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Abstract

A theory to describe the morphological transition that occurs in a compressible
foam when its volume is increased is constructed. The foam is observed to separate
into two bubble populations or ‘phases’, one consisting of a large number of small
bubbles, the ‘liquid’ phase, the other consisting of a small number of large bubbles,
the ‘gaseous’ phase. First, working along lines similar to the van der Waals theory
for a fluid system, approximate forms of the equation of state of the foam are derived
and explored. These work well in the weakly compressible range, but fail to capture
the nature of the transition. Taking a clue from the phenomenology, a theory of the
‘phase separated’ regime is then formulated working with the approximation that
the two phases into which the foam separates are each relatively homogeneous. The
successful single-phase formulae are applied to each phase, introducing an additional
‘order parameter’ which gives the ratio of the average size of bubbles in the two
phases. Approximate expressions are written for the Helmholtz free energy and the
equilibria of the foam derived from these. All results are compared to numerical
simulations using Surface Evolver with very satisfying results. Due to the negligible
size of thermal fluctuations, the morphological transition from a uniform to a non-
uniform configuration as the system volume is expanded, is not spontaneous but
consists of avalanches of reconnections with smooth evolution between them.

1 Introduction

In most papers on the mechanics of foams it is assumed that the gas within the bubbles
is incompressible. As a result the condition that drives the evolution of the foam is



the minimization of the total area of the films constituting the boundaries between the
bubbles subject to the constraint that the volume of each bubble is fixed. If we admit the
compressibility of the gas, however, a dynamic balance arises between the elastic energy
of the films and the compression of the gas within bubbles. Analogous phenomena occur
in the study of magnetic froths ([1], [2]) but we shall use the context of a fluid system
exclusively.

When the dynamic balance is pushed beyond some limit, foam morphologies that
are quite different from those seen with incompressible foams arise. Indeed, as the role
of the compressibility increases, a morphological or structural change of the equilibrium
state of the foam, akin to a phase transition, is observed. For small compressibility all
bubbles of the foam are of comparable sizes. As the compressibility of the foam becomes
larger, a large number of the bubbles collapse and form clusters of very small bubbles
which are then immersed in a background of a few very big bubbles. In the analogy to
a phase transition, the clusters of small bubbles behave like a ‘liquid’ phase whereas the
background of large bubbles behaves like a ‘gaseous’ phase. For convenience and ease of
the numerical simulations we shall deal almost exclusively with the two-dimensional case
in what follows. Thus, film ‘area’ will mean film ‘length’, bubble ‘volume’ will mean bubble
‘area’, and so on. All of the considerations in this paper carry over to three-dimensional
systems, however.

In our previous paper [3] we derived the equation of state for compressible foam
assuming ideal gas in all the bubbles. In the two-dimensional case this equation reads:

1
DextV + —2-0'A = NT, (1)

Here V is the total area of the foam, A is twice the total length of all films between
bubbles, N is the total number of gas molecules, T is the absolute temperature of the
gas, assumed uniform over the foam, and o is the surface tension, which is also assumed
uniform throughout. In (1) and in the following we use the convention that temperature
is measured in energy units, i.e., we set Boltzmann’s constant to unity. Although (1)
provides a relation between global characteristics of the foam, it says nothing about
the detailed geometry of the bubbles, i.e., the distribution of bubble sizes or pressures.
Numerical experiments show that these distributions undergo a drastic change as the
effect of compressibility increases.

The balance between elastic energy in the films separating bubbles and the volume
work required to compress a bubble can be quantified in various ways. A natural dimen-
sionless parameter is provided by

gA
A=—.
NT (2)

Small values of A correspond to the more familiar incompressible foams that we encounter
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in everyday experience with soap froths. Large values of A, on the other hand, correspond
to the less familiar compressible foams that are the subject of study in this paper. The
morphological transition described previously arises as A is increased from values some-
what less than unity to large values.

