,=y , =01, E/o, =100 at
time #/t, = 0.025. Normalizing flux j,, is equal to D, 0, [Smax -
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Fig. 7. Variation of pore surface curvature for y, =10, ¥, =100, y,=y, =01, E/c, =100.
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Fig. 8. Deformed mesh outlines at various times for y, =10, ¥, =100, y, =y , =01, Efo, =100.
~ Sequential tip positions are shown in inset.



44

-0.05 —

-0.25 = | | a x I ! ! | | | ! | | |
0.818 0.82 0.822 0.824

Relative density D

Fig. 9. Comparison of tip stresses for different surface diffusion parameters for yx, =10,
y,=y,=01E/o,=100.
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Fig. 10. Comparison of calculated densification rates with other analytical models.
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Fig. 11. Variation of consolidation rate with macroscopic stress (numerical calculations) and wi
strain rate (experimental results) for Al2Os.



47

- 0.75
0.7
0.65 ?
0.6
% 3 (MPa)
- 5— 300
0.55 — A 400
B B 500
05
L;— R N R N A T R TR N AN NN SN A S N N
0 10 20 30
Time (s)

Fig. 12. Finite element calculation of uniaxial strain as a function of time for TiAl
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A comparative model study—Journal of Engineering Mathematics 31,
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structure—Journal of the Acoustical Society of America 101, 1441-1449
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theory for crystal growth—Continuum Mechanics and
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flows—Mathematical and Computer Modeling 25, 71-82 (1997)
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Mechanics, in press (1998)
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Acta Metallurgica et Materialia, in press (1998)
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A moving cohesive interface model for fracture in creeping
materials, Computational Mechanics 19, 517-521 (1997)
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Measurements of coupled Rayleigh wave propagation in an elastic
plate—Journal of the Acoustical Society of America 102, 1528-1531

On finite-amplitude rotational waves in viscous shear flows—
Studies in Applied Mathematics 100, in press (1998)

Direct resonance analysis and modeling for a turbulent boundary
layer over a corrugated surface—Acta Mechanica, in press (1998)

Structure of a turbulent boundary layer using a stereoscopic, large
format video-PIV—Developments in Laser Techniques and Fluid
Mechanics, 259-273 (1997)

An adaptive discontinuous Galerkin method for viscoplastic
analysis—Computer Methods in Applied Mechanics and Engineering
150, 191-198 (1997)

High-resolution numerical simulation of ideal and non-ideal
compressible reacting flows with embedded internal boundaries—
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Formation of coherent hairpin packets in wall turbulence—In Self-
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On stagnation points and streamline topology in vortex flows—
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Diffraction by a slit in an infinite porous barrier—Wave Motion, in
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Mechanics on the Web—Proceedings of the International
Conference on Engineering Education (Aug. 1997, Chicago)
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Viscous and inviscid instabilities of flow along a streamwise
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Ultrasonics in an aluminum foamm—Ultrasonics, in press (1997)

High gravity convection in a mushy layer during alloy
solidification—In Nonlinear Instability, Chaos and Turbulence,
D. N. Riahi and L. Debnath, eds., in press (1998)

Low-frequency unsteadiness in the wake of a normal plate, Journal
of Fluid Mechanics, in press (1997)

A parabolic linear evolution equation for cellular detonation
instability

Cellular detonation stability—I: A normal-mode linear analysis

A numerical study of intergranular fracture and oxygen
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Mechanics and Physics of Solids, in press (1997)

Whole-field measurement of temperature in water using two-color
laser-induced fluorescence

Effect of surface corrugation on convection in a three-dimensional
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Three-dimensional flow instabilities during alloy solidification
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the Continuum Theory of Evolving Phase Interfaces (book containing 14
seminal papers dedicated to Morton E. Gurtin), Berlin: Springer-
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simulation

Blow-up in semilinear parabolic equations with weak diffusion

Analysis and modeling for a turbulent convective plume—
Mathematical and Computer Modeling 28, 57-63 (1998)

Motion of three point vortices in a periodic parallelogram—Journal
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