There are two important features of this system that distinguish it from most other
thermodynamical systems in which we are used to discussing phase transitions. First, one
cannot arbitrarily move bubbles around within the foam. Therefore, to describe a foam
in equilibrium one must specify not only the properties of all the bubbles, but also their
relative positions. A somewhat similar situation occurs in the case of granular media with
grains of different shapes. Second, this system is almost free of naturally occurring fluctu-
ations. Although the temperature of the foam is non-zero, thermal fluctuations are much
too small to affect the geometry of the foam. As a result, this system provides an example
of a non-entropy driven phase transition occurring at a non-vanishing temperature.

The outline of the paper is as follows. In section 2 we consider the Helmholtz free
energy of the foam. First, we develop approximations for the weakly compressible regime.
‘Then we present arguments as to why a geometrical change analogous to a phase transition
occurs when A is varied across its range. In section 3 we first give a qualitative description
of this geometrical instability. Then we introduce a model free energy, assuming the
bubbles in the foam to come in just two sizes. We calculate the global minimum of this
free energy for different values of the parameters and compare predictions of our model
to numerical simulations results. In section 4 we discuss the transition from the uniform
to a non-uniform configuration and comment on the role of fluctuations.

2 Helmbholtz free energy

We can write Helmholtz’s free energy in the form

M
eV, =~ :
F = -S"N, :
; ;Tln v f(N,T)+ A, (3)
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where M is the total number of bubbles and B; = p; — NT/V is the difference between the
pressure in the ¢-th bubble and the volume-weighted average of bubble pressures NT'/V:

M ~
(1/V) Zi:l Vipi = NT/V. The function f (N,T) is a known function of N and T for a
given ideal gas (see [4]). The first two terms in (3) are the contribution of the ideal gas.



The last term is the surface energy of the films between the bubbles. As N and T' are
kept constant throughout our discussion, we omit f (N, T) below.
We can expand the logarithm on the right hand side of (4) to get

k
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where Fy = —NTln% is the Helmholtz free energy of N molecules of ideal gas in a

box of volume V. Going from the first line to the second in (5) we changed the order of
summation and substituted N;T = V; (p; + NT/V). Terms in square brackets in the last
line in (5) can be considered to be moments of the volume-weighted pressure distribution
of the given state of the foam. These moments characterize the state of the foam. All p;’s
are zero if all bubbles are identical and, of course, also in the case of vanishing surface
tension.

The expression for A can be obtained by differentiating (5) with respect to V, to
obtain peg, and comparing to the equation of state (1). It was shown in [3] that

oA =f(oV?), (6)

where f is an unknown function, the form of which must be determined from considera-
tion of the exact configuration of the foam. Equation (5) when differentiated essentially
provides an expansion for f in terms of moments of bubble pressure distribution.

In the remainder of this section we consider what we call a ‘weakly compressible
regime’ — when the compressibility of the gas can be considered as a perturbation. In this
case different approximations can be obtained by taking into account different numbers
of terms in the expansion (5). We discuss the two simplest approximations (keeping
no terms and one term, respectively) and we discuss the differences between these two
approximations.

In the first approximation all the terms with over-bars in (5) are neglected and for A
we get

A= 1/V1/2,

where v is a constant for a given foam. The equation of state becomes



1
DextV + §auvl/2 = NT. (7)

The value of v can be calculated once at some point of the (pes, V) diagram. When the
distribution of bubble sizes is rather narrow, the scaling of v with the number of bubbles
is given by

v MY?, (8)

where v, does not depend on the number of bubbles and may be thought of as an average
value of the ratio of the length of the films, constituting the boundary of a bubble, to the
square root of the area of that bubble. For a circle this value would be approximately 3.54.
A typical value of v; in our numerical simulations is between 3.7 and 4.0 depending on
the nature of the foam generated. The estimate (8) becomes invalid when the differences
between pressures in different bubbles become comparable to the pressures themselves.

The (pest, V) diagram of the approximate equation of state (7) is shown in Figure 1
for different values of o for foams with the same values of N, T, and v. This is the same
diagram shown in [3] (Figure 2). One can see that all the curves in Fig.1 for non-vanishing
o contain a portion with pe,; < 0. Although p.,: < 0 has no physical meaning for a foam
that is surrounded by gas at pressure p.g, this situation can be realized by placing the
foam in a container. In this case p.;; < 0 signifies that the net force per unit area exerted
by the walls of the container on the foam is directed outward.

The other notable feature of these curves is that each of them (for 0 > 0) has a
minimum located at
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In terms of V,, and p,, the approximate equation of state (7) may be written as

Pext _ ‘/m‘ V 12 -
bl =V (1‘2<‘VZ) ‘ 10

The existence of the minimum is important since in classical thermodynamics an
intrinsic stability criterion for any system is

apez't
(=) <o

The physical meaning of this condition is that unless this inequality is satisfied, the
system will spontaneously contract. In the case of a foam in a container the volume

NT NT
Vr—16( )a Der = — . (9)




(area in 2D) of the foam is given. Hence, assuming the foam continues to adhere to the
walls of the container, the instability cannot manifest itself by contraction of the foam as
a whole: loss of stability must result in a spontaneous loss of uniformity of the bubble
distribution (and, thus, all the assumptions made in arriving at the approximate equation
of state (7) become invalid). This explains why numerical experiments show that (7) and
(8) hold rather well only for small to moderate values of the foam volume, for V' < V,,,
where V. is given by (9). At some critical volume the foam undergoes a drastic change
in the distribution of bubble sizes as the uniform configuration becomes unstable, making
(7) and (8) invalid for V' > V,,. In this sense V., plays the role of a reference volume:
when the volume of the foam is said to be ‘large’ or ‘small’, it is with respect to V.
Going back to the dimensionless parameter A defined in (2), and using (9), we see that
A = 4(V/V,,)Y/2. Since the approximate equation of state (7) signals an instability, the
portions of the curves in the (pes, V) diagram for which V' > V. are shown by dashed
lines.

For V < V.. one can improve the approximate equation of state (7) by taking into
account further terms from the moment expansion (5). In 2D the term that corresponds
to k = 2 in (5) is proportional to o?V. This estimate follows from the argument that the
p;’s are of the order of the pressure difference between adjacent bubbles which, in turn,
are of order o/V'/2, since to leading order the radius of curvature of a film scales as the
square root of the volume. The same scaling could be obtained from (6) if we assume
that the function f is analytic. '

Hence, the improved approximations to F' and A in terms of V are

F=F+ ﬂ%oﬁv +0d; A=vV/2_ 25%01/. (11)

For a given foam f is a constant in the same sense that v is a constant. Once v is
calculated (and it is now clear that it is best to calculate v for small V') § can be calculated.
One can readily see from the second line in (5) that g is positive and is proportional to
the number of bubbles, M. Substituting the expression for A from (11) into (1) we get
the next approximation for the equation of state:

1 1
DextV + §O'VV1/2 - O'Qﬂﬁv = NT, (12)
or, in terms V.. and p,,,
1/2
DPext V;:r ( Vv ) ﬁ
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Note, that the last term in (13) is independent of M.



We performed a set of numerical simulations using the ‘Surface Evolver’ code package
[6]. Figures 2a and 2b display (pes:, V') curves for constant values of surface tension, N,
and T, for a foam with a free boundary and for a foam subject to periodic boundary
conditions, respectively. Squares denote values of p.;; obtained from the simulations.
(In the case of periodic boundary conditions p.,; has no independent meaning, so it was
calculated using the exact equation of state (1) in which all other quantities are either
set or can be found from the simulation.) Dashed curves are the values of p,,: calculated
using equation (10) and solid curves are the values of p.,; calculated using equation (13).
The parameters v and 3 were determined using the portion of the (pes:, V') curve for very
small values of V. We see that the approximation (10) is reasonably accurate. Taking into
account one more term, which in 2D just shifts the curve up since the term proportional
to (8 corresponds to an additive pressure, improves the accuracy for V = V,, considerably.
Note, that in 2D the term proportional to 3 does not change the value of V,,, while
slightly changing (increasing) the value of volume at which the curve intersects the line
Pest = 0, Vo. The values determined for v, and § were different for the free-boundary and
the periodic-boundary-condition foams. For the free-boundary foam the comparison had
to be stopped when the external pressure approached zero, which happens at V slightly
larger then Vp. In spite of this for the sake of consistency we kept the normalization used
in (13) and (10). For the periodic-boundary-condition foam it was possible to extend the
simulation all the way past V,, indeed, somewhat into the intrinsically unstable region.
The approximate equation of state in the form (13) continued to hold with remarkable
accuracy. Figures 3a and 3b show typical views of these two simulated foams.

We remark on the similarity of this approach to improve the approximate equation
of state to van der Waals’ improvement of the equation of state of an ideal gas (cf. [4]).
Just as the quantity b in van der Waals theory — the excluded volume per molecule
— is approximately four times the volume of a molecule for monatomic gases, so is 1
approximately the ratio of the length of the boundary of a bubble, to the square root of
the area of that bubble. The exact value of v, and (3, like the values of @ and b in van der
Waals theory, must be fit by comparison to empirical data.

3 Model free energy for two types of bubbles

Figures 4a—d show a foam consisting of 1000 bubbles with periodic boundary conditions
for four different values of the total volume V. Figure 3a corresponds to a small value of
V' in the sense of Section 2, V < V,,. Figure 4b corresponds to an intermediate value of
V, V slightly above V,,. Figure 4c corresponds to a still larger value of V, and Figure
4d corresponds to a large value of V, V > V,,. It is clear from Figs.4b—d that for large
values of V' the distribution of bubble sizes is not uniform. F igure 5 shows the ‘measured’



frequency distribution of bubble pressures for configurations shown in Figs.4a (Fig.5a)
and 4b (Fig.5b). The transition from a one-peak distribution in Fig.5a to a two-peak
distribution in Fig.4b suggests an analogy with a first order gas-liquid phase transition
(cf. [7]). In this analogy each peak corresponds to a phase. We shall think of the low-
pressure peak as the ‘gaseous’ phase, and the high-pressure peak as the ‘liquid’ phase.
The appearance of two peaks signals that for large V' the expansion in (5) cannot be
used. On the other hand, it also suggests an approach to describing the ‘phase-separated’
foam in which we explicitly realize that there are two types of bubbles. We now explore
a theory along these lines.

Consider, then, the following model. Assume the foam consists of bubbles of just two
types, some that are relatively large and some that are relatively small. Such a description
requires a new parameter to describe the relative position of the two maxima in Fig.5b.
Since in any bubble by the ideal gas equation of state p; = p;T, where p; is the density of
the gas, the ratio of pressures at the maxima equals the ratio of typical densities.

To construct our theory we will use the developments in section 2 within each of the
two bubble populations or ‘phases’. Hence, we introduce the following quantities: M,
Ny, V,, and v, to denote the values of M, N, V and v for the ‘gaseous’ phase. Similarly,
M,;, N;, Vi, and v; denote these quantities for the ‘liquid’ phase. The intensive variables
ng = Ng/My, vy =V, /Mg, 7y = N;/M,, and v, = Vi /M, will also prove useful.

It will become clear that we always have M, < M;. The approximately uniform
configurations discussed in section 2 correspond to M, = 0, M; = M. We wish to find
conditions for when the approximately uniform configurations cease to correspond to the
global minimum of the free energy of the system.

Assuming that bubbles within each ‘phase’ are identical (in other words we assume
that the difference between bubbles within a ‘phase’ is small compared to the difference
between any two bubbles chosen one from either ‘phase’), we can use the relations from
section 2:

Ay = vV} = MY VY% A=V} = M v, (14)

We distinguish the values of v, for the two ‘phases’ since, as is clear from Figs.4c
and 4d, the shapes of the bubbles in the two ‘phases’ are quite different — the bubbles
in the ‘liquid’ phase are rounded with all sides approximately the same length (thus
resembling bubbles in a uniform configuration), the bubbles in the ‘gaseous’ phase may
also be rounded, but sometimes they are long and thin (see Fig.4c). Due to the large
differences between the two types of bubbles, (8) is now not valid for the foam as a whole.
Substituting (14) into (3) we obtain

F= Z (—anlen%—]i + oM, (vl,zvi/2)> : (15)

z=g,l



with the normalizing conditions My + M; = M, Myvy+ My, = V, and Myny,+ Myn; = N.
For given values of M, N, V, and o we can consider the free energy F' to be a function
~of just three variables:

_ vy My ny
F—F(vl,Ml,nl>. . (16)
Equilibria of the two-phase foam correspond to minima of F'. The ratio n,/n; depends on
M,/M; and on the distribution of gas molecules among the bubbles, since it is reasonable
to assume that larger bubbles contain more particles and that such bubbles are more likely
to expand (i.e., end up in the ‘gaseous’ phase). Numerical simulations show that quanti-
tative properties of the parametric evolution of the foam do depend on the distribution
of gas particles among bubbles. On the other hand, overall qualitative properties of the
free energy, e.g., whether it has one or more minima, are independent of this distribution.
Therefore, for the remainder of this section we shall ignore the dependence of F' on ng/n
and return to it in Section 4. ’

We introduce a parameter ¢ = v,/v;, that gives the ratio of sizes of a typical bubble
in the two phases. It will become clear below that this parameter is more convenient than
a more common choice such as @ = (v, — v;)/(vy + v;). Of course, these two parameters
are equivalent: ® = 0 when ¢ =1 and ¥ =1 as ¢ — oco. In our model ¢ plays the role of
an order parameter. If the typical number of gas particles in each bubble of either phase
is of the same order, then ¢ gives also the ratio of typical pressures between bubbles in
these two phases.

Figure 6 presents schematic plots of F' = F'(¢) for different values of V. Consider
starting from some small value of V' for which ¢ = 1 (uniform configuration) is the only
minimum of F' and then gradually increasing V. At some critical value V, a secondary
minimum, located at ¢ = ¢, appears. At V =V, we have

or| _or

dp Op? =0

P=p.

P=ps

As we increase V' beyond V,, the value of F(y,) decreases. For V, < V < Vi, the uniform
configuration is still the global minimum: F(¢ = 1) < F(p,). A second critical volume
Vi« arises when the condition F'(¢ = 1) = F(yp,) is met. For V > V,, the minimum
at ¢ = 1 remains as a local minimum (i.e., the uniform configuration is metastable).
This remains true until V' reaches the third critical volume V = V,,,, at which point
¢ =1 becomes a point of local maximum of F. Hence, for large volumes the energetically
preferred configuration is not uniform, but consists of a few very large bubbles and many
small bubbles.

The values of the first two critical volumes, V, and V,,, may be found numerically.
The value of the third critical volume V,,, is given by
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O*F
2| =o. (17)
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Substituting the definition of ¢ and (16) into (17) we obtain

2

ANT
oV M

It is reasonable to assume that the value of v ; is approximately equal to vy for the uniform
configuration of the same foam: v, ; ~ v;. Therefore, we arrive at (see (9))

‘/*** ~

‘/*** = Ver.

Numerical simulations show that when the foam phase separates, it settles into a
configuration with a fixed number of large bubbles, My, and this state of affairs remains
for some considerable range of further increase in volume. One can easily check (see
also Figure 7 below) that the value of F' at the secondary minimum ¢, increases as M,
increases. Hence the global minimum of F' corresponds either to the uniform configuration,
or to the non-uniform configuration with M, = 1. States with M, > 1, although not the
most energetically preferable, correspond to a relative minimum of F' and thus may be
realized in practice for some range of the parameters. We return to this issue in Section
4.

The values of ¢, are of order M. Therefore, for large M the density of gas in the small
bubbles (of the ‘liquid’ phase) is much larger than the density in the large bubbles (of the
‘gaseous’ phase). This is why we refer to the phase of small bubbles as ‘liquid’ and the
phase of large bubbles (or, in the absolute minimum of free energy, a single bubble) as
‘gaseous’. '

Let us discuss some properties of foam when V > V.. or, equivalently, for very large
A. For each value of M, we can find an asymptotic value of ¢,. From the minimum
condition '

oF

=0,
aQO P=Px
we get
Px Vv
1+ M,—~ — 1
+ QM %’ (8)

where Vp = 4 (NT/ cn/)2 = Vp/4 is the volume that corresponds to pe,: = 0 when calculated
using (7). Vj is of the order of the largest possible value of volume for a free boundary
foam (i.e. a foam that is surrounded by air, see Section 2).
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It follows from the definition of ¢ that for My < M the volume of the liquid phase,
Vi, is
14
M + Myp,

Therefore, once a foam comes into a non-uniform state, the volume of the liquid phase
remains nearly constant, V; 2 V;, as we increase the total volume of the foam, regardless
of the value of M,. Hence, in the first approximation the liquid phase is incompressible,
just like an ordinary liquid!

The last result could be obtained without any calculation just by noticing that a
typical pressure in the liquid phase is much higher than a typical pressure in the gaseous
phase. Therefore, for clusters of bubbles in the liquid phase the background of the gaseous
phase appears approximately as vanishing ambient pressure.

Note, that it follows from the definition of V; and the scaling assumption (8) that V}
is proportional to M. Hence, the total volume of the liquid phase is always approximately
equal to V;, regardless of how many clusters it is divided into.

The above considerations also provide a way to improve the estimate of Vj. If we
approximate the free energy using (11), we readily get a more accurate (slightly larger)
value of V.

One can show that all the critical volumes, V,,, V,, V.., and V..., are larger then Vj.
Therefore, all free boundary foams are in the uniform state.

Vi M (19)

4 The role of fluctuations

In a general thermodynamic system we rely on thermal fluctuations to drive the system
towards the global minimum of F. In the case of a foam, thermal fluctuations are much
too small to play this significant role, and we must appeal to other kinds of fluctuations
to drive the system to equilibrium.

In our considerations in the preceding sections we have ignored the diffusion of gas
between bubbles, which provides some level of fluctuation. All that remains is the ‘noise’
associated with the criterion of reconnection of bubble films, which, in turn, models
several physical phenomena at the microscopic scale. In the absence of fluctuations the
foam will relax to one of many local minima instead of the global minimum. The exact
characteristics of a given local minimum depend not only on the parameters of the whole
system, but also on the way the system was produced, i.e., on the initial state.

There are, at least, two scales of length and energy in the problem that need to be
recognized: the small scale is associated with single bubbles; the large scale pertains to
the foam as a whole. The global structure of the free energy described in the previous
section depends on the large scale. The fine structure of small local minima, where every
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local minimum of free energy corresponds to an equilibrium configuration of the foam, is
imposed on this large scale structure. The very existence of this fine structure is dictated
by Plateau’s rules and the Young-Laplace law, which tell us that any two configurations
are separated by a local maximum. In usual thermodynamic systems fluctuations smooth
these local minima leaving only the large-scale structure. In our case thermal fluctuations
are too small to force rearrangements in the foam, i.e., a jump from one configuration to
another, even if the second configuration has less energy than the first.

In our calculations we have concentrated on parametric changes. Because of the scal-
ing, as discussed in [3], a change in any parameter can be put into correspondence with a
change of volume and so we may restrict our discussion to this case. If the foam volume
is being changed stepwise, then the size of the step defines an amplitude of ‘fluctuation’:
a change of volume pushes the system away from equilibrium and then the system relaxes
towards a new equilibrium.

Another source of fluctuations is spontaneous reconnection. In the process of evolution
of the foam some edges may become relatively short (compared with the neighboring ones).
This generally leads to what is known as a T1 event. These reconnections can increase or
decrease the energy, although usually the elimination of short edges reduces the energy.
This is similar to the phenomenology of shaking a container filled with a relatively dense
packed granular material. All these mechanisms provide a level of fluctuations of order of
the energy per bubble, while the transition from a uniform to a non-uniform state requires
rearrangements on the scale of the whole foam. As a result, while the transition from a
uniform to a non-uniform state typically occurs when the free energy of the non-uniform
state becomes equal to the free energy of the uniform state, in our case this transition
may be delayed due to the absence of fluctuations of the required size. This kind of the
behavior distinguishes the foam from most thermodynamic systems.

If we start with a small value of volume (i.e., a small value of A) and proceed to
gradually increase the volume, the foam remains rather uniform all the way to V.... Even
beyond Vi, the transition to a highly non-uniform configuration with some small value
of M, is not immediate, as it requires a global rearrangement of the foam. Thus, what
in theory is a sharp, first-order phase transition (i.e., an immediate jump of M, to some
small value or, in terms of notation of Section 3, a large jump in ¢), will in numerical
experiments looks more like a sequence of such transitions.

The initial jump of M, to some relatively large value is followed by a gradual decrease
of M, (by a sequence of small changes) with smooth evolution between them (at constant
M,). Figure 7 shows the free energy (normalized by NT) in a numerical simulation of
the foam as the volume is gradually increased (‘forward evolution’, squares) and then de-
creased from the terminal state (‘backward evolution’, circles). Each drop of free energy
along the upper curve (increasing volume) corresponds to a rearrangement of the foam
that decreases M, by 1. Sometimes one rearrangement stimulates an entire avalanche of
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rearrangements. The general tendency of the free energy to increase with volume between
reconnections reflects the surface energy increasing faster than the ideal gas energy de-
creases. The thin curves in Fig.7 correspond to values of the free energy computed using
the two-phase model discussed in Section 3 with M, = 2 (lower curve), M, = 3 (middle
curve), and M, = 4 (upper curve). Figure 8a-d illustrates the sequence of reconnections
that occur between V/V,, = 6 and V/V,, = 10. In Fig.8a there are, clearly, some big
bubbles, there are small bubbles, and also several bubbles of intermediate size. As we go
from Fig.8a (which correspond to point A in Fig.7) to Fig.8b (point B in Fig.7) and on
to Figs.8c (point C) and 8d (point D), the number of big bubbles, M,, decreases from 4
to 3 to 2, and the bubbles of intermediate size shrink.

One can see that the curve corresponding to decreasing volume is smoother then the
one for increasing volume, since once settled in the state with M, = 2, the system stays
there nearly all the way to V,, and its free energy can be well approximated by the
two-phase model. This behavior is illustrated in Fig.9, which shows a magnified part of
some of Fig.7, corresponding to small values of V. We see a hysteresis-like effect: points
corresponding to ‘backward evolution’ lie well above points, that correspond to forward
evolution’.
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Figure 1: (pes:, V') diagram of the approximate equation of state (7) for different values
of 0. The same values of N, T, and v are the same for all the curves.
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Figure 2: (pest, V) diagrams for ‘weakly compressible regime’: (a) a free boundary foam,
consisting of 96 bubbles, and (b) a foam subject to periodic boundary conditions, con-
sisting of 1000 bubbles. Squares denote values of p,; obtained from simulations. Dashed
curves give the value of p.,; calculated using equation (10) and solid curves are the values
of Pegy calculated using equation (13).
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Figure 3: Typical view of (a) a free boundary foam, and (b) a foam subject to periodic
boundary conditions.
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(d)

Figure 4: Snapshots of a foam consisting of 1000 bubbles for different values of volume.
The volume increases through the sequence a, b, c, d.
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Figure 5: Distributions of bubble pressures for a foam, consisting of 1000 bubbles in
different stages of evolution. Pressure is normalized by the average pressure, p,, =

M
1/M Z._l pi; (a) uniform configuration, V < V., (b) non-uniform configuration,
V>V
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Figure 7: Free energy as a function of order parameter for the numerical simulation of a
foam when the volume is gradually increased (squares) and then decreased (circles) from
the terminal state. The thin curves correspond to the values of free energy computed
using the two-phase model discussed in Section 3 with M, = 2 (lower curve), M, = 3
(middle curve), and M, = 4 (upper curve). The volume of the foam is normalized by V,.
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(d)

Figure 8: Snapshots of the foam in the process of ‘forward evolution’ between V/V,, = 6
and V/V,, = 10. As we go from Fig.8a (point A on Fig.7) to Fig.8b (point B) to Fig.8c
(point C) to Fig.8d (point D) the number of big bubbles, M,, decreases from 4 to 3 to 2
and the bubbles of the intermediate size shrink.
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Figure 9: Same as Figure 7, with the portion V/Ver < 2 magnified to illustrate the
hysteresis.
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